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Precise asymptotics in the law of the
iterated logarithm*

Yuexu Zhao

Abstract. Let X3, Xo, ... be i.i.d. random variables witk X; = 0 and positive,
finite variances?, and setS, = X1 + ... + Xn. Foranya > —1, 8 > —1/2 and for
kn(€) a function ofe andn such thatc,(¢) loglogn — A asn 1 oo ande | o + 1,
EX2(log|X1))**1(loglog|X1])#*1 < oo, we prove that

@ B
lim (€2 — (o + 1)FF2 3" (logn)*(log logn)
elva+l = n

P(1&| = ov/2nloglogn(e + kn(e)))
= (1/v7) (@ + 1)~ Y2 exp(—2ava + DT(B + 1/2).
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1 Introduction and main results

The concept of complete convergence was introduced by Hsu and Robbins (1947)
as follows: a sequence of random variabjess,, ... is said to converge com-
pletely to a constant C, i} ., P(|&n — C| > €) < oo for all ¢ > 0. Hsu and
Robbins (1947) proved that the sequence of arithmetic means converges com-
pletely to the expected value if the variance of the summands is finite. Let us
adopt the following conventions: assume tbat Xo, ... be i.i.d. random vari-
ables withE X; = 0 and positive, finite variance, and st= X1 + ... + X,
Baum and Katz (1965) obtained the following result.
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378 YUEXU ZHAO

Theorem A. Letp < 2,r > p. Then

an/p_zPﬂS]l >enP) <00, €>0 (1.1)
n>1
ifand only ifE|X1]" < coand,as > 1, EX; = 0.

It is obvious that (1.1) converges under certain conditions, a natural question
is that how large the convergence rate is wher 0? As we know the limiting
behavior is fairly well understood by Heyde (1975), he presented an interesting
and beautiful result.

Theorem B. If EX; = 0andE X? < co. Then

Iei% EZZ P(IS| = en) = EXZ. (1.2)

n>1

This is a precise estimate for the convergence rate of probability series, the
result has been generalized and extended in several directions. Remaining
values ofr andp were considered by Chen (1978),&aru (1999), Gut and
Spataru (2000a), Gut and Staru (2000b) took care of the result as follows.

Theorem C. Suppose thaE X; = 0andE X? = 02 < co. Then
1

lime?) " Tiogn P(1S| > ey/nloglogn) = o2 (1.3)
n>3

€l0

Note that the convergence of the series in (1.3) implies that

1

lim 622 Tiogn P(S)| > e/nloglogn + a,) = o2,
n>3

€0

whenevem, = o(,/nloglogn).

We are also interested in the limiting behavior of tail probability series, the
results in this paper extend those of Gut anétdpu (2000b) in the following
aspect: while they work with the functioh(x) = 1/xlogx, our purpose is to
show that it suffices to work with more general function

f (x) = (logx)*(loglogx)? /x or (loglogx)?/(xlogx)

and the methods in our paper are different from-&utVithin the arguments
used in the paper, there are three which turn out to be main tools: probability and
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PRECISE ASYMPTOTICS IN THE LAW OF THE ITERATED LOGARITHM 379

moment inequality, central limit theorem and truncation technique. The paper is
organized as follows: we first introduce our main results, after which the proofs
of theorems are exposed in Section 2 and Section 3.

Throughout this paper, we adopt the following notations: Xet X», ... be
independent and identically distributed (i.i.d.) random variables #wi¥y = 0
andEX? = 02 < o0, and set$, = X; + ... + Xp, write log for the natural
logarithm, logx = log.(x v e) and log logx = log(log x), [z] denotes the largest
integer< z, X, ~ Y, means that lim., .. Xn/y¥» = 1. We are now ready to state
our results.

Theorem 1.1. Leta > —1,8 > —1/2 and letx,(¢) be a function ok and
n such thate,(¢) loglogn — A asn 1 oo ande | ~/a + 1, wherea is a real
number,E X2(log | X1])**1(loglog|X;|)#*! < co. Then

@ g
lim _(e? — (@ + D)2y (logn)*(log logn)
elva+l n

n>3

P(IS\| > o+/2nloglogn(e + kn(€))) (1.4)
= (1//7)(a + 1) Y2 exp(—2iva + DT(B + 1/2),

wherer (-) is the Gamma function.

Remark 1. Compare with the results of Gut anda&aru (2000b), we require
f (x) = (logx)*(log logx)? /x which is more general function, our results in-
clude those of Gut and &faru as special cases, furthermore if we take 0 or

B = 0, the results follows immediately.

Corollary 1.1. LetB > —1/2 and E X}(loglog|X1|)#*3/2 < co. Then

B
Ieirﬂ(e2 — 1)ptY2 Z (Iogl%n) P(|S\| > o/2nloglogn(e + kn(€)))

n>3

= (1/J/m) exp(—=20)T (B + 1/2).
Corollary 1.2. Leta > —1andE X?(log|X1|)**! < co. Then

i (@~ (@ + 1) 23 ('°ng P(IS| = o/2nloglogn(e + kn(€)))

= (@ + 1) Y2exp(—2ava + 1).
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Theorem 1.2. Lets > —1 andEXf(Iog log|X1])? < co. Then

lim 2A+D Z (log logn)” P(ISi| = €o/2nloglogn)
n>3

€l0 nlogn (1.5)
— 2*(54’1)(13 + 1)71E|N|2(ﬁ+1),

where random variablé&l ~ N(0, 1).

Remark2. Theorem 1.1does notinclude the case ef —1, but by modifying
the limittrend, thatis, let tend to zero, we establish the relationship between tail
probability series and Gaussian moment, which is an interesting result. Clearly
taking = 0, Theorem 2 of Gut and $yaru (2000b) is obtained.

The proofs of (1.4) and (1.5) consist of two stages, respectively. We first
assumeXy, X, ... are Gaussian random variables, after which the general case is
considered, without loss of generality, throughout the paper, we asstimel.

2 Proof of Theorem 1.1

2.1 Gaussian case

Let X4, X5, ... be nondegenerate Gaussian sequences, W(it¢ = P(|X,| >
X) =1— ®d(X) + &(—x), x > 0, whered(x) is function of standard Gaussian
distribution.

Proposition 2.1. Leta > —1, 8 > —1/2 and letx,(¢) be a function ot such
thatk,(e) loglogn — A asn 1 oo ande | +a + 1, wherex is a real number.
Then

o B
lim (62 — (o + 1))ﬁ+1/2 Z (logn)“(log logn)
elva+1 n

n>3
P(IS| = v/2nloglogn(e + kn(€))) 1)
= (1//7) (o + D) Y2 exp(—2iva + DB + 1/2).

Proof. Note that Felles (1971) result as follows

P(Xy > y) ~ (V2ry)texp—y?/2), y— oo,

Bull Braz Math Soc, Vol. 37, N. 3, 2006
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hence the following formula holds
P(IX4l > y) ~ 2(v2ry) exp(—y?/2) = 6y L exp(—y?/2),
whered = 2/+/2r, lety = \/2loglogn(e + «y) in (2.1), it follows that

P(IX1| > v/2loglogn(e + kn))
~ 6(y/2loglogn(e + kn)) ' exp(—(/2log logn(e + kn))?/2)
~ 6(y/2loglogn(e + kn)) L exp(—e? log logn) exp(—2¢ky, log logn)
~ 6(e\/2loglogn)~! exp(—e?log logn) exp(—2¢ 1),

(2.2)

asn 1 oo, for someé > 0 uniformly ine € (Va + 1, Vo + 1+ §), therefore
forany 0 < B < 1, there existy > 0 andN, such that for alh > N and the
abovee. Then

6(~a + 1,/2loglogn)~* exp(—e? log logn) exp(—2iva + 1 — B)
< P(|X1] > v/2loglogn(e + «n)) (2.3)
< 6(Va + 1/2loglogn) ! exp(—e? log logn) exp(—2iva + 1 + B).

By (2.2) and (2.3), one can show that

o B
im (¢ — (@ + 12y QOVTOGION o1yt~ Tagognce +n)
elvatl n>3 n

a B
= 1M (€ — @+ D)2y 6logn”loglogn)”  2icaTomte + k)~
elva+1l n=3 n

x exp(—(v/2 loglogn(e + kn))?/2)

« 5
— lim (62—(a+1))ﬁ+1/229('°g”) (oglogn” . /7 1ogiogn) -t
elva+l n=3 n

x exp(—e? log logn) exp(—2e )

= lim (? = (@ + 1)’*2(V/2) (e + 1) V2 exp(—2av + 1)
e¢«/r—|—1

exp(—e? log logn)

(logn)® (log logn)#~3
x>

n
n>3

= Iim_(é? — (@ 4+ D))" Y2(V2) 0 (a + D) V2 exp(—20va + 1)
eix/m
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382 YUEXU ZHAO

exp(—e? log logx)dx

« / % (logx)“ (log logx)# 3
R X

= lim (€® — (@ + 1))!2(V2) 0 (a + 1)V exp(—2 o + 1)
el\/m

x /0 h yP 2 exp(—(e? — (a + 1)y)dy

o0
lim (vV2)7%0(« + 1)~ Y2 exp(—2avo + 1)/ P12 exp(—z)dz
el/a+l 0

1/ (@ + 1) Y2 exp(—2xva + DT (B + 1/2).

Remark 3. We complete the proof via an equivalent relation, note, in partic-
ular, that the moment condition is not necessary, while it is necessary in the
following case.

2.2 General case

Let X4, Xo, ... be ii.d. random variable sequences, we need the truncation
technique as follows, sépx = X! (|Xk| < €3/N), Sin = > p_y Xnk, 02 =
E X2 — (EXm)?

Proposition 2.2. Under the conditions in Theorem 1.1. We have

i logn)®(log logn)”?
im (€2 — @+ 1)f+12 3 ¢ W((e + 2loglogn
Jlim (e — o+ 1) é . W ((€ + kn(€))y/2log logn)

—W((e + kn(€))ay Ly/2loglogn)| = 0.

Proof. Note thatkE X; = 0 ande > & + 1, itis easy to get
IEXnkl = [EXil (IXkl < e/M)| < E[Xill (Xl = v/ (a + Dn)
- EX%(|09|X1|)(X+1 - C (24)
~  Jhdogymett T /ndlog /Nyt
Sinceorn2 — 1, similar to Gut et al. (2000b), there exidté > 4, such that
02(1+02) > 1forn > N, by Lagrange’s theorem, it follows that

W ((e + kn(€))y/2loglogn) — W((e + kn(€))o, /2 1oglogn)
L-01 /3751 2/2 (29)
m og lognexp(—§7/2),

= C(e + kn(e))
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where
(€ + kn(€))y/2loglogn) < & < (e + kn(€))o, y/2log logn).
note that
—£2/2 < —€®loglogn — 2ex < —€e?loglogn + 2¢|A,
thus (2.5) shows that

W ((e + kn(€))y/2loglogn) — W((e + kn(€))o, t/2 loglogn)
< C(1-2),/2loglogn(logn) <.

RecallingEXf = 1, |EXy1| < 1/4/n and the moment condition, by Fubini’s
theorem, we can obtain

| o | | /3
3 (logn) (:9 ogn) |W((¢ + xn(€))y/2loglogn)

n>3

(2.6)

— W((e + kn(€))oy 1y/2loglogn)|

a—e? B+1/2
“N4C Z (logn) (loglogn)

- EXZI(|X1] = ev/M)

n>N

2
logn)®—€(log logn)#+1/2
—i—CZ(g) (loglogn)

2
n>N n
[X2/2] _e2
logn)*—¢" (log logn)#+1/2
<CH+CEX2I(Xy =3 3 1o9n  (oglogn® 7,
n=4 n

[X2/2] —€? B+1/2
> 3)/‘ (logx)*~¢ (log logx)
3

< C+CEX21(IXg X

dx)

(€2—a—1) log log[ X2/2]
< C+CEX§I(IX1] = 3) (€2 — o — 1)~ P32 exp—2) 2 1/242)
(e2—a—1)loglog 3

(€2—a—1) log log[ X2/2]
< C+CEMX2I(IXq] > 3) (€2 — o — 1) F3/2,P1/2g)
(e2—a—1)loglog 3

< C 4 CE(X2(loglogX2)f+3/2) < oo,

thus the proof of Proposition 2.2 is completed. The following proposition will
be used for proving Theorem 1.2, since itis in the same spirit as Proposition 2.2,
we state it here.
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Proposition 2.3. SetS,, = Sin — E Si. Then
| “(log| B /
im 2e+n 3 LO9 (r?g 09 b (1S 7/l = V/2T0g1ogn(e + xn(€)))

€l0
n>3
—W(y/2loglogn(e + kn(€)))| = 0.

In order to prove this proposition, we use the Berry-Essen inequality [see, e.g.,
Petrov (1995), page 149].

Lemma2.1. Suppose thaX,, Xo, ... bei.i.d. random variable sequences with
EX1 =0 EX? =02 > 0, andE|X1]® < o0, letp = E|X([*/0%, & =
X1+ ...+ Xn. Then

sup|P (— < x) _om <=2
xeR U\/_ - «/ﬁ

where® (x) is function of standard normal distribution and A is a positive con-
stant.

Proof of Proposition 2.3. By Lemma 2.1, it is easy to get

|P(I1S/~/Nl = /2Ioglogn(e + kn(€))) — W (y/21oglogn(e + kn(€)))]

A C C
< ﬁaxnk— E Xnil® < IE|xnk|3+ =

By E X2(log|X1)*"1(loglog|X|)?*! < oo, we now consider the following
series

o B ;
3 (logn) (Isg LT S, /Nl = /2loglogn(e + kn(e)))

n>3

— W(,/2loglogn(e + kn(€)))|

o B
<oy LIMOTIINT gy, oy 1xy) < ev2)

n3/2
n>N
I o | I B
scy (logn) (309 9N X431 (ev/2 < [Xa| < ev/)
n3/2
n>N

(logn)“(log logn)”?
n3/2 )

<C+CE(X 1 (1Xa| = V2e) Y
n>X2/e2

< C + CeEX3(log| X1))*"(loglog| X1))#** < oo.
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Proof of Theorem 1.1. From Propositions 2:32.3, it follows that

o B
lim (€2 — (a + 1))F+12 Z (logn)*(log logn)
elVa+1 n

n>3
x P(ISin— ESinl = v/2nloglogn(e + kn(€)))
= (/) (a + ) Y2 exp(—2xva + DI(B + 1/2).

Note thatkn(e) loglogn — A,n 1 o0, € | ~/a + 1, on account of (2.4), we

have
|E Sinl + |kny/2nloglogn| < C4/n/+/loglogn.

Furthermore, we can obtain

P(1Sn — ESnl > €y/2nloglogn + C/n/ /loglogn)
< P(ISin— ESnl = (€ + kn)y/2nloglogn + [E Sinl)
< P(ISwl = (€ + kn)y/2nlog logn)
< P(|Swn — ESl = €y/2nloglogn — C4/n/+/loglogn),

therefore it follows that

A

| *(log|l p
lim_ (€2 — (o + 1P 23" (logn)*(log logn)
elva+l N

n>3

x P(ISnl = v/2nloglogn(e + kn(€)))
= (/) (a + D) Y2 exp(—2xva + DI(B + 1/2).

Applying E XZ(log| X1))***(loglog|X1|)#*! < oo, one can get

Y @/mdogn)*(loglogn)” P(S, # Sn) < oo,

n>3

then from the above discussion, the proof of Theorem 1.1 is completed.

3 Proof of Theorem 1.2
3.1 Gaussian case

Let N, N1, No, ... be nondegenerate (i.i.d.) Gaussian sequences, W(xe =
P(IN| = x).

Bull Braz Math Soc, Vol. 37, N. 3, 2006
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Proposition 3.1. We have

lim 2+ § L0909 (oglogn)? o\ - ¢ /ZTogiogn)
n>3

€10 nlogn

— 2—(ﬂ+l)(IB + 1)_1E|N|2(ﬂ+1).

Proof. By integral formula and transformation, it is enough to show that for
anyg > —1,

lim €26+D Z (oglogn)” o\ - ¢ /Zogiogn)

€l0 nlogn

n+1
— lim 6209“)2/ (109109%)" 5\ > ¢ /ZToglogr)dx

0
el = X Iogx

00 B
— Jim €28+D / (1091097 5 N > ¢/ZToglogx)dx
e

€l0 xlogx

— lim 2-B+D ¢2(A+D) ~26+1)\26+1p(IN| > V)d
im 27+ Ve ee Y#HIP(N| = y)dy
— 2—(ﬂ+1)('3 + l)_1E|N|2(ﬂ+1).

3.2 General case

Let Xy, Xs, ... bei.i.d. random variable sequencBs,~ N (0, 1), in this section,
moment inequality, the convergence rate of central limit theorem and truncation
technique are used, especially we divide the probability series into two parts, we
will explain that the truncation technique for random variables and probability
series is important in proving Theorem 1.2, we first give several propositions
which are technical steps, the following assumption is most convenient to avoid
complex questions: suppose thaix) = (log Iogx)ﬁT“, ¢~ 1(x) is the inverse
function ofp(x), write H (x) = €,/2x log logx. We are ready to state the propo-
sitions.

Proposition 3.2. For large enough constant. We have

logl
I!rgaewﬂ) > (Or?lss:) P(S\| > €+/2nloglogn)
ef+lom<py

— 2*(ﬁ+l) (ﬂ + 1)71E| N|2(5+1).
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Proof. Note thatp(x) = (loglogx)’s", by e#+1p(n) < n, it is easy to get
N < ~2(ne- D), write M(€) = g~(ne~#+D). We have

g ooloan’ o ¢ /anioglogn)

ePtlom=y nlogn
(loglogn)”?
< Z “nlogn ~——~ 27 |P(|S| > e/2nloglogn) — W (e /2 log logn)|
n=[M(e)]
logl
> (or?Ic?gg:) W (e,/2loglogn).
n=<[M(e)]

From Proposition 3.1, observe thdt(¢) — oo ase | 0, one can easily get

lim 26+ (oglogn)” , . /3igTogm

€0 hetVo] nlogn

— 2*(ﬁ+l) (ﬂ + 1)71E| N|2(/3+1)'

Note thatS,/ /i = N(O, 1), let Ap = sup|P(|Sh//N| > ey/21oglogx) —
X

W (e /2loglogx)|, sincew (x) is continuous function, hence lim, = 0, write
n—oo
An = 0(1), it follows that

e2B+D) Z (loglogn)” IP(1Si/+/n| > €y/2loglogn) — W (e/2log logn)|

n=[M(e)] : IOQ :

B
— 2AB+D) Z (log logn) x 0(1)

n<[M(e)] n IOg n

n=M(e))
< Ce2B+D x 0(1)[ d(loglogx)#*t
e
<Cn?xo0(l) — 0.

Proposition 3.3. Suppose theE X2(log log|X;|)? < oo. Then for large enough
constantp, we have

logl
jm 26+ y 10910907 (0glogn)” 5 o+ ¢ /2nToglogn)
€l0 Htgmon nlogn

To prove Proposition 3.3, we need a simple lemma [see, e.g., Petrov (1995),
page 72].
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Lemma 3.1. Let Xy, Xy, ... be independent random variables wihX; = 0,
p > 2. We have

ElY  XdP < C(p) (Z EIXclP+ () EXE)F’/Z) ,

k=1 k=1 k=1
whereC(p) is a positive constant depending only pn

AssumeXq, Xs, ... bei.i.d. random variables, using Lemma 3.1, the following
holds.

EID XlP < C(PNEX1|® + (NEXDP). (3.)
k=1

Proof of Proposition 3.3. By probability inequality, one can show that

y  (09loan?, (oo ¢ /ZnTogiogn)

cBigmn nIogn
n(log logn)?
< Y B9 pixy = H)
nlogn
n>[M(e)]
(loglogn)? .
> IR (137 Xail = Hm — nEXal
n>[M(e)] g i=1
A
=1+ 12,

whereX,i = Xil (|Xj] < ey/2nloglogn). Applying Fubini’s theorem we get

/3 o

2B+1) |, _ (284D (log logn)

2Py =€ > WZP(H(k)§|X1I<H(k+1))
n>[M(e)] k=n

K B
S 2D Y Pk < (Xl < Hk 1y Y 108109WT

k>[M(e)] n=[M(e)] ogn
<Ce2FtD 3™ K(loglogk) TP (H (k) < [X1| < H(k+ 1)) (3.2)
k>[M(e)]
< Ce2PTD 3™ e~2(loglogk)” (e%k log logk)
k>[M(e)]

P(H(k) = [X1] < H(k+1))

< Ce2PA=DEX2(loglog X2)P1 (1X1] = H(IM(e)])),
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the last inequality follows from the fact that log l&gs a slowly changeable
function which means for a function(x) that

(ap) ForanyM > 0. Then limy_ . L(X+ M)/L(X) = 1,
(ap) Foranys > 0. Then lim_ o, X*L(X) = 00; limy_, o X °L(X) = 0;
(ag) Ask — co. Then sup_;pa L(t)/L(2) — 1,

see [10]. Therefore for any> 0, we havex—? log logx | 0O, using
(e7%k?) 7% log log(e ~2k?) < k=% log logk?,

one can get the last inequality in (3.2). Choosing an appropfistgch that
28(1 — 8) > 0, one gets that (3.2) goes to 0.

To provel, < oo, by E X; = 0andn > M(e), firstly notice the following fact

n|E Xn1] _ NEX 1 (I Xq] > €,/2n loglogn)|
€,/2nloglogn €y/2nloglogn

NE X2 (|Xy] > €,/2nloglogn) (3.3)

2¢2nloglogn

E X21 (|X1| > €/2nloglogn) 0
2 —- Y
[z

n

(n = 00).

We now considetl,, takep > 2(8 + 1), by Lemma 3.1 and chebyshevin-
equality, one can show that

/3 n
e Y 109NN L S s )
i=1

e o] nlogn

n
<C Z e Pn=??"Llogn)~1(log Iogn)’s"’/2E|2:Xm|p

n>[M(e)] i=1
<C ) e Pn"'(ogn) *(loglogn)" P/?(E|Xn|*)"?
n>[M(e)]
+C Z € Pn=P2(logn)~*(log logn)?~P/2E | Xp|P
n>[M¢(e)]
A
= |3 + |4.

To estimatd,, we studyls andly, respectively. Note theE Xf < 00, and this
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yields

€2FtD )5 < Ce2B+D-P Z n—*(logn)~*(log logn)#—P/?
n>[M(e)]

< C€2(ﬁ+l)—p fw d(log |ng)ﬂ_p/2+l (34)
[M(e)]

28+1-9)
Sc:€2(19+l)—rl',7 AT 69—2(ﬂ+l)_)0, (n — 00).

Turn to l4, applying Fubini’s theorem, it follows that

2FtD), < Ce2BtD-p Z n=P2(logn)~1(log logn)?~P/2
n>[M(e)]

x Y EIXgPI(H(K—1) < [X1| < H(K)

k=1
< AP N EXPI(HKk—1) < [X4| < H(k)  (35)
k>[M(e)]
x Y _n~P2(logn)~*(log logn)”~ P2
n>k

(1>

Is.
Letk > 3, by integration by parts, for (3.5) we have
Z n—P2(logn)~*(log logn)#~P/2

n>k

< C/ x~P/2"(log logx) > " d(loglogx) > (3.6)
K

< Ck P?*Y(loglogk)#T1~P/2 = CeP~2(H (k))~P*2(log logk)?,

from (3.2) and (3.6), note that the moment condit®Xz(log log| X1|)# < oo,
for Is we can get

s < Ce2PHD=2 N EXqPI(H(k - 1) < [X1] < H(K)
k>[M(e)]

x (H (k) ~P*2(log logk)?

< C P26 N EXTI(H(k—1) < [Xi1| < H(k))(loglogk)”
k>[M(e)]

< CePIIEXZ(oglogXDP1 (1X1] = H(IM()]) = 0, € |0,
wheres is similar to (3.2).
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Proof of Theorem 1.2. The proof follows from Propositions. B~ 3.3.
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