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On a subclass of certain k-starlike functions
with negative coefficients
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Abstract. The aim of the present paper is to show some properties of functions
belonging to the clas&, n, «) — ST . The obtained results extend the results by Silver-
man [3].
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1 Introduction

Denote byH a class of functions of the form
f@=z+aZ+--- (1.1)

analytic in the open unitdisk = {z € C : |z| < 1}, by S the class of functions
(1.1), analytic and univalent i, by S7 («) subclass consisting of starlike and
univalent functions of ordes and byk — ST (0 < k < o0) a class ofk-
starlike univalent functions iftJ, introduced in [2] and investigated Lecko and
Wisniowska in [1].

It is known that everyf € k — ST has a contiounus extensitmU, f (U) is
bounded and (dU) is a rectifiable curve [2].

Lemma1.1. [1]Let f € Sand0 <k < oo. Thenf € k — ST iff

¢ -0t (2

zelU, 5] =k
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Let 7 denote the subclass consisting of functions whose nonzero coefficients,
from the second on,are negative. That is, an analytic and univalent furfctgon
in 7 if it can be expressed as

f@=2z-) az a =0 neN (1.3)
n=2

In[3], Silverman introduced the subclassBfdenoted byl *(«) which consists
of functions, that are starlike of ordet
Denote by A (n) the class of functions of the form

f(z):z—Zamzm, an>0 neN (1.4)

m=n+1

that are analyticinthe open unitdiBc Inthe present paper, asubclés:, o) —
ST of starlike functions in the open unit didé is introduced. A function
f(2) € A(n) is said to be in the clagk, n, o) — ST if it satisfies

¢ -0t @

forsomex 0O<a <1),ze U, and|¢| <k, k> 0.

We note that0, 1, o) — ST = 7 *(«) and(k, 1,0) — ST =k - ST N A(n).
Our clasgk, n, «) — ST is the generalization of the clags*(«) introduced by
Silverman in [3].

2 Some results of the clas&, n, o) — ST

Theorem 2.1.A functionf € A(n) isin the clasgk, n, o) — ST iff

> km-D+m-oalan<1-—o (2.1)
m=n+1

Proof. Let f € (k,n,a) — ST . Then we have from (1.5)

(z—;“)f/(z)}

¢
RE{E + f(2)

> o.

_ Re Z— Y mnpaManZ™ — ¢ Y amz" 1+ ¢ > omentl mamz™
Z— Y ni18mz™
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If we choosez and¢ real and lez — 1~ and¢ — —k™, we get,

1= nsaMan+KY o a8m — KD, Man _
1- Z?no=n+1 8m B

or N
Y km—D+m-alap<l-a
m=n+1

which is equivalent to (2.1).
Conversely, assume that (2.1) is true. Then

¢ -0t
:E+ f(2) }

{ ¢ @=9) (1= Y g manz™ ) }
={=+4 e
z Z— Zm=n+1 amz™

)= amanZ™ ¢ Y (M — Danz™ 2
1- Zronozn+1 amzm—l

for |z] < 1. If we choose — 1~ and¢ — —k™ through real values, we obtain

—0)f’ 1-Y> . [kim—=1)+m
Re{£+(z ;) (Z)}z Zm_n+1[o(<> )+ ]am (22)
f(Z) 1- Zm=n+1am
If (2.1) is rewritten as
> km+m-Kan<l-a+a ) an
m=n+1 m=n+1
and (2.2) is used, then we obtain
Re{5+ <z—c>f/<z)} L 0= T dn) _
z f (Z) 1- Zm=n+1 am
Thusf € (k,n, o) — ST .
Theorem 2.2.If f € (k, n, «) — ST, then we obtain
Lo Mt < f@)] <r 1-a n+1

ST e p—— tatontd-o
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for |z| = r, with equality for

l-«
f = — n-+1. =
@=2- T fnra-a’ & =T

Proof. From (2.1), we have

o0 o
mglam = A+kn+A—-0a) (2.3)

Thus,

l1-«

n+1
T aAtontd—w

o0 o
fT@I<r+ Y an™<r+r™ 3" ap<r

m=n+1 m=n+1

Similarly,

B l1-«
A+kn+A—-ow)

n+1

fT@I=zr— ) an™=r—r™ 3" an>r
m=n+1 m=n+1
Theorem 2.3.1f f € (k, n,@) — ST, then

A1-—a)(n+1) n , A1-—a)(n+1) n
T Aiknrd_o SOt

for |z| = r, with equality for

- +D .,

M@= onr d—w ’

z=Fr

Proof. From (2.3) and Theorem 2.1, it follows that

> may < (l(l—oz)(n—i-l)

oo +kn+A—-a)

Consequently, fofz| =r < 1, we have

o0 o0
1@ <14+ Y mayz™ ' <141 Y may

m=n+1 m=n+1
<14 1-a)(n+1) [
A+kn+1-w)
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and

o0 o
1@ =1- Y maz™ ' =1-r" Y may,

m=n+1 m=n-+1
__A-o+D
- QA+kn+A—a)

This completes the proof of the theorem.

Theorem 2.4.Let the functions

f@=2z- ) anZ", an=0

m=n+1
and .
9@ =z— > bpz", by=0
m=n+1
be in the clasgk, n, @) — ST . Then for0 < 1 < 1,

h@=1-Nf@+19@=2— Y cnZ", Cn=0

m=n+1
is in the clasgk, n, @) — ST .

Proof. Assume thatf, g € (k, n, ) — S7. Then we have from Theorem 2.1

> km—D+m-oalap<l-«

m=n+1

and

> km-1+m-alby<1—oc.

m=n+1

Therefore, we can see that

> [km=1) +m—a]cy
m=n+1

= > [k(m—1) +m—a][(1—A)am+ rby]

m=n+1
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=@1-» Y [km=1)+m-a]a,

m=n+1

+2 Y [km=1) +m—c]by
m=n+1

<A-MA-a)+r1-a)=~1-0a)

which completes the proof of Theorem 2.4.

Definition 2.1. The modified Hadamard produét* g of two functions

f@=2- ) an" (@n>=0) and g2)=z— ) bnz", (bn=>0)

m=n+1 m=n+1
is denoted by
(fxg)2=2z— Z ambmz™.

m=n+1
We now prove the following.
Theorem 2.5.1f f,g € (k,n, o) — ST, then(f xg) € (k,n, B) — ST, where
_(A+kn4+2(1-a) - (1 —-a)?
B (1+kn+21-a) '
The result is sharp for the functiorfyz) andg(2) given by
_ (1-o AN+l
A+kn+1- o)

B

f)=9(2 =2

where0 < o < 1and0 < k < oo.
Proof. From Theorem 2.1, we have

o]

k(im—1 —
Z [k(m 1)+m a]amﬁl and
—
e ; (2.4)
Z [ (m_l)+m_a]bm§l.
l-«
m=n+1
We have to find the largegtsuch that
= [k(m—1 -
> O <1 (25)

m=n+1
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From (2.4), we find that

[e¢]

m=n+1 l1-a
Therefore (2.5) is true if

[k(m —11)_4;8m — ﬁ]ambm - [k(m —11)_J;m — o] \/m

or

1-Bkim—-1)+m-—a]
Vambn = T e T D T m oAl

Note that from (2.6)

/—ambm 11—«

< .
T [k(m—=1) + m— «]

Thus if
11—« <1—/3[k(m—1)—|-m—oz]

[kim=1)+m—-a] = 1-a[k(M=1) +m— f]
or, equivalently, if

- [kMm—=1)+m—a]®> — (1 — a)’[k(m—1) + m]
- [k(m—1)+m—a]?2— (1 —a)?
then (2.5) is satisfied. Defining the functi@(m) by

[k(m—1) +m— o] — (1 —a)’[k(im— 1) + m]
kim—1D+m—-al2—(1—a)?
we can see thab(m) is an increasing function ah. Therefore,

®(m) =

A4+kKNn+2(1—-a) — (1 —a)?
A+kn+21-w)
which completes the assertion of theorem.

p=0n+1 =

3 Extreme points for (k, n, o) — ST

l-«a

Theorem 3.1. Let f,(2) = zand fn(2) = z — K- Dim e

f@ =) tnfn@,
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where¢m > Oform>nandd > ¢m=1

Proof. Assume that o
f@ =) tnfn(@.

Then
f@ =@+ Y. tnfn@
m=n+1
nd nd l—-«o
=&Z+ ) mZ— ) im z"
m=n+1 m=n+1 km—1)+m-—a
= Z §m> Z— Z Cm z"
<m:n ) kim—-1)4+m—-«
nd l1-«o
=Z— Y lm z".
) Km—1)+m-«
Thus

ZC < -« )(k(m—1)+m—a>
) k(m— 1)+m—a l-«
sz—Z;m th=1-tn<1

m=n+1

We havef € (k,n, o) —
Conversely, suppose théte (k,n, o) — ST . Since

l1-«
, m=n+1n+2,---,
Iaml_k(m D+m—o« + +
we can set
kim—1)4+m-—
m:( )+ a ) m:n+l,n+2,,
11—«
and

é_n:l_ Z Cm-

m=n+1
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Then

o0

f(2) =2z- ) anz"

m=n-+1

2= Z k(m — 1)+m—a§ m2

m=n+1

=z- Z tm(z — fm(2))

m=n+1
= (1_ Z §m>z+ Z ¢m fm(2)
m=n+1 m=n+1
= {nZ+ Z ¢m fm(2)
m=n+1
= i@+ Z tmfm(2) = Z ¢m fm(2).
m=n+1 m=n

This completes the assertion of theorem.

Corollary 3.1. The extreme points @k, n, @) — ST are given by

1-—
fn@ =z and f(@ =z- km— D) J(:m _azm, m=n+1n+2,---

If we taken = 1, k = 0 in Corollary 3.1, then we have the following result by
Silverman [3].

Corollary 3.2. The extreme points af *(«) are given by

1-—
f1(z) =z and fn(z)zz—( a)zm, m=23,---
m-—a«a
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