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1 Introduction 

In a remarkable contribution, E.N. Lorenz [17], showed numerical evidence 
of the existence of a strange attractor for a quadratic system of ordinary dif- 
ferential equations in three variables. Some time later J. Guckenheimer, [9], 
produced a work where he introduced symbolic dynamics in order to understand 
the topologically equivalence classes for nearly similar attractors. At that time 
R.F. Williams, [19], introduced a geometrical model in order to understand the 
dynamics of these Lorenz attractors. Using this geometrical model the dynami- 
cal behavior of the three dimensional vector field can be reduce to the dynamical 
behavior of a one-dimensional map with one discontinuity and Guckenheimer 
and Williams, [11], used this fact to shown uncountable many classes of non- 
equivalent geometric Lorenz attractors. The evidence of the non-equivalence 
where the kneading sequences associated to these one-dimensional maps. Later 
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108 RAFAEL LABARCA AND CARLOS MOREIRA 

Afrajmovich, Bykov and Shilnikov, [1],studied a two parameter family of three 
dimensional vector fields that unfolds a codimension two bifurcation which ap- 
pears in a vector field defined in a neighborhood of the origin 0 c R 3. This vector 
field has an hyperbolic singularity, at 0 ~ It{ 3, which has a two dimensional stable 
manifold and a one dimensional unstable manifold. For the connected compo- 
nents A1 and Aa of the set W~ - {0}, the vector field X satisfies Aa C W~ 
and A2 C W~. In that work they described part of the bifurcation theory that 
appears in a generic two parameter unfolding of the vector field X. 

So, its seem to be natural to try to obtain a bifurcation theory for a generic 
unfolding of X using symbolic dynamics. In this direction de Melo and Martens 
announced, in an unpublished paper [7], the existence of parameterized families 
of contacting Lorenz-like flows that are topologically universal in the sense that 
given any geometric Lorenz flow then its dynamics is "essentially" the same 
as the dynamics of some element of the family. In [16] we describe, the way 
in which such a contracting family realize all the allowed dynamics for Lorenz- 
like maps. The same universality is not true when we work with families of 
expanding Lorenz-like, flows as de Melo and Martens knew and as we will show 
in the present paper. 

Also we have to mention the work by Hubbard and Sparrow [12], were they de- 
fined a set of pair of sequences which model all the topological dynamics exhibed 
by expanding Lorenz maps. Recently, in [14], we extend the Hubbard-Sparrow 
model for expanding maps to an Universal Model for the "essential dynamics" 
of Lorenz maps and we called it the Lexicographical World (in the sequel denoted 
by L W). Now, it is clear that any parameterized family of Lorenz maps has a bi- 
furcation theory induced by the lexicographical world (an extremely interesting 
problem focused for several authors in this an another contexts, see for instance 
[6], [5], [10], [2], [4]). So, it seems to be natural to develop a programme to 
obtain the bifurcation theories associated to some typical parameterized families 
of Lorenz maps. We developed such a programme. In [15] and [16] we describe 
the bifurcation theory associated to a two parameter family of linear maps and to 
a two parameter family of contracting maps, respectively. In certain form, both 
bifurcation theories are similar. In the present paper we describe the bifurcation 
theory associated to a typical two parameter family of expanding Lorenz maps 
and the associated bifurcation theory is dramatically different from the previous 
o n e ' s .  

Of course, there are other points of view which may be used to described the 
bifurcation theory associated to parameterized families of Lorenz maps. In fact, 
starting with the work of Arnold ([2]), a lot of work have been produced with res- 
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pect to the bifurcation theory of the canonical family (see for instance [4] and the 
references there in). The approaches,in this case, was done by using the rotation 
number. This approach seems to be useful when applied to homeomorphisms 
of the circle but looks very complicated when we deal with non injective maps 
and, in fact, a bifurcation diagram for the dynamics (of the canonical family) is 
unknown (at least for us). The better approximation to the bifurcation theory of 
the canonical map seems to be the work by Boyland ([4]). We have to mention 
that the lexicographical world includes the dynamics of all the interpolated maps 
used by Boyland ([4] page 359) in its construction and, then, it is also a model 
for these maps. 

To be more specific, in the present paper we study the two parameter family 
of quadratic expanding Lorenz maps: 

= J - t z  + , / Y ,  x > 0 Gu,~(x) ! v -  ~ / - 2 y ,  x < O 

and we give the corresponding bifurcation theory in the parameter space. 
This paper is organized as follows: In section 2 we state our results, in section 

3 we describe the lexicographical world, in Section 4 we prove our results, in 
section 5 we present a generalization of them and, finally, in section 6 we will 
relate them to three dimensional geometric vector fields. 

We observe that a number of authors have studied paremeterized families of 
Lorenz-like maps from several points of view, namely combinatorial, differen- 
tiable, topological or geometrical (see the references). 

2 Statement  of  our results 

2.1 The set DMo 

In the sequel DMo will denote the set of maps f : (IR \ {0}) -+ IR such that: 

(1) 

(2) 

The restriction maps f[(-c~,o) : ( - e c ,  O) ~ IR and fl(0,~) : (0, ~ )  --+ I~ 
are continuous and non-decreasing maps. 

and 

f(O +) lira f(x) c (-oo, O] 
x$O 

f ( O - )  = lira f ( x )  ~ [0, co[  
xfO 
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An element in DMo will be called injective if  its restriction to the interval 

] f ( O + ) ,  f ( O - ) [  is an injective map. 

We will say that f c DMo is increasing if  the restriction maps 

f l ( -~ ,o ) :  ( - o c ,  O) ~+ IR and f l (0 ,~) :  (0, ~ )  --+ R are increasing. 

We call the elements in DMo Lorenz maps. 

2.2  T h e  l ex i cograph ica l  o r d e r  

Let  Z2 denote the set of  sequences 0" N ---> {0, 1} endowed with the topology 

given by the metric 
o<3 

d(oe fi) = 
t~i) 

, 2 [ , 
i=0 

where 

d(o~i ]~i) = { 0 , ~ i  = ]~i 
' 1 ,  o~ i ~ fli " 

Let a :  E2 --> ~2 be the shift map a ( 0 0 , 0 1 , 0 2 ,  . . .  ) = (01,02 . . . .  ). Let  No 

and E1 denote the sets {0 ~ E2 ; 00 = 0} and {0 c ~2 ; 00 = 1} respectively. It 

is clear that E2 = No U E~. 
In E2 we consider the lexicographical order: 0 < oe for any 0 ~ Eo and 

oe c E 1 or 0 < oe if there is n E N such that 0 i : Ol i for i = 0,  1 , 2  . . . . .  n -- 1 

and 0,~ = 0 and ol~ = 1. 

For a < b in Ea let [a ,  b] denote the interval {0 ~ ~21 a _ 0 _ b}. ~a,b will 

denote the set An=0 a - ~  ( [a ,  b ]). 

2.3 T h e  set Eot,b f 

For f ~ DMo let Ff = (R \ U j=0 f-J(O)) denote the set of  "con t inu i ty"  of  

the map f .  
For x c F f  we define I f (x)  c E2 by 

I f(x)( i)  = 0 if f i (x )  < 0 and I f(x)( i)  = 1 if f i (x )  > 1. 

For x = 0 we define: 

I f ( 0 + ) =  lim I f (x)  and I f ( 0 - ) =  lim I f (x ) .  
x$O ,xcF f xtO ,x~F t 

oc f _ j  In the same way to any x c Uj=0 (0) such that f i (x )  ~: O, 0 < i < n; 
f'~(x) = 0 we associate the sequences: 

I j (x  +) = ( l s (x) (O)  . . . . .  Is(x)(n - 1), Is(O+)) 
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and 

I f ( x - )  = (If(x)(O) . . . . .  I f (x) (n  - 1), If(O )). 

Forx E I~ f  w e  define I f (x  +) = I f ( x  ) -= I f (x) .  
Let I f  = {If(x+); x E [f(O+), f(O )[} U {I f (x- ) ;  x ~]f(O+), f(O )]}. 
Clearly a ( I f )  C I f .  Let us denote by af  = If(( f(O+)) +) and by = 

I f  ( ( f  (0-) ) - ) the kneading sequences as sociated to the map f .  

= A n  oct ([af, b f l ) =  Nas,b s. Lemma 1. I f  ~ -'~ 

We observe that associated to any f E DMo we can define a continuous map 

h" I f (0+) ,  f ( 0 - ) ]  n I ' f  --+ E]~f,b s C ~]2, 

such that h o f = a o h. The map h is given by h(x) = I f (x)and collapses 
intervals into points. This map cannot be extended, continuously, to the set 

o~ - i  Ui o f  (0). There are two kinds of intervals that the map h can collapses: The 
wandering intervals and the intervals that are contained in the stable manifold of 

periodic sinks. An interval I C I f (0  +) , f ( 0 - ) ]  is called a wandering interval, 
for the map f ,  if for any x E I we have that x is a wandering point. We will 
call a point x a nonwandering point if for any neighborhood Ux of x and any 
positive integer N we can find n > N such that fn(Ux) n Ux # 0. The set of 
nonwandering points of the map f is denoted by f2f. A point x r f2f is called a 
wandering point. Given any interval, I, the orbit of this interval is the sequence 
of iterations (if '  ( I ) ,  n E N). Concerning the existence of wandering intervals 
we have the following: 

Lemma 2 ([14]). Let {~o~, )~ E R} C DMo be a one parameterfamily of  C 2 
increasing maps such that for  each ~ there are sequences )~n --+ )~ and #,~ --+ )~ 
with qgz,,(x) > q~(x) and qg~n(x ) < ~o~(x), Vx then there is a residual set of  
parameters )~ for  which qgx has no wandering intervals. 

We observe that our two parameter family of expanding maps satisfy this 
property. 

Definition 1. Given f ,  g E DMo. We will say that f has essentially the same 
dynamics as g if I f  = Ig. 

We note that in this situation, up to the existence of some intervals where the 
itineraries of the points are the same, the dynamics of the maps f and g are 
topologically equivalent (see [8]). 
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2.4 The lexicographical world 

Let Min2 = {a E E0 ; ok(a)  > a ,  k ~ N} and Max2 = {b c Z1 ; crk(b) < 

b , k  6N} .  

Definit ion 2. T h e '  ~ L W  = {(a,  b) ~ Min2 x Max2 ; {a, b} C E~,b} will 

be called the lexicographical worM. 
F o r a  E Mine its L W-fiberis the set L Wo(a) = {b ~ Max2; (a, b) E L W}. 

For b c Max2 its LW-fiber  is the set L W1(b) = {a ~ Min2 ; (a , b) ~ L W}. 

R e m a r k  1. It is clear that given ( a ,  b) c L W then ~]a,b ~= O. 

Let us now consider (a, b) E LW.  

L e m m a  3 ([15]). There is f c DMo such that I f  = Ea,b. 

We will call this result the realization lemma. We observe that the maps, in 

this lemma, may be obtained as increasing maps. 

Therefore, we have a surjective map I :  D Mo --+ L W, I ( f )  = (a f , b f )  and 

DMo = U(a,b)~CW I-1 ({(a, b)}). 
In this context the next definition is natural. 

Definition 3. Let  o~ : U C 1R ~ -+ DMo be a map. 

(1) We will say that o! is an a-universal family if  Va c Min2 there is a 

nonempty set, A(a) C U, such that af  = a ,  V f c a(A(a)) .  

(2) We will say that a is an b-universal family if  Vb c Max2 there is a 

nonempty set, B(b) C U, such that bf  = b, V f ~ c~(B(b)). 

(3) We will say that o~ is an L W-universal family if  ~' (a, b) 6 L W there exists 

a nonempty set A(a, b) C U such that I o oe(A(a, b)) = (a, b). 

It is clear that associated to any map o~, as above, we have an a (b ,  L W )- 

decomposit ion of  its domain. We will call this a (resp. b ,  L W)-decomposit ion 

the a (resp. b ,  L W) bifurcation theory defined by a.  

Open problem. There are L W-universal families? 

Certainly, this is a very hard problem and we believe that there is not a finite 

k 6 N with this property. In the present paper we prove the following 
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Theorem 1. The given two parameter family of  expanding Lorenz maps is a- 
universal, is b-universal but it is not L W-universal. Moreover, the respective 
a ,  b ,  L W-bifurcation theories are given. 

3 Symbolic dynamics and the lexicographical world 

Here we introduce some results and notations that are necessary for our results. 

The results are proved in [14] or in [16]. 

3.1 Dynamical properties for sequences in LW 

Let a I _< a2 be two periodic sequences in No- The sequence m(al ,  a2) = al a2 

will be called the average of  the sequences as and a2. 

E x a m p l e .  For a1 = 01 ,  a2 = 011 we have m(a~, a2) = 01011.  

LetA0 = {0,~I , 01m ; n, m E N\{0}} and An+l = A.  U {re(a1 , a2);  a l  , a2 6 

A,, are consecutive sequences}. Set Aoo = U ~ - o  A, ,  The elements in Aoo 

will be called primary sequences. As we will see in the next section, pr imary 

sequences are associated with pr imary bifurcations. 

The elements in Aoo are characterized by the following property: 

Lemma 4. a c A ~  if  and only if  

(*) a E Min2 and ~r(a) > or(b), 

for  b = sup{ak(a)  ; k c N). 

In the proof  of  this l emma  (see [16]) we define the renormalization 

map Ra,b: ~2 --+ ~(a,  b), by Ra,b(aO, a l , . . . )  = (do, a l , . . - )  where t~ = 

ai fa i  = 0 and ai = b if  ai = 1. Here N(a ,  b) = {0: N -+  {a, b}}. We have 

Proposition 1. Assume a ~ ~o satisfy (.) then R0,01(a) satisfy (*) in ~ 0 , 0 1  �9 

Let us denote A ~ = Aoo and define, for any a c A ~ the set: 

A l ( a ) = { c c  ~20; c = a_b+a ~ or c = a _ b ~ b + , f o r n , m ~ N } .  

Here for b = bob1...b~O we have b+ = bobs . . . b k l .  
Observe that ifc~ = a_b+a n then cn --+ a_b+a_ and if  din = a_bmb+ then 

dm --+ a_b.  
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Set 

A~(a) = {m(al, a2); al,  a2 �9 Al(a) 

are consecutive sequences} U A I (a) 

and in general 

A,l~+l(a) = {re(a1, a2); a l ,  a2 �9 A,l~(a) 

are consecutive sequences} U A~ (a) ,  n > 2. 

Let A~(a)  = U,~27 A~(a) and A 1 = A ~ U Ua6A O A~(a).  
At this stage we have to point out the following: Assume a �9 A ~ . Let a = 

sup{o-k(a); k �9 N ando-k(a) �9 E0} and/~ = inf {o-k(a); k �9 Nando-k(a)  �9 El}. 
Consider Ea, g = {0 : N -+ {a,/~}} be the set of  sequences of  the two symbols 

and/~. Replace 0 = a and/) = 1 and define A0 (a) = {0~ 1, 0 1  m ; n ,  m �9 N \ {0}} 
and A~+l(a) = A~(a) U {re(a1, a2); al ,  as �9 A,,(a) are consecutive sequences}. 
Set A ~  (a) ~ = = U~=o A,~(a) a n d A ~ ( a )  {inf{rrk(oe); k �9 N}; ~ = R~,~(O) ; ~ �9 
a ~ ( a ) } .  

Lemma 2. A-~(a) = A ~ ( a ) .  
As before, let o-~,~ �9 Ea,l; -+ Ea,l; be the shift map. We have 

L e m m a 3 .  ~ e P[~(a) if andonly i f  

(,) a E Min2(ct, b) and rr~,~(a) >_ rra,f,(fi) for /3 = sup{cr~,{,(c~); k c N} 

Inductively, for any a 6 A ~ ( a ) ,  let 

A'~ +l(a)  = { c 6  E0; c = a_b+a j or c = a _ b k b +  for j ,  k e N }  

Now, we define 

A~+l(a) = {m(al ,  a2); a l ,  a2 @ A~+l(a) 

are consecutive sequences} U Aln+l (u)-" 

and 

n+l n+l 
A m + l ( a )  = { m ( a l , a 2 ) ;  a l , a 2  c A m (a)  

are consecutive sequences} U A~+I (a) ,  m > 2. 
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As before, define A n+l (a) oo - -~  = U,,=l  A~+I(a) ," --cx~A'l+I = UaEA~c A@'~+I (a) U 

A ~  and finally, A ~  = U ~j=0 Aoo.J 

Note. A similar construction; as we did in Lemma 2 and Lemma 3, for a ~ A~,  
we can do for any a c A~.  

The elements in (A~ \ A ~  will be called secondary sequences. As we 

will see in the next section secondary sequences are associated with secondary 
bifurcations. 

Let denote by B ~  the set {sup{o-k(a), k c N}, a E A ~  }. We will denote by 
b(a) the sequence sup{o-k(a), k c N} for a 6 No and by a(b), the sequence 
inf{crk(b), k ~ N } for b c ~;t �9 Clearly, b(a) c Maxa and a(b) ~ Min2. 

I t i s  clear that Ea,!  r q5 for any a 6 E0. Hence we can define maps 

q ) , ~ , X :  Eo--~ ~ l b y :  

q)(a) = inf{b c ~al ~,,b r q~ }, 
~ ( a )  = inf{b c ~ ; Na,~, contains e~-elements} 

and 

x(a) = inf{b ~ Z l"  Ea,b is uncountable}. 

Clearly, al < a2 imply ~o(al) _< qJ(a2), f i (a l )  _< fi(a2) and x (a l )  < x(a2) 
and for all c c 21 such that c < ~o(a) we have Ea,c = q~. 

Examples. For any 001 < a < 01 we have ~p(a) = 10,  f i ( 0 1 )  = X(01)  = 
110. Also q)(0) = fit(0) = X(0)  = 10; ~o(01) : ~(01_) = ! ;  ~0(0,1) = 

i 0 n , f i ( 0 , , 1 ) = X ( 0 n l ) =  l l0n a n d ~ o ( 0 1 m ) =  In, O , f i ( O l , ~ ) = x ( O l m ) =  
l lm0. 

3.2 The Morse-Smale and the Entropy Zero cases 

Definition 4. 

a) We will call a map f E DMo Morse-Smale i f a f  6 A ~ and by = ~o(af). 

b) We will call a map f c DMo essentially Morse-Smale if aj. c A ~  and 

bf = ~(af). 

We will denote by MSo C DMo the set of Morse-Smale and essentially 
Morse-Smale maps. We call these maps Morse-Smale because its dynamics 
essentially reduces to a periodic orbit. 
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L e m m a  5. Given f ~ DMo be a "Morse-Smale" map we have that 
i ~er (a f ) - l - -  

[f(O+), f (O- ) ]  = ~ i - o  Ii, where x c lo implies Iy (x )  = a f  and I f ]#  

is constant and equal to aj = crJ(af) f o r  0 < j < per (a f )  - 1. 

L e m m a  6. Let a c A ~  There is an injective f c DMo such that a f  = a and 

b f = 99(a). 
The next result follows immediately from this lemma: 

Corol la ry  1. Let a c A ~ \ A ~  There is an injective map f c DMo such that 

a f  = a and b f  = q)(a). [] 

We note that these maps can be considered as bijective maps on the circle. 

L e m m a 7 .  Let a ~ A ~ .  There is f 

a f  = a and q)(a) = b f .  

In a similar way we obtain 

D Mo an increasing map, such that 

L e m m a  8. Associated to any a c Min2  there is an increasing map f ~ DMo 

such that a f = a and by = qg(a f ). 
In general we get 

L e m m a  9. For a c A ~  and d c B ~  (3 L Wo(a). 

f E DMo such that a f  = a ,  b f  = d. 
As a consequence of these lemmas we have 

There is an increasing map 

Proposi t ion 2. Given (a, b) ~ L W there is an increasing map f c DMo such 

that I ( f )  = (a f ,  b f )  = (a ,b) .  
This result is a generalization of a similar result obtained for expansive maps 

in [12]. 

Defini t ion5.  We will call a map f E D Mo an entropy zero map if  b f < x(af). 
One of the most interesting problems related with the bifurcation theory as- 

sociated to a parameterized family of dynamical systems {fz ; k E U C IRk }, 
is to describe the set {k c U ; fz is an entropy zero map} (see for instance [18], 
[3] and the references there in). For our family of expanding Lorenz maps we 
will prove some results, in this direction, in section 4,6. 

We observe that any Morse-Smale or essentially Morse-Smale map is an en- 

tropy zero map. 
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4 Expanding maps 

4.1 The map G 

Let  us define G ( , , ~  �9 (R \ {0}) ---> R,  (/x, v) ~ •2, the two p a r a m e t e r  f ami ly  o f  

m a p s  in DMo: 
-- /J ,  -]- X 1/2,  X >- 0 

G t / z ' v ) ( X )  : v - -  ( - - x )  1/2, x < 0 

In  this sect ion we  will  p rov ide  the b i furca t ion  theory  assoc ia ted  to this f ami ly  

o f  e lements  in DMo.  

4.2 T h e  injective maps 

Let  us define the set 

I M  = {(/,, v); G(~,~)I{-,~,~I : [ - / * ,  v] --+ [ - / z ,  v] is an inject ive m a p } .  

It  is nor  hard  to see that  I M  

( x , / ~ -  1/2)  2 > 1 /2  }. 
= {(/z, v); /z > 0 ,  v _> 0 and  ( V / v -  1 /2)  2 § 

4.3 Fixed points 

T h e  fixed points  o f  the m a p  G(u,o I are g iven by: 

a) x•  ( / , )  = def ined f o r / ,  < 1/4.  

14-  
b) y •  = - def ined for  v < 1/4.  

We have  y+(v)  <_ y _ ( v )  < 0 < x _ ( # )  < x+(/x) .  

No te .  The  m a p s  x_  (/z) and y_ (v) are def ined fo r  0 < / z  < �88 0 < v < 1 
. . . .  4 "  

4.4 Preimages of 0 

a) v - ( - x )  1/2 = 0 imp ly  x = - v  2 = y l (v ) ,  v > 0; 

v - ( - x )  1/2 = y l ( v )  imp ly  x = - ( v  - y l ( v ) )  2 : - [ v  H- p212 : y 2 ( v ) ;  

v - ( - x )  1/2 = yn(v)  imp ly  x = - I v  - yn(v)]  2 = y~+l(V), v > O. 

b) - I z  + x  1/2 = 0 imply  x = / z  2 = x l ( / z ) , / z  >_ 0; 

- #  + x 1/2 : xa(/x) imp ly  x = (/x + xl( /~))  z : ( #  + / x 2 )  z = x2(/~); 

- l ~  + x  1/2 = x ~ ( # )  imp ly  x = (/z + x,~(/z)) 2 = x~+i ( /~ ) , / z  >_ 0. 
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4.5 Primary bifurcations 

a) G(0 +) = fixed point of the left hand-side 

14- 

that is: 

b) G(O-) = fixed point of the right hand-side 

V = I  

v=l  

1 ~t= 4 

/ 

j /  

V + = \  2 J 

Figure 1: (b) 

LetLo_ = {(/~,v) �9 N + x N+; 

No + • N+; b(~(.,~)) = !} .  
We observe that 

a(G(~,v)) = O} andR1 ---- {(/~,v) �9 

L0_ = {(/z, v); 0 < v < v_(/z), 0 _</z < 1/4 

o r 0 < v <  1/4 f o r / z >  1/4} 
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2 
~=(1 -  1-4v! 

2 j ~=(1+ 1+4v 12 
2 I 

!J I 

Figure 2: (a) 

and 

R1 = {(/z, v); 0 < /z  </z_(v) ,  0 _< v < 1/4 

or0_</z_< 1/4 forv_> 1/4}. 

1 -  
H e r e  v_ (/z) is given by/z  = and/z_ (v) is given by v = 

v_(~) 

/ 

/' 

/ 

T " 

L~ 

Figure 3: 
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R1 

/ ~ g_(v) 
. J "  

Figure 4: 

c) G(0 +) = nth preimage of zero = yn(v). 

These equations define the c u r v e s / ~ ( v )  = -yn(v) that satisfies: (/z, v) c 
Graph(/zn) imply a(G(~,~,)) = 0n l .  Moreover, the inverses O~(/z) = /x21(v) 

converges (uniformly in the C 1 topology on compact intervals) to the curve s (/~) 

given by: 
1 - (2/z V2 - 1) 2 

o _ < . _ _  1/4 
4 s ( ~ )  --  1 

2 '  . ___ 1/4 

. p (v) 

,3(v) 

Z 

/ �9 / 

s( t) 

Figure 5: 
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d) G(0- )  = nth preimage of  zero = x,,(/z). 

These equations define the curves vn(#) = x~(/x) that satisfies: (/2, v) 
Graph(vn) imply b(G(~,~) = 1,,,0. Moreover, the inverses /2n(v) = v~-l(/z) 

converges (uniformly in the C 1 topology in compact intervals) to the curve s (v) 
given by 

1 --  (2V 1/2 --  1) 2 0 < V < 1/4 

s (v)  = 1 4 ' 
v>_1/4 

s(v) 
F V3(bt) i 

,' V2(bt ) / 

/ / /  V l ( g )  
" / / 

i / 
/ 
' / / /  , /  , , 

,, / / / /  ," 

, / 7 "  . /  

~ 

1 
bt= 4 

Figure 6: 

Proposi t ion 3. The graph o f  the curve #~(v)  is transversal to graph of  the 
curve vm (IZ) all m, n E N. 

Proof.  We have/*l (v) = v 2 and v1(/2) = /2 2. So, the result is true for n = 1 
and m = 1. 

For v2(#) we have re(#)  = (# + vl(#))  2, then v;(#)  = 2(#  + vl(/z))(1 + 
' 3 ( 1 + 2 / z  ) > 3 ( 1 +  V'l(#)) >_ 2 ( 1 / 4  + 1 / 2 ) ( 1  + Vl(/2)) = 3(1 + V'l(/2)) = ~ _ 

1/2) > (3/2) 2 _ 2. Hence, we conclude the result for n = 1, m = 2. 
Assume the result is true for n = 1 and m = p with Vp(#)' > 1. For vp+l (/2) 

l ! we have vp+l (#) = (/2 + Vp(/2))2 and vp+ 1 (/z) = 2(/2 + vp(/2))(1 + vp(#)) _> 
2(1/4 + 1/2)(1 + 1) > 4(3/4) = 3. Therefore, we get the result for n = 1 
and any m E N. 
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Assume that the result is true for n = k and any m c N with /~k(v)' �9 > 1 

and v;'~(/~) > 1. For /zk+l (v)  = (v + / z k ( v ) )  2 we have/z~+l(v  ) = 2(v + 

/x~(v))(1 + #~(v))  > 2 (1 /2  + 1/4)(1 + 1) > 3. So, we conclude the result 

f o r n  = k + l a n d a n y m ~ N .  [] 

e) Let  us now as ~.me that G(0  +) < y l ( v ) .  In this situation there is a point, 
2~(/z, v) > 0, such that - / z  +2-1/2 = y l ( v ) ,  that is 2-T(/x, v) = (~  + y~(v)) ~. 

If we look for the condition G ( 0 - ) =  ~ll(/X, v) we get the curve 

- ~ ( v )  = v 1/2 - y~(v).  This curve is tangent to the curve CL0 at v = 0; 

transversally intersects the curves Ix~(v), n > 2 and the curve s(/x). We note 

that (/z, v) c Graph(~i )  imply b(G(~ ,~)  = 100. 

e l 0  

C01 
C 100 

/ ' /  , / / / -  
/ /  / /  / / , , / -  

/ /  i/5- / H~/ J J 

Figure 7: 

In the same way, if we assume that G(0 +) < Yn (v), n > 2, we will find a point 

2-2~ (tx, v) _< x,~2i--i (/~, v) such that -b~ + 2~n 1/2 = y,~(v), that is 

~-n (/Z, v)  = (//, + y n ( v ) )  2. 

If  we look for the condition G ( 0 - )  = 2-2~ (/~, v) we obtain a curve )-~(v) = 
v 1/2 - y,~(v), that is: ~ ( v )  = v 1/2 + tz,~(v). This curve is tangent to ~22~(v) at 

v = 0; transversally intersects the curves/~,,  (v), m > n + 1 and the curve s0z) .  

We observe that (/z, v) 6 GraphO-~,~) imply b ( G ( , . ~ )  = 10n+l. 

f) Let  us now assume that G(0 ) > xl (/~). In this situation we can find a point 
~ ( ] z ,  v) such that v - ( -yi-)  V2 = xl(/~), that is ~ ( # ,  v) : - I v  - xl (/~)] 2. 
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// 
/ 

f /  

/ J 2 ~  ~ 

/ ~  / / 
/ 1 /  / /  / /  

/ 
/ / 

/ /  / 

/ /  

Figure 8: 

If  w e  l o o k  for the cond i t ion  G ( 0  +)  = ~ ( # ,  v) w e  obtain a curve  ~ ( t t )  = 

# t / 2  + xl ( # ) .  This  curve  is tangent  to the curve  C01 a t / z  = 0; transversal ly  

intersects  the curves  v,~ (/~), n _> 2 and the curve  s (v) .  

A l s o  w e  have  ( # ,  v) c Graph(Vl)  i m p l y  a(G(~,~) = O11.  

'i 

V3 
i 

/ 
, /; 

/ 

/ 
/ 

Figure 9: 

Similarly:  i f  w e  a s s u m e  that G ( 0 - )  > x,,(#) w e  can find a point  y,~(t~t, v) 
such  that v - ( - ~ 2 )  1/2 = x, ,(tt)  that is :y,~(t.t, v) = - I v  - x~( /z ) ]  2. 

I f  w e  l o o k  for the cond i t ion  G ( 0  ) = Y2,,(~, v) w e  obtain a curve  ~, ,(tt)  = 
#l/z + x, , (tt)  : #1/2 + v ~ ( # ) .  This  curve  is tangent  to ~ ( # )  at # = 0; 

transversal ly  intersects  the curves  v,, ( # ) ;  m > n + 1 and the curve  s (v) .  W e  note  
that ( ~ ,  v) E C~aph(W,,~) impIy a(G(~,~)) = 01,~+1. 
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Vn /, 

' /  / / 
/ 7 

/ / / / /  
/ 

-/ / / 
/ / -/ 

J; 

Vll+I Via, V'I(~v~_I(~) 

I' / 
/ /  

/ / 

/ 
/' 

/ 

Figure 10: 

Remark.  

a) Associated to any a 6 A0 = {0n i ; 01n ; n c N} we have constructed 
two curves Ca, Cb, b = b(a), such that (/~, v) 6 Ca imply a(Go~,z )) = a 
and (~,  v) ~ Cb imply b(G(~,)~l) = b. These two curves transversally 
intersects at a point {P(a, b)} = Ca f) Cb; 

b) For al, a2 E A0 such that Cal 0 Cb2 r ~, where b2 = b(a2),  it is not hard 
to prove that the intersection is transversal and contains a unique point. 

g) Let us now ask for the sets La b and Rb+, for a 6 A0, b = b(a). 

At this point we establishes one of  the main differences between contracting 
and expanding families. 

Let 

a E A0, Rb+a_ = {(/z, v); b(G(~,v)) = b+a}  and 

La b_ = ((/z, v); a(G(~,z)) = a_b}.  

L e m m a  10. R~+~_ is formed by 

a) a noncompact set, R{+ a, whose boundary is formed by two curves, Y1 (b+a ) 
and F2 (b+a ) such that: 

(i) y2(b+a) C Cb; P(a, b) E y2(b+a)  
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( ii) P (a, b) ~ gl (b+a_) and }'1 ( b +a ) is tangent to Cb at P (a, b) and 

b) a curve, Cb+a, which is tangent to }'1 (b+a) at a point Q ( b+a ) ~ P (a, b) 
that satisfy Cb+a is tangent to Cb at (0, O) ~ Cb+a. 

The figure (11) displays the geometry of this Lemma. 

V 

j 

J 
/ 

i 

/ Wb+ a .- 

/ / 

/ j./~ 

t J / J /  

~ x ~  : ~C~2(b+ a ) 

e}? 
//,, Cb 
/ 

/ 

. /  

g 

_ r  C a  

Figure 11: 

Lemma 11. La_b is formed by 

a) a noncompact set, L la_b, whose boundary is formed by two curves, }q ( a_b_ ) 
and yz(a_b)  such that: 

(i) }'2(a_b) C Ca; P(a ,b)  ~ ye(a_b)  

(ii) P (a, b) c gl (a_b)  and Yl (a_b) is tangent to Ca at P (a, b) and 

b) a curve, Ca_b_, which is tangent to 1,/1 ( a - b )  at a point Q (a_b)  = 
Q( b+a ), that satisfy Ca_b is tangent to Ca at (0, O) C Ca_b. 

The following figure (12) displays the geometry of this Lemma. 

Proof. The proof of these two lemmas can be carried out in the following steps. 

(i) assume a = 0~ 1. In this case consider the point P = P ( 0~ 1,10n ) c ]R 2. 

(ii) let U(P) be a small neighborhood of the point P. 
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Cb 
! 

P(a,b) / 72 (a,b) 
LL 

Q /1- ~, ?~(a,b) 
// 

/ 
/ / /  \, 

/ / / 
/ / Ca_b 
/ /  / 

Ca 

. J  

Figure 12: 

C b  

/ 

l 
/ /  

\ 

I 

+ 

b 

"" �9 a 

h 

-! . . . . . .  C a  

a 

Figure 13: 

(iii) the intersection Co N U (P)  and Cb N U (P)  divides U (p) into two disjoint 
regions U +,  U~-; Ub + and U j ,  respectively (see figure (13)). 

(iv) verify that there is a point SN(b)  c C~ C'l U + where we can find 
a saddle node for F gper(b) , near x = v. Moreover, for (/z, v) 

]SN(b),  P(a,  b)[ C Ca G U + we have b(F(u,,)) = b+a. 

(v) verify that there is a point SN(a)  E Cb n U + where we can find a 

Saddle-node for F #per(a) near x = 0 +. Moreover, for (Iz, v) ~]SN(a),  

P(a,  b)[ C Cb N U + we have a(F(~,~)) = a_b_. 

(vi) there is a point Q (a, b) c U + n U + such that 
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(vii) 

(viii) 

(ix) 

a) Q(a, b) c SN(a)  71 SN(b); 

b) the map F;Pe~I a)- has a fixed point with derivative 1 which is expanding. 

there is a curve, Cb+~_, tangent to Cb at P (a, b); P (a, b) c ( Cb+~_ \ Cb+,! ); 
such that (/~, v) c Cb+~_ imply b(F(~,~)) = b+a. This curve is unbounded 
and coincides with the saddle-node curve, SN(b),  up to Q (a, b). 

there is a curve, Ca_b_, tangent to Ca at P(a, b); P(a, b) c (Ca b \Ca b); 
such that (/z, v) c Ca__b imply a(F(~#)) = a b_. This curve is unbounded 
and coincides with the saddle-node curve, SN(a),  up to Q (a, b). 

the existence of the other component of the curves, Cb+~ and Ca_b, can 
be now easily computed. 

Corollary 2. (The geometry of  sets La and Rb, a E Ao, b = b(a)). 

m 

a) La = {(/z, v); a(F(~,~)) = a} is unbounded and (L a \ La) C Ca U 

gl (b+a) (see figure (14)). 
l 

b) Rb = {(#, v); b(F(~,~)) = b} is unbounded and (Rb \ Rb) C Cb U 
)/1 ( a_b_ ) (see figure (15)). 

Cb 
& 

/ / 

Yl(a ' a ~ C a  

/ 

/ 
Figure 14: 
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Cb 

Y // / 
~ -4> C a  

Yl(a,b) 

Figure 15: 

4.6 The average 

Let a l ,  a2 ~ A0 be two consecutive sequences, al < a2. Let  b 1 = b(al) < b2 = 
b(a2). Denote a = re(a1, a2) and b = m(bl,  b2) = b(a). 

Lemma 12. There are curves Ca and Cb such that: 

(i) (0, O) ~ Ca, (0, O) ~ Cb. 

(ii) Ca is tangent to Cai at (0, 0), i -- 1, 2 and Cb is tangent to Cbi at (0, 0),  i = 
1,2. 

(iii) Ca f~ Cb = { P(a, b)} and Ca transversally intersects Cb at P(a, b). 

The figure (16) displays the geometry of  the curves Ca and Cb. 

Note. 

(i) As in the previous section we obtain a similar result for La_b_, Rb+a_, La 

and Rb. 

(ii) In this way we have obtained the geometry of the sets La_b_, Rb+~, La 
and Rb for a 6 A1 = A0 CI {m(al, a2); a l ,  a2 6 Ao are consecutive 

sequences }. 

Inductively, we can obtain the geometry of  the sets La b_, Rb+~_, La and Rb for 

a C An+l = An U {m(al, a2) ; a l ,  a2 6 An are consecutive sequences}. 
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C,o 

C b  2 

j /  
C b  1 

C a  1 

b 

Figure 16: 

4.7 The closure of the primary bifurcations 

Let A ~  = Un~_0 An. Assume a ~ A ~  is a sequence which is not periodic nor 

eventually periodic. Let b = sup{crk(a); k c N} and an c A ~ ,  an - ~  a. Set 
bn = b (an), we have b~ -+ b. 

In this situation we can find values of the parameter (Ixa, Va) and curves Ca, Cb, 

such that Ca = {(Ix, v); v = q~a(Ix)}; Cb = {(Ix, v); v = ~b(Ix)}, where 
q)a : ( 0 ,  O~) ---> I~ and 7tb: (0, ec) -+ IR satisfies 

@a(Ix) : ~b(Ix) for Ix ~ Ix.; 

The maps q3 a I(0,~a) and ~bl(o,~a) are tangent at Ixa. The curves Can converges 
to Ca and the curves Cbn converges to Cb. 

The intersections {P(an ,  bn)} = Ca,, N Cb,, converges to { P ( a , b ) }  = 

{(#a, ~0a(#a))}. Moreover, (Ix, v) c Ca imply a(F( . ,~))  = a and (Ix, v) c Cv 
imply b(F(/~,~)) = b. 

In fact, the curve Ca is the limit of the sequence of curves Ca. and the curve 
Cb is the limit of the sequence of curves Cb,,. 

4.8 Secondary bifurcations 

Let a ~ A~.  Associated with a define A ( a )  = {c ~ Z0; 
c = a_bmb+ ; m c N}. Denote b = b(a) .  

c = a_b+a  m or 
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Lemma 13. For any c c A(a)  we can find a curve, Co such that 
m 

(i) {(0, 0), P(a,  b)} C (Co \ Cc); 

(ii) Cc is located in the bounded region limited by Ca and Ca b and 

(iii) (It, v) E Cc imply a(F(~,z)) = c. 

The following figures describe these properties of the curves Co. 

C b  

Cc 
Ca - -- - ~ -  

Ca 

Figure 17: 

Cb 

Ca_ b b+ 

C a b  

j Ca 

Figure 18: 

Now define B(b) = {d E ~1; d = b+ama_ or d = b+a_b m , m E 1~}. 
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Lemma 14. 

(i) 

(ii) 

(iii) 

For any d ~ B(b) we can find a curve, Ca, such that 

{(0, 0), P(a, b)} C (Cd \ Cd); 

Cd is located in the bounded region limited by Cb and Cb+a and 

(Iz, v) ~ Cd imply b(F(/~,k~) = d. 

The figures (19) and (20) describe these properties of the curves Cd. 

Remark 2. 

1) We observe that: given c ~ A(a) and d = supcrk(c); k ~ N then Cc N 
Cd = 0 .  

2) For a n y c  ~ A(a) define A(c) = {V ~ Z 0 ; F  = c-d+ c m o r y  = 
c_dmd+, m ~ N}, where d = a(c). The same result is true for any 
Y ~ A(c) (that is, C• is a curve located in a region bounded by Cc and 

Cc d; {(0, 0) ,  P(a, b) } C (C• \ Cy)). 

3) For elements c c (A(a) \ A(a)) we obtain the corresponding curve Co, as 
the limit of the curves Ccn c,~ ~ A(a) and cn --+ c. 

4) Given a c A ~ ,  c c A(a) and F c A(c) we can continue as in 2) above. 

C b 

j _ / % /  . 
/ /  ~ b + a  / ~ @ - 2 - ~  C d 

Figure 19: 

4.9 Tongues 

Consider a E Ao~ and c ~ A(a) or c = a. 
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/ / /  / Cb 

/ R b + a  / r 

,-" , Cb+a - 

' ~ C b +  a a 

' / ~Cb+ a 

Figure 20: 

Lemma 15. Associated with any of  these sequences there is a tongue Lc_b+~ = 
{(/z, v); a(F(u,~)) = c_b+a} contained in Rb+~. Also, there are: a point 

Q(c) ~ Cc, a curve Cc_b+~ and a point Q(c_b+a ) c Cc_b+~_ such that 

(i) {P(a, b), (0, 0)} C Cc_b+a] 

(ii) [Q(c), P(a,b)] C C~, [Q(c), 0(c_b+a)] C 
[Q(c_b+a), P(a,b)] C Cc_b+a and OLc_b+a_ 

[Q(c), O(c_b+a)] U [~)(c_b+a), P(a, b)]. 

Rb+a , 
= [Q(c), P(a,b)] U 

The figure (21) displays these facts. 

Cb+a 

Q(a_b+) r / ' , ~ i  / 

Q (a- b b~)a@ bE+@_ b b+ a 

La_b+a Cb 

La b 

J 

Ca 

Figure 21: 

Now, consider d ~ B(b) or d = b, b = b(a). 
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Lemma 16. Associated with any of  these sequences there is a tongue Rd+ a b_ = 
{(/Z, V); b(F(~,v~) = d+a_b } contained in La b. Also, there are: a point 

Q(d) ~ Ca, a curve C&~_b and a point Q( d+a_b ) c Cd+a_b such that 

(i) 

(ii) 

{P(a, b), (0, 0)} C C&a_b_ 

[Q(d) ,  P(a,b)]  C 
P(a, b)] C Cc_b+a 
[Q(d) ,  O.(d+a_b_)] 

C~, [Q(d) ,  0 ( d + a _ b ) ]  C Ca_b, [O.(c_b+a_), 
and OR&~,_b = [Q(d) ,  P(a, b)] U 

tO [ 0 ( d + a _ b ) ,  P(a, b)]. 

gb+aa b -.1 

Q(b+ a) 

f ..... / 

i / / 

/ 

/ 

Q(b+ a a_ b) v 

C b 

. . . . . . . . .  C a 

z~ Rb+a_ b 

Q(b)  

Figure 22: 

4.10 Completing the secondary bifurcations 

Let a ~ Am, Al(a)  = A(a) and define A2(a) = AI (a) U {m(al, a2); aj ,  a2 c 
A I (a) are consecutive sequences }. 

Inductively, A,,+~ (a) = An (a) to {re(a1, a2); al, a2 c A~(a) are consecutive 
sequences } and a ~  (a) = U , ~ I  An (a). 

For any c ~ Am(a) we have a curve, Cc, as in 4.8, also a tongue, Lc_b+a, as 
in 4.9. 

Take 

a ~ A m , b  = b ( a ) ,  B i ( b )  = B(b )  and 

B2(b) = B1 (b) U {re(d1, d2) dl ,  d2 ~ B1 (b) are consecutive sequences}. 
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Inductively, 

Bn+l(b) = Bn(b) U {re(d1, d2); dl, d2 E Bn(b) 

are consecutive sequences} and Boo (b) = U Bn (b) .  
n=l  

For any d ~ B ~ ( b )  we have a curve, C~, as in 4.8 and a tongue, Ld+a_b_, as in 

4.9. 

4.11 The doubl ing  period sequences  

Let a c A ~ ;  c c A ~ ( a ) .  Define 

ao = c, bo = b(c); al = (ao) - (bo)+ ,  

bl = (bo)+(ao) and a,~+l = (an) (bn)+, 

bn+l = (bn)+(an) - ,  n _> 1. 

For any an, we have a curve, Ca,~, as in 4.8 and a tongue, L(a,,) (a(a,,~+bn, as 

in 4.9. 

For any b,,, we have a curve, Cb,~, as in 4.8 and a tongue, R(b,,)+(a(b,,))b___~n, a s  

in 4.9. 

For a = l i m n ~  an and b = limn_>~ b~ we have a curve as in 4.8. 

4.12 _0 and _1 tongues  

Let a c Min2  be any periodic sequence. Associated with the sequence ~ = 

a _ [  there i s a t o n g u e L a  C R2 a c u r v e C a  C R k and an in te rva l la  C 

{(1/4 ,  v); v 6 [1 /4 ,  3/4] } such that: 

- OL~ = Ca n La O Ca O Ia. 

- (/~, v) c La imply a(/~, v) = ~. 

- (/~, v) 6 Ia U C~ imply a ( # ,  v) = ft. 
m m 

- (0, 0) E Ca and Ca is tangent to Ca at (0, 0). 

The next figure (23) represent these facts. 
Let b ~ Max~ be any periodic sequence. Associated with the sequence b = 

b+0 there is a t o n g u e  R~ C L0_ a c u r v e  Cl; C L0 and an intervalI~ C 

{(/~, 1 /4 ) ; / z  c [1 /4 ,  3/4]} such that: 
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- O R~ = Cb N R~ U Cg U I~. 

- (/z, v) c R; imply b(/~, v) = /~. 

- (/z, v) E Ig U C~; imply b(/z, v) = b. 

- (0, 0) 6 Cg and Cb is tangent to Cz; at (0, 0). 

The next figure (24) represent these facts. 

1 
g = 4  

L c  ~ J J  

A / / Q ( c )  
/ 

~ / . . . . . .  ~, C c  

Cc 

Figure 23: 

b ~' / 

/ " / /  
/ /  / 

C b  
Ib ,, 

/ >, / 
, // 

Rb 

V =  1 
4 

Figure 24: 
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4.13 Completing the bifurcation diagram 

Assume a ~ Min2, b ~ Maxz, b (= b(a) and Ca A Cb ~ 0. 

(i) Let us assume that a and b are periodic sequences. In this situation we 
have: 

a) there are two c u r v e s ,  Ca_b_ and Ca_b+, tangents to Ca at P (a, b) ((0, 0)) 

such that P(a, b) ~ Ca& (or Ca_b+ ) and (0, 0) ~ Ca_b_ (or Ca_b+ ). 

b) there are two curves, Cb+a and Cb+a_, tangents to Cb at P (a, b) ((0, 0)) 

such that P(a, b) ~ Cb+a (or P(a, b) c Cb+a_ ) and (0, 0) c Cb+~_ 

(or Cb+a ). 
c) there is a curve, Ca_b+~, tangent to Ca at P (a, b) and (0, 0) such that 

P(a, b) ~ Ca b+a and (0, 0) ~ Ca_b+a. 
d) there is a curve, Cb+a b, tangent to Cb at P (a, b) and (0, 0) such that 

P(a, b) E Cb+a& and (0, 0) 6 Cv+a_b. 

Cb 

C a b+a 
C a  b+ / 

V / 

/ 
C a _ b  / /  

/ 

Ca 

Figure 25: (a) and (c) 

(ii) Let us now assume that b is a periodic sequence and a it is not a periodic 
sequence. In this situation there is a curve, Cb+a, tangent to Cb at P (a, b) 
and (0, 0). The figure (27) represent these facts. 

(iii) Let us assume that a is a periodic sequence and b is not a periodic sequence. 
In this situation there is a curve, Ca_b, tangent to Ca at P (a, b) and (0, 0). 
The figure (28) represent these facts. 
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C 

/ 

~ - ~ - - .  C a 

t>Cb+a 

q> Cb+ a 

~Cb+a b 
Figure 26: (b) and (d) 

j C b  

Cb+a~/// 

Ca 

Figure 27: (ii) 

4.14 Measure of  the bifurcation set 

Set re = {(#, v) ; /z _> 0, v > 0}" A A  = {0z, v) E Jr; G(mv) satisfy the Axiom 
A} and B = re \ A A .  

For a E A~o let Aa = La U La_b U Rb+a_, where b = b(a) and Aw = 

UaEA~ Aa U L0_ U R ! .  

Lemma 17. 

a) m ( A w  \ A A )  = 0 

b) B contains open sets in Jr. 
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C a  

Figure 28: (iii) 

This result follows as in theorem 2 in [13]. 

4.15 Entropy zero 

For a c Am let F~, = La U Rb U La_b+a_ 

Foe = UaEAeo Fa U LO2 U Rio_. 

U Rb+a_b_, where b = b(a) and 

Let 7r + = {(/~, v) c ~; /~ r 0 and v # 0}. 

Lemma 18. E Z N 7r + = Foe, here E Z denotes the set of  parameter values 

(Iz, v) where the respective map GO~,~ ) has entropy zero. 

This result follows from theorem 1 in [14]. 

4.16 The global picture 

Taking together the results in this section the global picture of the bifurcation 
diagramme is represented in figure 29. 

5 The general case 

Let us consider the five parameter family of maps G(c~,cl,c2,tz,v)" (R \ {0}) -+ IR, 
/ z > 0 , v > 0 ,  oe < 1, cl > 0 , c 2 > 0 i n D M 0  given by: 

- # + c l x  ~, x > 0  
G((~'Cl'C2'~'~)(x) = v - c ~ ( - x )  ~, x < 0 

Bol. Soc. Bras. Mat., Vot. 32, No. 2, 2001 



CONTRIBUTIONS TO THE STUDY OF THE EXPANDING CASE 139 

Rol  

Ro. ;j,o '"1 t 

R1 
L o, ; i /  / C 

/ ool 
/ , y  

~ ~  ......... C ,oo 
,/ !,;'/Y/ 

t 
I I I / / . .#  / / , "  " i !li+/ i / / . " .  

I / Rio Lo 

Figure 29: The global picture. 

We observe that all the previous results, for the expanding family, are (still) 
true when we fix the parameters o~, cl and c2. That is, we can obtain the a and 
b-decomposition, associated to any two parameter family F(~, ~) = F~,cj ,c2,~#) 
in the same way as for the previous family. Nevertheless, the situation for 
topological equivalence is dramatically different as we will show in the next 
subsection. 

5.1 Topologically equivalence for families 

Assume F = {F(u,~); (/z, v) c 7r} and G = {G(~,~); (/z, v) E :r} are two- 
parameter families of maps in DMo. 

Definition 6. We will say that F and G are equivalent if there is a bijection 
0 : 7~ -+ 7c such that V(#, v) c ~- the map F(u#) is topologically equivalent to 
GO(u,~). 

For the five parameter family of maps G(~,c1,.2,~,~) we have 

L e m m a  19. There are parameter values (c~, q ,  C2) (~,  Cl, C2) such that the two 
parameter families F(~,~) = G(~,Cl,CZ,#,v) and H(u,v) = G(&c-I,Q,~,~) are not 
equivalent. 
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P r o o f .  

(i) We  have  G '  (x) - -  1 for  x > 0 i f  and only  if  x (o~, c I ) = (0/C 1) 1-~5- We  have  
1 

G ' ( x )  --- 1 for  x < 0 i f  and only  i f  y ( a ,  c2) = - ( ~ c 2 ) ~ .  

(ii) The  equa t ion  for  a f ixed point  o f  the saddle  node  type,  for  x < 0, are v - 

c 2 ( - x )  ~ = x and x --  - ( a c 2 ) ~ ,  that  is; v = vsn --  c2(ac2)  1--~ (1 - a ) ,  

is the p a r a m e t e r  va lue  where  the m a p  G(~,~) presents  a sadd le -node  f ixed 
1 

point  at x (c~, c2) = - (eec2) r=~. 

(iii) N o w  we  ask  for  the cmwe G ( 0  +) = - / z  = f ixed point  in x < 0. We 

have  the equat ions  - / x  = y 2 ( v )  and v - c 2 ( - y 2 ( v ) )  '~ = ye(v) ,  that  is, 

v - c2/z ~ = - / z ,  therefore;  v(/z) = c2/z" - / z .  

This  curve  is tangent  to the curve  v = Vsn at the v a l u e / z  = /Zmax = 
1 

(0/C2) i~d .  

(iv) F igure  30 d isp lays  the region o f  the pa rame te r s  (/z, v) such that  a (/z, v) = 

0 .  This  region is g iven by  {(tz, v);  0 _< v < v(/z);  0 _< /x _< /Xm.x} or 

0 < v < v ~  f o r / z  > / z , . a x .  

V - ! i  �84 

' J !  i : !t 

i i ,  i 
! 

J 

i! 
iJ 
i 

i 

Figure  30: 

(v) The  set  {(/~, v),  b(/z,  v) = 10}  conta ins  the curve  vl0 = 

F igure  31 for  this picture.  

(vi) We  have  vl_o_o (/z) ---- v , .  i f  and only  o f  
a 2  

Is  = # = q c ' j ( 1  - a )  �9 (o c2) 

See 
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V 

/ 

/ 
[ 

/ 
/ 

s 
J 

Figure 31: 

(vii) In this situation 

[z c~c~(1 - e~)~(o~c2) 1 - c~ cz 1 - e~ 

IZm~x 1 C2 ~I+~ S ( c l ,  C2, ~ ) .  

(O{C2) 1 - -  r 

It is clear that there are values (cl, c2, e~) and (C1, C2, 6~) such that 

S(c~,  c2, ~) < 1 < SC1, ?2, 8). 

In the first case the curve Vlo(/Z) is like in figure 32. 

In the second case the curve vlo(/~) is like in figure 33. 

Clearly, each case define a two parameter families as announced in the 
lemma. 

6 Application to geometric vector fields 

Assume X0 : U c •3 _+ ~3 is a three dimensional vector field that satisfies: 

a) 0 E U is an hyperbolic singularity of the vector field X, whose eigenvalues 
satisfies -)~i < -)~2 < 0 < ~3; 

b) The components, Yl and F2, of  the set (W~ ~ \ {0}) satisfies Yl C W~, 
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j 

g 

Figure 32: 

/ 

.. ~ i  ~ . . . .  

g 

/ 
/ 

J 

Figure 33: 

c) There is a transversal section, E C U, such that: E is transversal to W~ 

and E \ W~" = E1 U E2 are two disjoint sets in E that satisfies: 

~r~(E1) C El  

whereTri: ~2i --+ ~ , i  = 1,2 
respective cross section. 

Let q-/0 C Yr(U, R 3) be a neighborhood of the vector field X0 in 3~r(U, I~ 3) = 
{X : U C IR 3 -+ ]R3; X is C r } with the usual Cr-topology. 

In the above conditions there are codimension one submanifold, 5V1, 5V2 C 

'U0; such that: 

and yr2(~[]2) c •2 

is the first return map associated to the 
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a) Y c 5V/if and only if gi (Y) C W~ (y) here cr (Y) is the hyperbolic singular- 

ity, near 0, that correspond to the vector field Y. Also, (Wocr~l)\{a (Y)}) = 

?/~ (Y) t5 ?/2 (Y), where ?/i (Y) is the natural extension of the component ?/i; 

b) (U0 \ 3V/) = U{ U U~ where Y c U I if and only ifJr~(131) C ]g, and 
Y ~ U 2 if and only if  7r2(P,2) C 132 and 

c) N~ is transversal to N2. 

Finally we will assume that ~ can be foliated by one-dimensional submani- 
folds { f x ;  x c I3 } such that 

(i) x E W~ A ~ i m p l y F x  = W~, (3 13 and 

(ii) rri(Fx) c f,~,(~, x c Y;i. 

In this situation the interesting part of the bifurcation theory, for dements  in 
U0, is located in U 2 A U~. In this set we can apply the results in Sections 3,4 
and 5 to obtain, bis a bis, similar results for generic two parameter families of 
vector fields in U0. 
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