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Bifurcation of the essential dynamics of Lorenz
maps and applications to Lorenz-like flows:
contributions to the study of the expanding case*

Rafael Labarca and Carlos Moreira

Abstract. In this article we provide, by using kneadings sequences, the combinatorial
bifurcation diagramme associated to a typical two parameter of Lorenz maps on the real
line. We apply these results to two parameter families of geometric Lorenz-like flows.
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1 Introduection

In a remarkable contribution, E.N. Lorenz [17], showed numerical evidence
of the existence of a strange attractor for a quadratic system of ordinary dif-
ferential equations in three variables. Some time later J. Guckenheimer, [9],
produced a work where he introduced symbolic dynamics in order to understand
the topologically equivalence classes for nearly similar attractors. At that time
R.E Williams, [19], introduced a geometrical model in order to understand the
dynamics of these Lorenz attractors. Using this geometrical model the dynami-
cal behavior of the three dimensional vector field can be reduce to the dynamical
behavior of a one-dimensional map with one discontinuity and Guckenheimer
and Williams, [11], used this fact to shown uncountable many classes of non-
equivalent geometric Lorenz attractors. The evidence of the non-equivalence
where the kneading sequences associated to these one-dimensional maps. Later
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Afrajmovich, Bykov and Shilnikov, [1],studied a two parameter family of three
dimensional vector fields that unfolds a codimension two bifurcation which ap-
pears in a vector field defined in a neighborhood of the origin 0 € R3. This vector
field has an hyperbolic singularity, at 0 € R?, which has a two dimensional stable
manifold and a one dimensional unstable manifold. For the connected compo-
nents Aj and A, of the set W — {0}, the vector field X safisfies A; C W
and A, C Wj. In that work they described part of the bifurcation theory that
appears in a generic two parameter unfolding of the vector field X.

So, its seem to be natural to try to obtain a bifurcation theory for a generic
unfolding of X using symbolic dynamics. In this direction de Melo and Martens
announced, in an unpublished paper [7], the existence of parameterized families
of contacting Lorenz-like flows that are topologically universal in the sense that
given any geometric Lorenz flow then its dynamics is ‘‘essentially”’ the same
as the dynamics of some element of the family. In [16] we describe, the way
in which such a contracting family realize all the allowed dynamics for Lorenz-
like maps. The same universality is not true when we work with families of
expanding Lorenz-like, flows as de Melo and Martens knew and as we will show
in the present paper.

Also we have to mention the work by Hubbard and Sparrow [12], were they de-
fined a set of pair of sequences which model all the topological dynamics exhibed
by expanding Lorenz maps. Recently, in [14], we extend the Hubbard-Sparrow
model for expanding maps to an Universal Model for the ‘‘essential dynamics’
of Lorenz maps and we called it the Lexicographical World (in the sequel denoted
by LW). Now, it is clear that any parameterized family of Lorenz maps has a bi-
furcation theory induced by the lexicographical world (an extremely interesting
problem focused for several authors in this an another contexts, see for instance
[6], [5], [10], [2], [4]). So, it seems to be natural to develop a programme to
obtain the bifurcation theories associated to some typical parameterized families
of Lorenz maps. We developed such a programme. In [15] and [16] we describe
the bifurcation theory associated to a two parameter family of linear maps and to
a two parameter family of contracting maps, respectively. In certain form, both
bifurcation theories are similar. In the present paper we describe the bifurcation
theory associated to a typical two parameter family of expanding Lorenz maps
and the associated bifurcation theory is dramatically different from the previous
one’s.

Of course, there are other points of view which may be used to described the
bifurcation theory associated to parameterized families of Lorenz maps. In fact,
starting with the work of Arnold ([2]), a lot of work have been produced with res-
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pect to the bifurcation theory of the canonical family (see for instance [4] and the
references there in). The approaches,in this case, was done by using the rotation
number. This approach seems to be useful when applied to homeomorphisms
of the circle but looks very complicated when we deal with non injective maps
and, in fact, a bifurcation diagram for the dynamics (of the canonical family) is
unknown (at least for us). The better approximation to the bifurcation theory of
the canonical map seems to be the work by Boyland ([4]). We have to mention
that the lexicographical world includes the dynamics of all the interpolated maps
used by Boyland ([4] page 359) in its construction and, then, it is also a model
for these maps.

To be more specific, in the present paper we study the two parameter family
of quadratic expanding Lorenz maps:

|+, x>0
G”‘U(x)—{ v——x,x<0

and we give the corresponding bifurcation theory in the parameter space.

This paper is organized as follows: In section 2 we state our results, in section
3 we describe the lexicographical world, in Section 4 we prove our results, in
section 5 we present a generalization of them and, finally, in section 6 we will
relate them to three dimensional geometric vector fields.

We observe that a number of authors have studied paremeterized families of
Lorenz-like maps from several points of view, namely combinatorial, differen-
tiable, topological or geometrical (see the references).

2 Statement of our results
2.1 Theset DM,
In the sequel DM, will denote the set of maps f: (R \ {0}) — R such that:

(1) The restriction maps f|(~c0,0): (—00,0) = Rand f|g .00 : (0, 00) = R
are continuous and non-decreasing maps.

@) ,
fO%) =1lim f(x) € (~00,0]

and
fO7) =1lim /() €10, 00f
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110 RAFAEL LABARCA AND CARLOS MOREIRA

An element in DM, will be called injective if its restriction to the interval
1£(0%), f(07)[is an injective map.

We will say that f € DM, is increasing if the restriction maps
flcoo,0: (—00,0) = R and fl(g,00): (0, 20) — R are increasing.

We call the elements in DMy Lorenz maps.

2.2 The lexicographical order

Let X, denote the set of sequences 6: N — {0, 1} endowed with the topology
given by the metric

= E iy Pi
d@.p) =y P,
i=0

where
0,a; =B

d(a;, i) = { Loy £ B

leto: X — 2y betheshiftmapa(90,91,02,...) =(6;,6,,...). Let Zy
and X, denote the sets {# € X, ; 6y = 0} and {6 € Xy ; 6y = 1} respectively. It
is clear that ¥, = ¥y U Xy. ‘

In ¥, we consider the lexicographical order: § < « for any 6§ € X and
ac X orf <aifthereisn € Nsuchthatf; = ¢; fori =0,1,2,... ,n—1
and 4, = 0 and o, = 1.

Fora < bin ¥, let [a, b] denote the interval {§ € ¥3]a <6 < b}. £, ; will
denote the set (oey o "([a,b]).

23 ThesetX, ,,

For f € DMpletT'y = (R\ U‘;O:O £7/(0)) denote the set of ‘‘continuity”” of
the map f.
For x € T'y we define Ir(x) € 2 by

Ie(x)(@) =0 if f/(x) <0 and Ir(x)() =1 if fi(x) > 1.
For x = 0 we define:

1;(0%) =

i Y= .
xi(}l,fcrérflf(x) and I;(07) xTOl,.IvréI‘, Ir(x)

In the same way to any x € [J2, f~7/(0) such that fix) #0,0 <i <n;
S (x) = 0 we associate the sequences:

i) = L)), ., L) =1, 1;07)
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and
Ii(x7) = Tp(x)0), ..., Ir(x)(n— 1), 1;(07)).

Forx € I'y wedefine Ir(x™) = Iy (x7) = I(x).

Let Iy = {I;(x*); x € [f(07), FO)[} U (Is(x7); x €] £(07), f(O)]}.

Clearly o (Iy) C Iy. Let us denote by ay = I;((f(0"))") and by =
I+((f(07))") the kneading sequences associated to the map f.

Lemmal. [; =" 0 "(las, bs]) = DI
We observe that associated to any f € DM, we can define a continuous map

h: [fO7), fFO)] NTy = %4, C 5,

such that # o f = o o h. The map & is given by h(x) = I;(x)and collapses
mntervals into points. This map cannot be extended, continuously, to the set
U0 f 71(0). There are two kinds of intervals that the map % can collapses: The
wandering intervals and the intervals that are contained in the stable manifold of
periodic sinks. Aninterval I C [f(0%), f(07)]is called a wandering interval,
for the map f, if for any x € I we have that x is a wandering point. We will
call a point x a nonwandering point if for any neighborhood U, of x and any
positive integer N we can find n > N such that /"(U,) N U, # @. The set of
nonwandering points of the map f is denoted by Q. A pointx ¢ Q¢ is called a
wandering point. Given any interval, I, the orbit of this interval is the sequence
of iterations (f*(I),n € N). Concerning the existence of wandering intervals
we have the following:

Lemma 2 ([14]). Let {¢,, 1 € R} C DM, be a one parameter family of C*
increasing maps such that for each A there are sequences A, — A and |1, — A
with ¢, (x) > ¢,(x) and @, (x) < @.(x),Vx then there is a residual set of
parameters A for which ¢, has no wandering intervals.

We observe that our two parameter family of expanding maps satisfy this

property.

Definition 1. Given f, g € DM,. We will say that f has essentially the same
dynamics as g if Iy = I,.

We note that in this situation, up to the existence of some intervals where the
itineraries of the points are the same, the dynamics of the maps f and g are
topologically equivalent (see [8]).
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112 RAFAEL LABARCA AND CARLOS MOREIRA

2.4 The lexicographical world

Let Min, = {a € y; 0¥(@) > a,k € N} and Max, = (b€ Z;; o¥(b) <
b,k e N}

Definition 2. The: . LW = {(a,b) € Min, x Max,; {a,b} C Z,;} will
be called the lexicographical world.

Fora € Min, its LW-fiber is the set LWy(a) = {b € Maxy; (a,b) € LW}.
For b € Max; its LW-fiber is the set LW (b) = {a € Miny; (a,b) € LW}.

Remark 1. It is clear that given (a , b) € LW then X, # #.
Let us now consider (a, b) € LW.

Lemma 3 ([15]). Thereis f € DMy such that Iy = X, .

We will call this result the realization lemma. We observe that the maps, in
this lemma, may be obtained as increasing maps.

Therefore, we have a surjective map I: DMy — LW, I(f) = (ays, bs) and

DM, = U(a,b)eLW I7'({(a, B)}).
In this context the next definition is natural.

Definition 3. Leta: U C RY — DM, be a map.

(1) We will say that « is an a-universal family if Ya € Min; there is a
nonempty set, A(a) C U,suchthatar =a,Vf € a(A(a)).

(2) We will say that « is an b-universal family if Yb € Max, there is a
nonempty set, B(b) C U,suchthatby =b,Vf € a(B(b)).

(3) We will say that a is an L W -universal family if ¥ (a, b) € LW there exists
anonempty set A(a, b) C U suchthat I o x(A(a, b)) = (a, b).

It is clear that associated to any map «, as above, we have an a (b, LW )-
decomposition of its domain. We will call this a (resp. b, L W)-decomposition
the a (resp. b, LW) bifurcation theory defined by .

Open problem. There are L W-universal families?

Certainly, this is a very hard problem and we believe that there is not a finite
k € N with this property. In the present paper we prove the following
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Theorem 1. The given two parameter family of expanding Lorenz maps is a-
universal, is b-universal but it is not LW -universal. Moreover, the respective
a, b, LW-bifurcation theories are given.

3 Symbolic dynamics and the lexicographical world

Here we introduce some results and notations that are necessary for our results.
The results are proved in [14] or in [16].

3.1 Dynamical properties for sequences in LW

Leta; < a, be two periodic sequences in . The sequence m(a, , a3) = a) a,
will be called the average of the sequences a; and ;.

Example. Fora; = 01,a, =011 we have m(a;, ay) = 01011.

LetAg = {01 ,0l,5n,m € N\{O}}and A, | = A, U {m(a,,a); ai,a; €
A, are consecutive sequences}. Set Ay = Uzzgo A,. The elements in As
will be called primary sequences. As we will see in the next section, primary
sequences are associated with primary bifurcations.

The elements in Ay, are characterized by the following property:

Lemmad. a ¢ A, ifand only if
(x) a € Min, and o(a) > o(b),

forb = sup{c*(a); k € N}.

In the proof of this lemma (see [16]) we define the renormalization
map R, ,: Xy — X(a,b), by Ry p(ap,ay,--+) = (dy,dy, --) where 4; =
aifag; =0anda;, = bifa; = 1. Here Z(a,b) = {0: N — {a, b}}. We have

Proposition 1. Assume a € %y satisfy (x) then Rg o1 (a) satisfy (*) in Lo .
Let us denote A% = A, and define, for any a € AY, the set:

A{(a) ={ceXy;c=a_bya" or ¢=a b"b;, forn,m e N}
Here for b = bgb; ... b0 we have b, = byb; ... b 1.

Observe thatif ¢, = a_b,a" thenc, — a_bya andifd, = a_b"b, then
d, —> a_b.
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Set

Al(@) = (m(a1,a); ar,a € Al(a)

are consecutive sequences} U A%(a)
and in general

A (@) = {m(ar1,@); a,a; € Ay(a)

are consecutive sequences} U A,l1 (a),n > 2.

Let Al (@) = U,Z7 Ay(@) and AL, = AJ, U U,cq0 AL (@)

At this stage we have to point out the following: Assume a € A2 . Leta =
sup{c¥(a); k € Nand 0% (a) € Tp}and b = inf {o*(a); k € Nando*(a) € £,}.
Consider ¥ ; = {0: N — {a, l;}} be the set of sequences of the two symbols a
and b. Replace 0 = a and b = 1 and define Ag(a) = {0,1, 01,,; n, m € N\ {0}}
and A, (a) = A, (a) U{m(ay, a); a1, ap, € Ay(a) are consecutive sequences}.
Set Aoo(a) = | oy An(a) and A% (a) = {inf{o*(a); k e N}; @ = R;;(m:imne
Acs(a)}.

Lemma2. A’ (a) = Al (a).

As before, let o 5: X; ; — X; ; be the shift map. We have
Lemma3. o€ A_go (a) if and only if

(x) @ € Min(a, b) and o5 (o) = o7 ;(B) for B = sup{a;l;(a); k e N}

Inductively, for any a € A7 (a), let

AN a) = {ceSp; ¢ = a_ba’ or c=ab'b, for jkeN}
Now, we define
AT @) = {mla), @); a1, a; € AT (a)
are consecutive sequences} U A’f“ (a)

and

1 , 1
Artl(a) = {m(ar1,a2); ar,a; € Al a)

are consecutive sequences} U A:‘;’l (a),m>2.
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As before, define Azl (@) = UpZ) At (@) AL = Upeun, A% (@) U
Al and finally, AZ = %4 A.

Note. A similar construction; as we did in Lemma 2 and Lemma 3, fora € A2,
we can do for any a € AZ.

The elements in (A \ Ago) will be called secondary sequences. As we
will see in the next section secondary sequences are associated with secondary
bifurcations.

Let denote by B the set {supfo*(a), k € N},a € A®}. We will denote by
b(a) the sequence sup{c¥(a),k € N} fora € ¥y and by a(b), the sequence
inf{o*(b), ke N} for be %;. Clearly, b(a) € Max, and a(b) € Min,.

It is clear that X, ; # ¢ for any a € Xy;. Hence we can define maps
¢, ¥, x: Xg— 2 by:

pla) = inf{b € X1| X, ¢},
Y(a) = inf{b € ¥;; £, , contains co-elements}

and
x(a) = mf{b e Z;; ¥, ; is uncountable}.

Clearly, a; < a, imply ¢(a1) < ¢(az), ¥(a1) < ¥(a) and x(a;) < x(a)
and for all ¢ € Xy such that ¢ < ¢(a) we have X, . = ®.

Examples. For any 001 < a < 01 we have ¢(a) = 10, ¢(01) = x(01)
110. Also ¢(0) = ¥(0) = x(0) = 10; ¢(01) = ¥ (01) = 1; ¢(0,1)
105, ¥(0,1) = X(0,1) =110, and ¢(01,) = 1,0, ¥(0l,) = x(0Ly)
11,,0.

Il

I

3.2 The Morse-Smale and the Entropy Zero cases
Definition 4.
a) We will call amap f € DMy Morse-Smale if a; € Ago and by = @(ay).

b) We will call a map f € DM, essentially Morse-Smale if ay € A3 and
by =g(ay).

We will denote by MSy; C DM, the set of Morse-Smale and essentially
Morse-Smale maps. We call these maps Morse-Smale because its dynamics
essentially reduces to a periodic orbit.
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Lemma 5. Given f € DMy be a “Morse-Smale” map we have that
[FOD), F(07)] = Uf):eor(af)_lz-, where x € Iy implies I7(x) = ay and If|y;
is constant and equal to a; = Uj(af) Jor 0 < j < per(ay) — 1.

Lemma 6. Leta € AY.. There is an injective f € DM such that ay = a and

by =g(a).
The next result follows immediately from this lemma:

Corollary 1. Leta € @ \ A . There is an injective map f € DM such that
ar = aand by = @(a). O

We note that these maps can be considered as bijective maps on the circle.

Lemma 7. Leta € AY. There is f € DMy an increasing map, such that
as =aand g(a) = by.
In a similar way we obtain

Lemma 8. Associated to any a € Min; there is an increasing map f € DMy
such thatay = a and by = @(ay).
In general we get

Lemma 9. Fora € A andd € BY N LWy(a). There is an increasing map
f € DMysuchthatay =a,by =d.
As a consequence of these lemmas we have

Proposition 2. Given (a, b) € LW there is an increasing map f € DMy such
that 1(f) = (ay.bs) = (a,b).

This result is a generalization of a similar result obtained for expansive maps
in [12].

Definition 5. We will callamap f € DMy an entropy zeromapif by < x(ay).

One of the most interesting problems related with the bifurcation theory as-
sociated to a parameterized family of dynamical systems {f,; A € U < RF},
is to describe the set {A € U'; f, is an entropy zero map} (see for instance [18],
[3] and the references there in). For our family of expanding Lorenz maps we
will prove some results, in this direction, in section 4.6.

We observe that any Morse-Smale or essentially Morse-Smale map is an en-
tropy zero map.
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4 Expanding maps
41 Themap G

Let us define G(,y: R\ {0}) = R, (u,v) € R?, the two parameter family of
maps in DMjy:

—n+x2 x>0

v—(—x)?, x <0

In this section we will provide the bifurcation theory associated to this family
of elements in D M.

G(u,,v)(x) = {

4.2 The injective maps
Let us define the set
IM = {(tt, v); Guwli=mry: [—#, v] = [—, v]is an injective map} .
It is nor hard to see that IM = {(u,v); & > 0,v > 0 and (/v — 1/2)> +
(VE = 1/2* = 1/2}.
4.3 Fixed points

The fixed points of the map G, , are given by:

1+ yT=4a7
a) x+(u) = |:—2———£j| defined for . < 1/4.
2
1+J/1—4
b) yi(v) = — [—2—”} defined for v < 1/4.

We have y, (v) < y-(v) <0 < x_(u) < x1 ().
Note. The maps x_(p) and y_{(v) are defined for 0 < 0 < }1; D<v <

FNT

44 Preimages of 0

a) v— (—x)2 =0 imply x = —v* = y,(v), v > 0;
v— ()Y =y (v) imply x = —(v — y1(1))? = —[v + V2? = y, (v);
v — (—0)"? = y,(v) imply x = —[v — 3,1 =y, (v), v > 0.

b) —p+x'2 =0 imply x = p? = x;(u), u > 0;
—p 422 =x () imply x = (u+ x ()2 = (1 + pu?)? = x(w);
—i+x? = x, () imply x = (u + 6, ()% = xpp1 (), 1 > 0.
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4.5 Primary bifurcations

a) G(0T) = fixed point of the left hand-side

[HEMT
p=— |

that is:

{11«/1—41)]2
p=—71"

b) G(0™) = fixed point of the right hand-side

-]

=1
H 4
V=1
\ 2
_ (14 1-4p\
| V. k 2
:].
V 4 ,
v _( 1-V1-4p,>
Y - 2
//

Figure 1: (b)

Let Ly = {(u,v) € R xRY; a(Gp,y) = 0} and Ry = {(n,v) €
Ry xRy;  B(Gw) =11}
We observe that

Lo = {(u,v); 0<v=<v_(uw,0<pu=<1/4
or0<v<1/4 foru=>1/4}
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Figure 2: (a)

and

Ry = {(u,v); 0<pu<pu_(v),0<v<l1/4
or0<p<1/4 forv>1/4}.

1—/1—4v_(u) 2

Here v_(u) is given by y = <—2—> and p_(v) is given by v =

(555,

2

(T [T

Figure 3:
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/ v H_(V)

L~

Figure 4:

¢) G(0") = nth preimage of zero = y,(v).

These equations define the curves u,(v) = —y,(v) that satisfies: (u,v) €
Graph(u,,) imply a(G, ) = 0,1. Moreover, the inverses () = u, L(v)
converges (uniformly in the C 1 tap-ology on compact intervals) to the curve s (u)
given by:

i— (2M1/2 _ 1)2
s(u) = 1 4
o mz /s

, 0<u=<1/4

w,(v)

/ (V)

Figure 5:
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d) G(0™) = nth preimage of zero = x,(u).

These equations define the curves v, (i) = x,(u) that satisfies: (u,v) €
Graph(v,) imply (G (,.)) = 1,0. Moreover, the inverses {i,(v) = v, L)
converges (uniformly in the C'! @ology in compact intervals) to the curve s (v)
given by

11— @2 —1)?

. O<v<1/4
s(v) = 1 4
1 v=>1/4
s(v)
! o ov(w)
| [ VAW
| / V(W

Figure 6:

Proposition 3. The graph of the curve ., (v) is transversal to graph of the
curve v, (u) allm,n € N,

Proof. We have i (v) = v?and v1(u) = 2. So, the result is true for n = 1
andm = 1.

For vy(u) we have va(u) = (i + vi(1))?, then vi () = 2(1 + vy ())(1 +
Vi) = 2(1/4+ 1/ +vi(w) = 5A+vi(w) = 3L +20) = 301+
1/2) > (3/2)* > 2. Hence, we conclude the result forn = 1, m = 2.

Assume the result is true forn = 1 and m = p with v; (1) > 1. For v, ()
wehave v, 1(W) = (+vp(u)?and v, (1) = 2(n+v, ()1 +v, (W) >
2(1/4+1/2)(1 + 1) > 4(3/4) = 3. Therefore, we get the result forn = 1
and any m € N.
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Assume that the result is true for n = k and any m € N with g, (v) > 1
and v/ (u) > 1. For ms1(v) = (v + pue(v))?* we have p ., (v) = 2(v +
we(W)NA 4+ p(v)) > 2(1/2+1/4)(1 4+ 1) > 3. So, we conclude the result
forn =k + 1and anym € N. O

e) Let us now as .me that G(0") < y;(v). In this situation there is a point,
(1L, v) > 0, such that — + F}/> = y,(v), that is ¥ (2, v) = (i + y1(1))*.

If we look for the condition G(07) = Xi{(u,v) we get the curve
Ti(v) = v'/2 — y;(v). This curve is tangent to the curve Cyp at v = 0;
transversally intersects the curves p,(v), n > 2 and the curve s(u). We note
that (i, v) € Graph(uy) imply b(G,,y) = 100.

e 7
i /// yay 7~
1 // e e

P ,/
/ o 4
T3 -
4 /“_//{
Figure 7:

In the same way, if we assume that G(0") < y,(v), n > 2, we will find a point
% (1, V) < Tusi (i, v) such that —p + X, /2 = y,(v), that is

(i, v) = (i + ¥, (W)

If we look for the condition G(0~) = X,(u, v) we obtain a curve &, (v) =
p!72 —y, (v), that is: &, (V) = v//2 + u, (v). This curve is tangent to f,_((v) at
v = 0; transversally intersects the curves g, (v), m > n + 1 and the curve s(u).

We observe that (i, v) € Graph(iy,) imply b(G 1)) = 10n4s .

f) Let us now assume that G(0~) > x(u). In this situation we can find a point
¥1(p, v) such that v — (—=y1)"/2 = x1(w), that is y1(u, v) = —[v — x; (W)
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V)
i (V)

R
s - v - /
. // / < - - l' H ! (V)
R P e
e
Figure 8:

If we look for the condition G(0™) = y;(u, v) we obtain a curve Vi(u) =
p'? + x; (). This curve is tangent to the curve Cp; at u = 0; transversally
intersects the curves v, (1), n > 2 and the curve s(v).

Also we have (u, v) € Graph(v,) imply a(G,,,)) = 011.

Vs \A Vi
V()

A
A

Figure 9:

Similarly: if we assume that G(0™) > x,(u) we can find a point ¥, (i, v)
such that v — (—=3,)1/? = x, () that is "y, (i, v) = —[v — x, ().

If we look for the condition G(07) = ¥, (i, v) we obtain a curve v, () =
pY% 4+ x, () = p'? + v,(n). This curve is tangent to T,_7(x) at u = O;
transversally intersects the curves v, (u); m > n+ 1 and the curve s(v). We note
that (i, v) € Graph(v,} imply a(G(, ,)) = Oy -
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Figure 10:
Remark.

a) Associatedtoanya € Ap = {0,1; 0l,; n € N} we have constructed
two curves C,, Cp, b = b(a), such that (i, v) € C, imply a(G(, ) = a
and (u,v) € Cp imply b(G(,.)) = b. These two curves transversally
intersects at a point {P(a, b)} = C, N Cp;

b) Forai, a; € Ag suchthat C, N Cp, # B, where by = b(ay), it is not hard
to prove that the intersection is transversal and contains a unique point.

g) Let us now ask for the sets L, , and R,,, fora € Ag, b = b(a).

At this point we establishes one of the main differences between contracting

and expanding families.
Let

a € Ay, Ro.g=1{(,v); b(Gpy) =bia} and
La,Q = {(u, v); a(G(u,k)) =a_b}.
Lemma 10. Ry, , is formed by

a) anoncompact set, R é+£’ whose boundary is formed by two curves, y,(bya)
and y2(bya) such that:

(i) y2(bya) C Cp; Pla,b) € y2(bya)
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(ii) P(a,b) € yy(bya) and y1(b,a) is tangent to Cy, at P(a, b) and

b) acurve, Cy_ 4, whichis tangentto y\(bya) atapoint Q(bia) # P(a, b)
that satisfy Cy. o 1s tangent to Cp, at (0,0) € Cp,,.

The figure (11) displays the geometry of this Lemma.

v Yy C
S ginhbra)
Y r/%f/“' B
e
-
v Gy
- Cora .,
~ .S
v s
,'/’/
T u
Figure 11:

Lemma 11. L, , is formed by

a) anoncompact set, L}L y» Whose boundary is formed by two curves, y,(a_b)
and y>(a_b) such that:

(i) vi(a-b) C Cy; P(a,b) € y2{a_b)
(i) P(a,b) € yi(a_b) and y1{a_b) is tangent to C, at P(a, b) and

b) a curve, C,_p, which is tangent to y\(a_b) at apoint Q(a_b) =
Q(bia), that satisfy C,_p is tangent to C, at (0,0) € C, ,.

The following figure (12) displays the geometry of this Lemma.

Proof. The proof of these two lemmas can be carried out in the following steps.

(1) assume a = 0,1 . In this case consider the point P = P( 0,1,10,) € R2.

(i) let U(P) be a small neighborhood of the point P.
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Figure 12:
Cp
4
i B /‘r- - Cy
1 e
T :
7 ®
F-
+ | ~
b | b
|
Figure 13:

(iii) theintersection C, N U (P) and C, N U(P) divides U (p) into two disjoint
regions U}, U7 ; U, and U, respectively (see figure (13)).

(iv) verify that there is a point SN(b) € C, N U, where we can find
a saddle node for FPYI® pear x = v. Moreover, for (u,v) €

1SN(b), P(a,b)[C C, N U; wehave b(Fy,.,) =b.a.

(v) verify that there is a point SN(a) € C, N U} where we can find a

saddle-node for FPeI(®) pear x = 0+, Moreover, for (1, v) €]SN(a),
P(a, b)[C Cb N U;- we have a(F(M),))) = a*é.

(vi) there is a point Q(a, b) € U, N U, such that
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a) Q(a,b) € SN(a) N SN(b);
#per(a) C o _ .
b)themap F ), ~ hasafixed point with derivative 1 whichis expanding.
(vii) thereisacurve, Cp_, , tangentto Cp at P(a, b); P(a,b) € (Cp_ o \Cp.a);

such that (u, v) € Cp_, imply b(F, y) = b,a . This curve is unbounded
and coincides with the saddle-node curve, SN (b), up to Q(a, b).

(viil) thereisacurve, C,_;, tangent to C, at P(a, b); P(a,b) € (Ca_p \Ca_p);
such that (i, v) € C,_p imply a(F,.)) = a_b. This curve is unbounded
and coincides with the saddle-node curve, SN (a), up to Q(a, b).

(ix) the existence of the other component of the curves, Cp,, and C,_p, can
be now easily computed.

Corollary 2. (The geometry of sets L, and Ry, a € Ay, b = b(a)).

a) L, = {(,v);a(Fy,.)) = a} is unbounded and (Lo \ L) C C, U
yi(bia) (see figure (14)).

b) Ry, = {(u,v); b(F ) = b} is unbounded and (R, \Ry,) C C, U
y1(a-b) (see figure (15)).

c,
|
/
’Yl(a’ﬂ Iza 5:«
ey
——F
/
Figure 14:
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7,(a,b)

Figure 15:

4.6 The average
Leta;, ay € Ap be two consecutive sequences, a; < ay. Letb) = b(a;) < by =
b(ay). Denote a = m(ay, a3) and b = m(by, by) = b(a).
Lemma 12. There are curves C, and Cy, such that:
(i) (0,0) € C,, (0,0) € G,

(ii) C,istangentto C, at(0,0),i = 1,2and Cyistangentto Cp, at(0,0) ,i =
1,2

(iii) C, N Cp = {P(a, b)} and C, transversally intersects Cy, at P(a, b).
The figure (16) displays the geometry of the curves C, and C;.
Note.

(i) As in the previous section we obtain a similar result for L,_p, Rp, 4, La
and R;,.

(ii) In this way we have obtained the geometry of the sets L, p, Ry, 4, La
and R, fora € A| = Ag U {m(a1,a1); ai,ax € Ay are consecutive
sequences }.

Inductively, we can obtain the geometry of the sets L,_p, Ry, 4, L, and R;, for
a € A= A, U {mla,a2); ay, a2 € A, are consecutive sequences }.
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Figure 16:

4.7 The closure of the primary bifurcations

Let A = U;’;O A,. Assume a € A is a sequence which is not periodic nor
eventually periodic. Let b = sup{o*(a); k € N}and a, € Ax, an — a. Set
b, = b(a,), we have b, — b.

In this situation we can find values of the parameter (i, v,) and curves C,;, Cp,

such that C, = {(u, v); v = @, (W} Cp = {(,v); v = ¥(u)}, where
¥q: (0,00) — Rand ¢: (0, o0) — IR satisfies

o) = Yp(u) for p > pig;

The maps ¢, 4,) and ¥, ,.,) are tangent at u,. The curves C,, converges
to C, and the curves Cj,, converges to C.

The intersections {P(a,, b,)} = C,, N Cp, converges to {P(a,b)} =
{(a, 9a(ia))}. Moreover, (u,v) € C, imply a(F, ) =a and (i, v) € Cp
imply b(Fy,.,.)) =b.

In fact, the curve C, is the limit of the sequence of curves C,, and the curve
Cy, is the limit of the sequence of curves Cj, .

4.8 Secondary bifurcations

Leta € Ay. Associated with a define A(a) = {c € ¥y; ¢ =a_b a™ or
¢ =a_b"b, ;m e N}. Denote b = b(a).
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Lemma 13. For any c € A(a) we can find a curve, C., such that

(i) {(0,0), P(a,b)} C (C.\Co);

(ii) C. is located in the bounded region limited by C, and C,_, and
(iii) (p,v) € C.imply a(F, 1) =c.

The following figures describe these properties of the curves C..

Figure 18:

Now define B(b) ={d € ¥;; d=>b,a"a_ ord =b,a_b",m e N}.
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Lemma 14. For any d € B(b) we can find a curve, C4, such that

(i) {(0,0), P(a.b)} C (Cq\ Co);
(ii) Cy is located in the bounded region limited by Cy, and Cp,,, and
(iii)  (u,v) € Cqimply b(Fy, ) = d.

The figures (19) and (20) describe these properties of the curves C,.
Remark 2.

1) We observe that: given ¢ € A(a) and d = supo*(c); k € N then C. N
C, = 0.

2) For any ¢ € Af{a) define A(c¢) = {y € Zp;y = c_dyc™ory =
c_d”dy ,m € N}, where d = a(c). The same result is true for any
y € A(c) (thatis, C, is a curve located in a region bounded by C, and
Ce g:{(0.0), Pa,b)} C (T, \C))).

3) Forelements ¢ € (A(a) \ A(a)) we obtain the corresponding curve C,, as
the limit of the curves C,, ¢, € A(a) and ¢, — c.

4) Givena € A, c € A(a) and y € A(c) we can continue as in 2) above.

w
S+

/o
¥4
- ,4/“$Cb
/44 Ca

Figure 19:

4.9 Tongues

Consider a € Ay and ¢ € Aa) orc = a.
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Figure 20:

Lemma 15. Associated with any of these sequences there is atongue L.}, , =
{(n,v); a(Fy.) = c_bra} contained in R, 4. Also, there are: a point
0(c) € C, acurve C._p,q and a point Q(c_b,a) € C._p,q such that

(l) {P(a’ b)v (O’ O)} - Cc;b+g N

(i) [Q(c), P(a,b)] C C. [Q(o), Q(c_bra)] C Rpq,
[Q(C—b-‘:g_)a P(a, b)] C~ Cc_b+g and aLc_b+g = [Q(c), P(a,b)] U
[Q(c), Q(c_bya)] U [Q(c-bya), P(a,b)]

The figure (21) displays these facts.

Figure 21:

Now, consider d € B(b) ord = b, b = b(a).
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Lemma 16. Associated with any of these sequences there is atongue Ry, » =
{(w,v); b(Fy,) = dya b} contained in L, j,. Also, there are: a point
Q(d) € Cy, acurve Cy_,_p and a point Q(d+a_Q) € Cy,q_p Such that

(i) {P(a,0),(0,0)} C Ca,ap

(i) [Q@), P(a,b)] C Cu4 [Q(d), O(dya_b)] C Cop, [Q(c_bya),
Pa,b)] C Cc_b+g and aRavw_é = [Q(d), P(a,bh)] U

[0(d), O(dsa_-b)] U [Q(dya_b), P(a, b)].

p
. fl//
Rp,a a b !\/ )
Qb A T
Q(braa b)

Figure 22:

4.10 Completing the secondary bifurcations

Leta € A, Ai(a) = A(a) and define A,(a) = A\(a) U {m(a;, @); a;,a; €
Aj(a) are consecutive sequences }.

Inductively, Any1(a) = An(a) U {m(ay, a); ai, ax € A,(a) are consecutive
sequences} and A (a) = |J; | A.(a).

For any ¢ € As(a) we have a curve, C,, as in 4.8, also a tongue, L._j,, , as
in 4.9,

Take

a € Ax,b=>0ba), Bi(b) = B(b) and
By(b) = By (b) U {m(d\, d») d,, d, € B,(b) are consecutive sequences} .
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Inductively,

B,11(b) = B, (b) U {m(d\, dy); di, d; € By (D)

0]
are consecutive sequences} and By (b) = U B,(b).
n=1

For any d € By, (b) we have a curve, Cy, asin 4.8 and a tongue, Ly, 4 5, asin
4.9,

4.11 The doubling period sequences
Leta € Ay ¢ € Ax(a). Define
ap=c, bo=>b(c); ar=(a)-(bo)+,
bl = (bO)-i-(aO)f and ) = (an)f(bn)+ s
b;H—I = (bn)+(an)— , n>1

For any a,, we have a curve, C,,, as in 4.8 and a tongue, L) _(a(a,)) Du > 38
in4.9.

For any b,, we have a curve, Cy,, as in 4.8 and a tongue, R, ) (a(,))-bn > 38
in 4.9.

Fora =lim,_, o a, and b = lim,_,« b, we have a curve as in 4.8.

4.12 0 and 1 tongues

Let a € Min, be any periodic sequence. Associated with the sequence a =
a_1 there is a tongue L; C R; acurve C; C Ry and an interval [; C
{(1/4,v); v € [1/4, 3/4]} such that:

~3L; =C,NL; UC; U I

— (i, v) € Lyimply a(u,v) = a.

- (U, v)el; UC;implya(u,v) = a.

— (0, 0) € C; and C, is tangent to C; at (0, 0).

The next figure (23) represent these facts.

Let b € Max; be any periodic sequence. Associated with the sequence b =
b.0 there is a tongue R; C Ly acurve C; C Lo and an interval I; C
{(u,1/4); u € [1/4, 3/4]} such that:
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~ 3R, = C, N R; U C; U I,

— (u, v) € Rz imply b(p, v) = b.

— (w, v) € Iy U Cj imply b(u, v) = b.

- 0,0 € Fb and C, is tangent to C_,; at (0, 0).

The next figure (24) represent these facts.

-1
M_
4 _Cc
T
Lc P
A e
-/ Q(e)
//// ST > CC
/
[
Figure 23:
=1
M 4
Cy
>
L
P
-

Figure 24:
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4.13 Completing the bifurcation diagram
Assume a € Miny, b € Max,, b # b{a) and C, N Cp, # 1.

(i) Let us assume that ¢ and b are periodic sequences. In this situation we
have:

a) there are two curves, C,_, and C,,_;, , tangents to C, at P(a, b)((0, 0))
such that P(a, b) € C,_, (or C,_p, ) and (0,0) € Cy_p (or Cop, ).

b) there are two curves, Cp,, and C b:aj tangentsto Cj, at P(a, b) ((07))
such that P(a, b) € Cpyq (or P(a,b) € Cpya ) and (0,0) € Cp,q
(or Cp. 0 )-

¢) there is?curle,_Ci_b +a » tangent tg&gt P(a, b) and (0, 0) such that
P(a,b) € Cy p.q and (0,0) € Cu_p,q -

d) there is a cuM .a_b > tangent tgﬂ,_gt P(a, b) and (0, 0) such that
P(a,b) € Cp, 4 p and (0,0) € Cpra_p -

Figure 25: (a) and (¢)

(ii) Let us now assume that b is a periodic sequence and a it is not a periodic
sequence. In this situation there is a curve, Cp, ,, tangent to C;, at P(a, b)
and (0, 0). The figure (27) represent these facts.

(iii) Letus assume thata is a periodic sequence and b is not a periodic sequence.
In this situation there is a curve, C,_ , tangent to C, at P(a, b) and (0, 0).
The figure (28) represent these facts.
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+Cha b

Figure 26: (b) and (d)

Figure 27: (i1)

4.14 Measure of the bifurcation set

137

Set w = {(u,v); u>0,v>0}: AA = {(u, v) € ; G,y satisfy the Axiom

A}and B =7 \ AA.

Fora € Ao let Ay = Ly U Lo p U Ry, ,, where b = b(a) and Ay =

UaeAm A, ULy UR;.

Lemma 17.
a) m(Ax \ AA) =0

b) B contains open sets in 7.
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Ca

Figure 28: (iii)
This result follows as in theorem 2 in [13].

4.15 Entropy zero

Fora € Ao letT, = L, U Ry, U Ly p,q U Ry 4 p, where b = b(a) and
T = Uaero r,uJ LOL U Rl(_).
Letn™ = {(u,v) € m; u £ 0 and v # 0}.

Lemma 18. EZ N 77 = I'y, here EZ denotes the set of parameter values
(i, v) where the respective map G,y has entropy zero.
This result follows from theorem 1 in [14].

4.16 The global picture
Taking together the results in this section the global picture of the bifurcation
diagramme is represented in figure 29.

5 The general case

Let us consider the five parameter family of maps Gy ¢1,c5,u0) ¢ (R \ {0}) = R,
w>0,v>0,a <1,c; >0,c; > 0in DM, given by:

—u+cx*, x>0

G x) =
((a,c1,cz,u,V)( ) { y— o (—x)%, x<0
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Figure 29: The global picture.

We observe that all the previous results, for the expanding family, are (still)
true when we fix the parameters « , ¢; and ¢,. That is, we can obtain the a and
b-decomposition, associated to any two parameter family Fi,, »y = Fiacy.c0.00)
in the same way as for the previous family. Nevertheless, the situation for
topological equivalence is dramatically different as we will show in the next
subsection.

5.1 Topologically equivalence for families

Assume F = {F .); (,v) € w}and G = {G(,); (1, v) € 7} are two-
parameter families of maps in D M,.

Definition 6. We will say that ' and G are equivalent if there is a bijection
¢: w — m such that V(u, v) € w the map F, . is topologically equivalent to

Gouv-
For the five parameter family of maps G4 ¢;,c,, 4,y We have

Lemma 19. There are parameter values (o, c1, ¢2) (¢, ¢1, Co) such that the two
parameter families F(, ) = Gcieruv) and Hy vy = Gaé.éouy) are not
equivalent.
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Proof.
(i) We have G'(x) = 1 forx > Qifand only if x (¢, ¢1) = (acl)ﬁ. We have
G'(x) = 1forx < Oif and only if y(«, ¢3) = — (o)) ™.

(ii) The equation for a fixed point of the saddle node type, for x < 0, are v —
c(—x)=xandx = —(au:z)l_lE ,thatis; v = v, = cz(acz)%(l — ),
is the parameter value where the map G,,,) presents a saddle-node fixed

. Bl
point at x{&, c2) = —{aer) T2,

(i1i)) Now we ask for the curve G(01) = —u = fixed pointinx < 0. We
have the equations —p = y;(v) and v — c(—y2(v))* = y,(v), that is,
Vv — ¥ = —u, therefore; v(u) = cou® — w.
This curve is tangent to the curve v = vy, at the value u = Uy, =
(acz)ﬁ.

(iv) Figure 30 displays the region of the parameters (., v) such thata(u, v) =
0. This region is given by {(u,v); 0 < v < v(u);0 < i < fimax} OF
0<v<w,fori> Unox-

Figure 30:

/o
(v) The set {(u, v), b(, v) = 10} contains the curve vy = (—) . See
Figure 31 for this picture.

(vi) We have vig (1) = v, if and only of
th
p=i = g —a)F (@)™,
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Vio(H)
/
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Figure 31:
(vii) In this situation
S
o2
! 201 _ g ]l — o 1 —
o _ el —a)¥lacy) _alze o e 0.
Mmax 1 &) 0[1+a
(acy)l —«a

It is clear that there are values (¢, ¢,, &) and (Cy, Ca, &) such that

S(ey, ¢, 0) < 1 < S(¢4, €2, @).

In the first case the curve vyo(u) is like in figure 32.
In the second case the curve vjp(w) is like in figure 33.
Clearly, each case define a two parameter families as announced in the

lemma.

6 Application to geometric vector fields

Assume Xo: U C R’ — R is a three dimensional vector field that satisfies:

a) 0 € U is anhyperbolic singularity of the vector field X, whose eigenvalues
satisfies —A; < —A2 < 0 < Az}

b) The components, 1 and y», of the set (Wy \ {0}) satisfies y; C W,
v, C Wy
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Figure 32:

Figure 33:

¢) There is a transversal section, ¥ C U, such that: T is transversal to W;
and X \ WJ = E; U %, are two disjoint sets in ¥ that satisfies:

a(2) C Xy and m(Xp) C X

where ;1 £; — £ ,i = 1,2 is the first return map associated to the
respective cross section.

Let Uy ¢ ¥ (U, R?) be a neighborhood of the vector field X, in X" (U, R%) =
{X: U c R® — R® X is C"} with the usual C”-topology.

In the above conditions there are codimension one submanifold, Ny, N; C
Uy; such that:
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a) Y e N;ifandonlyify;(Y) C W;(Y) here o (Y) is the hyperbolic singular-
ity, near 0, that correspond to the vector field Y. Also, (Wg(y)ﬁ\{o M =
vi(Y) U y»(Y), where y;(Y) is the natural extension of the component y;;

b) (Up\ N;) = U} U U, where ¥ € U! if and only if 7,(E;) C X, and
Y € U3 if and only if 72(%;) C %, and

¢) N is transversal to 2N, .

Finally we will assume that ¥ can be foliated by one-dimensional submani-
folds {Fx; x € X} such that

() x e Wy N Zimply F, = W; N ¥ and

1) m(Fo) C Fry» x € %5

In this situation the interesting part of the bifurcation theory, for elements in
Uy, is located in UF N UL, In this set we can apply the results in Sections 3,4
and 5 to obtain, bis a bis, similar results for generic two parameter families of
vector fields in Uj.
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