A Note on Convergence in Probability*

PEDRO FERNANDEZ

We give short proofs of generalizations of the main results contained in
[1] and [2]. Let S be a metric space with metric d and balls B(x, ) =
= {y:d(y,x) < 8} and & the Borel o-field of S. If X is a random variable
defined on a probability space (Q, .o, P) with values in S we denote with
Z(X) the distribution of X, and sometimes with %,(X) if more than one
probability measure is involved. The symbol © (resp. %) indicates weak
converge (resp. convergence in probability). If A € .o/ is such that P(4) > 0
P(- | A) will indicate the conditional probability given A.

)

If P and Q are probabilities on .o/ which are mutually absolutely continuous
we will say that they are equivalent and write P = (.

The symbol A indicates symmetric difference; dC denotes the boundary
of the set C = §; A° indicates the complement of A. For notation and
basic properties of weak convergence the reader is refered to [3]- The
main results are contained in Theorems 1 and 2. The proof of Theorem 1
is based on the following Lemma.

LEMMA 1 — Let (Q, ./, ) be a non-atomic finite measure space, S a polish
space, v a Borel measure on & such that u(Q) = v(S). Then there exists a
mearusable transformation X : Q — S, such that VBe &

u[X € B] = v(B).

Proor: It is sufficient to consider the case u(Q) = vw(S) = 1. In this case
construct a random variable Y on Q such that its distribution is uniform
on [0, 1]. Then construct a random variable with values in S on the pro-
bability space ([0, 1], 8, 1), (where £ is the Borel o-field of [0,1] and A is
the Lebesgue measure) and such that #(Z) = v. The composition X = Z - Y
gives the desired transformation.

In the next Theorem S is a polish space.

*Partially supported by the CNPq.
*Recebido pela SBM em 2 de maio de 1972.
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TueoreM 1 — Let (Q, o, P) be a non-atomic probability space, X a random
variable with values in S. Then X,5 X for all sequences X, such that
L(X,) S Z(X), if and only if X is degenerate.

ProOF: We only prove the “only if” part; the other is well known. If X is
not degenerate there exists a Borel set C such that P[X e C] > 0 and
P[X ¢ C] > 0. Let’s assume that P[XeC] > 1/2. Let A = [XeC] be
such that P(4) = P(X ¢ C]. Let X; be a measurable transformation on
(A, o n A) such that VBe¥

P[X,eB] = P((XeB] n[X ¢C).

Let X, a measurable transformation on ([X ¢ C], & n [X ¢ C]) such that
VBe .

P[X,eB] = P([XeB] n A).

Define X(w) if we[XeC]-4
Y ={ Xw) if wed
X,w) if we[X¢C]

It is easy to check that £(Y) = £(X) but P[Y # X| > 0. If we define
X, = Y, Vn, we clearly have £(X,) 2 Z(X) but X, % X.

On atomic spaces this result is false as the following easy example shows.

0-{01 P{O}=% PY=% X©0)=0, X(1)=L1

X is not degenerate and if £(X,) % ZL(X), is easy to verify that X, » X
at all points.

In the next Theorem S is a separable space.
THEOREM 2 — X, D X if and only if £,(X) S Z,(X), VQ = P.

Procv: The “only if” part follows immediatly. The other implication .is a
conse Juence of the following two lemmas.

LEMMA 2 — Zo(X,) & Zo(X), YQ = P implies P((X,e C]A[XeC]) -0
VYC such that P[X € dC] = 0.
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Proor: Let C be such that P[X € C] = 0. If P[X € C] > 0 define

Q:P('[[X62C] +P

Q = P and then by hypothesis Q[X,e Q] — Q[xeC].

This last equation is equivalent to
P[X,eC, XeC] - P[XeC].
We also have
P[X,eC] - P[XeC].

If P[XeC] =0 this two equations are trivially satisfyied. It is easyly
seen that they imply the result.

LemmA 3 — If YC such that P[X edC] =0, P([X,e C]A[XeC]) - 0,
then X, B X.

PrROOF:Lete > 0,0 <0 < l,and 4 = {(x, ) : (x,y) €S x Sand d(x, y) >¢).
Let {x;};—; , . be a countable dense subset of S. Select 0 < y < ¢/2 such
that P[d(X,x;) =7v,i=1,2,...] = 0. Select now N such that

P[Xeo B(x;, )] > 1-6

and check that if K = O B(x;, y)
i=1

i

N
An(K x 8) < ) [B(x:, y) x Blx;, y¥].
Therefore L

Pd(X,X,) > €] <6 + P[XeK, dX,X,) > ¢]
=0+ P[(X,X,)eAn (K x §)]

<o+ Y P X)e Blxi. 3) x Blxi. ]

3

S i P[X e B(x;, y), X, ¢ B(x;, 7)]
i=1

<o+ _; P([X e B(x;, y)]A[X,€B(x;, )]

\
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Therefore
lim,sup P[d(X,X,) >¢]<d Vo6>0

which is the desired result.
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