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On The Index of a Holomorphic Vector Field
Tangent to a Singular Variety

Daniel Lehmann, Marcio Soares and Tatsuo Suwa

Abstract. In this article we define and compute an index for a holomorphic vector
field on a (possibly singular) subvariety of a complex manifold, provided the subvariety
is a local complete intersection. This index reduces to the usual Poincaré-Hopf index
in case the subvariety is smooth, and is equal more generally to the index defined in

[GSV] and [SS].

1. Introduction

In [GSV], X. Gomez-Mont, J. Seade and A. Verjovsky defined a “topo-
logical” index Indp,, (X, V) for a holomorphic vector field X on a complex
hypersurface V' with an isolated singularity mg in a complex manifold
W, generalizing the usual Poincaré-Hopf index of the smooth case (see
also C. Bonatti and X. Gomez-Mont [BG]). In [G], X. Gomez-Mont
defined a “homological” index in the similar situation when V' is a sub-
variety of arbitrary codimension in W, and proved that it coincides with
the previous one when the variety is a hypersurface, providing a com-
putation of it in terms of local algebra. In [SS], J. Seade and the third
author gave a formula for computing a similar index by desingulariza-
tion, for higher codimensional V which are complete intersections.

We define here another index (call it “differential” index), also in
arbitrary codimension, by means of an integral formula and prove that
this differential index still coincides with the previous one. In fact, we
define more generally the “residues” of a holomorphic vector field on
a singular V', which is a local complete intersection, generalizing the
formula of [BB1] and [BBy| expressing, when V is smooth, the residues
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(including the Poincaré-Hopf index) as Grothendieck residues.

More precisely, we get the following result. Let X be a holomorphic
vector field on a complex manifold W of complex dimension n, tangent
to a (possibly singular) subvariety V of complex dimension p. We shall
assume furthermore that V is a “strong” local complete intersection
(SLCI), which signifies (see [LS] section 2) in particular that the normal
bundle to the regular part of V' in W has a C™ extension 9y to some
open neighborhood U of V' in W (the restriction of which to V', denoted
by vy, being natural). Note that smooth subvarieties (submanifolds),
hypersurfaces and complete intersections are all SLCI’s. Let mq be an
isolated point of Sing(X) NV, Uy a neighborhood of mg in W and

f:(fla"' >fq):U0—>(anq:n_p7

a holomorphic map such that V N Uy = f~1(0), the ideal generated by
the components f, being assumed to be reduced. Let C be the ¢ x ¢
matrix with holomorphic coefficients such that X - f = (C, f). Assume

that (z1,...,2n) is a system of complex coordinates on Uy such that,
when we write X as
n
0
i?v
i=1 “i
the sequence (Ay,...,An_g, f1,..., fq) is regular, thus the n — ¢ open

sets A; # O(1 < i < n — 1) cover completely (V N Up) — mg (such a
coordinate system always exists, see Theorem 2 of [LS]).
Let J denote the jacobian matrix

D(Ay, ..., 4An)
Bz, il 25)

We also denote by [c(—J) - ¢(—C) 1] the holomorphic function given as
the coefficient of ¢t* in the formal power series expansion of

=
o (1~ 283) o (1~ 255

in ¢, where I, and I, denote the identity matrices of sizes n and ¢. Then
we have
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Theorem 1. Define the indez Indv,my(X) of X (on V) at mg by
[e(=T) - e(=C) " Mngde1 N Kz,

Indy,mg (X) = /R

n—q ’
I1 A
i=1
where R denotes the set {f =0,|A;| =¢,1<i<n-— q}, for some small
€ > 0, the real hypersurfaces |A;| = € being assumed to be in general

position and R being oriented so that
d(arg A1) A d(arg Ag) A ... A d(arg Anig)

1s positive. Then

() The above integral is an integer, in fact it coincides with the topo-
logical index of [GSV] and [SS].

(i) IfV is compact and if all points m, of Sing(X)NV are isolated, then
the sum Y, Indy.m, (X) is equal to the Chern number

<Cn—q(T(W)|V—VV)a V>

of the virtual bundle [T(W)]V_l,v] tangent to V, vy denoting the

natural extension to V' of the normal bundle to the reqular part of V
m W.

Index for a “non-degenerate” vector field

We further assume that, in terms of the above coordinate system
(21,... ,2pn), the functions Ay, ... , An—q depend only on (21, ... y Zn—gq)
and that '

det Jog(mo) #0, Jp_g = DAL+ Ang)

D1, . y Zn—q) .
Thus we have dA; A ... A dAp_q =det Jp_gdz1 A... A dz,_4 and we may
choose (A1, .. ; Ap—g, Zp—g+1;--- ;2n) as a coordinate system near my.

Denote by (A1,..., An—g), (A1,... s Ap—gily s s 5 Apy) Al (267, .. . , lq) the
eigenvalues of J,_,(mg), J(mg) and C(my), respectively. Note that
Al, ..., An_q are all non-zero, while some of An—gtls .- s Any i1y 1 Hg
may be zero. Setting

n

q
PJ(xla"' axn) == H(]-_'—xl)? PC(yla"' >yq) = H(1+yj)7
=1 j=1
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we denote by
Pr(@1,... ,20)

PC(Z/L--‘ )yn) k
the homogeneous component of degree k (with respect to the n + ¢

variables (z1,...,2,,91,... ,Yg)) in the quotient
Prl#1,s .0 )
Po(yis .-« y3n)
Then, if V is represented as an /¢-fold covering of the (A4y,...,A4,_,)

space, the integral in Theorem 1 is computed as

Pyl o« 3dip) 14
) = | L ey
i=1

Especially, for ¢ = 1 (V: hypersurface), we get

Bt N 4
ML N1 i=1 T\
=1

The proof of Theorem 1 is done in two steps; first extending Theorem
1’ of [LS] to virtual bundles (in particular to T(W)|v-uy,), whose re-
striction to the regular part of V admit a natural action of X , and then
proving, by means of “smoothing”, that the residue corresponding to
Cn—q 1s equal to the topological index of [GSV] and [SS]. On the way,
we shall get similar residues for an arbitrary characteristic class of this
virtual tangent bundle, in dimension 2(n — ¢), see Theorem 2 below.

2. Extension of Bott residues to virtual bundles

on singular varieties

In this section, we sketch briefly how to extend Theorem 1’ of [LS] to the
case of virtual bundles. Let us just remark that the situation that we
are going to study is not the same as for the residues of virtual bundles
considered by Baum and Bott in [BB1] and [BBs]; first, the base space
V' of the bundles may be here a singular variety and secondly each
component of the virtual bundles that we have in mind here is equipped
with an action of a holomorphic vector field (in a sense precised below,
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in the spirit of Bott [BBs]), which was not true in general for the virtual

normal bundle associated to a singular foliation as defined by Baum and

Bott (except when the bundle tangent to the singular foliation could be

extended as a trivial bundle).

Let W be a complex manifold of complex dimension n and V an an-
alytic subvariety (not necessarily everywhere smooth) of W of complex
dimension p. Also, let X be a holomorphic vector field (with singulari-
ties) on the regular part of V and write 3" = Sing(X') U Sing(V). (Recall
that a singular point of X is either a point where X is not defined or a
point where it vanishes.)

A complex vector bundle E — V will be said an “X -bundle”, if
(1) The restriction of E to the regular part of V is holomorphic,

(ii) the restriction of F to V — ¥ is equipped with an X action (in the
sense of Bott [B2]), i.e., a C-linear endomorphism 6y of the space
of U™ sections of El|,_y such that 0x (o) is holomorphic for any
holomorphic section o, and that fx (uo) = (X -u)o+ubx (o), for any
function u and a section o,

(iii) either V' is smooth, or there exists a O extension E of the bundle
E to some open neighbourhood U of V in W.

Let (E,0x) be an X-bundle and w a connexion on El|y_x. Such
a connection will be said special relative to 6y, if its derivation law V
satisfies:

Vxo =0xo for every C* section 6 of E|y,_y,

Vzo = 0 for every vector Z € To’l(V - 3)

and every holomorphic section o of E|y, s,

It is well known, after Bott [Bs], that such a connection always exists.

We shall make use of the notation A, for the Chern-Weil homo-
morphism defined by a connection w and denote by Ay ..wr () Bott’s
operator for iterated differences ([Bg]) so that
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In particular we have
d o Nyt = Dyt =+ Ay

Let (E,0x) and (E', 0) be two X-bundles on V of respective ranks
rand r'. Let ¢ € (Rey, ... ,c])%* and ¢ € (Rley, ... ,cm])%¥ be Chern
polynomials of respective degrees k and k', defining therefore character-
istic classes of dimension 2k for E (resp. 2k’ for E").

Lemma 1 (Relative vanishing lemma). If k + k' is equal to the complex
dimension p of V, and if wy,. .., ws any s > 0, (resp. wi,... W,
any s > 0, s+ s > 1), denotes a family of connections on E|y,_x
(resp. E'ly_x,) all special relative to the same Ox (resp. 0, X being

the same), then we have
Awl...ws (go) A Awi s 3 w;/ ((10/) = O‘

The proof is an obvious generalization of the “absolute vanishing
lemma”: this is the name that we shall give to the particular case k = p
where E’ does not occur. (See [By)).

This lemma has in particular for corollary that, for k + k' = p, the
product o(E) — ¢'(E") of characteristic classes vanishes over VV — ¥, We
shall now prove that this product “localizes” near 3, in the scnse that
it has a natural lift to HQP(V, V —¥) (giving rise to residues in Hp(%)
by duality when ¥ is compact). :

Let ¥y be a union of connected components of ¥ and Uy an open
neighborhood of ¥y in W, not intersecting ¥ — ¥y. We assume that
Y0 is compact and let 7 be a compact (real) manifold of dimension
2n with boundary in Up such that ¥ is in the interior of 7 and thaf
the boundary 97 is transverse to V — Yo. We write T = 7T NV and
T = B

Let wy be an arbitrary connection on E|U0 (or on Ely,av if V is
smooth), and w a connection on E |UOQV_EO special for fy. Define also
wy and w’ similarly for (E,0%). We still assume k + k' = p (same
notation as for Lemma 1).
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Lemma 2 (Lemma of relative residues). If we define
Iy (B, E', 0,¢,0x,0%)
as being equal to
L 2@ A 80+ [ 18ual0) A 80y 0) + Bl A Ay (),

then

(i) This number does not depend on the choices of T, w, wy, w', and
wp-

(ii) AssumeV to be compact and let (£4)q be the partition of £ into con-
nected components. Then, the number Y, Iy (E,E' 0,0, 0x,0%)
is equal to the evaluation (@(E)U ¢’ (E'), V) of o(E)U ' (E') on the
Jundamental class [V] of V. In particular, it depends only on V, E,
E', ¢ and ¢, but not on X, Ox and 6.

(iii) Assume furthermore that ¢ and ¢' have integral coefficients with

respect to the Chern classes of E and E’. The previous sum is then

an integer.

Making use of Lemma 1 above, Lemma 2 is an easy generalization
of Proposition 2 in [LS] (corresponding to the absolute case, V being
singular). For k = p and ¢’ = 1, i.e. in the absolute case, we shall write
Iy, (E, p,0x) instead of Iy (B B 50, 1, Ox, B .

As usual, denoting by ¢(E) and c(E’) the total Chern classes of F
and E', we define the Chern classes ¢;(E — E’) of the virtual bundle
E — E' as being equal to the homogeneous components of the formal
expansion of ¢(E) - (¢(E'))~!. So we may also define the Chern number
of ¢"(E — E') as the sum of numbers of the form (p(FE) U ¢'(E'), V),
where k + k" = p, hence the definition of Iy, (E, E’, ", 0,,0%).

If V' is smooth and if there exists an exact sequence of holomorphic
vector bundles

0—-F' - FE—SE -0

on V, then the Chern numbers of E” and those of E — E’ are obviously
the same. Assume furthermore that E” is also an X-bundle with action
0% . If 0% is equal to the restriction of fx to the sections of E” and if
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0y is defined from 6y by passing to the quotient, it is then less obvious,
but true, that the residues of E” and those of E'— E’ are also the same:

Lemma 3 (Lemma of residues for Whitney sums). We have

IEQ(E/lv(p//veg() = Z IEQ(Ev E/7¢j>90;'>9X791X)7
J

where ¢" € (R[eq, ... ,¢))%P is a Chern polynomial of degree p giving
rise to a Chern number of E", " =r—v' denotes the rank of E”, while

PIFLTE @} denotes the image of ©" by the morphism
Ricq, ... ,c] = Rley, . .. el @R[y, ..., cl]
generated by the map
1+c’1’+--~+c;’,,+—>(1+cl+---+cr)-(1+c’1+---+c;,)—1

(with the terms of degree greater than n truncated).

In fact, the lemma is proved by taking connections w” , wand '
on E”, E and E’, respectively, away from X, so that they are special
relative to 0%, 6y and 0y, respectively, and that the family (w”,w,w’)
Is compatible with the above exact sequence ([BBj] Definition (4.16)).
The existence of such a family of connections is not difficult to see.

We will now generalize Theorem 1/ of [LS] to the case of virtual
bundles. We denote by ¥ and (%,)a, respectively, the singular set 3 =
Sing(X') U Sing(V) and its connected components, as before.

Assume that 3, is compact and let U, be an open neighbourhood
of ¥, in W such that V,, — 2q 18 in the regular part of Vil =VniL,,
Let 7, be a compact real manifold of dimension 2n with boundary in
Ua such that ¥, is in the interior of 7, and that the boundary 97, is,
transverse to V — 2. We write To =T,NV and 0T, =0T,NV.

We assume furthermore that we may take U, small enough so that
(i) it is included in the domain of a local holomorphic chart (2 5% 0 o 5 2)

of W,

(ii) (the extensions E and E of) the X-bundles F and E’ of Lemmas ]

and 2 above are trivial on U,
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We write k 5
Xlw, :; Aoyt Yo o

Denote by Vi(1 < i < n) the open set of points m in 97, such that
Ai(m) # 0. These open sets V; constitute an open covering V of 97,.
Let U be any subcovering of V (for instance V itself; see also Theorem
2 in [LS]). We will denote by (R;), (1 < i < n) any sistem of “honey-
comb cells” adapted to this covering / (see the definition in [L], section
1, under the name of “systeme d’alvéoles”). For instance, if the real
hypersurfaces |4;| = |4;|(i # j) in U, are in general position, we may
take for R; the cell defined by: |4;| > |A;| for all j, j + i, V; €U.

Denote by M(U) the set of p — 1 simplices in the “nerve” of U, i.e.,
the set of all p-multiindices u = A<uyy<ug<- - < up < n) such that
ﬂ?:l Vu; is not empty. For any u € M(U), define

p
Ru - Rul’U,Q.‘.’LLp = ﬂ Ruja
=1

oriented as in section 1 of [L].

Let ¢ € (Rley, ... ,c])%* and v € (Rleyg,. .. ,crz]% be polynomials
with k¥ + &' = p as in Lemmas 1 and 2 above. Taking a trivialization
(01,...,0.) of Ely,, we define the matrix M, with holomorphic coef-
ficients (M,)%:Vy — 4 — C by Ox0(0a) = Xp(Ma)boy,. We define the
matrix M/, similarly for E’. Then we have the following.

Theorem 2.
Ima(Ea El>()0a @lanve./X) =
"(M!)dzy, Adz, v s Ny
SOLIND S i AL IR
j R

o

ueM(u

7

We shall omit the proof, which is Just a generalization of the proof
of Theorem 1’ in [LS], corresponding to the absolute case (= p).

In particular, assume ¥, consists of an isolated point m,, in V and
that, near m,, X is the restriction of a holomorphic vector field X
defined on a neighborhood of m,, in W. Then, after Theorem 2 of [LS],
we have
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Lemma 4. There exists a local holomorphic chart (215 220 2l reardmy,
in W, such that the sequence (Aq, ... s An—g; f1,- .., fq) is regular and
hence V1,Va, ..., V, cover 0T, (p = dimc V), where X is expressed as

> Aoy 2n)
1, TAFES 7
= 0z;
and (f1,..., fq) denotes a system of defining functions of V' near m,.

Corollary. For a covering U as in Lemma 4,
(M, M!dzi Ndzg A ...Nd
Ima(E E/,SO,(P/,HX,HX / 410 )(10( Zl 22 Zp
H Aj;

?

where

R={2||Ai(2)| =¢, falz)=0, i=1,...,p, A=1,...,q},
which is oriented so that the form dA. . A\dB) is positive, 0; = arg A;(z).

3. The Poincaré-Hopf index for vector fields

on singular varieties

Let us apply the results of section 2 above, taking as E the restriction
W)|y to V of the complex tangent bundle T(W) of W and as E’ the

bundle vy, with the X actions fx and 6% already described in [LS].

Thus, with notation of Theorem 2 above, M, is equal to —J, while

M/, = —C. If we denote by [c - (c’)‘l]n_q the image of Crn—q by the

morphism

Lley; - 58] By 5s e 105 RIS, .. 1#€5)

defined as in Lemma 3, then by Corollary to Theorem 2, the integral in
Theorem 1 is equal to the index L TW) v, v, [c - (c’)_l]n_q, Ox,0%)
at an isolated point mg of the singular set X. (Here we assume that,
near mo, X is the restriction of a holomorphic vector field X on a
neighborhood of mg in W). Thus, Theorem 1 will follow frorm Lemma,
2, if we prove the following Lemma 5. Recall that the topological index
considered in [GSV] and [SS] coincides with the total index of a vector
field obtained from X by perturbation on a smoothing of V.
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Lemmab. The index Iy (TW v, vy, [c~(c’)*1]n_q, Ox,0'%) coincides with
the topological index of [GSV] and [SS]. In particular, if mg is a reqular
point of V', then it is equal to the usual Poincaré- Hopf index at mq of
the vector field X on V.

To prove the lemma, first let V be a complex manifold of dimension
p and X or C* section of T(V) (C*> vector field on V') with singular
set X. Let ¥y be a union of connected components of ¥ and V) an open
neighborhood of £y in V, not intersecting ¥ — £j. Assume that Yo is
compact and let 7 be a compact real manifold of dimension 2p with
boundary, contained in Vj and containing X in its interior. Let wy be
an arbitrary connection on T(V)|y, and w” an X-trivial connection (ie.,
a connection whose derivation law V satisfies VX = 0) on T(V 'Vo Sy
Thus we have the vanishing of the characteristic form Ay (cp) on Vy—3.
We define the (topological) index Indy (X) of X at g by

IndEO(X) :/T Aw8<0p)+,/67 Aw(’)/w”(cp)-

Then it is not difficult to show that this index does not depend on the
choice of the connection wj and the X-trivial connection w”. Moreover,
it is equal to the sum of the (topological) indices of a vector field on
V' obtained by perturbing X near ¥ so that it acquires only a finite
number of isolated singular points.

Next we suppose that V is a (possibly) singular subvariety, which
is an SLCI with a C> extension iy, of vy, in W and that X is a O
vector field on the regular part V' of V with singular set . Recall that
there is a natural bundle map 7 T(W)|ly — vy which is surjective on
V' with kernel T(V"). Thus we have the exact sequence

0—T(V') - TW)|y: — vy — 0.

Let Xg, Uy and 7 be as in Lemma 2 and set Vo =UgNV. Also, let
wp and wy be arbitrary connections on T(W)|y, and v |y, respectively.
Letting w” be an X-trivial connection on T(Vh—Xp), we take connections
w on T(W)|VO—EO and w’ on Vy,-x, S0 that (w”,w,w’) is compatible, on
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Vo — X, with the above exact sequence. If we write
r
-1
[c-(c) In—q = Z @i+ o,
=0
then we have the vanishing

T
3" Aul@i) A Bur(9l) = An(ep) = 0
=0

on Vy — ¥p. We define the virtual (topological) index v — Indy, (X) of
X at ¥ to be equal to

Zjo ([ Bunton A By i

P90 A A () + B() A Bugur(e).

Then it is not difficult to show that this index does not depend on
the choice of the connections wy, wp, w”, w, W with the above prop-
erties. Furthermore, if X is in the regular part of V, then we have
v — IndEO(X) = IndZO(X).

Now we suppose that X is holomorphic and we choose the connec-
tions w”, w and w’ with the properties above so that, in addition, w and
w’ are special relative to 6x and 0’y , respectively. This is possible since
x leaves the sections of T(V’) invariant and 0’ is defined from @y by
passing to the quotient. Then we see that

v —Indgo(X) = I (TWv, v, [c - (¢) Mg, B, O).

To finish the proof of the lemma, let o = {mg}, Uy a sufficiently small
polydisk about mgy and X a holomorphic vector field on Uy extending
X. Also, let V' be defined by f:Uy — CY in Uy. There is an extension
T T(W)|u, — Pvly, of mly, which is surjective away from the critical
set C'y of f with kernel the bundle T(f{UO_Cf) of vectors tangent to the
fibers of f. Thus we have the exact sequence

0= T Flgp—er,) = TW)lvg-cp — oy |vg-c; — 0.
Let D be a one-dimensional disk about 0 in C? such that V; = f ~L(t) is
smooth for ¢ in D — {0}. Thus, for ¢ in D — {0}, V; is in Uy — Cy and
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the restrictions 7T'(f lug—C f)]vt and vy |y, are, respectively, the tangent
bundle 7'(V4) of V; and the normal bundle vy, of Vi in Uy. Starting from
the holomorphic vector field X, we may construct a C'*° section X' of
T(f[UO_cf) (on Up — Cf) so that it extends X (restricted to Vo —{mgp})
and that the singular set ¥, of the vector field Xy = X 'lv, on V; is
compact for all ¢ near 0 in D. This is done by choosing a C* splitting
of the above sequence. We denote by % the singular set of X’ so that Y =
YN V;. Let wy and wy be arbitrary connections on T'(W)|y, and vvlu,,
respectively. Letting &@” be an X’-trivial connection on T(f| UO—S)’ we
take connections @ on T(W)|Uo—i and @’ on DUWS so that (0", , ")
is compatible, on Uy — ¥, with the above exact sequence. For each t
in D, we compute the virtual index v — Indy, (X¢) using wp, wj and the
restrictions of @”, @, & to V;. Then v —Indy, (X;) varies continuously on
t. For t +# 0, this is Indy, (X¢), which is equal to the sum of the Poincaré-
Hopf indices of a perturbation of X; and for ¢ = 0, this coincides with

Ing(TW)lv, vy, e+ (¢) Mg, O, % ).
This proves the lemma.

Remark. If mg is a regular point of V, then, by Lemma 3, for an
arbitrary polynomial ¢ of degree p, I TW v, vv, @,0x,0%) coincides
with the residue of X for ¢ of Baum and Bott [BB1] and [BBs].

4. Examples
1) Assume ¢ = 1, and f to be a quasi-homogeneous function of weight
(d1,...,dy) from C™ into C: this means that X-f=f(@{e g=1), with

" Z 8
X:; 5

The formula of Theorem 1 for hypersurfaces becomes therefore

n

Indy,my (X) =1+ (=)™ [T (di - 1).
=1

[Notice that the domain R of integration with respect to coordinates
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Z15--. ,2n-1 1s a covering with d,, sheets of the domain
|zi[ =g, (t=1...,n—1):

this results from the fact that local coordinates have been choosen so
that (21,...,2,_1,f) is a regular sequence.] ,

But X being transversal to the boundary of the Milnor fiber of f
Indy,m, (X) is also equal to 1 + (—1)"‘1,u(f), where u(f) denotes the
Milnor number: we recover the value

n

IIdi-1

=1
of u(f) for quasi-homogeneous functions f (cf. [A]).

2) Assume q = 2, f = (P, Q) to be given by homogeneous polynomials
P and @ of respective degrees k, [, and take for X the vector field

- 0

of infinitesimal homotheties: \; = 1 for any i = 1... ,n, while y; = k
and po = [. The basis of C" being choosen so that (&, 1L % s P
is a regular sequence, the domain R of integration with respect to coor-
dinates 21, ..., 2,_2 is a covering with kl sheets of the domain EZRES D
(t=1...,n—2). We get therefore:

no =2 k—1

n-2 A il —
Indymg(H) =kl Y (~1)/ ( " _j> kit
=0 .

Of course, we recover the value 1 in the regular case k = [ = 1.
3) In the situation of example 2, for n = 4, the previous formula
gives
k(6 — 4(k + 1) + (K% + ki +12)).
If, instead of the residue of ¢y, we take the residue of (c1)2, we get:
k(16 — 6(k + 1) + (k% + ki + 12)).
4) Take W = PC(3) (the point of homogeneous coordinates X, Y,
Z, T will be denoted [X,Y, Z,T]). Let V the complex quadratic cone of
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equation X2 — Y Z = 0. Let \ be a complex parameter, and

0 0 0
:)\ — —_ —_ —_—
X\ :cax+yay+(2/\ l)zaz

the vector field in the affine open set 7" £ 0, with coordinates
X Y Z

YT AT T

Notice that the point [1,0,0,0] in the plane T = 0 does not belong to V,
so that, near T' = 0, it is enough to calculate in the affine spaces Z # 0
with coordinates

T =

/ / /
T = , y — s t ghte ,
and Y 7é 0 with coordinates
1 ~ ( " Z 1 fz
' = , 2 = 5 t — ;

where X\ may be written respectively

, 0 , 0 , 0
(1—)\)33%+2(1—)\)y8—y+(1—2)\)t7,

and

0 0 0
— Dz’ L9\ — n_Y
(A z 8m”+ A=1z 557 t gl
1

and may be extended near the points of V at infinity. For \ # 0, s
1, the vector field X, has, on V, 3 singular points which are isolated:
my = [0,0,0, 1], mg = [0,0,1,0] and mg = [0, 1, 0, 0]. Using theorem 1, we
get:

Indy,my (X3) = 2,Indvmy(Xa) = 1, and  Indymy(Xy) = 1.
If we use now Theorem 2 for
E(TPCE)|v — ) = (1 (TPCB))|y — e1(vv))?,
we get the (now not necessarily integral) residues
Ina(T(W)lv, v, (e1 — c1)?, 6x, 0y),
respectively equal to
(A —2)?

A2 (8 —2)2 I ; Clas
2A-1"2A-1)(A—1)’ an A—1 oF a=5se.

Bol. Soc. Bras. Mat., Vol. 26, N. 2, 1995



S LAINLILL LELIVIANIN, MAKUIU DUAKES and TATSUO SUWA

Remark. If L — V denotes the restriction to V of the tautological line
bundle in hyperplanes on PC(3), then the restriction of T(PC(3)) to V
is stably equivalent to 4L, while the normal bundle vy is equal to L®2
since V' has degree 2. Hence, the virtual tangent bundle to V is stably
equivalent to 4L — L®2, Writing v = ¢;(L), one gets the total Chern

class

A R 4
(V) = e(4l — £82) = %% 1 (V) = 27,

and co(V) = 2’722 since <72, [V]) = 2 (the degree of V), we recover:
(ca(V),[V]) =4 =2+1+1, while
2)2 (38X — 2)2 (A —2)2

2 _Q _
(AV), V) =8 = A—1 " CA-1A-1) A-1

(in particular, the sum of these residues is an integer, while in general
none of them is).

This example has also been studied locally near m; in [BG], for
showing the upper semicontinuity at A = 0 of the multiplicity of X on
V at mq.
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