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Note on exterior lines to two disjoint reguli

Rolando Pomareda

Abstract. Let R; and R, be two disjoint reguli in the projective 3-space over the field
GF(g) where ¢ = p®, p an odd prime. If p is not a point in neither of the two doubly-ruled
quadrics associated to the given reguli, then there is at least one line through P which does not
meet neither of the two reguli.

1. Introduction

Let X be the projective 3-space over the field GF(g) where ¢ = p®,p an odd
prime. Let a,b,c be any three skew lines in ¥. Through any point on a there
passes exactly one line that meets b and c. Such a line is called a transversal of
a,b and c; there are exactly g + 1 transversals to any three skew lines, and they
are mutually skew. Now let a’,b',c’ be any transversal to a,b and c. The set
R of transversals to a',b’ and ¢, which includes the lines a, b, ¢, is independent
of the choice of a',b',¢’, and is called the regulus determined by a,b and c. It
can be shown that the same regulus is determined by any three of its ¢ + 1 lines.
Moreover, the set of transversals to any three lines of a regulus R is independent
of the particular choice of the three lines of R, and forms a regulus R’, called the
opposite regulus to R. Thus every line of R’ meets every line of R, and R and
R' both cover the same (g + 1)? points of X, forming a doubly-ruled quadric
D. The lines of R and the lines of R’ both lie in D [5].

The main purpose of this note is to show that through any point exterior to
two disjoint reguli there is at least one line disjoint to both reguli. Although the
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proof is quite easy, the result we present appears to have been overlooked.

2. Desarguesian spreads in X

Let T be the projective 3-space over the field GF(g) where ¢ = p°, p an odd-
prime. A spread W in X is a set of ¢* + 1 lines in ¥ which are such that each
point of ¥ lies on exactly one line of W. Thus the lines of W are all mutually
skew. We shall call a spread W desarguesian if the regulus determined by any
three lines of W is contained in W. The following, which we state without proof,
appear in [4]:

1
2.1 Lemma. The number of desarguesian spreads of % is §q4(q3 -1)(¢g—1).
2.2 Lemma. The number of reguli in ¥ is ¢*(¢® — 1)(¢* + 1).

2.3 Lemma. Each desarguesian spread of T contains exactly q(q* +1) reguli

1
and each regulus is contained in —2—q(q — 1) desarguesian spreads.

2.4 Lemma. Let W and W' be two desarguesian spreads of ¥ and assume
that R is a regulus contained in W W' If W NW'| > q+1, then W = W'.

3. The number of lines which do not meet a regulus

3.1 Lemma. Let R be a regulus in . If P is a point not contained in any
line of R, then there are exactly —~q(q — 1) lines of % through the point P
which do not meet the ruled quadric covered by R.

Proof. There are exactly lq(q — 1) desarguesian spreads containing R, and P
is contained in exactly one line of each desarguesian spreads. By (2.4) these are
all different lines. On the other hand if £ is a line such that R U {£} consists of
lines all mutually skew that R U {£} is contained in a unique desarguesian spread.
Hence the number of lines through P which do not meet any line of R is exactly

29(a-1)-

3.2 Lemma. Let R be a regulus in T. If P is a point not contained in any
line nf R. then there are exactly a + 1 lines of T through the point P which

: ; : 1
intersect a unique line of R and there are Eq(q + 1) lines of X through the
point P which intersects two lines of R.

Proof. By (3.1) there are
_(g+2)(g+1)
2
lines of ¥ through P which intersect lines of R. Moreover, any one of these lines
meet either one or two lines of R. Let z denote the number of lines which meet

one line of R and let y denote the number of lines which meet two lines of R.
Hence

1
q2+q+1—§q(q—1)

(g+2)(g+1)

z+2y=(¢g+1)? and z+y= ;

1
Thusm=q+1andy:§q(q+1).

4. Exterior lines to two disjoint reguli

We say that two reguli in ¥ are disjoint if the corresponding ruled quadrics are
disjoint. Let Ry and R5 be any two disjoint reguli. Coordinates may be chosen
so that the lines of R; have the form

{(z,9)/z= (0,0} {(z’y)/y 7 (3 2) }ueGF(Q)

and (z, y) represents a 4-vector over GF(g). Hence the lines of Rz have the form

{(z,y)/y = =M;} (4.1)
where M; is a 2 by 2 matrix with entries in GF(g), M; — M; is a nonsingular
matrix for ¢ # 3, and foreacht = 1,... ,¢+ 1, M; — zI is a nonsingular matrix

1==0)
0 1)
Let P be a point not in any line of Ry U Rs.

for all z € GF(gq). Here I = (

It is well known that all reguli in ¥ are in one orbit of PGL(4, ¢). Moreover
the stabilizer of a regulus in PGL(4, q) is isomorphic to PGL(2, ¢) x PGL(2, q).
In fact, the stabilizer of R; is induced by the following subgroup of GF (4, q)

{(6‘ 2)/A6GL(2,q)} {(:} ’?})/a&—ﬂq#O}.

Also, the stabilizer of R; acts transitively on the points not on any line of R;.
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Thus, without loss of generality we may assume that the point P is represented
by the vector (1,0,0,1), and a line through the point P not intersecting any line

of R has the form
01
{(xay)ly:x (C d)}

where 4¢ = v — d? and ~ a nonsquare in GF(q). Note that (2 (11) — (g 2)
must be nonsingular for all u in GF(g).

Let £p the collection of all these lines. Next we calculate the number of lines
in £p disjoint to a given line in R,. Denote by Ep (€) the number of lines in £p
which meet £.

4.2 Lemma. Let R, be a regulus represented as in (4.1). If

e={ewlv=2(} )}

is an arbitrary line of R then the following hold:
(a) If r2 — (1 — s)%t — ur(1 — s) = 0 then Ep(£) = 0.

M) If r? — (1 — s)%t — ur(1 — s) is a nonzero square in GF(q) then £p(£) =
q—1
o

1
() If r* — (1— )%t —ur(1—s) is a non square in GF(q) then £p(£) = ke

2
{@nlv=x (2 i

in £p meets £ in and only if (2 ;) — (: z> is a singular matrix. Now,

replacing 4c = v — d2 in the determinant of this matrix, this condition is equivalent

Proof. The line

o

Ao gmw- o+ (550)

riis)?
is square in GF(q). Let m and n denote r?—(1 —s)%t—ur(1—s) and < : )
respectively. Hence, if m = 0, and since s # 1, we have that n-~y is a non square
for each 4 non square in GF(g), so (a) follows.

non squares v in GF(q),

1
If 0 # m is a square in GF(g) then there are 9+
in case ¢ — 1 is a non square in GF(q), for which m + n+y is a square in GF(q),

AN AL WLV LA L LENVIN LAIVLAY AN 1 VYW LSADOVLIY A AN Aa

andq_1

non squares v in GF(q), in case —1 is a square in GF(g), for which

m + nv is a square in GF(gq) [1]. In the first case there are 14 <¥ - 1) 2
g1

such pairs of elements (c,d), and in the second case there are 2 such pairs

(c,d). Thus (b) follows. If m is a non square in GF(q), then there are eh’

squares « in GF(q), in case —1 is a non square in GF(g), for which m + n~ is

+3 .
1 1 non squares v in GF(q), in case —1 is a square
in GF(q), for which m + nv is a square in GF(q). In the first case there are
il 1. g+l

non

a square in GF(q), and

such pairs of elements (c,d), and in the second case there are

142 m_l):qﬂ
4 2

such pairs of elements (c,d). Thus (c) follows, and

the proof of the lemma is complete.

4.3 Remark. Now, if £ is the line

lewlv== (72},

then we denote by £ = {(c,d) | r(d — u) — (s — 1)(c — t) = 0}. Thus, any
pair (c,d) in £! determines a line through P which meet £. Clearly |[€! N m!| > 2
implies £! = m! for any two lines £ and m.

If C, = {(c,d) | 4c = v — d?} for ~ non square in GF(g), then we have

proved in lemma 4.2 that | 1 ¢, | < 131

, for each line £ in Rs.

Let Rz = {€1,£s,... ,€g41}. Assume that £} # Zjl- for§'= 4,4,5 =12,
ol e

If a pair (c,d) in C, determines a line through P which meets R then it
determines a set {#,5} C {1,2,...,¢q + 1} as follows: if ¢ meets only the linc
¢; we say that (c,d) determines {7,1}, and if ¢ meets the lines & and £; we say
that (c,d) determines {¢, 5}. By assumption, if (c,d) determines {¢, 7} and (¢’, d')
determines {1', 7'} then (c,d) # (c’,d’) implies {1, 5} # {i’,7'}.

Now let ¥ be the set of all subsets {1,5},1 #7=1,2,...,¢+ 1

If ¥, denote the collection of all subsets S of ¥ for which |[{j|{7,7} € S}| <
aforeacht =1,2,...,q + 1, then it is clear that for each S € ¥, we have

+1
|S|§a-qT 44
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We are now ready to prove the following theorem.

4.5 Theorem. Let Ry and R3 be two disjoint reguli in the projective 3-space
over the field GF(q) where q = p®,p an odd prime. If P is not a point in
neither of the two doubly-ruled quadrics associated to the given reguli, then
there is at least one line through P which does not meet neither of the two
reguli.

Proof. Without loss of generality we may assume that the two reguli and the point
P are as above. If the regulus R is such that there are lines 4 and £;,1 # j
for which K} = Z}, then the number of lines through P that meet R4 is smaller
or equal than the number of lines through P that meet a regulus for which this
situation does not occur. Hence we consider only this case.

By (4.2), (4.3) and (4.4) the number of lines through P which does not meet
R1 but meet Rs is smaller or equal to

2 4

Note there is a set J of ¢ + 1 lines through P that are tangent to R2, and a set
1

D of Eq(q — 1) lines through P that are disjoint from R;. Of the lines of D

q+1+(q+1>2=‘12+6‘1+5

1
there are at most gk

lines which intersect a given line £of Ry. If J €D — T
and J intersects £ then J also must intersect another line m # £ of R2. Thus

1 2
the number of lines of D which intersect R < 1+ ¢+ _(q+_) Therefore, the
number of lines through P which do not meet neither R; and R, is greater or

equal to
glg—1) _¢*+69+5 ¢*—8¢-5
R 4 - 4
Hence if ¢ > 7, there is at least one line through P which does not meet neither

of the two reguli.

Assume now ¢ = 7. Let a denote the number of lines through P which
intersect a unique line of R,. Therefore the number of lines through P which
intersect R 2 does not exceed
ghlre G kgl ¢ +2¢+1+1+20 _ o 1+ 2a

2 2 2 4
where 0 < a < 8. Hence, there is at least one line through P which does not
meet neither of the two reguli.

a+
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For ¢ = 3 and 5 direct calculations show the existence of such lines.

4.6 Note. If two reguli are not disjoint then there is a Desarguesian plane con-
taining them. If the two reguli of PG(3, ¢) share precisely one line, then they are
contained in exactly one regular spread of PG(3, ¢) [3]. The case when the two
reguli share two lines is considered in [2].
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