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CORRECTION OF COMPLETE HYPERSURFACES IN THE SPACE FORM WITH
THREE PRINCIPAL CURVATURES

REIKO MIYAOKA

In the proofs of following two theorems in [2], some mistakes
were found out by Professor Pawel Walczak and Professor Fabiano
Brito.

Theorem I. Let ¥ be a complete hypersurface in #(e) with
constant mean curvature, where ¢ > 0. If ¥ has three non-simple
principal curvatures, then ¥ 1is isoparametric and ¢ > 0,

Theorem II. Let ¥ be a complete minimal hypersurface in Sn+]

with three principal curvatures. If =n >4, then M is either
isoparametric, of type (3,), or of type (B,) in [1].

Here we correct both proofs following the original method.
The essential miss is in the proof of case (iii) appeared in
p. 352 of [2]. By the way, we give another proof for Theorem I
in compact case using the results in [3]. This is equivalent to
prove that

Theorem III. If a compact embedded Dupin hypersurface M in
M(e) (e > 0) with three principal curvatures has a constant
mean curvature, then ¥ is isoparametric and ¢ > 0,

In this paper, we follow the notation in [2]. Recall that
fi(e) = S S 2054 st Sn+](1) according: tos ¢s)10  ornseezsod.
Principal curvatures of M are A, u, v satisfying

miX + myu + myv = nh,
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where we may assume that % is non-negative constant by choosing
a suitable unit normal vector field on M. Corresponding curvature
distributions are given by

p(a) = le VIV TVa eiwh

{e; | my41 < © < my+m,},

fe}
§ =
1}

D(V) = {e, | m+m,+1 < » < n},

where € 5L 8 oi B are suitably chosen orthonormal frame of M,
Range of indices is always: 1 < a,b,ec < m; < ©,J,k < my+m, <

r,8,t £ n,

1. Preliminaries

Let M be as in Theorem I. Note that if all leaves of
foliations D(A), D(%), D(v) are compact, then ¥ 1is compact.
Since a leaf r of D(A) s an m,-sphere of M(e), whose
radius p 1is given by

ISV

)

el ey e

1 r
M is compact if ¢ > 0, When ¢ =0, LA is an m,-plane of
"1 if and only if A =A% =AT =0 on 1%,
aa aa

For later use, we show

Lemma 1.1. Let ¥ be a complete hypersurface in M(e) with
three principal curvatures A, u, v satisfying m M+m, u+msv = nh
(a constant). Let m > 2 or let A be constant along any leaf
of D(A). If a leaf * of D(A) is compact and if 2X # u+v

everywhere on LA, then u and v are constant on LA.
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Proof. It is sufficient to prove that u dis constant on Lx

Since 1’ is compact, there exists a point p .of Lk such that

ul , is critical at p, or AZ(p) =0 forall 1 <cacm,.

Dy
We first show that u| N depends only on the distance (of Lx)
L

from p.

Let <y be a geodesic of B through p, Let e, = v and

ey be any para]le] vector field (with respect to Vx, the
connection of L") along vy such that e, L1 €n. Then the second
formula in p. 352 of [2] becomes

fipos 2n( X Y - ) b
1 e,l(Aii) {] & mo(ZX -(U - V%((\) 5 uX%(\) -_W}A“I:Aii

Since 2X # u+ v everywhere on LA, and since Ai?(p) = 0, we
get
b

By W

along y. Next, we will show that Aié =0 along v if 2X # u+v

everywhere on y. In the relation

(1,24 , o 4edd gl -3 ok Han:l o By, 4 in J
) aiia o | 7.7,) * ei(Aaa) L AiiAaa b AiiAaa
L a 3 g2 P, P
2 o2 " Ty Ta g
( 7,7/) ( aa) g {AiiAaa +2AaiAir 5
where 1%y a.dusoilins put
s satil ity dy £,
H 1( aa) (Aaa) i ;AiiAaa B Z AiiAaa'

Then 4 is independent of choice of a; 1 < a < m_ . On the
other hand, we get from (1.2),

(1.3) 4 =ce (A
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If we extend ey differentiably in a neighbourhood of y so that
ey is tangent to every hypersphere of LA centered at p, we
have easily
b -
eb(Aii) 0.
Therefore if we put a« =1 and a =2 in (1.3), it follows
2
1 ) r 1 b
el(Aii) i (Aii) - 2; Aahin = AztAbb 5 25 Abz ir?
or equivalently
1 NG 1 r b
(1.4) el(Aii) (Aii) g AzzAbb P 22 1z i AbiAir)
along Y. Similarly we get from ¢ + Av = Rarra’
" e Ty i r,i r, 1
(1.5) el(Ar;) E (Arr) B ArrAbb & 2; (A1iAr1 - AbiArb)
Yy A b : S dg
along y. Put B = ; (A ;A = AbzAzr) and € = g (A0,

- AbzArz) for simplicity. Recall that first and second

of myx+ m,u+ mv=nh in the direction e, are

1
(1.6) mohy (n=2) + myh, (v = 2) =0
and

by e () F(u- )+ myey (ALY + (A1 (v - 2)

17

(1.7) mz{el(A
Substitute (1.4) and (1.5) into (1.7), and use (1.6) to

(1.8) ke +B}(u—k)-+m3{(AAJ2 + CHvo =0 A)r =

2 1

Here, we know from (1.4) and (1.5) that B (C, resp,) i
of < (r, resp.). So by the same argument as in [2],

derivatives

n
o

get

on

s independent
we know
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me(dh = u)
Bve= Wi\—) c.

Thus we obtain from (1.8), using (1.6),

2

n(A - B)(A - u)z(Ai;) - m (2% = u = V)(V - A)(V - u)B = 0.

Since 2\ # u_ + v everywhere on Y, we can substitute

afh S O’ A

R o R ey | Sy g ey LG e

into (1.4) to get

1 1 j 4
gl =gt

2
1 2n(A - B) (A -
(1.9) el(Aii) E {] * m3(2) Y(ﬂ = vggv = y%(“ = 10}(A

along y. From Ai;(p) = 0, Lemma 1,1 follows.

Lemma 1.2. Under the same situation as Lemma 1.1, let LA be a

compact D(X)-leaf. If 2X # u+v everywhere on LA and if
Aai # 0 for some 4, ¢ and r at a point of LA, then m,,

msy 2 my-.

Proof. Let p, vy, e, and e; be as in Lemma 1,1, Let Bai be

the D(v)-component of Ve e; Immediately from B = 0, we get
a

(1.10) Iz I = Wi, .

From Lemma 1.1, (3.7) and (3.8) in [2], we obtain

F e By

For °, such that e,Le and e, Leps it also follows from (3.7)
and (3.8) in [2],
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<Bbi’Bai> =50, Ssifhicet | Wasmy oy ataind , AL drsp anmoh-zero> constantss ] 1 . ortsd | has
the same sign as A. Then, ea(AiZ) or ea(Ari) should be
Thus m, > m if B_; #0. m >m is similarly shown. positive along Yy, a contradiction,
Now, note that
2. Proof of Theorem I n(A = k) = my(2h - u - ).
Let w <A <v. Then 2u# A+ Vv and 2V # A + 1 hold all Thus (3.8) in [2] becomes

over M, In particular, v # 0 since % is non-negative. So by & (B r )
Lemma 1.1, we get (2.3) e, LR v){(“'”"ii’\ii P ) ] by = 0.

T o B When 2X = u.+ v (and automatically A = &), the proof of Claim
(251) M Ye N 550

xg L (i) in p. 350 of [2] shows that m 1is isoparametric. If 2X # u+v
everywhere on M, When ¢ > 0, we have also oSy TEhed

b Py, T

i A (k= MAIAE 4 (vep) TATA L -

R s bR 2121 : rat rp
(2.2) Aaa A Arr 370 &

holds on any open set of M where 2XA # w+v, therefore all over
everywhere on M, When ¢ =0, if u is identically zero on M, '

M, for arbitrally chosen e and €y . Now the same argument as
the theorem follows from Proposition 2,1 in [2]. If u s not

a
a

) ; in the proof of Lemma 1,1 is applicable to L by canceling
identically zero on M, then since {p € ¥ |u(p) # 0} 1is open A=k a
and dense in M by analiticity, we get (2,2) again from Lemma 1.1. T in (1.1) and (1.9), and we get Aii =0 on M for any <
and a.
Claim. m, = m,,
We have nothing to prove if m, = my = 1. When m, or m, > 2, 3. Proof of Theorem II
Claim follows from Lemma 1.2 if we show that M does not satisfy 5 A% A A
[t.c.]. Suppose. [1.C.]° mere satisfied. Then if i, Lhiddin 3 . Note that the essent1a1 conditions of Lemma 1,2 are that
as a unit tangent vector field along a geodesic vy of LA. @r,.2r il iompact GosoRate oL g g et R f 8 evgrywherg
could be written as on I7. Under the situation of Theorem II, the first condition
is satisfied for any leaf of ©D(A) and ©D(u) since e =1,
e+ Au = a(AiZ) (A'q)z_ where we assume m,, m, >2 and m, = 1, Moreover, at least one
7 of\3A \and TUis.equal todmin{x, w, VA oor maxf{i,lu,. vl sopthe
Similarly, we should have second condition is satisfied for I or ", Anyway, we get
’ from Lemma 1.2 that m, > 2 if [1.c.] fails,
+ AV = s W o .
f ea( PT) ( PP) ¢ Next, let m;, > 2 and m, = m, =1, When x = min{Xx, p, v}

or max{A. u, v}, we can show similarly that m, and m, > 2 if
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[1.c.] fails. Let u <X < v, Then on Lx, the argument in the
end of §2 is valid because m, = m; 1is essential to elliminate

the term (2A - uw - V). Thus we get m,, my> 2 if [I.C.] fails.

4. Another proof of Theorem I in compact case

In this section, we prove Theorem III, This gives another
proof of Theorem I in compact embedded case, We refer the readers
to [3] for the details of Dupin hypersurfaces.

Let M satisfy conditions of Theorem III, Let X < u < v,
Then there is a point p of M such that

v log %{% =0

at p. This is equivalent to

a o a z Y/ 7z b rp' e
Aii(p) = Arr(p)’ Aaa(P) = Arr(p)’ Aaa(P) _A'l:i(p)
(see p. 441 in [3]). Combining with
(1.6) mzAiZ(u - ) 4+ mgArZ(v - 1) =0,

we get at p,

n(k - A)A.%(p) = 0,

R

From X < A, we obtain

AS(p) = 0'=" A %(p),

11 rr

Similarly from % < v, we get

r
aa Aii(p) '

s ]
1]
]
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Now, consider the D(u)-leaf L; at | piue Sinicelt i and
2 2
5 . 9 i t
g () # ; W) o W are constant on v Mg
£% o kT &0, oy E.
1 % p
Moreover

A% =nr"=0
b i i aa

r

holds on L; by (1.5) and by m,A T(A-v) + msA 7 (u-v) = 0. Since

2 aa
L; is compact, there exists a point gq of L; such that

Aaq;(q) =0 R e (L
Finally at g, the normal geodesic y is "common" in the sense of [3].

[case for ¢ > 0].

By the argument in pp. 441-443 of [}] (here, we use tautness
of Dupin hypersurfaces), Y N M appears as in Fg. 1. JSlet
YﬂM={qo,q1,...,q5} as’ Fg. 1.
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Claim. A(q,) = A(q,) = A(q,)s v(q,) = v(g,) = v(q,).
Let o = cot™'A(q,), = = cot™ (-v(q,)), y = cot™ (~v(q,)),

-1

By = cot "u(q,), B, = cot‘lu(ql) where 0 < a, z, y, B , B, < m,

0
Suppose that =z <y (i.e. V(q,) < v(q,)). Then wu(q,) > u(q,)
(i.e. B, < By... (*)). On the other hand, we have A(q,) =
cot(B,-a-x) and A(q,) = cot(B -a-y). Since B -a-z > B -a-y, we
get u(q,) > u(q,), i.e. B, < B, contradicts (x). Thus we have

z =y and B, = B, at the same time, This argument holds if we

replace q,, q,s by A 9747 yllerenewles 1424, ,AL5L (mod- 6) ,

By virtue of Claim, using the argument in p, 451 of [3], we

know that ¥ 1is isoparametric.

[Remark] In [3], we need some conformal transformation to get
a common normal geodesic <y, and some Lie transformation to get
Claim. But here we use neither conformal nor Lie transformation

in the proof, so M is itself isoparametric.

[Case for ¢ = 0]

The common normal geodesic at ¢ 1is in this case a straight

n+l

line 17 of E We know easily that 7 N » is like in Fg, 2,
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Fg. 2

stereographically projected image of Fg. 1 (here we also use
tautness of Dupin hypersurface M). But immediately, the relation
moA 4 m,u + myv = nh contradicts at ¢, and g5 since

moulq,) + myvig,) = myulas) + myvias)

but m u(qh)+m3v(qq) and Sen, iilfg £ m,v(qg) have opposite signs.
2
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