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SPHERICAL SURFACES WITH CONSTANT MEAN CURVATURE IN
HYPERBOLIC SPACE

JONAS DE MIRANDA GOMES

1. Introduction and basic definitions

Let #° be the three-dimensional hyperbolic space of
constanti sectional curvature =X," K 520,  and let ¢ :be -the
group of isometries of #° that leave a geodesic g pointwise
fixed. We will call ¢ the spherical group of #  ([dcD]), and
gulits) hotatlont axiish BRY stipfacelfn B’ Thvariahtvby' e s
called a sphenical surnface.

The hyperbolic space £> has a natural compactification g®
obtained by adjoining to it the sphere at infinity Sz(m). If M
is a complete surface in #° the asymptotic boundary a (M) of
M is the intersection of the closure ¥ of M in A® with
the sphere at infinity Sz(oo).

In this paper we will study spherical surfaces with constant
mean curvature in hyperbolic space. These surfaces were studied
by Mori [Mo], do Carmo-Dajczer [dCD], and Hsiang [H]; the
description we will give here is more detailed, and we will give
special emphasys on the asymptotic boundary behavior of such
surfaces. This more complete description made it possible to
obtain some new results about surfaces of constant mean curvature
# in hyperbolic space (see [dCGT] and [Go]); also some new
examples of such surfaces were obtained (see e.g. Theorem 3.7
that answers a question posed in [LR]). For & > 1 we obtain
a family analogous to the Delaunay's family in &’ [D].

A simple way to visualize the action of the spherical group
in hyperbolic 3-space is obtained by using the ball model for Ha,
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50 JONAS DE MIRANDA GOMES

and taking for the rotation axis the geodesic =z =y = 0 passing
through the center of the ball. Each principal orbit is a circle
orthogonal to the disk
2 3
Bi=z Aoy doa) € BL s =i 10 1
and intersects this disk in exactly two points symmetric with

respect to the axis of rotation g. The orbit space can thus
be represented by the half-disk

B, = {(z.y) § % v By

Since the orbits are orthogonal to o The orbital distance

metric ([BCH]) 1is the hyperbolic metric.

In our study we will use methods from equivariant geometry
as introduced by Wu-Yi Hsiang. Namely, given a surface ¥ in Ha,
invariant by the spherical group, it dintersects the orbit space
Bi in a curve s, called the genereting curve of M, If M has
constant mean curvature, we obtain an ordinary differential
equation for the curve s (equation 2.4 in section 2). We will
use both qualitative and quantitative methods in order to study J

this equation.

We will use Alexandrov's maximum principle ([Al, [A1]), as ‘
state for instance in [LR], to be called here the tangency
princdple.

A11 results in this paper holds for spherical hypersurfaces
in hyperbolic n-space; for simplicity we only consider the case

n = 3.

This work is part of my Doctor thesis at IMPA, I am grateful
to M.P. do Carmo, my advisor, for some valuable conversations and
his constant interest while I was doing this work, Thanks are also
due to Wu-Yi Hsiang for his encouragement and helpful conversations
while I was studying equivariant geometry,
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2. Differential Equation of the Generating Curve

First we will stabilish a general Lemma concerning isometric
immersions invariant under some transformation groups of isometries
of a space form. In spite of being simple, it is very useful in
many situations.

Let G be a cohomogeneity-two group of isometries of the
hyperbolic space #°*, and #3®/G the orbit spnace, represented
as a two-dimensional, totally geodesic submanifold of H®, 1If
(z»y) s a coordinate system in Ha/G, we call the curves
x = constant, y-coordinate curves, If a curve <y is symmetric with
respect to some y-coordinate curve, we say that <Yy has an
y=symmetry. In this case the surface M generated by Yy wunder
the action of the group G is symmetric with respect to the
submanifold generated by the y-coordinate curve, and we also say
that » has an y-symmetry,.

Lemma 2.1

Undern the conditions of the above paragraph, Lf there exists
a coondinate system (x,y) 4An H/G such that the y-coorndinate
curves ane generating curves of totally geodesdic submanifolds of
H®, ‘then the foLlowing assentions hold

a) If Y 4s the generating curve of some minimal submandifold
N then Yy 4is a graph hence N 44 embedded

b) 14 the generating curve Yy 04 a submanifold N with constant
mean curvature L5 orthogonal to some y-coordinate curve, then
Y has an y-symmetry with respect to it.

Proof: (a) 1is an immediate consequence of the tangency principle,
because if f is not a graph it must be tangent to some y-coordinate
curve, Now we will prove (b). We may suppose that the y-coordinate
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curve is given by =z =0, and f(0) =p s the point where f :
/ where c¢' = c¢/K, and ¢ is the length of the unit circle in

is orthogonal to it. Of course is a graph in some
hyperbolic space.

neighbourhood of zero. Reflecting f on the coordinate curve

we obtain two functions y = f(x) and y =g(xz), where We will denote the tangent vectors to the coordinate curves
glz) = f(-z), defined in a neighborhood [0,e) of the origin. z = cte and y = cte by 93/3y and 5/3x, respectively, The
In order to use the tangency principle for points in the boundary angle from the vector 3/3y to the velocity vector y' of the
we must show that f£(x) < g(x), or f(x) > g(x) 1in some generating curve y will be denoted by o. We parametrize the
neighbourhood of the origin, If this is not the case, there exists curve y by the hyperbolic arc length. The unit tangent vector
a sequence x 0 such that f(xn) = g(xn) = 0, and since to y is given by

has constant mean curvature, f and g are analitic, hence

P
£ = g. 2b6G485435) sinae  + cos & Fhor

We will consider in the orbit space geodesic coordinates, where
to be defined as follows: we parametrize the geodesic g (the e = (K/cosh Ky)3/azx,
rotation axis) by the arc length in such a way that g(0) 1is the :
a
center of the ball 2%; for each point p 6 Bi, lTet 'opg©'besthe i
segment of geodesic whose length is equal to the distance from p ey = K3/3y,

to the geodesic g (such segment exists and is unique). The point

p will have coordinates (z,y), where g(z) = g (i.e. =@ is are the unit vectors tangent to the coordinate curves.
the oriented arc length from the center to the point g), and
is the length of the segment. Note that this coordinate system The unit normal to the curve y is given by

satisfies the hyphotesis of Lemma 2.1. f
. . ' n = -K sinad/3y + K(cos a/cosh Ky)d/dx, 2.
Now we will obtain the differential equation of the generating
curve in the orbit space. For later purposes, we will work out the i s
" - : " ;
P P L T Tt et 0 Lt AR EBE T L DL 1L LT s s ot MO nd the following expression give the geodesic curvature of .
These computations were given in [H], and we will present them

here for the sake of completness. K, = da/ds + K sinh y dx/ds, 2.

The orbital distance metric is given by Now using the equations 2,1, 2,2 and 2,3 above, and

Proposition 7 from [BCH], we obtain the following differential
ds® = [(cosh Ky)dx + dy®1/x*, equation
The orbit of a point p = (x,y) under the action of the 2H = doa/ds + K sinh ydz/ds + K sin o cosh Ky/sinh Ky 2,

spherical group is a circle of radius sinh(Ky)/k, hence the .
for the generating curve y of a spherical surface with constant

mean curvature §H.

volume function is given by

V(x,y) = e'(sinh Ky), 2 Since dx/ds = sin a/cosh y, and dy/ds = cos a, we obtain
for X =1, the one-parameter family of first order differential
equations: '
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dzx/ds = sin a/cosh ¥;
dy/ds = cos a; 2.5

dojds = -sin a[sinh y/cosh y + cosh ¥/sin ¥] + 2H.

Note that the projection of the above field on the { Oy Y)
plane is the one-parameter plane vector field

dy/ds = cos a
2.6
dojds = -sin a[senh y/cosh y + cosh y/sinh y] + 2H.

Now we will study 2.6 in order to describe the generating
curves of the spherical surfaces with constant mean curvature.
Using the periodicity, we just have to study the above plane field
in the region U = { lemam] a4 aee 30 ke gEunthermore, ssince
the sign of the mean curvature depends only on the orientation,
we may suppose that # > 0, Mu]tip]ying the, fiiedd. dn 245, by
sinh y cos ¥ (to eliminate the poles) we obtain

ds/ds = cos a sin ¥ cos ¥;
2.

da/ds = -sin (sinhzy + coshzy) + 2H sinh y cosh y.

It is easy to see that the phase portrait of the above field,
for any value of the parameter E, 1is symmetric with respect to
the vertical line o = T/2,

For H = 0 the only singularities of the above field in the
region U occurs at the points (-7,0), (0,0) and (m,0) and
these singularities are hyperbolic (see [?M]. The halflines
a=-m and @ = T are unstable manifolds of the singularities
(-m,0) and (m,0), respectively, and the halfline @ =0 is
the stabele manifold of the singularity at the origin, The phase
portrait of the field in 2.6 in the region U {is shown in the
picture below.
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Fiqure 2.1

Fox. sHnEri0s] Jsuitais, easystossee that the singularities
remain the same, and also are hyperbolic. In this case there
exists an angle a, € (0, w/2) .such that the unstable manifold
of the singularity (0,0) is asymptotic to the line a = ags
and the stable manifold of the singularity (m,0) is asymptotic
to the line w/2 + a,- The phase portrait is shown in the
picturei2.2.

Fiqure 2,2
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The case H =1 1is the 1limit of the above case when a, =m/2,
The phase portrait is sketched in the picture 2,3,

- 0 T, M

Figure 2.3

When # > 1, besides the singularities (-m,0), (0,0) and
(m,0), all hyperbolic, the field in 2.7 also has a singularity at
the point with coordinates

(n/2, # + YH® - 1),

From the symmetry of the phase portrait with respect to the line
a =7m/2 it is easy to see that this singularity is a center,
The phase portrait is shown in the picture 2.4,

Figure 2.4
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Using Lemma 2.1 and the above phase portraits, we obtain the
following

Symmetry Lemma

Let M be a non-umbilic hypernsunface of spherical type 4Ain

3

H with constant mean curvature H. Then M satisfdies the

joLLowing propenties:

a) 14 H# € [0,1]] M has only one y-symmeitry;

b) I4 H >1 M has an infinity number og y-symmetnies.

Using an isometry of # we can take the plane x = 0 as
an y-symmetry plane, We will always assume this to be the case
in what follows.

The spherical surface corresponding to the separatrices in
each of the above phase portraits has a fixed point, hence it is
an umbilic surface (see Corollary to Theorem 1 in [H])., Also,
since for H € [D,]] the orbits in the above phase portraits are
always asymptotic to some line a = ags  we have the following
result about the behaviour at infinity of a spherical surface,
proved in a different manner in [H].

Proposition 2.2

Let M be a sphenical sunface with constant mean curvature
e [0,1] 4in E'. Then M makes a well defined angle oy with

the sphene at infindty 5%(»), such that sin a, = H.

3. Spherical Surfaces

We will give in this section a description of the generating
curves of spherical surfaces with constant mean curvature # for
each of the three cases: & =0, # 6 (0,1], and &> 1,
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First case: 4 = 0 (minimal spherical surfaces),

From Lemma 2.1 it follows that the generating curve of a
minimal spherical surface is a graph, hence it is embedded,
Moreover from the Symmetry Lemma, f has one y-symmetry,

Proposition 3.1

The asymptotic boundary of a minimal spherical surnface in H
consists of two cdrncles.

Proof. Since the generating curve of M 1is a graph, and has a
vertical symmetry, it follows from Lemma 2.2 that we have two
possibilities for the asymptotic boundary: two disjoint circles,
or two points. We must show that the last possibility does not
occur. For this consider the family Gys 25 9002, | foift hoitat] ey
geodesic surfaces that intersect orthogonally the y-axis at a
point with y-coordinate equal to &, If the asymptotic boundary
consists of two points (the points at infinity of the rotation
axis), then the asymptotic boundary of any surface in the family
Ry does not intersect 3_(M), Moreover, if & s sufficiently
large, Gy does not intersects M, Since G, 1is the totally
geodesic surface y = 0, we obtain a contradiction from the
tangency principle. (q.e.d.)

Remark 3.1:

The above proposition also follows from the result that a
minimal surface in #® is contained in the convex hull of its
asymptotic boundary ([An]).

A computer sketch of the generating curve of a minimal
surface is shown in figure 2,5,
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>

Figure 2.5

We will denote by My s A >0, the family of minimal spherical
surfaces that intersect the y-axis orthogonally at the point with
coordinate A (any spherical minimal surface is isometric to some
surface in this family). An interesting and important question to
be answered now is how the asymptotic boundary of the family M,
varies when the parameter X moves from 0 to <«, In order to
state the result, we will give first a definition. Consider two
points p and g in the asymptotic boundary of the orbit space
o
asymptotic boundaries contain p and ¢ vrespectively; the
distance from p to g 1is defined by [Ql - 02]. The distance
between two sets in the boundary of Bi is defined in the usual

and take two y-coordinate curves =z = ¢,, x = ¢, whose

way. If M s a spherical surface in H®, we define the distance
between two components of its asymptotic boundary as the distance
from the corresponding boundary components in the orbit space.
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For each X > 0 we denote by d (}) the distance between half the distance d,(») between the two points in the
the two spheres in the asymptotic boundary of the minimal surface asymptotic boundary of the generating curve Y, Studying the
My. We can now state the following. improper integral we obtain the result in the proposition, (q.e.d.)

Proposition 3.2 Second case: H € (0,1].

The phase portraits corresponding to these cases are given
in figures 2.2 and 2.3, The separatrices in each case corresponds
to an umbulic surface, Thus, from periodicity, we obtain two

do(0) = 0, and as X Aincheases d,(X) dncreases
monotonically, rneaches a maximum, then decreases asymptotically

to zero as A goes to Linfinity. horospheres in the case # = 1, and two hyperspheres in the case

H'E (0,1).
Proof. Since the generating curve of a minimal spherical surface In order to study this case, we will first define two
is a graph, we can use « as an independent variable, and standard families of spherical surfaces with constant mean
consider ' y#¢ astia unctioni'oft &, olietir i ber al fiuicition: suich curvature.

that ' = v(y)cosh(y), where v is the volume function in 2,1,

Consider the spherical surfaces whose generating curves are
Straightforward computations from 2,4 (see [H]) give

orthogonal to the y-axis. Of course for each point (0,1) on
this axis we have two such curves: one with the initial angle

7 cosh? y/ /Eoshzy * (g™ dvspi2Hn = K (const)) 2.7 o = m/2, and the other with the initial angle o = -7/2 (when

# =0 the two families coincide), We will cal first family the

where x is a constant. If y(0) s the intersection point of (n/2)-family, and the second one the (-m/2)-family, For each

the generating curve with the y-axis, then y'(0) = 0, and surface My in any of these families, the parameter X 1is the
finom 25 755 4 wilhitthe 1 2> = Oue 1 'We> obtaiin distance from the surface to the rotation axis,

Note that the separatrices divide the phase portraits in two
regions each of these regions corresponds to one of the two above
families defined above. We have the following,

K = 7(0)cosh y(0).

Substituting this in 5,7, and solving for y' we obtain

(dy/dz) = cosh y[v cosh y/(v(0)cosh y(0)) - 1],

Lemma 3.3.
hence Any nonumbilical spherical sunface with constant mean
! curvature H € (0,1) 48 Lsometrnic to a unique sunface in one of
x(y) =J [cosh y (v cosh y/(v(0)cosh y(0)) - 1]']/2 dy 2.8 the two families defdined in the previous paragraph.
¥(0)
Note that y(0) is exactly the parameter A of the family u,. Proof: It is clear that the surfaces in each family are distinct
If we let y » » in 2,8 then the value x(«) obtained is (1.eki niok isometric). The result of the Lemma follows immediately

from the phase portraits in figures 2.2 and 2.3, (g.e.d.)
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First we will study the surfaces in the (m/2)-family. In

this case the angle o varies in the interval (O,m), hence

sin a > 0 and from the first equation in 2.5 we conclude that
the generating curve is a graph. In particular it is embedded,
and the same happens with the corresponding spherical surface

M. Thus M divides the hyperbolic space in two components; one
of them contains the rotations axis. If the mean curvature vector
points to this component, we say that it points towards the

notation axis.

Proposition 3.4

Let M be a sphenical sunface with constant mean curvature
in the (m/2)-4amily. Then M satisfies the follLowing conditlons:

a) The mean curvature vector points towards Zthe rotation axds;
b) I4 H =1, the asymptotic boundary consists of two points

c) I4§ H € (0,1) the asymptotic boundary consists of Lwo
dis fodint cincles.

Proof: a) By continuity of the family on the parameter H, we
just have to prove the result for # = 1, For this we use the
tangency principle by comparing the given surface with one of

the two families of horospheres orthogonal to the y-axis,

Now we will prove b), Suppose that the asymptotic boundary
does not consist of two points, Since M is symmetric with
respect to the plane =« = 0, and its generating curve is a graph,
the asymptotic boundary consists of two spheres, Let #y denote
one of the two families of horospheres orthogonal to the rotation
axis. It is easy to see that there exists a surface in this

family tangent to M. Since M 1is embedded and its mean curvature

vector points to the rotation axis (by a)), we obtain a
contradiction from the tangency principle,

The proof of c¢) also uses the tangency principle but it
is a Tittle more subtle. Suppose that the asymptotic boundary of
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M does not consist of two spheres, then as in the proof of the
previous item, it must consist of two points (the points in the
asymptotic boundary of the rotation axis), Consider the familly
S, of hyperspheres in a’ orthogonal to the y-axis, whose mean

curvature vector points "downwards", and let SR be the surface
0

in this family whose asymptotic boundary is the equator of the
sphere at infinity. From the tangency principle M is below &

: : %
as indicated in the figure 2.6, !

Figure 2.6

The above situation implies that M 1is at a finite distance from
the rotation axis, and this is false as follows easily from the
phase’ pontiraiit, in #fig. 228, (goe.d.)

In the pictures 2.7 (A) and (B) we show the computer drawing
of the generating curve of a surface M for each case H = ]
(F1g.," 2, 7=A) 7 andy, B € (0T (19,2, 7=B) ,
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(4l Figure 2.7 (8)

As in the minimal case (Proposition 2,5), it is important to
study, for each value H of the mean curvature, the variation of
the asymptotic boundary of each surface in the (m/2)-family,
when the parameter A varies from 0 to «, From b) of
Proposition 2.7 it follows that for # = 1 the asymptotic
boundary remains the same (two points).

For H € (0,1) we will denote by dH(A) the distance
between the two spheres in the asymptotic boundary of the surface

M; in the family. We will prove the following,

Lemma 3.5

Using the above notations, when X vandes grom 0 to =,
dy(X) 4ncreases from a positive value dH(O) neaches a maximum,
and then decreases monotonically to zenro,

Proof: As in the proof of Proposition 3,2, we obtain from 2,7 an
integral similar to 2.8, for any vaiue of H# € (0,1), The Lemma
follows by making ¥y + », and studying the resulting imporpper
integral. (q.e.d.)
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In the picture 2.8 obtained in the computer, we show the
graphs of the function dH(k) for different values of H,

Figure 2,8

The maximum value of dH(A) in Lemma 2.8 will be denoted by
dH(max). From b) of Lemma 2.7 4,(max) = «, and as the above
graphs indicate, dH(max) increases monotonically as H increases
from 0 to 1. We will prove now that this is indeed true.

Lemma 3.5

DH(max) L8 a monotone Lncrheasing function of H.

Proof: Let H, < H,, and denote by Y, the generating curve of
the surface M, 1in the family 7 s 0 Suchsithadt odLo (e & dof T malxs) .
A 2y H, H,

Let YX denote the family of generating curves of the surfaces

H
in the family M) .
2
then for each A we would have dH (P99 o= dH (max). We would have

2 1

If the result stated in the Lemma were false,

then one of the two possibilities in the figures 2,9,
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Figures 2.9

Now varying the parameter A conveniently, we obtain a tangency
point of M, with some surface in the family M, (). Since
2
H, > H, this is a contradiction from the tangency principle,
(g.e.d.)

We will study now the spherical hypersurfaces in the

(-m/2)-family.

Proposition 3.6

Let M be a spherical surface in the (-m/2)-family, with

constant mean curvature 1. Then M has the follLowing phoperties:

a) The asymptoiic boundary of M consists of two points;

b) M self-intensects along one onbit.

Proof: a) Let x(t) denote the abscissa of the generating curve
of M. We must show that

lim z(t) = =. 2.9

t>o
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From the phase portrait in fig. 2,4, when ¢ >« the
integral curves corresponding to M are asymptotic to the
invariant surface corresponding to the separatrice; the integral
curves contained in these surfaces correspond to horospheres,
hence 2.9 is satisfied. Thus the same must happen with the other
integral curves.

b) Follows easily from a), by studying the variation of the
coordinates x(t), y(t) of the generating curves of M using
the first two equations in the system 2.5, with the information
about the variation of the angle o given in the phase portrait
in filgh 2.3, (g.'e".d.9

In the picture 2.10 we show the generating curve of ¥ obtained
with the use of the computer

0

Figure 2.10

We proved above that ‘the generating curve of a spherical
surface with constant mean curvature # = 0 1is a graph. When
H =1 it follows from the above proposition that the generating
curve self-intersects in one point, and its asymptotic boundary
consists of two points. By continuity, when # varies in the
interval (0,1) the asymptotic boundary varies from one situation
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to another, hence for some value say #, € (0,1) of H, there
exists a generating curve whose asymptotic boundary has just one
point (see picture 2.11)

Figure 2.11

We have thus proved the following.

Theorem 3.7

There exists a properly embedded nonumbilical sphenical
sungace Lin B with constant mean curvature H € (0,1), whose
asymptotic boundary consists of one cincle,

Note that the closure of the surface in the above theorem
is a torus s'xs'. It answers a question posed in [LR],

Suppose now that M 1is a surface in the (-m/2)-family, My,
with constant mean curvature g € (0,1), Using the same idea of
the proof of a) in proposition 2.10, it is possible to prove that
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the asymptotic boundary of M consists of two circles. Also
from the proof of Theorem 2.10 M may be embedded or not. We
have the following

Proposition 3.8

There exists two neal numbers H, and H H

that the following assentions hold:

o< H , such

a) 1§ H > H, no surface in the (-7/2)-famély My is embedded

b) 14 B < H,, Zhen each surface My An the (-7/2)-family is

embedded for Large values of the parametern X,

Proof: a) Let M be an embedded spherical surface with constant
mean curvature H € (0,1). The generating curve of M s the
non dashed curve shown in the picture 2,12,

Figure 2.12

From the results in [GRR] there exists a parabolic surface ¥ with
constant mean curvature i (approximately 0,65) tangent to M,
contained entirely above M, and whose mean curvature vector
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points in the same direction as that of M (we represent N by
the dashed curve in the above picture), If the mean curvature
of M 1is greater then #,, we obtain a contradiction from the
tangency principle.

Item b) is proved in a similar manner using a minimal
parabolic surface instead of .

The above proposition is illustrated by the pictures below,
obtained in the computer, where we plot five generating curves
with different values of the parameter X for H < H, =f g
2.13-A) ~and H > H, (fig., 2.13-B),

A: H< Hg B: H> H,
Figure 2.13

Third case: # > 1.

The phase portrait for the system 2,5 in this case is given
in fig. 2.4, The center in this phase portrait corresponds to a
cylinder: a surface equidistant from the rotation axis, From the
first equation in 2,5 it follows that the generating curves
corresponding to the closed orbits are embedded, and the variation
of the angle o is bounded. Thus this curve is periodic and
resembles Delaunay's onduloid ([p]), as is shown in the picutre
below.
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Figure 2.14

The surface corresponding to each separatrice in the phase
portrait has a fixed point, hence it must be a sphere,

By studying the variation of the angle corrésponding to the
other orbits on the phase portrait in fig. 2.4 we conclude that
the corresponding generating curves looks like Delaunay's Nodoid
(see fig. .2.15).

Figure 2.15
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The fact that we have "Delaunay type surfaces" for # > 1 [Go]
has an interesting geometric interpretation. If we let # = 0
in equation 2.4, we obtain the equation
[GRR]
2H = do/ds + (sin a)/y. 2. 10
Computations analogous to those in the beginning of section 2 [H]

show that 2,10 is the differential equation in the orbit space of

the generating curves of the surfaces 0(2)-invariant in W with

constant mean curvature (Delaunay's surfaces). Intuitively this

means that the action of the orthogonal group in g’ s approximated DJG
by the action of the orthogonal group in R’ when X >0, Therefore

the surfaces in &°

with constant mean curvature # > 1 are M]
approximated by Delaunay's surfaces in R3.
[PM]
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