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FOLIATION OF 3-DIMENSIONAL SPACE FORMS BY SURFACES WITH
CONSTANT MEAN CURVATURE

J.L.M. BARBOSA, J.M. GOMES AND A.M. SILVEIRA

1. Introduction

Let Y vrepresent a 3-dimensional complete simply-connected
space form. We study c*~-foliations F of ¥ by Jeaves with the
same constant mean curvature. We prove that if the curvature of Y
is positive such foliations can not exist., When Y s the
Euclidean space then such a foliation must consist of parallel
planes. When Y 1is the hyperbolic space, if we further assume
that the mean curvature satisfies # > 1, then F must be a
foliation by horospheres. These results are still true if F is a
folifation of an open set U of Y and if we further assume that
the leaves are complete and orientable,

We observe that on hyperbolic space there are examples of
nontrivial foliations of open sets by complete surfaces with the
same constant mean curvature 0 < H < 1. One example can be
obtained from the 1-parameter family of catenoids studied by do
Carmo and Dajczer [CD] and by Gomes [G].

To prove the results, we consider a codimension-one foliation
of an orientable Riemannian manifold, whose leaves are orientable
and have the same constant mean curvature, and first show that its
leaves are strongly stable in the sense defined in [BCE:\. We then
apply the classification theorem for complete stable surfaces of
a 3-dimensional space form proved in [BCE] and [S].

Since the first version of this work was announced, some
progress was made on this subject. W. Meeks [M] showed that the
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only c*-foliation of the 3-dimensional Eucliean space, for which
each Teaf L 'has constant mean curvature HL’ is the foldiation
by planes. In his proof he uses theorem (3.12) below. Barbosa,
Kenmotsu and Oshikiri [BKd] have shown that if ¥ is a compact
Riemannian manifold with nonnegative curvature, then any
codimension-one c’-foliation of M, for which each leaf L has
constant mean curvature HL’ is a foljation with totally geodesic
leaves.

2. Preliminary results

Let M be an orientable n-dimensional manifold and ¥ be an
orientable Riemannian manifold of dimension n+l. <.,,.> will
represent the metric on Y. Let x: M >~ Y be an immersion. We
will consider M endowed with the induced metric so that =
becomes an isometry. & will represent a unit normal vector field
to m that defines its orientation.

It {el,...,en} is a local orthonormal frame field then the
second fundamental form of the immersion is given by

e
J 1d J

Q
®
I~ 3

(2.1) Ble,) = -v, W=

where VvV 1is the Riemannian connection of Y, The mean curvature
of 2 1is then defined as

S|—

(2.2) B =

n
i§1 i

and the norm of the second fundamental forms is given by

2 n 2
(2.9) [
Tyg=1

We will now assume that the immersion x has constant mean
curvature. D will represent a relatively compact domain with
smooth boundary. We say that D is stable when, for each function
wy D+ R suchithat
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2.4 o
( ) u 3D 0
and
(2.5) J( wdm = 0
D

we have
(2.6) f {eubu-(| B|? +R)u’}au > 0,

D

Here A represents the Laplacian on ¥ and R represents the
Ricci curvature in the normal direction. When condition (2.6) is
satisfied, whether if (2.5) occurs or not, we say that D is
strongly stable. Observe that if D is strongly stable then it
is stable.

We say that the immersion « 1is stable when each relatively
compact domain D on M, with smooth boundary, is stable. We
make a similar definition for x strongly stable. For a more
detailed discussion of the concept of stability see [BCE].

2.7 Theorem. Let x, i MY be a T-parameter family of immersions
with constant mean curvature ZH(¢t), Then, for each fixed t there

is a function f: M~>FR satisfying:
(2.8) af + (181° + B)F = ngh

Proof. Let X: (-e,e) x M > Y be the mapping defined by
X(t,p) = = (p). Set

Q
St

(2:9) € =

|

QL
o+

Let WN(t,p) represent the unit vector field normal to xt(M) at
the point p. Define a function F:(-g,e)xX M >R by

F(t,p) .z <E(t,p), N(t,p)>

and; ‘fon® fixed value ofk®* %, Sset
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2.10) Filp) = P, PY. :
( Using that the curvature tensor of Y 1is given by

We are going to show that the function f satisfies the equation
20557 A =ty -
(2.8). ( ) R(V.W)zZ LVl ~ WO V[V,W]Z

To simplify the notation we will identify each vector 7,
where rewrite (2.16) as

tangent to M, = {t} xM, with the.vector dxt(V). 3/3t will
denote the unit vector field on (-eg, €) x M orthogonal to ¥
with respect to the product metric so that (2.18) e;(e;(f)) = -<R(e£,gN)ei, N> + <VENV2'ei. v
1
= dX
(2.11) g = dx(3/at) + <V ei,lV>v'+<ve'[ei,5N],N>+<Ve_£-,'”, v, M,
[61,’51"] v 3 i
Fix ¢ = t,. In a neighborhood of a point p of M, choose an . N § .
srthnnamad e R p),...,en(t,op)} WLIALL ince & ‘s fN& ap veiN is tangent to M, we have:
to M, and such that
N 2 L3 2
; (2:19) 3 ol v bl b W i R R Y
(2‘]2) (ve eJ) (P) =0 7’sz7 = ]!Zl"l)n 7 7 7 j:] 1d
7
2 From (2.13) we have that
where ( ) (p) means the orthogonal projection into TpM. For
thi's® choi i s that N T
is choice o rame it is true a Eei’ M (p) = '[ei’g 1(p).
= = N. by
(§20.41180) [ees ei](p) 0 % 156 528, N Therefore [ei,g J(p) 1is tangent to Mto. From the symmetry of
_— the second fundamental form of z, it follows that, at D
n
(2.14) aflp) = e.(e.(f)).
i§1 Lot (2...20)

N
<V B o> = <Ve_[e1:,g 1. ¥»
[e;87] z
Decomposing & by its tangential and normal components, & =ET+£N,
we obtain: Since (v _,¥)(p) 1is tangent to ¥ and, also making use of

to
(2.12), wé obtain:

(2.15) Fualt
(2.21) <V .V e., Ns(p) = EN<v_ e., N>(p)
s N i e 2 4
D it follows that g e, z

N
"glcegs ¥, Wa(p) = £ (k) (),

Since v, ¥ is tangent to M

L

(f) = <ve.£N’ N>
1
Using that [éi,gN] is tangent to M, at the point p and

and so we have
also (2.15) we have :

(2.78) s el e @ p o o B+ < e, v+ Vv w

eig 7 7 7
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(2.22) <N’na:@i’gNj>(p) - -<[;i,g”], VeiN>(p)
LN T %, e -
. T L
# "
= -7(p) 521 hij(p) - jg hiJ<v£Nel, eJ>(P)

Since (hij) ijs a symmetric matrix, the last term vanishes. Thus

2

i
; £3(P).

I~

(£.23) <N,Ve_[éi,€N]>(p) 3 “§lrd
T dJ

Putting together (2.14), (2.18), (2.19), (222001, (2.21), and ¢(2.23)
we obtain

n n n
(2.28)  Af(p) = -f(B) ) <Bley, Wley, W>+ ) E(hy) - flp) 1 ki

=] z=] T,4=

n a 2
Observing that R = 'E <R(e; » W) e;, N>, that Zhij = I8l and
that 4!
(2.25) 2(nf) = &nd) = € (nh) + £V (nE) = £ (nA)

(where the last equality was obtained by using that # is constant
along each Mt) we may then rewrite (2.24) as

(2.26) @f + (181" + BIF)(2) = S (n8) (P).

Since p was arbitrary the theorem is proved.

3. Foliations

For basic facts about foliations see [CN]. We start this

section by proving the following theorem.
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3.1 Theorem. Let Y be a n-dimensional orientable Riemannian
manifold and F be a c?-foliation of ¥ by orientable
hypersurfaces. Assume that each leaf of F has the same constant
mean curvature. Then each leaf of F is strongly stable.

Proof. Let L. be a leaf of F. By definition of a foliation,
for any point-p of L, .there isga neighborhood Dp of p on
L, and an embedding

wp:Dpx(—s,e) % 1

such that

tay8ifontedchslti ghn | G=ete); wp(Dpx{t}) lies in a leaf of F

(b} 5 alielgsnl) 15 g pfiom: eaichiaigur#in T1Dan.

p p
If the images of two such maps, say wp .and Y , have a common
intersection, then w;lowp is of the form
(8.2) Rbs, t) = (b, bentyebh[(BY)
Represent by gp:Dp > R the mapping (associated to wp) defined
by
oy

(3.3) g,(2) = <=E(n 0), #(r)>

where & is the unit normal field that defines the orientation
(o SRl A € is the mapping associated wq then, at the points
of p. N p , we will have

p q

(3.4)

Hence gp and gq differ by multiplication by a nonzero number
on each connected component “of Dpﬂ Dq. Consider now the universa
covering L' of L and the covering projection m:L' > L. We us
the projection m to pull back the metric of L and the local
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isometries. (see [G] and [CD] for details). Each surface in this
family is called a Catenoid. The asymptotic boundary of a catenoid

Stable immersions of complete noncompact surfaces in Y have
been studied by A. Silveira [S]. He showed that there are no such

immersions when Y is the sphere s5%(a), that the images of such consists of two circles in the ideal boundary 5, of the

9]

immersion must be planes when ¥ is R’ and must be horospheres hyperbolic space. Moreover, it is known (see [6]) that given two

> : 2 : £ .
when Y is the hyperbolic space and # > (_a)l/ &8 0L “EaTTons circles in S_, there can exist at most two catenoids having

from this result that a < 0 and the lTeaves of F must be images those ciRGles;as ;AuRLOL LS doundai.

of planes (when a = 0) or of horospheres (when a < 0) through

ER8060¥ABADE-BraIgelTon (gl +nBPOGR4AT rT5y2 olocub rTRAmaLRY Hhe 3.14 Theorem. Given two catenoids with the same asymptotic

th i f i in. R® 5
eorem is now a consequence of the properties of planes in Boundary. ‘one of them is stronghy &tabhe.

and horospheres in the hyperbolic space.

The mext tqeoren 18 8 comO bl ol Proof: Fix a rotation axis (that is invariant under the action of

0(2)). Given a positive real number d, the family F of all

d L Ly S 2 ot + =
3.13 Theorem. (a) There is no C'-foliation of the Euclidean satdnatae N8 diviand Tnte nieTERlgElrss oy |, SHEN S po2 WISVE AT

sphere sa(a) by surfaces with the same constant mean curvature. first one consists of the catenoids whose distance to the rotation

2 5 axis is larger than 4, and the other one contains the remaining
(b) The only C"-foliation of the Euclidean space R by

surfaces with the same constant mean curvature is foliation by o
planes that Fd foliates an open set of the hyperbolic space, namely,
. 0

catenoids. In [G] it is shown that there is a number d, > 0 such

the complement of the Tocus of all catenoids whose distance to

2 a2 : ’ .
(c) The only C'-foliation of the 3-dimensional hyperbolic the rotation axis is less than or equal to d,. From (3.1), each
space by surfaces with the same constant mean curvature # > 1

: + ! kel
is the foliation by horospheres. catenoid on Fd0 is strongly stable. In [G], it is also shown

that, if two catenoids have the same ideal boundary, then one

of them belongs to FE and the other one to Fé . This proves
0 0

Proof. Let Y be the sphere or the Euclidean space or the S LR

hyperbolic space. Let F be a c*-foliation of ¥ by surfaces.

Since.uY isycomplete,;eachsleaf ofs F:. is complete..Sinces .Y, nis

simply connected and orientable, the leaves are orientable. Now heferetoes

this theorem follows from the proof of the previous one.
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