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UNIQUENESS IN THE CAUCHY PROBLEM FOR FIRST -
ORDER LINEAR P.D.E.’s

RAMON MENDOZA

Introduction and Statement of Results

In [4] Strauss and Treéves proved the following result:

Theorem 1: Consider the following differential operator:

L = 3,-tb(x,t)d, ~ e(x,?) (0.1)

ax
where the coefficients b(x,t), e(z,t) are ¢° functions in an
open neighborhood £ of the origin in ¢l being real-valued.
Suppose that t +b(0,t) vanishes of finite order at t = 0. Then,
to every open neighborhood v =Q of 0 there is another open
neighborhood U' of 0 such that the following is true: If

#6 ¢ {U), is such that Lu =0 1in, U ‘anpd u =0 in

it o= (2 t) e Bl =0 e them e = 0 T AU

Remark 1: Theorem 1 is proved by obtaining a Carleman's inequality.
Moreover, they observe that the result is valid under the following
more general assumptions: b(x,t) 1is real valued, bB(x,t) has
distribution derivatives of order < 2 with respect to x which
belong to L¥(R), ec(x,t) has distribution derivatives of order

< 1 with respect to x which belong to LM(Q). In the present
paper we shall prove:

Theorem 2: The same result as in Theorem 1 holds when distribution
solutions are considered.
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This work is the first part of our doctoral dissertation
[3], written under the supervision of Prof. Fernando Cardoso.

1. Reduction to the case: Dt + itksDx + e

Let us denote by %k the order of the root t = 0 of the
function b5(0,.). Then by the preparation theorem and possibly
on a smaller U,

Bla,t) = B(a,t) (tF4ay_q (@)t TeiL e, (@), p1.1)

where B8 is nowhere vanishing on U and ak_](O)... = a,(0) = 0.
Let ki(x), 2=1,...,k, denote the roots of the polynomial in
(1.1). We define n(x) = max{order Ap(z) ¢ g=hda. o, Kkap Natdice
that =n(0) = k.

Lemma 1.1: Denote by Zy the zeros of bB(x,+) of order k. Then
if u 1is a distribution solution of Pu = 0, with support
contained in zkn U, u 1is 1identically equal to zero.

Proof: It ié clear that:

~ag qla) = Mle) # ..o+ Mla),

If (z,t) 1is a zero of order %k in U, we have:

M) = o= N (@) =

It follows that (z,t) = (x, -ak_1(m)/k). In other words, 2,0V
is contained in the image of Y, where Yy 1is the path defined
by v(z) = (2, -a,_q(e)/k).

The conormal bundle of Yy 1is given exactly by points of the
form:

(.’X.’, 'ak_'] (.’Z})/k; a;(—] (x)/kaT): With T G ‘m;

on the other hand, a simple computation shows that the wave f§ront
set of u, WF(u), 1is contained in the set (z,t,£,0), £ # 0,
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b(x,t) = 0, and this is a contradiction to the wellknown fact
that WF(x) must contain the conormal bundle of the image of ¥

(see [1]).

Remark: If n(0) = 0, the operator (0.7) is elliptic at the
origin and Theorem 1 applies.

Lemma 1.2: Assume that Theorem 2 is true when n(z) = k 1is
constant; then Theorem 2 follows in general,

Proof: We are going to prove Lemma 1,2 by induction on k. 1If
n(0) is equal to one, formula (1.1) implies that in a neighborhood
of the origin #xn(x) = 1, hence uniqueness follows from our
assumption. Suppose now that we have proved the lemma when n(0)<k
and let us assume that n(0) = k. If =n(xz) = kK 1in a neighborhood
of the origin, we have nothing to prove. So let us assume that
there exists =z, such that =»(& ) < k; it follows then that u
is zero in a neighborhood of the vertical segment x = 50
Moreover we assume that b (x,*n) 1is different from zero for ¢
sufficiently small and |x| < &, where & and n are fixed. We
may also assume, by shrinking @ if necessary, than in
J-6,8J-n,n[ = @ the factorization (1.1) is valid. We consider
(¢y,t"') in @ and suppose that bz stt) #0% et (¢g,,) be
a zero of b(x ,-) of order k, then (zy,,t,) 1is the only
zero of b 1in the vertical segment =« = T Let us assume that
x](m)(xk(x)) is the smallest (largest) of the real roots of the
palynomiala(l.1). IfvathotisiTess lthan Ap(x,) we have that u
is zero in a neighborhood of (zg,bpisnlnifacty o 'is 292éro "n
the set. (xst) with -z <x1(m) because this is a connected open
set where P is elliptic, (We remind that u is zero for

t <0). If ¢' >0, we know that (=z,,t') belongs to the
connected open region defined by (z,t) with t > Ag(x), Since
this region intersects the open neighborhood of the vertical
segment x = x,, where n(Z,) < k, u vanishes in the region
defined by t > Xk(x) and, consequently, u is zero at (et )
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If on the vertical segment =z = x,, n(x,) < k, we obtain, by
our inductive hypothesis, that u 1is zero in a neighborhood, not
only of (x,,t'), but also of the whole vertical segment = = z,.

It follows then that the support of u s contained in Zy
and hence, by Lemma 1.1, u {is zero in J-6,[x]-n,n[.
OEL Do

As a consequence of Lemma 1.2 it is sufficient to consider oper-
ators (0.1) of the form:

P =2, - iBz,t) (-A(x)) " 3 - e(z,1),

By an obvious change of coordinates and wellknown results
of continuation of zeros of solutions of first-order elliptic
equations, the proof of Theorem 2 can be reduced further to the
case where

B3 6250 basd

4 ,Bx stafeat i B#0.

2. Reduction to the case where %k 1is even

In this section we consider the operator:

P =23, +it’B(a,t)d + c(z,5), B4#0, (2.1)

and we will show how to reduce the proof of Theorem 2 to the case
where k is even.

We remind that P is hypoelliptic for even %k (See [5]) in
which case, Theorem 2 coincides with Theorem 1. From now on we
shall be concerned with odd k.

It is wellknown that the operator (2.1) is partially hypo-
elliptic with respect to the variablet ¢. Therefore the solutions
of Pu=0 are C° functions in t,l¢t| < n, valued in the
space of distributions in =, |x| <§.

Let [o] be the greatest integer less than or equal to a.
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We will consider the ¢ (o] function'™ Y ey = =0, tog > 0y Y(e) =
= -|t|% ¢<0, and let_uv(x,t)=u(x,y(t)); it follows that v
is a function of class ¢ in ¢ valued in the space of
distributions in x, It is easy to show that v satisfies an
equation of the following form:

Py .= Os, 0% 0y +for =% 0, (2.2)

where P = 3, + itzue(x,t2“+1/]+k

L )3, + ¢(x,t). Here wu denotes
a non-negative integer that will be chosen later. In fact we

have for ¢t > 0:

9, v = ata—]atu(x,ta),

¢ (2.3)
) a
Q8 = Bxu(x,t ).
We obtain, after multiplying the second Tine of (2,3) by
itaks(x,ta)ata‘1:
2, + iata(1+k)_16(x,ta)axv + o™ Ldfg pa %' = 0. (2.4)

When ¢t = 0, we use the fact that v 1is a CEﬂ function of ¢
valued in the space of distributions in =z which vanishes for
t < 0. Setting 2um = a(l+k)-1 we can rewrite (2.4) as:

[, + ftzué(x,t)am + 2o = 0 (2.5)
with B(z,t) = aB(z,t%), &(z.t) = at®! o(z,t%). Equation (2.5)
has the advantage that if we choose wu as a positive integer, we
obtain a zero of even order; the disadvantage is that B,c are
not ¢° functions any longer. More precisely B is of class CM
with ¥ = [a] and & is of class ¢,

3. Existence of a parametrix for kx odd

The proof of the existence of a parametrix will follow [5].
The main modifications are a consequence of the fact that in our
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case the coefficients belongs to cM andl.not.to .c% ..and. that,
moreover, the domain of the operator P 4is restricted to
distributions of order less than or equal to the order of dif-
ferentiability of the coefficients.

We remind that the principal part Po of (2.5) is given by:

By = 3, + 067 Bla,t)0 . (3.1)

In order to simplify the notation we will write simply LoD
and ~ BM="B\

We define the operator E by
(Ef)(xe ' ") = Je(x',t',x,t)f(x,t)dtdx (:3:2)

whose kernel is given by

e(z',t'z,t) = {Zﬂ UZ b(x,z)d“i(x--x)]}'] (3.3)

where b(z,z) = Zzuﬁ(x,z)‘

Btoasfoflil.owist Thiatow @25 wlisk 1a CM function outside the diagonal
of -J&,6]-n,n[.

We will write T, dT instead of (=x,t) and dxdt,

Proposition 3.1: Let w be an appropriate neighborhood of the
origin; then *for ‘every ' 'p, 0 < p'< (2u+1)'1, there exists a
constant Mp such that;

sup [ Je@r,r)| " Part < (3.4)
TEw Jw

T+p )

up le@ ) TP ar « M, (3.4)
T Ew Jy

Furthermore for every p, 0 < p < 1, there exists a constant
Np such- that for 7, T', 7' An @, MWe haye:

le(z  T)~e(r, 1) | < | =21P Loz, 7) [P e, 2y 1),
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Proof: We will give the modifications required for adapting
Susuki's arguments to our case. We set:

vy = min{¢,t+s} and ¢ = max{t,t+s}.

We obtain

C
= J b(x,z)dz > a(C1+k - Y1+k).

Y

"

¥:1

t+s
l( b(x,z)dz
It

from which follows that

8] 2 el(s+al™® - £1*F|

We observe that (t+s)]+k - t1+k is a distinguished polynomial

in s of degree 1+k and from this, the proof goes like in [5].

Proposition 3.2: For each p, 0 < p < (1+2u)‘1, there exists a

constant:..c. such sthat:
IHzglll, < ellflly, 76 ).

We have used here the notation:

|||u|l|s2 - ;[wlulsz + ” lu(r)~u(r")| 2| 7er" | ~2728 gpgr:
wXw

Observe that this norm 1is equivalent to the usual Sobolev norm

I,

Proof: See Dﬂ.

Proposition 3.3: The operator E 1is a left parametrix of P in
the following sense: there exists a constant (¢ such that:

Il lzpd - o111, < cllollys ¢ 6 Clw). {35}

Proof: See [5].
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From (3.5), we get an a priori estimate for
(3.6)

el < cllpelly + Llolly), ¢ & cT(v).
Moreover (3.6) is still valid if we add to P a bounded

£4{u).

operator in
were a classical pseudo-

==

Remark 3.4: From (3.6) we obtain, if P

differential operator, the inequality
(3.7)

c(llpell, + I¢ll,), for all s € I,
in

611, <
[8,A741"°
we can

This fact follows from the continuity of
It B B0 0% ),

E Sl SIS £ ALGHR T B S At & S T
[g,AS] A1_s as a sum of two operators of the form:

K(z,D)¢ = Jef“”c(n)k(x,n)

A

write
é(n)dn,

1-s

Y2

here c(n) = (1+[nl") b(n) = Dn'{(,1+lnlz)s/2 ,a(x,y)ecﬁm(mzxmz)
. J
and k(z.n).= Jje-zyg a(x,x+y )b (E+n)dydE. It is possible to prove

satisfies:

e(n)k(z,n)

that vK(z;n)
B v 1 e &,
|

in

I

D208k (z,m)] < cQ+Inl)”

The above inequality implies the continuity of K(x,D)]
and, consequently, the continuity of [8,A%]A L if
is forced by the following

Eonofsee [2)
-M+8<s<M-5; the restriction on s
fact (here n(z,y) = a(x,x+y)):

JJe-iyEAZDZh(m,y)ng(€+n)IE‘-Zjdydg
-8
o

and, in order to obtain |o}pfk(a,n)| = 0(In]®”"
0(1E172%), that is, |e-|8l-1]-27<-2

sufficient that |g|lo-1-181
27+2<M-1; both of these inequalities imply that

a B
Dman(x,ﬂ)
it is

~-M+8<s<M-5.

and
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End of the proof of Theorem 2:
We can assume that the distribution u« has compact support
large negative, By choosing

and therefore belongs to some i s
a sufficiently large positive integer, we may suppose, since

2i4L that M (o] ~M+8<s<M-5,

gt :
Consequently, by repeatedly using inequality (3,7) we gain the
in order to apply Theorem 1. This

2

u
is big enough so that

necessary regularity for u

finishes the Proof of Theorem 2,
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