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TORSION UNITS IN THE INTEGRAL GROUP RING OF Sy

NAIR ALEXANDRE FERNANDES*

Abstract: Any torsion unit in ZS, 1is rationally conjugate to a
trivialaunit.

Introduction

Let G be a finite group and U,(ZG) the group of units of
augmentation one of the integral group ring ZG. A conjecture of
Zassenhaus (zZC) states that every torsion unit of U,(ZG) is
rationally conjugate to an element of G. More precisely, if u
is a torsion unit of U;(ZG), then there exists an element g of
G and a unit y of the rational group algebra @G such that
u =y lgy.

This conjecture has been confirmed for nilpotent class two
groups in [5], metacyclic groups <a> x<x> with (o(a),o(x)) =1
in [4] and some metabelian groups in [3] and [71. 1In this work we
shall prove that it is also true for the symmetric group on four
letters S,. We observe that S, 1is the only non metabelian group
for which (zc¢) 1is proved so far,

In §1 we give some results on S, that shall be needed in the
sequel.

In §2 we prove that every unit of order 2, 3 or 4 of U (Z58,)
is rationally conjugate to an element of S, and, then, we prove
that no other possibilities arise.
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§1. Some results on S,

Let u =Ju(glg # 1 be a torsion unit of U (Z5,] and, for

each’ ig €18 Jetoulgli= Z u(h) be the sum of coefficients of

~

u. over the conjugacy class of ‘g .in S,. We write, for simplicity,
ug instead of 7%(g), for g & S,. Thus, for instance, we write
#(123) instead of #((123)).

By [7, p« 45, Corollary 1.2], u(1) =0, and if we consider
the character table of S,, that i1s calculated, for instancey iin
. b 2771,

() {12y Q23 ()2){34) (1234}
2y 1 1 1 1
e ot 1 1 g
*»J= B 0 -1 2 0
L ol e 3
Ny 1 0 =1 =

and extend Xi’ 1 T <5, to Zs,, we have the following linear
system in - ulg)l. g €55

X,(u) = @(12) + @(123) + #(12)(34) + ©(1234)

X,(u) = -#(12) + #(123) + #(12)(34) - ©(1234)
(1) Xs(u) = - @(123) + 2(12)(34)

X, () = =#(12) - B(12)(34) + #(1234)

Xs(u) = u(12) - B(12)(34) - #(1234)

Then, since x,(u) 1is the augmentation of u and X,(u) is a
unit in 7z, we must have

(2) : X, (u) =1 and X,(#) = %1,

Now, let H# be the subgroup of S, fixing 4 and
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k.= {01),012)(34),(13}(29),(18) (231}, Clearly, H issisomorphic

Lor s, and ¥ 1is a normal subgroup of S, such that 7} is

isomorphic to H.

3 4
Let f:Z5, »Z() and g:Z(5) »2ZH be the natural

homomorphisms. Since (2¢) 1is true for #, there exists an
element % of H and a unit Yy of @ such that

(gofl(u) = Y™y = (gef) (¥ hv);

hence

(3) o(h)|o(u) and u - Y Ay € 4,(5,,K),

where AZ(Su,K) is the kernel of f.

Now, it is well known that 4,(S4,X) 1is generated, as
ZS, - submodule, by the set {k-1 € ZS,: k€ K},

On the other hand, if p., 1 ¢ i <5, {is the irreducible
representation of S, such that Xﬁ is the character of S,
afforded by Prs then X 1is contained in the kernel of P
FOr TR 23

7:’

Therefore, if we extend »p 1 << <5, to ZS,, then

7:’
p;(8,(5,,K)) = {0} and, hence, x (8,(5,,%)) = {0}, for

1 = 1,2,82

§2. (zc) for s,

We shall make use of the following two results that are
proved in [3].

Theorem 1. Let G be a finite group and U a subgroup of torsion
units of UI(ZC). Then the following are equivalent:
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(i) For each u € U there exists g, € G, unique up to
conjugacy, such that &(go), the sum of coefficients of % over
the conjugacy class of g, in G, 1is non zero;

(ii) For each u € U there exists g, € G such that = is
rationally conjugate to g,.

In (i) u 1is rationally conjugate to g, and in (ii) u(g,) = 1.

Theorem 2. Let G be a finite group, u a torsion unit of U (ZG)
and g € G. If there exists a prime P such that plo(g) and
pfo(u), then iu(g) = 0.

We still need the following result that can be found in
(7, p. 4, Lemmas 1.4, 1.5, and p. 110, Lemma 6.5].

Theorem 3. Let G be a group and A = (z6,z6] the Z-linear span
of all Lie products. [a,B] = oB-Bo, o,B 6 Za.

(i) e =glos= Yoafglg € ZG: W®(g) =0, for allvug 6 6}s

(ii) (§ alg)g)P= T a(g)PgP (mod(A +pzG)), for all prime P
and o=} o(glg € ZG;

(111}, AP 4+ pZe, fori,all prime, b,

Now we are ready to prove the results announced in §1.

Theorem 4, Let % = ) u(g)g # 1 be a torsion unit of U,(ZS,).

a) If of(u)] = 2, "then u is rationallvSconfligacesto (12)

or (12)(34).;
b) If ou)mw=:3,s then u s raticpaliysconjugake ito (123)g
c) If of(x) = 4, +then % “istpatilonallllySconiiugate to (1234).

Proof. We will write, for clarity, #(g9).g instead of #u(g)g, for
g € 5,.
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(a) By Theorem 2, #(123) = 0 and, by Theorem 3(i}),

"

u-7(12) - (12)~u(123) . (123)-%(12) (34) . (12) (34)-%(1234).(1234) = 0 (mod A)

Then, by Theorem 3(ii) and (iii),
1+ 2(12)" + %(12](34)° + #(1234)°<(13)(24) = 0 (mod (A+225,)),
whence 2|%(1234).

Now, by (2), we can have

(a,) %) =1 or  (a,) x,(¥) = -1,

Besides, since o(u) = 2, Pz(u), for < = 4,5, 1is similar

1550 .20
20 s Lsgnnrds, 0P 0 -1 0|, where I, 1is the 3%x3 identity
0 0 %]

matrix. Then x (%), for < = 4,5, can only be 3, -3, 1 or -1.

Suppose we have (a ). Then, by (1) and (2), it follows that

2 = Xy (u) + Xp(u) = 28(12)(34)
1= X, (u) = %(12) + %(12)(34) + ©(1234)

X, (u) = -%(12) - %(12)(34) + u(1234),
whence
1 = 4(12)(34)

0 = %(12) + %(1234)

27(1234)

T + X, (1)

Thus, we can construct the following table:
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Koty Catiey eV andEn” whsd
Caat 3 2 0 1 2
(i) -3 1 0 1 -1
(e £o) 1 i 0 1 1
Ghanl g 0 0 1 0

From (1), X (») = u(12) - u(12)(34) - #(1234). Then, the
)

case (a,,) brings the contradiction x,(u) = -5.

The cases (alz) and (ala) also can not occur, since
2|u(1234).

Now, if we have (a,,) and take, in Theorem 1, U as the
subgroup generated by x, wé& can conclude that « 1is rationally
conjugate to (12)(34).

If we proceed at the same way in (a,), we obtain

0 = %(12)(34)
1= 2(12) + %(1234)

1+ x,(u) = 2u(1234).

Thus, in this case we have the following table:

X,w)  w(2)  w023)  R(12)(34)  @(1234)
(a,,) 3 -1 0 0 T
(a,,) -3 2 0 £
(az3) 1 0 0 0 1
(€, .} =5 ] 0 0 0

In (a,,) we have o (u) ="T, o ()= rly B (0) 7 £, and

ps(%) = -I,. Then, by [8, p. 49, Proposition 11], it follows that

ulg) = E‘Z (%,67") + 2,67 + 3%, ™) - 3,™)), for a1l g 65,.
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Now, as we observe in §1, KX is contained in the kernel of

o, thus, since (12)(1423) € Kk, p,(12) =p,(1423),
Then,
] -1 s =1
u(12) = 57z (1 + 1 + 2,(g %) -3 -3) = y5 (X3(9 'u)-2)
and
u(1324) = 211 (1 + 1+ 2,07 ) +3+3) = 112 (X5 (g7 u)+a);
hence

1]

Xs(9—1“) - 2 = 0(mod 12) and X3(g'1u) + 4 = 0(mod 12),

that it is a contradiction.

Again since 2|ﬁ(1234), (a,,) and (a,;) must not happen and,
from Theorem 1, (a,,) implies that « 1is rationally conjugate
to (12).

(b) By Theorem 2, #(g) and ﬁ"1(g) are non zero only if
g 1is conjugate to (123). Then, by Theorem 1, we can conclude
that # 1is rationally conjugate to (123).

(c) By (3), there exists. 2 6 # and a unit Y € @ such
that o(%)|o(u) and u - Y-ThY € Azfsu’K)‘ Then we can suppose

=1 € AAs, k) or  u-y T(12)Y € 4,(5,.K).

Now, X 1is a group of exponent 2. Then, it is not difficult
to prove that ZAZ(S“K)EAZ(SH,K)Za since 1 = (1 + (k-1))° =
=1+ 2(k-1) + (k—1)2, for all &k € kK. Besides, since X is
abelian, it follows, from [1, p. 175, Lemma 3.3], that the group

oftunits ins-1i% AZ(SH,K)2 is torsion free.

Thus, if u-1 €4,(s,,k), then u® 61 +4.(s,,k)", that
brings the contradiction u2 = 1.

Therefore, we must have u—y'](12)v GAZ(S“,K).

On the other hand, we have seen in §1 that XZ(AZ(Su’K))z{O};
hence we can conclude that x,(u) = -1.

Now, by Theorem 2, %(123) = 0. Then, by (1) and (2),
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0 = X, (u) + x,(x) = 25(12)(34)
= x,(u) = #(12) + #%(12)(34) + #(1234)
X, (u) = =%(12) =~ #(12)(34) + u(1234);

|
I

thus
0 = u(12)(34)
1 = u(12) + u(1234)
1+ X, (u) = 2u(1234).

Besides, since o(u) = 4 and x,(u) € Z, p, (u) is similar

15 0iped &y O O
tonsIns 4+ 150 0 -1 0 or 0.7 , 04821 Theh Xgiu) ntanionly
0-.0 ] 0, 0. +]
be Jaw.~3if kol
Therefore, we can construct the same table obtained in (az).
0f course, here, we must consider the possibilities (a,,), (a,,)
(a23) and (azs) for o(u) = 4.

In any case, by Theorem 3, we have
u® + 7(12)% + #(1234)% . (13)(24) = O(mod (A+2ZS,)).
On the other hand, u’ is rationally conjugate to (12)(34),
since o(ul) =2 and ) pye(’ )} = p, ()’ = 11

Therefore, by Theorem 1, we can conclude that 2| 1+%(1234),
which implies that (a,,) and (a,,) must not occur.

In (a2,,), we should have p, (%) = -I,. Then, pk(ruz.) S rad

which brings the contradiction 3 = Xq(uz) = XR012)1(34)) )i

Finally, if we have (@,3), by Theorem 1, we can conclude
that # 1is rationally conjugate to (1234).

Theorem 5. (2Zz¢) holds for S,.

Proof. Let u be a torsion unit in U (2s5,). By [7, p. 177,
Theorem 2:1] .70 (%) » cantonlysbe 238 3 AL 65 cor 12,
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We will prove that if wesmshatshhen u® =1 or %’ = 1.

Clearly, from this and Theorem 4, it follows that (ZC) ds true
forunsip.

By (3), we can suppose that u-1 € AZ(SQ,K) or there
exists a unit y € @ such that u*Y‘1(12)Y €4,(5,,K or
u-y "1 (123)y €4, (S, ,K).

If u-1 8¢ AZ£SH,K), then, as in the proof of Theorem 4(c),
we can conclude that u® = 1%

If u-y1(12)Y € £,(5,,K), then u’-168,(5.,K); thus,

as before, u" = 1, which implies u? = u®(u*)”) = 1.

Now, suppose that u-Y'1(123)Y € A, (5,,K) and let
v = (go f)(u), where f and g are the homomorphisms considered
in §1. Of course v = Y_](123)Y and it is not difficult to see
that »(123) = u(123). Then, by Theorem 1, we can conclude that
1 =v(123) = %(123) and, hence, by Theorem 3,

uP-u(12)%.(12) -1 - %(12)(34)°.(12)(34)-%(1234)°.(1432) = 0 (mod(A+325,

Therefore we must have u° = 1, since on the contrary, by
(75 1p¢ 15, Corollary 1.2], we should have the contradiction
1 = 0(mod 3).
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