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THE STABILITY OF MINIMAL CONES OF CODIMENSION
GREATER THAN ONE IN IRN

CELIA CONTIN GOES

§0 - Introduction

J. Simons has proved in [3] that if ¥ is a (n-1)-di-
mensional closed minimal submanifold in % not totally
geodesic, with #xn < 6, then the cone over M is not stable.

This result is fundamental for regularity of the solutions
of the Plateau's problem and for the Bernstein's problem of
codimension one, in ®**1 (17, [3]).

For higher codimension, the first observation is that
Simon's theorem cannot be extended if further hypotheses are not
added. Indeed,

M={z6¢" |z #o0, P(z) =0} € ",
¢ o2
where P(z) = ] Zj, is a 2-codimensional stable minimal cone.
§=1

It is easy to verify that the immersion M2n_2 C—»mzn does not
have flat normal bundle.

The existence of such manifolds as well as technical
motivations led us to consider cones of higher codimension over
submanifolds of S$" that have flat normal bundle.

The following theorem generalizes Simons' result:

iy 5 5 -+
Theorem 1. Let " Co B™™ be a minimal cone immensed in R™™

such that wun g**m1 mm=l o (the
unitany batl in R"™) apd suppose that thene is a globak
onthonoamal family o4 parallel hields in the normal bundle of M.
Then, if M 4is not totakly geodesic in R™™ and n < 6, M is

not stable.

L4 a closed manifold of S
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The following shows that this result is sharp.

Thearem 2. Let M = M x (0, +») C, 1Rn+m; (y,t) ——ty whenre
S

_n ”s(
M =35 (P1) s X rs),
s s P)
En.:n—l, fr.zlandm:s—l.
. 7. 7
=1 =

Then M is a minimal cone in R™*™ having §Lat normal bundle,
and M Ais stable if and only if n > 6.

§1 - Basic Facts

1.1 - Let M C.,IRn+m be an isometric immersion and let

£ 6 c'(U), where U is an open set of &' such that UNM # @.

Let 68f be the gradient in » of the restriction of f
to M, that is

8§f = gradM(f!M).

(it is easy to see that &f depends only on the values of f
over M) Then, if {ui}lgign is an orthonormal basis of T M
Df 1is the gradient of s in ®"™™, that is,

Df = [iu:,__,,_iu:_);
3111 a“n#-m

; (k) .
and if {v }1<k<m is an orthonormal frame of normal vector

fields defined in~ vNM, then

m
(1.1.1) 8= pf 21y apg, RISy N

k=1

n+m

Letis ire ik be an orthonormal basis in R RYRhbs ,

17 1<i<ntm

if V'Ek) = <V(k)_, ei>; Dif = <Df,e7/.>: éif = <6f,ei>, we obtain

m
(1 s1=2) 8y f = D e ) <DE, V(k)>vék); Sl e B
k=1

1.2 - If H is the mean curvature field of the immersion,

and

. ‘»44
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then at p,

el i N e 4 +
where 7V is the riemannian connection of =™ ™,
n+m

Since ) Givgk) does not depend on the particular
1=1

coordinate system, we obtain

I”fm 5 V(k))v(k)
gimas :

m
(1.4.13 H=-)
k=1

at any point of M and with respect to any coordinate system
of mV®,

similarly, if B(z,y) = (7_1" where =z.y & M and ¥

is an arbitrary extension of y that is tangent to ¥ in a
neighborhood of p, and

<4¥(z),y> = <Blz,y),v>5 V¥ oy €T M, ¥ V6 (TpM)L, Vp &M,

(k) (s) n+m
§112¢2) We havelbragVicnjogVadisne nofi: rgwl® g auri®dy,
figed b i e

In what follows, we set

(k) (s)
PN T LA LA
ks
2
(1s2.8) Cr T Crapa
2 e 9 _ 2
¢ = Z ¢y, = llall
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1.3 - Let X bea ¢~ vector field of ¥ and divyX
be its divergence in M, that is,if p €& M,

d1vMX(p) =trace. (i va)’

where w € TpM and V is the riemannian connection of M. Then

1 n+m
(1.341) L A igz 8§.X;
at any point of M and in relation to any coordinate system of
®"*™ Therefore, the laplacian Af of f & C*(M) s given by

n+m
(1.3.2) AF =

7’21 8,8,f-

1.4 - If ¢ € ¢ (M) has compact support and ¥ € ¢ (M),
we obtain

(1.4.1) a) JMdtb aM = —JM HodM

(1.4.2) b) J oAY dM :j YAG dM = -J <8¢, 8¥>dM.
M M M

1.5 - Let M" Co #™*™ be an isometric immersion and let
vt be the induced connection in the normal bundle of M by the
connection of N. Thus the normal curvature tensor of the normal
bundle is defined by

L R R SRS AT o
(1.5.1) R (X, ¥) = V_V vy T v[x,y]

«<

where X, Y are tangent fields of M.

Suppose that RY=0; then we say that the immersion has

flat normal bundle. The following well known results will be
useful:

a) Lt = o if and only if there is a Tocal orthonormal
(k)}

family {Vv of parallel sections in the normal bundle,

I1<kgm

that is;
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(1.5.2) V;V(k) =0; k=1,2...,m, ¥ €T M, ¥ peuM.

b) If N has constant curvature, then F 20 if and

. ea 3
only if the tensors A%, where {ea}liaim is any orthonormal

frame of normal fields, are simultaneously diagonalizable.

1.6 - Let ¥" C, ®™™ be an isometric immersion having

flat normal bundle and let {V be an orthonormal family

of parallel sections of the normal bundle of M. Let p € M,

and Tet be a coordinate system for B™™  such that

v *) (p) = e B DB e gl

n+k?

Thus, from

A T (ISR

e; J. D ej !
k=1 5:25 w e oyl
and 6n+s =0 at p,
= (k) (s) > (k)
and 0 = <veiv 5 v 3 5ivn+s(p), if
BNE A58y e ey Tl Ry B Sy Dy o iyl

it follows:

k k o b
5iV§ /(o sjVé ) (p); L3d52, 8, vogntm;  k=1,8,...4m

with respect to {ei}1§i§n+m'

}

Considering another system {e of coordinates,

27 1<i<n+m

where

nfm i
a,e.

=g 4 ¢

z

if ﬁ;k) =<v™®), 25> and §. = <8,e;>, we obtain
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=oik) T =Rk i ol (k) (k) 2
(éivj Sjvi )(p) = I: ahul(sth 85,V ) (p) 0
Therefore
=(k) ),
57,Vj = ajvi (p).

Thus, for any system of coordinates of &', at each

point of M,

(KB 58 (k) a3
1 .65 1) 67;Vj — 63 Al Ml ) S
k'= 125 s
1.7. Proposition. Let {V(k)} be as in 1.6, Let
S . 1<k<m '
2 n+m
{ei}lii§n+m be any coordinate system of IR and Let
§; = <8, e;>. Then

m n+m
. (k) . olk)_o (k) ol
(1.7.0)  [85085] = 88576585 = 1 1 (Vi eV <V "85V )8y

Proof. Having in mind that & = 0 together with (1.1.2), (1-6.1)

and the fact that

n+m
althe lkd soa :
(i Teit2e) hzz Y GJVh = 0; J

1

~
.

Do
“

,ntm

kyr = 1,25,...5m,

the proof is a straightforward computation.

To prove (1.7.2) we choose a coordinate system

n+m (k) i
LTI of IR such that v ™ (pl.= e ., for all "k-
Then, ol
2 V(r)d V(k)(p) = & -V(k), V(r)> &
h=1 h eJ. P

e
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because ®Y=0. Now we argue as in the end of 1.6 for any
system of coordinates.

1.8. Proposition. With the hypothesis of 1.6 and supposing that
the immension is minimal,

m
(1.8.1) avf®) = —C;V(k) Ty ¢ v/
k,r=1 r
k#r
whene AV(k) = (Aka) AV(k)) and the components o4 y(k)

ane taken with neépect to an anbitnany coondinate system of
n+m
IR .

Proof. The flatness of the normal bundle implies

n+m

hgj 72“%1/2” = 0; G=1,2,. .., ntm
Ky BTy 2, 58T Me
Thus
R PO (O LN (T
J LK gz vIE
n+m n+m
X s 6 V(k) = Z hZ ( ir)savzr) (r)é V(r))6 V ).
1=1 r=1 1h=1
m
(1.8.2) AVJ(k) g V”') [ Z (csiv;(zl”))(cshvék))]

1h=1

Therefore (1.8.1) follows from (1.2.2) and (1.2.3).

§2 - The Laplacian of the norm of the second fundamental form

2.1. Theorem. Let ¥"C., B"™ be a minimal isometric immersion

having flat normal bundle. Let {7V be a Tlocal orthonorma]
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family of parallel sections of the normal bundle defined in an | Therefore (1.2.3) and (1.7.2) imply:
open subset U of M. If {el}1<7/<n+m is a coordinate system S (&) (%) X m .
P (%) | (8,V;7 08, (AV.70) = =y = ] Cp
of IR such that Vv (p) = e, ks k=1;. s 5ms DRCUMEEEWE ‘ J r=1 kr
\ r#k
e ; Thus
(2.1)  Aactects T o, tp) = I e | B g oy
F R, k=1 $a nijeg (i0d'R | » 7 Lt G PZJ e =
r i
| r#k
for al lys k5l 25000 5 w o " .
m
= 1 (s, 5hv(k)) 2y I 8, vi%) 5,0 ™) s vl s v .
i ,  ntm e hid=1 221 hijs=1 5 s ¢
Proof.0 Siiniclel b g RENY, 0 Cip RIS IIIP IS gl LR 5
k 24=1 L2

Usin S, 58 we have
Therefore, g [h n+z»]

7 (B Sl (r) (k)
PRos L on N T (k) 2] 88,4 p) = = I 08 mERIs vV ) pl.
A, =% ) s8] Y o (8VIV) | = nte'j s=1 % 7
2 k g L2 177 L b g
=1 Hi=1
So; aite v pas
n+m n+m 7 2 L
_ (k) 2 (k) k) $ (=G5 4 O '+ Z C (Bl =
= ) (Giﬁhv' )"+ ) (ShV. )(G.G.ohv. W, 3 % x p
a2 i hiisy J T T J
fid ' r#k
Using [6.,6,] twice we have: ‘ n+m (%) n+m (%) 2
L h = ¥ (8.8, v%) (p) - 2 Z I o8 . 5 12 ey,
hig=1 © R 91 sg=1 © MHAJ
n+m n+m
Wi 0 Rwdate il 20 SR el o lunBul |
hij=1 hig=1 | Using again [Gi’6n+g] (p) and
m
(%) (k) (2 (k)
L (B R8T IS SR 5 (k) = <yt p(k) &
QZZ Widol W (5, J h g ] Gsvn+g( Pl = <veSV s CneiTp T g
‘ 3
Vo (8,75 8 p 5 pl*)o0s EEE | e phialin
=1 higs J m n
i 2 b 2 . (k)
(5 8CL+Cp #+ ¥ Cap) (P) = f (88 V' )iip) +
) r=1 hig=1
From (1.8.1) we obtain: ‘ r#£k
(k) L 19 (%9 Al [ A S (k) n (k) 2
8, (AV,) = =(8, 0¥~ = (0¥ )C ¥ y 6.6 )itp) + (8.8, ,,V: ) (p) -
k + 2 X
B h J B o e i it 7 igzz i%n+y  J

() (r)
= Z ah(ckr)vj = rzl Ckrshvj .

r#k rZk
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m n (%) y U = {t_y/y € U, t € (o,l'oo)}
-2} 7 (8,875 1¥p) = ! 'y
251 df=1 ‘ where § s an open subset of ™1 (the euclidean unitary
- sphere), and that V(k) is constant through the rays of M.
=, § (aayit . _ '
hig=1 Given p € M, let {ei}zgignm be a coordinate system
of E™" such that v (p) = . for all %, and
m
2.2. Observation. Let ¢ = ) 07:, = ||p[|en. Thus, for all ¢t € (0,+-) and all k, we have:
k=1
g SR) L(p) o, v (tp) =0, v (p) = 0,
Ac” = Y ac, and C, = <4 A S5 ;
s k kr
(k) _ & plE) _ (k) _ % (%) (k) _,(2) -
Thus, 6 (tp) = 61’1 (tp) = (D V P <V 5 DVi >Vn J(tp)=0.
mo, m.o 2 p ) 4 ‘
2ME21]) o A (o R ) e i
( k£1 kR ppsg, TR Uk oo kr Therefore,
r#k
(2.3.3) 5,06 Vi) (tp) =5 18 vi*)iep) = 0.
Therefore, with the same hipothesis of Theorem 2.1.,
(2.2.1) implies: ¥ From (1.6.1) and (1.7.1) we obtain
m n+m |
(2.2.2) (g ac® +c'ymp) > LT (8, 5hv(’<) 2(p) | S (k) (k)
k=1 hig=1 (2.3.4) 67/6J " G P
2.3. Theorem. Let M" C, R"™™ be a minimal cone {sometrically { [Z35) 5i5nV§k) (5o Gnaivg('k)(p)'
; k ‘
immensed and having fLat normal bundle. Let ! )}likf_m be a | i
Local ornthonormal family of sections of the normal bundle defined ‘ m n e )
in an open subset U of M. Then, 4if |lz| 4s the distance [kél —th-:l (88,7, ") = |8e| 1(p) =
§rom x € M Lo the ventex of M, we have:
\
m n m n
(k) 1 (k) (k) (%) (%)
1 g2 4 2 202 ‘ =) 1 (88,7 At i I, (8,06 8,7, ISV 8. V)
(2.3.1) 5807+ ¢ 2 [se]” 4 = 1 ihw=1 C ¢ W31 thwegz1 P T el
2
m 2 ac |
1 2 . 2 k s m
(2+3.2) E Ack % Ck & PEZ Ckr' > IcSCk[ + ]]xnz, 15250050 500 l v [{6 V ) (6 s V(,Q,))Z i ((S V( ) (5 6 V(k))
Pk ¥ 26'2 ke=1 thrsg =1
Proof. We may consider the vertex of the cone as the origin of 2(6 V(k))((S 5 V(k))((S V(!L))((S <S V(JL):] .
n+m

R,
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4 This together with (2.3.7) gives:
m n
1 (k) (%) s o (RS ] i :
= =5 = [(Gth J (88 Vs ") =(8 Vil z (k),2, . _ 1 2t (k) 2 . _ Crlp)
2C° k&=1 thrsj=1 I I e Y R (B V3o 1) olpd 5 —.
g 4 h=1 lpl] = <h=1 |l 2|l
m n n= L) (%) (k)
S { ) ) [{6 vk e 8 ™)) oh plaE R R il
= h
20% 1251 Y121 njen=1 hr 1 88§ saJ T 2 Thus, (2.3.6) implies
2
m n 2C (p)
(k) 2 2
na gk (2.3.8) [z 78,8 vIR )% o se ](p) B
+ 4Ck 1:321 (GnSiV‘g )) } Y7 inA=1 i nr “p”2
Therefore, From (2.2.2) and (2.3.8) we get (2.3.1). By a similar
m n 2 2 computation, we get for each %k,
(2.3.6) {Z Pooes 8, vlR)T - ee] ](p) > 2
k=1 Thr=1 n T 2 ZCk(p)
[_ Lo 08,857 57 ) sm lsc,l :l(p) > —
T s v A el
2 2k§1 P it

; which together (2.2.1) gives (2.3.2).
{
Now, given any ¢ € C (M), we have }

1 <pg.p> 1 nfm N [ §3 - Minimal Cones
=440 > = = 5 = = r.D.¢o(p).
8,9(p) b Gyt 7] p Telf. 4Ly B 4
3.1. The formula of the second variation of the area
Thus, ., o ) 2y .
n+m (k) | Lete nrdp<iCiy iR be an isometric immersion of a compact
.3.7 s (8 .vi¥)(p) =ﬂ——rz I p.0i(6,Vy " )(p). ‘ orientable manifold ¥ and let F:Mx(-e,e) — R"™ pe a ¢°
(2 ) n' 1 h pl i=1 g J i h

variation of f such that
y (k) 2 k(R . t 6 (0,+)
Since v, (x) =V, (tx)l M € M, ¥ F, M) = f3M), for all ¢,

(k) (k)

- L )
S ¥y (E0) =3 S5k w Let A(t) be the n-dimensional area of F, (M), E(p) =
N 9 . p .
which gives, by differentiation with respect to ¢, 3¢ F(p,0) the variational field, dv the volume form of M,
~.
A = "AoA and
<D($ V(k))(tx) x> 'z = .l (G-V(k))(x)- L 4y 0N o' ) %o oL
; i'n > ;2 th } VARY = AT aspRIVEEt = (B EL,
21 Mty 121 Vui“i
In particular for ¢ =1, )
where {“i}1<i<n is an orthonormal tangent frame. Thus, if 7
n+m k i (k) == . L
) ijj(aivék)) = <D(6ivé ) (w), = = L Bl i & e is a minimal immersion having normal bundle and 7 is a variation

g=t



38 CELIA CONTIN GOES

L_ 7 (k)
such that E- = ] Ry V108 s where {7 o
k=1 Lees

family of local parallel sections of the normal bundle of ¥,
defined in an open set U c M, and each %, € cl(u), we have

k
(3.1.1) an(o) = J <-¥’p* - d(zt), 2 M
M

(see [2])

3.2. Proposition. With the hypothesis of 3.1,

3 clon, Fadely 5. 13k :
320 | A"(O)J [ (|8h -h, C,) = TG ] M.
( ) M k=1 k k™ k e kK r krn
k#r
Proof.
(3.2.2) J <v’pt mledy = -J <vipt, viztsdm,
M M

n
where <VLEL; VlEl> = Z <Vj EJ; Vj EL> for any orthonormal

=1 Z %

tangent frame {“i} Moreover RLT =0 implies that

1<i<n’

n m 2
Ehpieerigtan ;2 1 P0R T T
i=1 k=1

Thus, if fe,} is a coordinate system of =™

1<2<n+m

such that, for p € U, V(k)(p) = le Re = 1585 winsils e s o Ve

n+7<;
n m
swhet, vt =0 3o oo ip s
P i=1 k=1
n m 2 m n+m 2 m 2
= 48 .1, b V(p) = (8Fn, = o= B R )
izl kzl i A kzl i_Zz " iogy

Therefore, in M, we have:

is an orthonormal
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fol L 1 2
(3.2.3) <V Ens WoE > 5, Yo |6k,]
k21 k
Since N N
-<A(EY), mts = —<a®, A% >
m m
~ i 2 12
(3.2.4) -<A(EY), B> = =Y nici - Y mahc,.,
= %27 k“k . k'r kr
k#r

we have (3.2.1) from (3.1.1), (3.2.2), (3.2.3) and (3.2.4)

3.3. Proof of Theorem 1

Let {V(k)}zjkfm be an orthonormal family of parallel

fields in the normal bundle of M. Thus, V(k)(y) = V(k)(ty)
for all ¢ and wemn s*™ 1, x=1,2,...,m.

Supposing that M is stable and that E is the variational
field of a variation of ¥ such that

i (e, .
Bz kzz haV' "5 By € Cy(M),
we have, from (3.2.1):
LR emg® - 8 el - 1
Sh = hip @, = h,h C, )DM > 0.
M ‘k=1 E Bl T F gmeg o KA -
k#r

3 x Ny 1 R
In particular, if hk = ¢Ck’ % € c, (M),

£ 2 2 2 2 74 2 2
8hy = Ck|6¢] ) Iﬁckl e <8¢ ,6Ck>, and

(m
BRc32F) j ¢2[2 ¢+
M Yz K gemp KT

kzr

m m
R ]dM < J (c18¢|%+62 T |6c, |2+ L<692, 6c2>) du,
kK'r ke =y k=1 k 2

which, together with (1.4.1) and (2.3.2), implies:
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(353 BY f 6 rf (e,e.=Cy )¢ dM<J’ Czl5¢|2dM—[ i 2
<3¢ " i k'r “kr’ ke - M JM ”x”2
k#r

(we observe that for m = 1, the first side of (3.3.2) is zero).

Naow let ¢ such that ¢ (x) = ¢(ty) = f(t) where x = ty,

t =z, y6&un s+

i {eg Ycicnem

v * o) = e for all

the vertex of M, and such that o

k =1,2...,m and |plle, = p, we have
6i¢(p) = Di¢(p); 2 3= 0l 518, S s m,, KT, 2). o S

and so, & ¢6(p) =0 if i #n, 6§ ¢(p) = £rdlells
2
166 %(p) = (£ (lipll)) .

Thus,
2 2 2
(1313%3)) 86| (x) = |8 (ty) = (F£'(t)) , ¥ x € M.
Since
Cz(ty) = l; Cz(y)
#
m 1 m
(3.3.4) krgz (€L, = Cpop) Crn (t0) :;; kr-z:z (C1.Cn=Cren! Cron (¥
k#r k#r

du(ty) = €7 difty) ~dt; M =m0 S

we have, from (3.3.2), (3.3.3) and (3.3.4),

Rty BT rf ( )C, (y)\dM <
3,335 J~U £2t) tn gg g y) <
( ) i Up r gty P AR
k#r

g1

+oo 11 2
I e 4s)0* @), ¥ £ 6 300, ve).
B 0 v

t

and £ €& Cl(0,+=). Thus, given p € M,
0

is a coordinate system of ®E"™™ with origin at
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Since I d¥ > 0 and we may suppose that
M

m
K= J L (0rC,=Cp ) CpdM > 0

M kr=1
k#r

(see 3.4), we have, from (3.3.5),

- 0O
(3.3.6) J Copr ) €75 - £20)2t5lae > 0, ¥ 76 Clio, ).
0

(3.3.6) is still true for f(t) = t%(t)B, ¢ € (0,+=) where
a¥shg % a8 " Yand "gre) =tmaxTs, 237" TF

(3.3.7) J;wf(t)tn_'s dt < +o

(see 3.5).
But
rmfz(t)tn_ldt = JJ T E%y 4 rwt"'“g(“"ﬁ) dt < +e
0 0 1

only if

(3.3.8) a > 4—’;—” arg < 2L,

Therefore, for these values of o and a+B8, (3.3.6)

implies
1 ootn-5 2 * 2 (0+B)+n=5
(3.3.9) (a2—2)'( ¢ dt + ((0+B) —2)J t dt > 0.
0 2
. 4+n 2 " d+n
But if (—=) < 2, there is o > 0, 5T < ® < /2, and B s

that a+8 > 0 and -/2 < a#tB < é%ﬁ < /2, which satisfy (3.

For these values of o and B we have
a2-2 < 0 and (OL+B‘)2 -2 <0

and this is incompactible with (3.3.9).

41

uch

3.8).
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4+n

Therefore for thase values of »n such that (—3—)

M cannot be stable. That is, if 2 <n < 6,

3.4. Lemma. 14 m # 1, K > 0.

Proof. Let Ay = Ckcr - Ckr and
m (k) (m)o s 2
g4 J~ak EATHTRY=" S o 2
k kr=1 ‘M £
k#r

2

202,

M is not stable.

By Schwarz inequality we have Ap > 0. Thus changing, eventually,

2y (3
1) 201 .
S=Ja<AV , 4V >dm > g
2 s e
M
Supposing that for a given < <m,
m (k) (r)
e J~ak<AV ,AV >di > 0,
- kr=1 "M A
k#r
§ V(k) V(i+1) d~
Bl = 4. JNa. <4’ , A > dM
1+1 T k=1 ii k(z+1)
and changing, eventually, p(2+1) py _p(T+1) e have

The result follows by induction.

3.5. Lemma. (3.3.6) i3 true for f(t) = t%g(t)B whene

and a > 0 and o+B < 0 satisfy (3.3.8).

Proof. Let

Q
G

z Gehg

3B ie g g 2 € f

. >
141 =

t € (0,+=),

ACRTRL T tﬁ‘[%’ WP it
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Given e>0, let p.(t) =ep(f) where p € (R,

petll 30, pltri=s0 AF “|e| > and J plt)de s i)
IR
Making the convolution of fj with p. we get

; t) = - . -
fJ—*s( ) LR pe(t u)fJ(u)du

E]

d e - -
Moreover, iy fj E(t) = fie(t) = Jﬂ? Pe(t u)f;(u)du.

Since .
fJ,E

respectively, in

’ 14
and fi ¢ converge to f. and Fis

J

L'(R), there is a subsequence {f

c } of
ds Ek

{f.} such thati {f. b land!  Ef? } converge almost
J J’Ek

Js €y

everywhere to f} and fj, respectively.

From the boundedness everywhere of fj and fé, we have,
as a consequence of the dominated convergence theorem,

+o +oc0
Tim J (F:  (£)) " %4 = J (. (t)) " 548,
g,>0 Yo Ik o 7

y e 2 n-38 5 g n+3
Tim J (£l (t)) ¢t dt:J (FLeE) )t dt.
€y °0 IsEx R

Therefore, since (3.3.6) is true for any fi,e
that (3.3.6) is also true for fj'
the monotonic convergence theorem.

we have
Now the result follows from

3.6. Proof of Theorem 2.

o n,+1 n8+1
Let 1r = IR X yeyne X IR . It is easy to show

n n

that ¥ = § 1(1,.1) X . x8 3(1,,8) T

of 5™ 1 and so that M is a minimal cone in ™",

Moreover, if x = (x_ ,..

r .,xs) € M,

is a minimal submanifold
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ey, = __‘Z_. (o, s Oy i3 0y :0): T =1,2, 28,
s T
7
% 2
R, = 7.5 R .= 0, 0 and
. J=k+1 J 2
~(k) 1 k k+1
(3.6.1) Vo= (rv, el + ... +rr e-(I-R ey )
Vet — k+1 0 K k+1°0 ko0 o
g Rk % Rk+1
K138, 5 5l
is straightforward to show that
& =(k) - -
) 2 ~0W }1<k<m is an orthonormal family of parallel
sections in the normal bundle of ¥ in s™*™71;

b) With respect to it, (., = 0 if k#g, 5; =n-1  and
G m(n=1).
Thus setting V(k)(ty) = ~(k)(y); y € ﬁ, t € (0,+*), we

get a family of parallel orthonormal sections in the normal bundle
of ¥ in &, such that with respect to it we have,

2 = 2 _ n-1
2 _C%y) _ m(n-1)
(3.6.2) C(ty) = = 5

t? t

- L = _ .
Ckg(ty) = ;7 Ckl(y) = 0y it k# L

Now let E be the variational field of a variation of ¥

+ L 4 (k) Al
in """ such that E-= )} &, v "7, where n, € cg(M).
k=1

From (3.2.1) we have:

m 2 CZ 2 m 02 3 ’
A"(0) = f (|Sh - =— h, )dM = Z J (=R SR V== hk) M.
( M kzl 6% m Kk k=1 ‘M Ly
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The remainder of the proof follows step by step the ane

made by J. Simons [3, thearems 6.1.1 and 6.1.2, pag 97].

0]

(2
(3]

[4]
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