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The pressure of the geodesic flow on a negatively curved manifold

David Ruelle

Manning [5] has identified the rate of exponential growth of the volu-
me of a ball of radius  on the universal cover of a compact manifold M of
negative curvature: it is the entropy of the geodesic flow on M. See also
Sullivan [7], Chen [3], Chen and Manning [4]. Here we indicate an exten-
sion of Manning’s result, where the entropy is replaced by the topological
pressure P(A4) associated with a function 4 on the tangent bundle. It turns
out that the Riemann volume used by Manning plays no special role and
may be replaced by many other measures.

Let M be a compact Riemann manifold with strictly negative sectional
curvatures everywhere. We denote by M the universal cover of M (with the
induced metric), by p:M->M the canonical projection, and by NV a fundamen-
tal domain of finite diameter a. We call B(x,7) the ball with center x and
radius 7 in M. Let pu be a positive Radon measure on M, such that there are
a,B, b > 0 with

1) a < uBkb) <p
for all x € M.
We denote by T¢)M the unit tangent bundle and let
ATO M-SR

be a continuous function. For any pair x,y € M, let o(t) be the point of
abscissa ¢ € [0,d(x,y)] on the unique geodesic segment xy from x to y.
We define

d(x,y)

Axy = / A(Tt(po(t)))dt

o

and, for 0 <r; <r,,

Z{r{e = d A=
(x,71,72) /;?(x,rg)\B(x,rl)ﬂ( y) exp x,y
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Theorem. Let ¢ = 2(a+b), then

) lim%log Z(x,r,r-c) = P(4)

To0

uniformly with respect to x, where P(A) is the pressure of A with respect to
the geodesic flow (f) on TN

Our proof will closely follow that of Manning for the case 4 =0 (see

(5.
We shall use the formulae (cf. [2])

P(4) = lim P£(4,5)
50

Pi(A,8) & }im sup %Z,i (4,%)
{4
Z;(A,8) = sup{gés expfA (f'e)de:S is (r,8) separated}
(]

Z7(4,8) = mf{gés exp f A(fE)de:S is (7,5) spanning}

These formulae are easily related to those for the time 1 map f' and the
1

function A* =fdt A-ft.
(1]

Lemma. Given §,A > 0 there is R such that if o,7:[0,r] >M are two
geodesics with o(0) = 7(0), then d(o(r),7(r)) < A and r = R imply

d(Tro@), Ter(@) <8
in T M for t € [0,r-R].

This is a form of Lemmas 1 and 2 of Manning corresponding to strictly
negative curvature: geodesics diverge exponentially. _

We shall use the fact, given € > 0, for d(y,z) < constant, and sufficien-
tly large d(x,»),

3) |Axy"1‘1xzl < % € d(x,y)
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This follows from the lemma and the uniform continuity of 4.

To prove (2) we first show that, for § < % b and all € > 0,

@) lim sup Llog Z(x,r.r+5/2) < P'(4,8) + ¢

(uniformly in x). Following Manning’s proof of Theorem 1 in [5] we take a
maximal 2§-separated set Q C B(x,r+8/2)\B(x,r). Then, for r sufficiently
large,

I
Z@e,r,r+82) <B X exp(d,, +5€+8/2)) <
y€Q o2

WH e “&p'4
B »&0 p Ayy
where we have used (1) and the fact that (3) holds for d(y,z) < 26. The
estimate (4) follows from the remark that the unit initial vectors of the
geodesics xy with y € Q are (r,8) separated.
Now we show that
©)) ' lim inf 1 log Z(x,r+.a +b, r-a-b) = P(4)
r—esr
(uniformly in x). Following Manning’s proof of Theorem 2 in [5] we cons-

truct a maximal 2b-separated set Q° C B(x,r+a)\B(x,r-a). Using the lemma
and the estimate (3) we see that, for given € > 0 and large 7,

1
©6) Z(x,r+a+b, r-a-b) = « yyéQ’ exp (Axy- 5 € d(x,») £

An arbitrary geodesic segment of length r in M is the image by p of a
geodesic segment uv in M, with n € N and v € B(x,r +a)\B(x,r-a). There is
thus a geodesic segment xy with y € Q’ sueh that d(u,x) < a, d(v,y) < 2b.
Given § > 0, the lemma applied to uv, uy, then to yu, yx yields R > 0
such that d(T; o(?), Ty 7,(f)) C 28 in T{OMN for t € [R,r-R], where 0,7y
denote the geodesics along uv, xy suitably parametrized. If Ey is the tangent
vector to 7, at R, the set {§,: y € 0’} is a(r-2R,26) spanning set for the
geodesic flow. The right-hand side of (6) is, for large 7,

r-2R
>ay§Q,exp[ [A(f’gy)dt-er].

From this (5) follows.
Finally, (2) is a consequence of (4) and (5).
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Remarks. (a) From (2) we also obtain

L log Z(x,ry,ry) = P(4)
ry-ri>orfri>1 12

iy L 108 Z0erirs) = PA), if P(4) > 0
7> r,-ry =c 2

lim g log Z(x,ry,r;) = P(4), if P(4) < O
ri>or,,ri=2c N

In particﬁlar
) lim %log Z(x,0,7) = P(4), if P(4) > 0

I>e

lim ~log Z(x,7,%) = P(4), if P(4) < 0
Fre I

(b) The limit does not depend on the choice of u. If one uses for u
the measure defined by the Riemann metric, and 4 = 0, then (7) is a theo-
rem of Manning (Theorem 2 of [5]).

(c) One can take for u the sum of a unit mass at each y € p~'x, so
that

VZ(xxrlrr2)= pr

> ol L )
yep‘lxmB(x,rz)\B(x,ri) A

(d) Since the geodesic flow on M is Anosov, Bowen’s specification
property holds (see [1] Theorem (3.8)). Therefore (as in the proof of
Lemma (4.10) of [1]) one can check that P(4) is the abscissa of convergen-
ce of the product

AY)
£460) = TI11 - exp [ (AGFE, )ua)ar] .

This product is extended over oriented closed geodesics vy, A(y) is the length
of v, and IR TOM is any properly oriented tangent unit vector to 7.
In fact, if A is Holder continuous, P(4) is a simple pole of ¢ 4> and §  is
analytic in some neighborhood of P(4) (see [5]).
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