Zapiski nauqnyh seminarov POMI Tom 308, 2004 g.

V. V. Borzov, E. V. Damaskinskiæ

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ DL˚ q-OSCILL˚TORA, ASSOCIIROVANNOGO S DISKRETNYMI q-POLINOMAMI �RMITA

1. Vvedenie

Rol~, kotoru¸ igra¸t kogerentnye sostoØniØ v kvantovoæ teorii, trudno pereocenit~. �tim ob¨ØsnØetsØ ogromnoe koliqestvo rabot, posvØwennyh issledovani¸ svoæstv fftih sostoØniæ i ih vsevozmoßnyh obobweniæ, a takße ih mnogoqislennym priloßeniØm v razliqnyh razdelah sovremennoæ fiziki, v pervu¸ oqered~ v kvantovoæ optike. Osnovnye svedeniØ, otnosØwiesØ k teorii kogerentnyh sostoØniæ, mogut byt~ naædeny v rabotah [1–9]. ObxirnaØ bibliografiØ (dovedœnnaØ do 2000g.) imeetsØ v obzore [10]. Tol~ko za poslednie mesØcy poØvilsØ rØd interesnyh rabot, posvØwennyh obobweni¸ vektornyh kogerentnyh sostoØniæ na sluqaæ matriqnogo indeksa [11–14], gipergeometriqeskih [15] i kombinatornyh [16] kogerentnyh sostoØniæ, razviti¸ ih matematiqeskih [17, 18] i fiziqeskih [19, 20] priloßeniæ, v tom qisle k opisani¸ modeleæ s toqno rexaemymi potencialami [21], supersimmetriqnoæ konformnoæ teorii polØ [22] i funkcional~nomu integralu [23].

Vvedœnnye dlØ bozonnogo oscillØtora (gruppa Geæzenberga) [24] (i pereotkrytye v [25–28] v svØzi s sozdaniem kvantovoæ optiki), kogerentnye sostoØniØ v nastoØwee vremØ opredeleny dlØ xirokogo klassa kvantovyh fiziqeskih sistem (v tom qisle i kvantovo-polevyh), a takße dlØ sistem, svØzannyh s drugimi gruppami (v tom qisle i s supergruppami). Kogerentnye sosto- ØniØ mogut byt~ opredeleny dlØ kvantovyh grupp, a takße s ispol~zovaniem razliqnyh obobweniæ (deformaciæ) ffksponenty.

V nastoØwee vremØ izvestno neskol~ko variantov opredeleniØ kogerentnyh sostoØniæ:

Dannoe issledovanie osuwestvlØlos~ pri podderßke RFFI, granty No. 03-01-00837, 03-01-00593. 48

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 49 1) kak sobstvennyh sostoØniæ operatora uniqtoßeniØ: a|z⟩ =

z|z⟩, z ∈ C (v fftom sluqae ih obyqno nazyva¸t kogerentnymi sostoØniØmi tipa Baruta-ȷirardello, poskol~ku v rabote [29] ffto opredelenie bylo pereneseno na sluqaæ nekompaktnyh grupp);

2) kak rezul~tata deæstviØ unitarnogo operatora sdviga

D(z) = e^{za+−z∗a} na vydelennyæ vektor prostranstva sostoØniæ

(obyqno vakuum Foka |0⟩): |z⟩ = D(z)|0⟩ (kogerentnye sostoØniØ tipa Perelomova, aktivno izuqavxego ffti sostoØniØ v issledovaniØh, summirovannyh v [1]);

3) kak sostoØniæ, minimiziru¸wih sootnoxenie neopredelennosti Geæzenberga (ili Geæzenberga–Robertsona);

4) kak sostoØniæ, udovletvorØ¸wih estestvennym usloviØm – normiruemost~, nepreryvnost~ po indeksu, (sverh)polnota i svØzannoe s neæ suwestvovanie razloßeniØ edinicy, ffvol¸cionnaØ stabil~nost~ (kogerentnye sostoØniØ tipa Klaudera-Gazo [30, 31]).

Vse ffti opredeleniØ v sluqae bozonnogo oscillØtora poroßda¸t odno i toße semeæstvo kogerentnyh sostoØniæ, odnako ffto ne tak v obwem sluqae.

Kak izvestno, standartnye kogerentnye sostoØniØ odnogo bozonnogo oscillØtora opredelØ¸tsØ sootnoxeniem |z⟩ = e^{− |z|22} ∞∑ k=0 z^k √ k! |k⟩, z ∈ C . (1) SvØzannye s fftim opredeleniem obobweniØ kogerentnyh sostoØniæ (izvestnye kak nelineænye, obobwennye ili deformirovannye kogerentnye sostoØniØ), ime¸t vid |z⟩ = ( N (|z|^2) )_− 1_2^∞∑ k=0 z^k √ ρ_k! e_k, z ∈ D ⊆ C . (2) gde N – normiru¸wiæ mnoßitel~, {e_k}^∞_{k=0} – ortonormirovannyæ bazis v gil~bertovom prostranstve H_F (rassmatrivaemymi kak bazis Foka i prostranstvo Foka, sootvetstvenno), ρ_k! – obobwennyæ faktorial po indeksu ρ_k! = ρ_1 · ρ_2 · . . . · ρ_k, pri uslovii

ρ_0! = 1. Vozmoßnyæ vybor posledovatel~nosti {ρ_k}^∞_{k=0} poloßi-

tel~nyh qisel ograniqen trebovaniem (sverh)polnoty semeæstva

50 V. V. BORZOV, E. V. DAMASKINSKI` kogerentnyh sostoØniæ ∫ D dμ(z, z) N (|z|^2) |z⟩⟨z| = I, (3) gde I – ediniqnyæ operator v H_F , a mera dμ ØvlØetsØ rexeniem problemy momentov [32] svØzannoæ s posledovatel~nost~¸

{ρ_k}^∞_{k=0} (sm. takße [33, 34]). Razliqnye semeæstva obobwennyh

kogerentnyh sostoØniæ razliqa¸tsØ razliqnym vyborom fftih posledovatel~nosteæ. Izvestno, qto pri uslovii rashodimosti rØda_∞ ∑ k=0 1 √ ρ_k!

ukazannoæ posledovatel~nosti (a znaqit sootvetstvu¸wemu semeæstvu obobwennyh kogerentnyh sostoØniæ) moßno sopostavit~ semeæstvo {p_k}^∞_{k=0} mnogoqlenov, ortonormirovannyh po nekotoroæ odnoznaqno opredelØemoæ mere dν na vewestvennoæ osi, i obrazu¸wih bazis Foka {e_k}^∞_{k=0} v H_F = L^2(R; dν). �ti mnogoqleny opredelØ¸t oscillØtoro-podobnu¸ sistemu, dlØ kotoroæ oni igra¸t tu ße rol~, qto i polinomy �rmita v sluqae standartnogo bozonnogo oscillØtora. Spektr gamil~toniana fftoæ sistemy opredelØetsØ koefficientami {ρ_k}^∞_{k=0} rekkurentnyh sootnoxeniæ dlØ ukazannogo semeæstva mnogoqlenov. Otmetim, qto specifiqeskiæ vybor v kaqestve bazisa Foka semeæstva ortogonal~nyh (na vewestvennoæ osi) mnogoqlenov, svØzannyh s matriceæ ˚kobi (t.e. udovletvorØ¸wih trehqlennomu rekurrentnomu sootnoxeni¸), rasxirØet krug prikladnyh zadaq kvantovoæ optiki, gde uspexno primenØ¸tsØ kogerentnye sostoØniØ [5, 6, 4, 10, 41]. Ispol~zovanie proizvodØwih funkciæ dlØ izvestnyh polinomov pozvolØet Øvno vyrazit~ kogerentnye sostoØniØ qerez standartnye special~nye funkcii i, rexaØ sootvetstvu¸- wu¸ klassiqesku¸ problemu momentov, dokazat~ polnotu sistemy kogerentnyh sostoØniæ. Vozmoßno takße, qto interpretaciØ nekotoryh iz voznika¸wih v fftom podhode differencial~nyh i raznostnyh uravneniæ, kak uravneniæ Xredingera dlØ sistemy “obobwennyh oscillØtorov”, ukaßet puti rexeniØ opredelennyh asimptotiqeskih i spektral~nyh zadaq, horoxo izuqennyh dlØ obyqnogo uravneniØ Xredingera.

TakaØ motivirovka leßit v osnove novogo podhoda k postroeni¸ obobwennyh kogerentnyh sostoØniæ, razvitogo v rabotah

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 51 avtorov [35–40] (sm. takße rabotu [41], v kotoroæ takße otmeqena svØz~ bozonnyh sistem s semeæstvami ortogonal~nyh mnogoqlenov). �tot novyæ podhod k postroeni¸ kogerentnyh sostoØniæ svØzan s konstrukcieæ, predloßennoæ v rabote [42], algebr obobwœnnyh oscillØtorov, poroßdaemyh proizvol~nymi sistemami ortonormirovannyh polinomov. Imenno, po zadannoæ sisteme ortogonal~nyh mnogoqlenov kanoniqeskim obrazom opredelØetsØ oscillØtoro-podobnaØ sistema: vvodØtsØ operatory koordinaty, impul~sa, kvadratiqnyæ gamil~tonian (spektr kotorogo opredelØetsØ kofffficientami rekurretnyh sootnoxeniæ dlØ fftih ortogonal~nyh mnogoqlenov) i lestniqnye operatory roßdeniØ i uniqtoßeniØ, udovletvorØ¸wie perestanovoqnym sootnoxeniØm deformirovannoæ algebry bozonnogo oscillØtora. �to pozvolØet osuwestvit~ postroenie kogerentnyh sostoØniæ kak v sluqae klassiqeskih ortogonal~nyh mnogoqlenov, tak i dlØ ih razliqnyh q-analogov. V konkretnyh situaciØh osnovnye osloßneniØ svØzany s neobhodimost~¸ rexeniØ sootvetstvu¸- weæ klassiqeskoæ problemy momentov i vyraßeniem kogerentnyh sostoØniæ qerez standartnye special~nye funkcii.

OpisannaØ shema postroeniØ semeæstv kogerentnyh sostoØniæ realizovana v rabotah avtorov [35–39] dl kogerentnyh sosto- ØniØ tipa Baruta–ȷirardello i Klaudera–Gazo, svØzannyh s klassiqeskimi polinomami �rmita, Lagerra, Leßandra i Qebyxeva. Kl¸qevym momentom v fftih issledovaniØh, takße kak i v dannoæ rabote, ØvlØetsØ rexenie sootvetstvu¸weæ klassiqeskoæ problemy momentov [32] (sm. takße [34]), neobhodimoæ dlØ postroeniØ mery, uqastvu¸weæ v razloßenii edinicy – odnogo iz vaßneæxih svoæstv kogerentnyh sostoØniæ. Razvityæ v sluqae klassiqeskih mnogoqlenov podhod byl rasprostranen v [40] na sluqaæ nepreryvnyh q-polinomov �rmita. Bylo pokazano takße,qto dlØ diskretnyh q-polinomov �rmita I-tipa kogerentnyh sostoØniæ ne suwestvuet. V dannoæ rabote my prodolßim issledovanie sluqaØ deformirovannyh mnogoqlenov i postroim semeæstvo kogerentnyh sostoØniæ, svØzannyh s ostavximsØ sluqaem diskretnyh q-polinomov �rmita, a imenno s q-polinomami �rmita II-go tipa.

52 V. V. BORZOV, E. V. DAMASKINSKI`

2. q-oscillØtor, svØzannyæ s diskretnymi q-polinomami �rmita II-go tipa

2.1. Diskretnye q-polinomy �rmita II-go tipa^~hn(x; q).

Diskretnye q-polinomy �rmita II-go tipa h̃_n(x; q) (|q| < 1) ime¸t vid [45, 46]

h̃_n(x; q) = i^{−n}V^{−1}_n (ix; q) = i^{−n}q^−(^n2)_2ϕ_0 ( q^{−n} , ix� | |q; −q^n ) = = x^n_2ϕ_1 (_{q−n , q−n+1} 0 | |q^2; − 1 x^2 ) , (4)

gde bazisnyæ gipergeometriqeskiæ rØd_rϕ_s po opredeleni¸ ra- ven rϕ_s ( a_1, . . . , a_r b_1, . . . , b_s | |q; z ) = = ∞∑ k=0 (−1)^{k(1+s−r)}q^{(1+s−r)}(^{k2})

(a_1; q)_k(a_2; q)_k · · · (a_r ; q)_k (b_1; q)_k(b_2; q)_k · · · (b_s; q)_k z^k (q; q)_k , (5)

tak qto

2ϕ_0 (_{a, b} � | |q; z ) = ∞∑ k=0 (−1)^kq^−(^{k2})

(a; q)_k (b; q)_k (q; q)_k z^k, (6)

2ϕ_1 (_{a, b} c | |q; z ) = ∞∑ k=0 (a; q)_k (b; q)_k (c; q)_k(q; q)_k z^k. (7)

Zdes~ ispol~zu¸tsØ sdvinutye q-faktorialy (q-simvoly Pohgammera), opredelØemye po

(a; q)_0 = 1, (a; q)_k = k−1∏ s=0 (1 − aq^s), (a; q)_∞ = ∞∏ s=0 (1 − aq^s). (8)

Rekurrentnye sootnoxeniØ dlØ polinomov h̃_n(x; q) ime¸t vid

xh̃_n(x; q) = h̃_{n+1}(x; q) + q^{−2n+1}(1 − q^n)h̃_{n−1}(x; q) h̃_0(x; q) = 1, h̃_{−1}(x; q) ≡ 0. (9)

Sistema polinomov { h̃_n(x; q) }_∞ n=0 na promeßutke (−∞, +∞)

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 53 udovletvorØet sootnoxeniØm ortogonal~nosti (m ≠ n, c > 0) c(1 − q) ∞∑ k=−∞ [ h̃_m(cq^k; q)h̃_n(cq^k; q)+ +h̃_m(−cq^k; q)h̃_n(−cq^k; q) ] W (cq^k) q^k = 0,

(10) gde W (x) = 1 (ix; q)_∞(−ix; q)_∞ . (11)

�ti sootnoxeniØ ortogonal~nosti moßno zapisat~ s pomow~¸ q-integrala Dßeksona (sm., naprimer, [46]) v vide +∞∫ −∞ h̃_m(t; q)h̃_n(t; q)W (t)d_q t = 0. (12)

Napomnim, qto ponØtie q-integrala Dßeksona estestvennym obrazom svØzano s opredeleniem q-proizvodnoæ

f(x) := ( d dx ) q F (x) = F (x) − F (qx) x(1 − q) , (0 < q < 1). (13)

Iz fftogo sootnoxeniØ poluqaem F (x) − F (qx) = x(1 − q)f(x). (14) Soglasno fftoæ formule, nepreryvnaØ v toqke x = 0 funkciØ F (x) vosstanavlivaetsØ po f(x) s pomow~¸ formuly

F (x) − F (0) = (F (x) − F (qx)) + ( F (qx) − F (q^2x) ) + · · · + ( F (q^nx)− − F (q^{n+1}x) ) + · · · = x(1 − q) ∞∑ n=0 q^nf(q^nx). (15)

Iz (15), ispol~zuØ analog formuly N~¸tona–Leæbnica, imeem x∫ 0 f(t)d_q t := F (x) − F (0) = x(1 − q) ∞∑ n=0 q^nf(q^nx). (16)

Analogiqno poluqaem ∞∫ x f(t)d_q t := x(1 − q) −1∑ n=−∞ q^nf(q^nx). (17)

54 V. V. BORZOV, E. V. DAMASKINSKI` Sloßiv (16) i (17), poluqaem dlØ l¸bogo x > 0 ∞∫ 0 f(t)d_q t := x(1 − q) ∞∑ n=−∞ q^nf(q^nx). (18)

Toqno tak ße moßno opredelit~ 0∫ −∞ f(t)d_q t := x(1 − q) ∞∑ n=−∞ q^nf(−q^nx). (19) Togda pri l¸bom x > 0 imeem ∞∫ −∞ f(t)d_q t := x(1 − q) ∞∑ n=−∞ q^n [f(q^nx) + f(−q^nx)] . (20)

Otmetim, qto dlØ uproweniØ oboznaqeniæ, v fftih formulah qasto vybira¸t x = 1.

DlØ sluqaØ “simmetriqnoæ” q-proizvodnoæ (

(_d dx ) q F (x) := F (qx)−F (q^−1 x) x(q−q^−1 ) ) opredelenie q-integrala Dßeksona bylo predlo-

ßeno v [44]). Niße my postroim drugoæ variant q-integrala Dßeksona, svØzannyæ s deformirovannoæ proizvodnoæ ^

[_d dx ] q . SleduØ opisannoæ v [42] konstrukcii, vvedem normirovannoe semeæstvo mnogoqlenov {Ψ_n(x; q)}^∞_{n=0}, poloßiv

Ψ_n(x; q) = q^{12 n2} √ (q; q)_n h̃_n(x; q), (21)

dlØ kotoryh iz (9) poluqaem rekurrentnoe sootnoxenie

Ψ_n(x; q) = b_nΨ_{n+1}(x; q) + b_{n−1}Ψ_{n−1}(x; q), (22) gde b_n = q^{− 12 (2n+1)} √ 1 − q^{n+1} , b_{−1} ≡ 0. (23)

Postroennoe semeæstvo mnogoqlenov obrazuet ortonormirovannyæ bazis v prostranstve H_μ = L^2(R; dμ) otnositel~no nekotoroæ veroØtnostnoæ mery dμ(x). Poskol~ku ∞∑ n=0 b^{−1}_n < ∞, (24)

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 55 to problema momentov dlØ matricy ˚kobi, opredelØemoæ rekurrentnymi sootnoxeniØmi (22), ØvlØetsØ neopredelennoæ (sm. [32]) i mera dμ(x) opredelena ne odnoznaqno.

V dal~neæxem my budem rassmatrivat~ prostranstvo Gil~- berta H_μ kak prostranstvo Foka dlØ oscillØtoru podobnoæ sistemy (q-oscillØtora), kotoraØ budet postroena v sledu¸wem punkte.

2.2. q-oscillØtor, svØzannyæ s diskretnymi q-polinomami �rmita II-go tipa.

V gil~bertovom prostranstve H_μ opredelim operator koordinaty X_μ, zadav ego deæstvie na fflementy bazisa |n⟩ := Ψ_n(x; q),

n = 0, 1, 2, . . . formuloæ

X_μ|n⟩ = X_μΨ_n(x; q) = b_n|n + 1⟩ + b_{n−1}|n − 1⟩, (25)

v sootvetstvii s rekurrentnymi sootnoxeniØmi (22). Izvestno (sm. [32]), qto tak opredelennyæ operator X_μ simmetriqen i imeet indeksy defekta (1, 1), tak qto on imeet semeæstvo samosoprØßennyh rasxireniæ. SleduØ metodu, opisannomu v [34], fiksiruØ nekotoroe samosoprØßennoe rasxirenie X^ϖ_μ operatora

X_μ, moßno postroit~ vpolne opredelennu¸ ffkstremal~nu¸ meru dμ_ϖ. Privedem sootvetstvu¸wie rezul~taty iz [34] dlØ sluqaØ

kogda parametr ϖ numeru¸wiæ rasxirenie prinimaet nulevoe znaqenie ϖ = 0. V fftom sluqae nositel~ Π_0 ≡ {x_k}^∞_{k=−∞} mery dμ_0 sostoit iz toqek, ØvlØ¸wihsØ kornØmi transcendentnogo uravneniØ

Ψ_0(x; q) + x ∞∑ k=0 (−1)^k √ [2k − 2]!! [2k − 1]!!

Ψ_{2k−1}(x; q) = 0, (26) gde [s] ≡ b^2_{s−1} b^2_0

, s ≥ 1, [0] = 0. (27)

Nagruzki σ_0(x_k) v toqkah nositelØ Π_0 ≡ {x_k}^∞_{k=−∞} mery dμ_0 rav- ny σ_0(x_k) = (28) = x_k ∑1_{j=1} 1_{[2j}�_{1]!!}^∑j�1_{m=0 (}�_{1)}j+m+1_{β2m, 2j}�_{2xk} 2(j�m�1)

(_d dx [ �1 +^∑1_{j=1}^1_{[2j}�_{1]!!}^{∑j}�^1_{m=0} (�1)^{j+m}�^1 α2m�1, 2j�2x^{2(j}�^{m) ])} (xk)^.

56 V. V. BORZOV, E. V. DAMASKINSKI` Kofffficienty α_{i j} i β_{i j} ØvlØ¸tsØ kofffficientami polinomov

P_n(x; q) = Ψ_n(x; q) i Q_n(x; q) 1-go i 2-go roda dlØ matricy ˚kobi,

svØzannoæ s operatorom X_μ [32]. Privedem ih Øvnye vyraßeniØ iz raboty [34]

P_n(x; q) =

Ent( 12 n) ∑ m=0 (−1)^m √ [n]! α_{2m−1, n−1}x^{n−2m}, n ≥ 0, (29)

α_{−1, 2n−1} = 1, α_{2m−1, n−1} = n−1∑ k1=2m−1 [k_1] k1−2∑

k2=2m−3 [k_2] . . . k_{m−}1−2 ∑ k_m=1

[k_m], m ≥ 1. (30)

Q_0(x; q) = 0,

Q_{n+1}(x; q) =

Ent( 12 n) ∑ m=0 (−1)^m √ [n + 1]! β_{2m, n} x^{n−2m}, n ≥ 0, (31)

β_{0, n} = 1, β_{2m, n} = n∑ k1=2m [k_1] k1−2∑

k2=2m−2 [k_2] . . . k_{m−}1−2 ∑ k_m=2

[k_m], m ≥ 1. (32)

Otmetim, qto dlØ nekotoryh zadaq net neobhodimosti rassmatrivat~ ffkstremal~nu¸ meru. V takom sluqae moßno vzØt~ “udobnyæ” nositel~ mery, naprimer, geometriqesku¸ progres- si¸ { cq^k }_∞ k=−∞ i podobrat~ nagruzki tak, qtoby poluqit~ re-

xenie toæ ße problemy momentov (sm. detal~noe rassmotrenie v [47]).

Operator impul~sa P_μ opredelim ego deæstviem na bazisnye fflementy prostranstva H_μ

P_μΨ_n(x; q) = i (b_nΨ_{n+1}(x; q) − b_{n−1}Ψ_{n−1}(x; q)) , (33)

ili v drugih oboznaqeniØh P_μ|n⟩ = i (b_n|n + 1⟩ − b_{n−1}|n − 1⟩) . (34)

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 57 �tot operator tak ße kak i X_μ simmetriqen i imeet indeksy defekta (1, 1), tak qto on toße imeet semeæstvo samosoprØßennyh rasxireniæ. My budem rassmatrivat~ to iz samosoprØßennyh rasxireniæ operatora P_μ, kotoroe soglasovano s vybrannym vyxe samosoprØßennym rasxireniem operatora X_μ tak, qto sootvetstvu¸wie operatory roßdeniØ i uniqtoßeniØ soprØßeny. My sohranim za fftimi rasxireniØmi oboznaqeniØ X_μ i P_μ. SleduØ metodam, opisannym v [43], operator P_μ moßet byt~ realizovan v prostranstve H_μ kak differencial~no-raznostnyæ operator.

Opredelim v prostranstve H_μ lestniqnye operatory roßdeniØ i uniqtoßeniØ, poloßiv

a^+_μ = 1 2 √ q 1 − q (X_μ − iP_μ) , a^−_μ = 1 2 √ q 1 − q (X_μ + iP_μ) . (35)

�ti operatory deæstvu¸t na bazisnye fflementy prostranstva

H_μ po formulam

a^+_μ Ψ_n(x; q) = √ q 1 − q b_nΨ_{n+1}(x; q), n ≥ 0; (36)

a^−_μ Ψ_n(x; q) = √ q 1 − q b_{n−1}Ψ_{n−1}(x; q), n ≥ 1; a^−_μ Ψ_0(x; q) = 0.

(37)

Opredelim dalee operator N , numeru¸wiæ bazisnye sostoØniØ,

N Ψ_n(x; q) = nΨ_n(x; q); (N |n⟩ = n|n⟩) n ≥ 0. (38)

Netrudno proverit~ spravedlivost~ sootnoxeniæ

a^−_μ a^+_μ = q^{−2N} [N + I]_q, a^+_μ a^−_μ = q^{−2(N−1)}[N ]_q, (39)

gde simvol [n]_q := 1 − q^n1 − q – standartnoe “matematiqeskoe” q-

qislo. Iz formul (39) sledu¸t perestanovoqnye sootnoxeniØ operatorov roßdeniØ i uniqtoßeniØ:

a^−_μ a^+_μ − q^{−1}a^+_μ a^−_μ = q^{−2N} , a^−_μ a^+_μ − q^{−2}a^+_μ a^−_μ = q^{−N} . (40)

DlØ gamil~toniana

H_μ = 1 2 q 1 − q ( X_μ^2 + P_μ^2 ) = a^+_μ a^−_μ + a^−_μ a^+_μ (41)

58 V. V. BORZOV, E. V. DAMASKINSKI` polinomy |n⟩ := Ψ_n(x; q), ØvlØ¸tsØ sobstvennymi funkciØmi H_μ|n⟩ = λ_n|n⟩, (42) sootvetstvu¸wimi sobstvennym znaqeniØm

λ_n = q 1 − q ( b^2_{n−1} + b^2_n ) = q^{−2n}[n + 1]_q + q^{−2(n−1)}[n]_q , n ≥ 0. (43)

Analogiqno tomu, kak ffto bylo pokazano v [42] v sluqae klassiqeskih mnogoqlenov, moßno dokazat~, qto uravnenie (42) ffkvivalentno q-raznostnomu uravneni¸ dlØ diskretnyh q-polinomov �rmita II-go tipa:

− (1 − q^n)x^2h̃_n(x; q) =

= qh̃_n(x − i; q) − (1 + q + x^2)h̃_n(x; q) + (1 + x^2)h̃_n(x + i; q), (44)

kotoroe ØvlØetsØ analogom uravneniØ Xredingera dlØ opisannogo vyxe q-oscillØtora.

3. Kogerentnye sostoØniØ dlØ q-oscillØtora, associirovannogo s diskretnymi q-polinomami �rmita h̃n(x; q)

Opredelim kogerentnye sostoØniØ tipa Baruta–ȷirardello standartnym obrazom [48] a^−_μ |z⟩ = z|z⟩; |z⟩ = N^{−1}(|z|^2) ∞∑ n=0 z^n (√_q 1−q b_{n−1} ) ! |n⟩. (45) UqityvaØ, qto ( q 1 − q b_{n−1}^2 ) ! = ( q 1 − q )_n q^{−n2} (q; q)_n (46)

vyqislim normiru¸wiæ mnoßitel~

N^2(|z|^2) = ∞∑ n=0 ( 1 − q q |z|^2 )_n q^{n2} (q; q)_n =_0ϕ_1 ( �_0^|_{q; (1 − q)|z|}2^)_. (47)

i perekrytie dvuh kogerentnyh sostoØniæ

⟨z_1 | z_2⟩ = ∞∑ n=0 ( 1 − q q z̄_1z_2 )_n q^{n2} (q; q)_n =_0ϕ_1 ( �_0^|_{q; (1 − q)z̄1z2}^)_. (48)

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 59 Dalee, podstavlØØ (47) v (45) i ispol~zuØ proizvodØwu¸ funkci¸ dlØ polinomov h̃_n(x; q) (sm. [45, (3.296)]): ∞∑ n=0 h̃_n(x; q)τ^n = (iτ ; q)_{∞1}ϕ_1 (_{ix} iτ | |q; −iτ ) , (49)

poluqaem s uqetom (22) Øvnyæ vid kogerentnogo sostoØniØ |z⟩ |z⟩ = N^{−1}(|z|^2) ∞∑ n=0 z^n √( q 1−q )_n q^{−n2} (q; q)_n h̃_n(x; q) q^{− 12 n2} √ (q; q)_n =

= ( 0ϕ_1 ( �_0^|_{− iq; (1 − q)|z|}2^{))− 12 ∞∑} n=0 (√ 1 − q q zq )n q^{n(n−1)} (q; q)_n h̃_n(x; q)

= (i √ q(1 − q) z; q)_{∞ 1}ϕ_1 (_{ix} i √_{q(1−q) z} | |q; −i√q(1 − q) z ) √ 0ϕ_1 ( �_0^|_{− iq; (1 − q)|z|2}^{) .} (50)

Ostalos~ dokazat~ formulu razloßeniØ edinicy (sootnoxenie (sverh)polnoty) ∫∫ C ^W (|z|^2)|z⟩⟨z|d^2z = 1I, (51) t.e. postroit~ meru

dμ(|z|^2) = ^W (|z|^2)d^2z. (52)

Izvestno [48, 49], qto s fftoæ cel~¸ nado rexit~ klassiqesku¸ problemu momentov Stil~t~esa π ∞∫ 0 x^nW (x)d x = ( q 1 − q )_n q^{−n2} (q; q)_n, n ≥ 0, (53) gde W (x) = ^W (x) N^2(x)

, (x = |z|^2). (54)

Pri zamene peremennyh x = q 1 − q y, πq 1 − q W ( q 1 − q y) = ~W (y), (55)

60 V. V. BORZOV, E. V. DAMASKINSKI` problema momentov (53) prinimaet vid ∞∫ 0 y^n ~W (y)d y = q^{−n2} (q; q)_n. (56)

4. Rexenie problemy momentov (56) Opredelim obobwennu¸ ffksponentu

^e_q (x) := ∞∑ n=0 x^n b_{n−1}! = ∞∑ n=0 q^{n2} (q; q)_n x^n =_0ϕ_1 ( �_0^|_{q, qx}^) (57) i sootvetstvu¸wu¸ deformirovannu¸ proizvodnu¸ ^ [ d dx ] q f(x) = f(q^{−2}x) − f(q^{−1} x) q^{−1}x , (58)

tak qto ^ [ d dx ] q x^n = { b_{n−1}^2x^{n−1} pri n ≥ 1;

0 pri n = 0 , ^ [ d dx ] q ^e_q (x) = ^e_q(x);

(59)

i spravedlivo sledu¸wee obobwenie pravila Leæbnica ^ [ d dx ] q (u(x)v(x)) = v(q^{−2}x) ^ [ d dx ] q u(x) + u(q^{−1}x) ^ [ d dx ] q v(x),

v(q^{−1}x) ^ [ d dx ] q u(x) + u(q^{−2}x) ^ [ d dx ] q v(x). (60)

Sootvetstvu¸wiæ q-integral opredelØetsØ ravenstvom ∞∫ 0 f(t)^d_q t =

= 1 − q q^2 ∞∑ k=0 ( q^{−(k−1)}f(q^{−(k−1)}) + q^{(k+2)}f(q^{(k+2)} ) ) , |q| < 1. (61)

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 61 Netrudno ubedit~sØ v tom, qto integral suwestvuet dlØ nepreryvnyh funkciæ f(x) = ^

[_d dx ] q F (x), takih qto F (x)^{x→∞}−→ 0 i qto a∫ 0 ^ [ d dx ] q f(x)^d_q x = f(a) − f(0). (62)

IntegriruØ pravilo Leæbnica (60) s uqetom formuly (62), poluqaem formulu integrirovaniØ po qastØm (0 < a ≤ ∞) a∫ 0 u(q^{−1}x) ^ [ d dx ] q v(x)^d_q x =

= u(x)v(x) | |^a_0 − a∫ 0 v(q^{−2} x) ^ [ d dx ] q u(x)^d_q x; (63a)

a∫ 0 u(q^{−2}x) ^ [ d dx ] q v(x)^d_q x =

= u(x)v(x) | |^a_0 − a∫ 0 v(q^{−1}x) ^ [ d dx ] q u(x)^d_q x. (63b)

DlØ sluqaØ a = ∞ perepixem formulu (63a) v sledu¸wem vide. Sperva, osuwestviv v integrale v pravoæ qasti ravenstva (63a) zamenu q^{−1}x = y, poluqim ∞∫ 0 u(q^{−1}x) ^ [ d dx ] q v(x)^d_q x = ∞∫ 0 u(y) ^ [ d dx ] q v(qy)^d_q y. (64) Togda, uqityvaØ nezavisimost~ integrala (61) ot oboznaqeniØ peremennoæ integrirovaniØ, poluqim okonqatel~no ∞∫ 0 u(x) ^ [ d dx ] q v(qx)^d_q x =

= u(x)v(x) | |^∞_0 − ∞∫ 0 v(q^{−2}x) ^ [ d dx ] q u(x)^d_q x. (65)

62 V. V. BORZOV, E. V. DAMASKINSKI` Rassmotrim funkci¸ f(y), udovletvorØ¸wu¸ uslovi¸ ^ [ d dy ] q f(q^2 y) = −q^2f(y). (66)

Ispol~zuØ opredelenie deformirovannoæ proizvodnoæ (58), poluqim iz (66) raznostnoe uravnenie f(qy) − f(q^2 y) q^{−1}y = −q^2f(y)

dlØ funkcii f(y). Perepisav ffto uravnenie v vide f(qy) − f(q^2y) = −qyf(y), (67) naædem ego rexenie v forme stepennogo rØda f(y) = ∞∑ n=0 1 (q; q)_n q^−(^{n2})(−y)^n =_2ϕ_0

(_{0, 0} � | |q; y ) . (68)

Rassmotrim integral

I_n(q) := ∞∫ 0 x^n_2ϕ_0

(_{0, 0} � | |q; q^{−2}x ) ^d_q x, n ≥ 0. (69)

Iz (66) sleduet, qto − ^ [ d dx ] q 2ϕ_0

(_{0, 0} � | |q; qx ) =_2ϕ_0

(_{0, 0} � | |q; q^{−2}x ) . (70)

PrimenØØ k integralu I_n(q) formulu integrirovaniØ po qastØm (65) s u(x) = x^n i v(x) = − ( 2ϕ_0

(_{0, 0} � | |q; x )) , imeem pri n ≥ 1

I_n(q) = ∞∫ 0 2ϕ_0

(_{0, 0} � | |q; q^{−2}x ) b_{n−1}^2x^{n−1}^d_q x, (71)

tak kak vneintegral~nyæ qlen obrawaetsØ v nul~, i, sledovatel~no,

I_n(q) = b_{n−1}^2I_{n−1}(q), n ≥ 1. (72)

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 63 S drugoæ storony, pri n = 0 imeem

I_0(q) = − ∞∫ 0 ^ [ d dx ] q 2ϕ_0

(_{0, 0} � | |q; q^{−2}x ) ^d_q x =

= −_2ϕ_0

(_{0, 0} � | |q; qx ) | |^∞ 0 = 1.

(73)

Iz formul (72) i (73) sleduet

I_n(q) = b_{n−1}^2! = q^{−n2} (q; q)_n. (74)

Takim obrazom, problema momentov (56) imeet rexenie ~W (y) = 1 − q q^2 ∞∑ k=0 y_2ϕ_0

(_{0, 0} � | |q; q^{−2}y ) ×

× ( δ(y − q^{−(k−1)}) + δ(y − q^{(k+2)}) ) (75) tak qto

^W (x) = N^2(x) 1 − q πq ~W (^{1−q}_q x) =

= 1 − q πq^0 ϕ_1 ( �_0^|_{q; (1 − q)x}^)_× ∞∑ k=0 (1 − q)^2

q^3 x_2ϕ_0

(_{0, 0} � | |q;^{1−q}_{q3} x ) × × ( δ(^{1−q}_q x − q^{−(k−1)}) + δ(^{1−q}_q x − q^{(k+2)}) ) . (76)

V rezul~tate dlØ mery dμ(|z|^2) iz razloßeniØ edinicy (51)–(52) imeem

dμ(|z|^2) =

(1 − q)^3 πq^{4 0} ϕ_1 ( �_0^|_{q; (1 − q)|z|}2^)_× × ∞∑ k=0 k|z|^2_2ϕ_0

(_{0, 0} � | |q;^{1−q}_{q3} |z|^2 ) × × ( δ(^{1−q}_q |z|^2 − q^{−(k−1)}) + δ(^{1−q}_q |z|^2 − q^{(k+2)}) ) . (77)

Tem samym dokazana polnota postroennoæ sistemy kogerentnyh sostoØniæ.

64 V. V. BORZOV, E. V. DAMASKINSKI`

Blagodarnosti. Avtory priznatel~ny prof. V. M. Babiqu i

uqastnikam rukovodimogo im seminara za obsußdenie rezul~- tatov tesno svØzannyh s temoæ nastoØweæ raboty. Avtory blagodarny prof. P. P. Kulixu za vnimanie k rabote i poleznye zameqaniØ.

Literatura

1. A. M. Perelomov, Obobwennye kogerentnye sostoØniØ i ih primeneniØ.

Nauka FM, M. (1987).

2. I. A. Malkin, V. I. Man~ko, Dinamiqeskie simmetrii i kogerentnye sostoØniØ kvantovyh sistem. Nauka, M. (1979).

3. J. R. Klauder and B.-S. Skagerstam (eds), Coherent States – Applications in Physics and Mathematical Physics. World Scientific, Singapore (1985).

4. Dß. Klauder, �.Sudarxan, Osnovy kvantovoæ optiki. Mir, M. (1979). 5. A. I. Baz~, ˚. B. Zel~doviq, A. M. Perelomov, RasseØnie, reakcii i raspady v nerelØtivistskoæ kvantovoæ mehanike. 2-e izd., Nauka FM, M. (1971).

6. Kogerentnye sostoØniØ v kvantovoæ teorii (V. I. Man~ko, red.), Novosti Fundamental~noæ Fiziki, vyp. 1, Mir, M. (1972).

7. W.-M. Zhang, D. H. Feng, and R. Gilmore, Coherent states: theory and some applications. — Rev. Mod. Phys. 62 (1990), 867–927.

8. S. T. Ali, J.-P. Antoine, and J.-P. Gazeau, Coherent States, Wavelets and their Generalizations. Springer, New York (2000).

9. S. T. Ali, J.-P. Antoine, J.-P. Gazeau, U. A. Mueller, Coherent states and their generalizations: A mathematical overview. — Rev. Math. Phys. 7:7 (1995), 1013–1104.

10. V. V. Dodonov, “Nonclassical” states in quantum optics: a ’squeezed’ review of the first 75 years. — J. Opt. B. 4:1 (2002), R1–R33.

11. K. Thirulogasanthar, A. L. Hohouéto, Vector coherent states with matrix moment problems. — math-ph/0311046.

12. K. Thirulogasanthar, G. Honnouvo, Multi Matrix Vector Coherent States. —

math-ph/0308045.

13. K. Thirulogasanthar, A. L. Hohouéto, Vector coherent states on Clifford algebras.

— math-ph/0308020.

14. S. T. Ali, M. Englis, J.-P. Gazeau, Vector Coherent States from Plancherel’s Theorem, Clifford Algebras and Matrix Domains. — math-ph/0311042.

15. T. Appl, D. H. Schiller, Generalized Hypergeometric Coherent States.

quant-ph/0308013.

16. P. Blasiak, K. A. Penson, A. I. Solomon, Combinatorial coherent states via normal ordering of bosons. — quant-ph/0311033.

17. S. T. Ali, R. Roknizadeh, M. K. Tavassoly, Representations of Coherent States in Nonorthogonal Bases. — quant-ph/0310147.

18. M. Daoud, E. H. El Kinani, The Moyal Bracket in the Coherent States framework.

— J. Phys. A 35:11 (2002), 2639, math-ph/0309037.

19. J.-P. Gazeau, W. Piechocki, Asymptotic coherent states quantization of a particle in de Sitter space. — hep-th/0308019.

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 65

20. C. Anastopoulos, Coherent states of spinning relativistic particles.

— quant-ph/0312025.

21. T. Shreecharan, P. K. Panigrahi, J. Banerji, Coherent states for exactly solvable potentials. — quant-ph/0309038.

22. Y-Z. Zhang, Coherent State Construction of Representations of osp(2j2) and Primary Fields of osp(2j2) Conformal Field Theory. — hep-th/0312024.

23. Lorenz Hartmann, John R. Klauder, Weak Coherent State Path Integrals. —

hep-th/0309184.

24. E. Schrödinger, Der stetige Übergang von der Mikro- zur Macromechanik. — Naturwissenshaften 14 (1926), 644–666.

25. R. J. Glauber, The Quantum Theory of Optical Coherence. — Phys. Rev. 130 (1963), 2529–2539.

26. R. J. Glauber, Coherent and incoherent states of radiation field. — Phys. Rev.

131 (1963), 2766–2788.

27. J. R. Klauder, The action option and a Feynman quantization of spinor fields in terms of ordinary c-numbers. — Ann. Phys. 11 (1960), 123–168.

28. E. C. G. Sudarshan, Equivalence of semiclassical and quantum mechanical descriptions of statistical light beams. — Phys. Rev. Lett. 10 (1963), 277–279.

29. A. O. Barut, L. Girardello, New “Coherent States” Associated with Noncompact Groups. — Comm. Math. Phys. 21, No.1 (1972), 41–55.

30. J.-P. Gazeau, J. R. Klauder, Coherent states for systems with discrete and continuous spectrum. J. Phys. A. 32, No.1 (1999), 123–132.

31. J.-P. Antoine, J.-P. Gazeau, P. Monceau, J. R. Klauder, K. A. Penson, Temporally stable coherent states for infinite well and Pöschl–Teller potentials. — J. Math. Phys. 42 (2001), 2349–2386, math-ph/0012044.

32. N. I. Ahiezer, KlassiqeskaØ problema momentov i nekotorye voprosy analiza, svØzannye s ne¸. FM, M. (1961).

33. B. Simon, The classical moment problem as a self-adjoint finite difference operator. — Adv. Math. 137 (1998), 82–203.

34. V. V. Borzov, E. V. Damaskinsky, P. P. Kulish, Construction of the spectral measure for the deformed oscillator position operator in the case of undetermined Hamburger moment problem. — Rev. Math. Phys. 12, No. 5 (2000), 691–710,

math.QA/9803089.

35. V. V. Borzov, E. V. Damaskinskiæ, Kogerentnye sostoØniØ dlØ oscillØtora Leßandra. — Zap. Nauqn. Semin. POMI 285 (2002), 39–52,

math.QA/0307187 .

36. V. V. Borzov, E. V. Damaskinskiæ, Kogerentnye sostoØniØ i polinomy Qebyxeva. — V kn.: Sb. trudov meßdunarodnoæ konferencii “Matematiqeskie idei P. L. Qebyxeva i ih priloßeniØ k sovremennym problemam estestvoznaniØ”, Obninsk, 14–18 maØ 2002 g. quant-ph/0307133.

37. V. V. Borzov, E. V. Damaskinskiæ, Kogerentnye sostoØniØ i ortogonal~nye mnogoqleny. Trudy konferencii “Den~ Difrakcii 2002”, SPb (2002) math.QA/0209181.

38. V. V. Borzov, E. V. Damaskinsky, Barut-Girardello Coherent states for Gegenbauer oscillator. Zap. Nauchn. Semin. POMI 291 (2002), 43–63.

39. V. V. Borzov, E. V. Damaskinsky, Generalized Coherent states: A Novel Approach. Zap. Nauchn. Semin. POMI 300 (2003), 65–70.

66 V. V. BORZOV, E. V. DAMASKINSKI`

40. V. V. Borzov, E. V. Damaskinsky, Generalized Coherent States for q-oscillator connected with q-Hermite Polynomials. Day on Diffraction 2003, SPb (2003);

math.QA/0307356.

41. A. Odzijewicz, M. Horowski, and A. Tereszkiewicz, Integrable multi-boson systems and orthogonal polynomials. — J. Phys. A34 (2001), 4353–4376.

42. V. V. Borzov, Orthogonal polynomials and generalized oscillator algebras. — Integral Transf. Special Funct. 12:2 (2001), 115–138; math.CA/0002226.

43. V. V. Borzov, E. V. Damaskinsky, Realization of the annihilation operator for an oscillator-like system by a differential operator and Hermite-Chihara polynomials. — Integral Transforms and Special Functions 13 (2002), 547–554;

math.QA/0101215.

44. E. V. Damaskinskiæ, P. P. Kulix, Deformirovannye oscillØtory i ih priloßeniØ. — Zap. nauqn. semin. LOMI 189 (1991), 39–74.

45. R. Koekoek, R. F. Swarttouw, The Askey sheme of hypergeometric orthogonal polynomials and its q-analogue. — Report No. 94-05, Delft University of Technology (1994), (math.CA/9602214).

46. G. Gasper, M. Rahman, Basic Hypergeometric Series. Cambridge Univ. Press (1990) in Encyclopedia of Mathematics and its Applications 35.

47. C. Berg, On some indeterminate moment problems for measures on a geometric progression. — J. Comput. Appl. Math. 99 (1998), 67–75 http:// www.elsevier.nl/locate/cam.

48. J. R. Klauder, K. A. Penson, J.-M. Sixdeniers, Constructing coherent states through solutions of Stieltjes and Hausdorff moment problems. — Phys. Rev. 64, 1 013817 (2001).

49. K. A. Penson, A. I. Solomon, New generalized coherent states,. — J. Phys. Rev.

40, 5 (1999), 2354–2363.

Borzov V. V., Damaskinsky E. V. Generalized coherent states for qoscillator connected with discrete q-Hermite polynomials.

We are continuing here the study of generalized coherent states of Barut-Girardello type for the oscillator-like systems connected with the given set of orthogonal polynomials. In this work we construct the family of coherent states associated with discrete q-Hermite polynomials of the II-type and prove the over-completeness of this family of states by constructing the measure for unity decomposition for this family of coherent states.

Postupilo 21 dekabrØ 2003 g. S.-Peterburgskiæ Universitet Telekomunikaciæ. Kaf. Matematiki Voennyæ Inßenernyæ Tehniqeskiæ Universitet. Kaf. Matematiki

E-mail: evd@pdmi.ras.ru