Zapiski nauqnyh seminarov POMI Tom 302, 2003 g.

O. M. Fomenko

RASPREDELENIE CELYH TOQEK NA GIPERBOLOIDAH §1 Ravnomernoe raspredelenie celyh toqek na giperboloidah pervymi izuqali ı. V. Linnik (prosteæxiæ dvupolosnyæ giperboloid) i B. F. Skubenko (prosteæxiæ odnopolostnyæ giperboloid) (sm. [1]). Giperboloidy obwego vida vpervye rassmotrela E. P. Golubeva [2]. Dokazatel~stva vseh fftih rezul~tatov trebovali primeneniØ nekotoryh nedokazannyh gipotez. D~¸k [3], ispol~zuØ rezul~taty Ivanca o summah summ Sal~e, izuqil sluqaæ prosteæxego dvupolostnogo giperbolida. Bezuslovnyæ variant dokazatel~stva ravnomernoæ raspredelennosti celyh toqek na odnopolostnom giperboloide poka ne poluqen.

Metod E. P. Golubevoæ pozvolØet bez vsØkih gipotez dokazat~ ravnomernu¸ raspredelennost~ celyh toqek (a, b, c) na giperboloidah vida n = qb^2 + ac, gde nq = N^2; n > 0, N – celye qisla, q > 0 – postoØnnoe celoe qislo, n → ∞. Niße budem rassmatrivat~ lix~ sluqaæ q = 1.

Pust~ Ω – oblast~ na poverhnosti 1 = b^2 + ac, r(n, Ω) – qislo celyh rexeniæ (a, b, c) uravneniØ

n = b^2 + ac

takih, qto (a, b, c)/ √ n ∈ Ω. Rassmotrim prosteæxiæ qastnyæ sluqaæ: n = P^2, gde P – prostoe qislo, Ω_0 – oblast~ na giperbolide

1 = b^2 + ac, zadavaemaØ usloviØmi

0 < L_1 6 a 6 L_2 < 1, 0 < t_1 6 b a 6 t2 < 1. (1)

Togda metod E. P. Golubevoæ pozvolØet dokazat~, qto

r(P^2, Ω_0) = C(t_2 − t_1)(L_2 − L_1)P log P + BP + O(P log^{−γ} P ), (2) 168

RASPREDELENIE CELYH TOQEK NA GIPERBOLOIDAH 169 gde C, B, γ – nekotorye konstanty, priqem C > 0, 0 < γ 6 1, P → ∞. Moßno pytat~sØ izuqat~ raspredelenie na giperboloide n = b^2 + ac celyh toqek (a, b, c) s dopolnitel~nym usloviem

a = p (prostoe qislo).

V obwem sluqae taku¸ zadaqu rexit~ trußno daße s pomow~¸ gipotez tipa gipotezy Rimana, odnako pri n = N^2 moßno dokazat~ netrivial~nye, hotØ i ne polnye, rezul~taty. DlØ uproweniØ voz~mem sluqaæ prostogo N . Vvedem oboznaqenie

r(P^2, Ω_0)_{pr} = ∑ L_1P 6p6L_2 P P^2 =b^2+pc ∑ t_16b/p6t_2 1, (3)

gde Ω_0 – oblast~ (1), P , p – prostye qisla.

Teorema. Pust~ ε – l¸boe poloßitel~noe qislo. Togda pri P >

P (ε) spravedlivy neravenstva (K − Δ − ε) P log P 6 r(P^2, Ω_0)_{pr} 6 (K + Δ + ε) P log P , gde K = 2(t_2 − t_1)(L_2 − L_1), Δ = L^2 · 2π 3 . Sledstvie. Pri (t2 − t1)(L2 − L1) > L^2 ·^π_3

r(P^2, Ω_0)_{pr} ≍ P log P (P → ∞). Gipoteza.

r(P^2, Ω_0)_{pr} ∼ 2(t_2 − t_1)(L_2 − L_1) P log P (P → ∞). V §2 budet dano dokazatel~stvo teoremy. V §3 issleduetsØ svØz~ zadaqi (2) s summami Sal~e. Otmetim, qto dvustoronnØØ svØz~ ravnomernogo raspredeleniØ celyh toqek na giperboloide s ocenkoæ summy summ Sal~e issledovana v rabotah [4] i [5].

170 O. M. FOMENKO §2 V fftom paragrafe daetsØ dokazatel~stvo teoremy. Niße ε^′, ε – l¸bye poloßitel~nye qisla. Ispol~zuem sledu¸wu¸ horoxo izvestnu¸ lemmu (sm. [6]).

Lemma 1. Pust~ e(t) = e^{2πit}. Pust~ r – celoe poloßitel~noe qi-

slo, α i β – vewestvennye qisla, 0 < δ < 0,25, δ 6 β − α 6 1 − δ. Togda suwestvuet periodiqeskaØ funkciØ ψ(x) s periodom 1 i s usloviØmi:

1) ψ(x) = 1 v intervale α + 0,5 δ 6 x 6 β − 0,5δ;

2) 0 < ψ(x) < 1 v intervalah α − 0,5δ < x < α + 0,5δ i β − 0,5δ < x < β + 0,5δ; 3) ψ(x) = 0 v intervale β + 0,5δ 6 x 6 1 + α − 0,5δ; 4) ψ(x) razlagaetsØ v rØd Fur~e vida ψ(x) = β − α + ∞∑ m=1 ( c_me(mx) + c^′_me(−mx) ) , gde imeem |c_m| 6 1 πm , |c^′_m| 6 1 πm , |c_m| 6 β − α, |c^′_m| 6 β − α, |c_m| < 1 πm ( r πmδ )_r , |c^′_m| < 1 πm ( r πmδ )_r . Razloßiv sglaßennu¸ harakteristiqesku¸ funkci¸ otrezka

[t_1, t_2] v rØd Fur~e (sm. lemmu 1), preobrazuem pravu¸ qast~ ra-

venstva (3) sledu¸wim obrazom:

r(P^2, Ω_0)_{pr} = (t_2 − t_1) ∑ L_1P 6p6L_2P ρ(p) + O ( δ ∑ L_1P 6p6L_2P ρ(p) ) +

+ ∞∑ m=1 c_m ∑ L_1P 6p6L_2P ρ(P^2, m, p) + ∞∑ m=1 c^′_m ∑ L_1P 6p6L_2 P ρ(P^2, −m, p),

RASPREDELENIE CELYH TOQEK NA GIPERBOLOIDAH 171 gde ρ(P ) = ∑ b(mod p) b^2≡P^2 (mod p)

1 = 2,

ρ(P^2, m, p) = ∑ b(mod p) b^2≡P^2(mod p) e ( bm p ) = e ( P m p ) + e ( −P m p ) .

Pust~ S = ∑ L_1P 6p6L_2P e ( P m p ) . Imeem

r(P^2, Ω_0)_{pr} = 2(t_2 − t_1) ∑ L_1P 6p6L_2 P

1 + O ( δ ∑ L_1P 6p6L_2 P 1 ) +

+ ∞∑ m=1 c_m(S + S) + ∞∑ m=1 c^′_m(S + S). Niße δ = 1 (log P )^{1/3} . Ocenim teper~ sverhu |S|. Nam neobhodim sledu¸wiæ rezul~tat Rossera [7].

Lemma 2. Pust~ pk oznaqaet k-oe prostoe qislo. DlØ kaßdogo

poloßitel~nogo qisla A suwestvuet konstanta N takaØ, qto dlØ k ¿ N

k log k + k log log k − k − Ak < p_k < k log k + k log log k − k + Ak. Po lemme 2, imeem p = p_k = k log k + O(k log log k).

Oqevidno, π(p_k) = k ∼ p_k/ log p_k.

Rassmotrenie prostyh p = p_k iz otrezka L_1P 6 p_k 6 L_2P ffkvivalentno rassmotreni¸ ih nomerov k iz otrezka l_1 6 k 6 l_2. Vvedem oboznaqenie f(k) = k log k.

172 O. M. FOMENKO Imeem ∑ L_1P 6p6L_2P e ( P m p_k ) − ∑ l_1 6k6l_2 e ( P m f(k) ) =

= ∑ l_16k6l_2 e ( P m f(k) )[ e ( P m ( 1 p_k − 1 f(k) )) − 1 ] =

= ∑ l_16k6l_2 e ( P m f(k) )[ e ( P m p_k f(k) O ( k log log k )) − 1 ] = I. Napomnim izvestnoe neravenstvo |e^z − 1| 6 |z|e^{|z|}. (4) Pust~ m 6 (log P )^{1/3+ε0} . Togda pri P > P_0, l_1 6 k 6 l_2, | | | | P m p_k f(k) O ( k log log k ) | | | | < 1. Po (4), teper~ imeem (c_1 < c_2 – nekotorye poloßitel~nye konstanty) I ≪ ∑ c_1^P_{log P} <k<c_2^P_{log P}

m log log k log k ≪ mP log log P log^2 P , pofftomu S = ∑ l_1 6k6l_2 e ( P m f(k) ) + O (mP log log P

log^2 P ) . Pust~ F (k) = P m f(k) = P m k log k . Togda F^′(k) = −P m ( 1 k^2 log k + 1 k^2 log^2 k ) . Na l_1 6 k 6 l_2

RASPREDELENIE CELYH TOQEK NA GIPERBOLOIDAH 173 F^′(k) > P m 1 k^2 log k > > P m ( L_2 + 1 5 ε )_2 P 2

log^2(L_2P )

(log(L_2P ) − log log(L_2P )) >

> P m ( L_2 + 1 5 ε )_2 P 2 log(L_2P ) = m(log P + log L_2)

(L_2 + 1 5 ε)^2P >

> m log P ( L_2 + 1 4 ε )_2 P (pri P > P (ε)).

Analogiqno nahoditsØ ocenka sverhu. Imeem teper~:

na l_1 6 k 6 l_2 m log P ( L_1 − 1 4 ε )_2 P > |F^′(k)| > m log P ( L_2 + 1 4 ε )_2 P , (5)

esli P > P (ε).

Pust~ S_1 = ∑ l_16k6l_2 e(F (k)). Nam potrebuetsØ neravenstvo Kuz~mina–Landau (sm. [8]), kotoroe my sformuliruem v vide sledu¸weæ lemmy.

Lemma 3. Pust~ a1, a2, . . . , an – vewestvennye qisla,

S_0 = n∑ i=1 e(a_i). Predpoloßim, qto

1 > 1 − θ ¿ a_1 − a_2 ¿ a_2 − a_3 ¿ · · · ¿ a_{n−1} − a_n ¿ θ > 0.

Togda |S_0| 6 1 θ . Po (5) i lemme 3,

|S_1| 6 ( L_2 + 1 4 ε )_2 P m log P ,

174 O. M. FOMENKO otkuda |S| 6 ( L_2 + 1 3 ε )_2 P m log P

(P > P (ε)). (6)

Rassmotrim rØd_∞ ∑ m=1 c_mS. Razob~em ego na qasti: ∞∑ m=1 c_mS = ∑ m6(log P )^{1/3+ε0} c_mS + ∑ m>(log P )^{1/3+ε0}

c_mS = I_1 + I_2.

K summe I_1 primenim lemmu 1 i (6). Imeem

I_1 6 ∑ m6(log P )^{1/3+ε0} 1 πm ( L_2 + 1 3 ε )_2 P m log P <

< ∞∑ m=1 1 πm^2 ( L_2 + 1 3 ε )_2 P log P = ( L_2 + 1 3 ε )_2 π 6 P log P . Poskol~ku δ = 1 (log P )^{1/3} , my moßem za sqet vybora r (sm. lemmu 1) sdelat~

I_2 ≪ P log^2 P . Iz dokazannogo sleduet, qto ∞∑ m=1 c_m(S + S) + ∞∑ m=1 c^′_m(S + S) 6 ( L_2 + 1 3 ε )_2 2 3 π P log P , esli P > P (ε). Oqevidno, ∑ L_1P 6p6L_2 P

1 = (L_2 − L_1) P log P + O ( P log^2 P ) . Teorema dokazana.

RASPREDELENIE CELYH TOQEK NA GIPERBOLOIDAH 175 §3 V nastoØwem paragrafe my issleduem zadaqu (2) metodom, ispol~zovannym v §2. Central~nym momentom fftogo metoda ØvlØetsØ ocenka summ vida ∞∑ m=1 c_m ∑ L_1P 6a6L_2 P ρ(P^2, m, a), gde ρ(P^2, m, a) = ∑ b(mod a) b^2≡P^2(mod a) e ( bm a ) .

Summoæ Klostermana s harakterom χ(mod a) nazyvaetsØ summa S_χ(m, n; a) = ∑ x(mod a) χ(x)e ( mx + nx a ) , (7)

gde xx ≡ 1(mod a).

Niße budem rassmatrivat~ sluqaæ χ(x) = (^x_a ) – simvol ˚kobi, togda summa (7) nazyvaetsØ summoæ Sal~e. Pust~

ε_a = { 1, esli a ≡ 1(mod 4); i, esli a ≡ −1(mod 4).

Izvestno, qto ε_a √ a ρ(P^2, 2m, a) = S_χ(P^2, m^2; a), esli (2m, a) = 1. Pri (2mP, a) = 1 imeem

S_χ(P^2, m^2; a) = ( P m a ) S_χ(P m, P m; a). Ivanec [9] dokazal, qto S_χ(P m, P m; a) = ε_a √ a ( P m a ) ∑ MN =a (M,N )=1 e ( 2P m M N − 2P m N M ) ,

esli (2P m, a) = 1. Sledovatel~no, pri (2P m, a) = 1

ρ(P^2, 2m, a) = ∑ MN =a (M,N )=1 e ( 2P m M N − 2P m N M ) .

176 O. M. FOMENKO Vvedem oboznaqenie ((2k, a) = 1)

S_0(k, k; a) = ∑ mn=a (m,n)=1 e ( 2k m n − 2k n m ) .

Metodom raboty [10] moßno dokazat~ asimptotiqesku¸ formulu ∑ a6x (2k,a)=1 S_0(k, k; a) = 96π^{−2}ψ(8k)kE(x/2k)+O_ε (( k +x ) 47_{118} x^{3559 +ε} ) , (8) gde ψ(q) = ∏ p|q ( 1 + 1 p )_{−1} , E(y) = y∫ o e^{2πi(−1/t)} dt; konstanta v O_ε(· · · ) zavisit tol~ko ot ε. Sledstviem (8) ØvlØetsØ ocenka ∑

L_1P 6a6L_2 P (2P m,a)=1 ρ(P^2, 2m, a) ≪ P, (9)

neuluqxaemaØ po P i ravnomernaØ po m ≪ P^{1/47−ε}.

Ocenka (9) pokazyvaet, qto metodom, osnovannym na lemme 1, moßno, samoe bol~xoe, poluqit~ lix~ asimptotiku (C > 0)

r(P^2, Ω_0) = C(t_2 − t_1)(L_2 − L_1)P log P + O(P log log P ).

Pri fftom neobhodimo dolßnym obrazom ocenit~ takße nekotorye summy, analogiqnye (9).

Literatura

1. ı. V. Linnik, �rgodiqeskie svoæstva algebraiqeskih poleæ, L., 1967. 2. E. P. Golubeva, Asimptotiqeskoe raspredelenie celyh toqek, prinadleßawih zadannym klassam vyqetov, na giperboloidah special~nogo vida, Mat. sb. 123, No. 4 (1984), 510–533.

3. W. Duke, Hyperbolic distribution problems and half-integral weight Maass forms, Invent. Math. 92, No. 1 (1988), 73–90.

4. A. I. Vinogradov, L. A. TahtadßØn, Ob asimptotikah Linnika–Skubenko, Dokl. AN SSSR, 253, No. 4 (1980), 777–780.

5. E. P. Golubeva, SvØz~ summy summ Sal~e s raspredeleniem celyh toqek na giperboloidah, Zap. nauqn. semin. LOMI 116 (1982), 56–62.

6. I. M. Vinogradov, Metod trigonometriqeskih summ v teorii qisel, M., 1980.

RASPREDELENIE CELYH TOQEK NA GIPERBOLOIDAH 177

7. J. B. Rosser, Explicit bounds for some functions of prime numbers, Amer. J.

Math. 63 (1941), 211–232.

8. L. J. Mordell, On the Kusmin–Landau inequality for exponential sums, Acta Arithm. 4, No. 1 (1958), 3–9.

9. H. Iwaniec, Fourier coefficients of modular forms of half-integral weight, Invent.

Math. 87, No. 2 (1987), 385–401.

10. W. Duke, J. Friedlander, H. Iwaniec, Bilinear forms with Kloosterman fractions, Invent. Math. 128, No. 1 (1997), 23–43.

Postupilo 6 oktØbrØ 2003 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN

E-mail:fomenko@pdmi.ras.ru