Zapiski nauqnyh seminarov POMI Tom 302, 2003 g.

O. M. Fomenko O RASPREDELENII ZNAQENI` L(1, f)

§0. Vvedenie Pust~ S_k(Γ_0(N )) – prostranstvo golomorfnyh Γ_0(N )-paraboliqeskih form qetnogo vesa k ¿ 2; predpolagaetsØ, qto uroven~ N beskvadraten. Pust~ f(z) ∈ S_k(Γ_0(N )), f(z) = ∞∑ n=1 a_f (n)e^{2πinz}, z ∈ H = {z = x + iy : y > 0}; a_f (n) · n^{− k} �1_2

= λ_f (n);

L_f (s) = ∞∑ n=1 a_f (n)n^{−s}, s = σ + it;

L_f ( s + k − 1 2 ) = ∞∑ n=1 λ_f (n)n^{−s} = L(s, f). Oboznaqim qerez S_k(N )^+ mnoßestvo novyh form vesa k i urovnØ N , prinadleßawih prostranstvu S_k(Γ_0(N )); pust~

S^′_k(6 Q)^+ = ⋃ q6Q,q prostoe^{Sk(q)} +. Otmetim, qto dlØ N = p (prostoe qislo)

dim S_2(Γ_0(N )) = 1 12 N + O(1). Niße predpolagaetsØ, qto f ∈ S_k(N )^+ . Togda L-funkciØ Gekke

L(s, f) razlagaetsØ v ffælerovskoe proizvedenie L(s, f) = ∏ p (1 − λ_f (p)p^{−s} + χ^{(N )}_0 (p)p^{−2s})^{−1},

gde χ^{(N )}_0 (n) – glavnyæ harakter po modul¸ N . Pust~

Φ(s) = ( 2π √ N )_{−s} Γ(s)L_f (s). 135

136 O. M. FOMENKO

Izvestno, qto Φ(s) ØvlØetsØ celoæ funkcieæ ot s i udovletvorØet funkcional~nomu uravneni¸

Φ(s) = C(−1)^{k/2}Φ(k − s),

gde C = ±1; toqnoe vyraßenie dlØ C sm. v [1]. Polosa 0 6 Re s 6 1 ØvlØetsØ dlØ funkcii L(s, f) kritiqeskoæ. Pust~ ves k postoØnen. Kak pokazano v [2], L(s, f) ne imeet zigelevskogo nulØ (v N -aspekte), otkuda moßno vyvesti, qto L(1, f) ≫ 1 log N . S drugoæ storony, netrudno poluqit~ ocenku sverhu

L(1, f) ≪ log^2 N.

�to legko sleduet iz klassiqeskogo rezul~tata DelinØ |λ_f (n)| 6 d(n), gde d(n) – koliqestvo deliteleæ qisla n, i ocenki ∑ n6X^{λf (n) ≪ X} 1 3 +εN^1_3

(sm. [3]).

Cel~ nastoØweæ raboty – dokazatel~stvo sledu¸wih rezul~- tatov.

Teorema 1. Pri celom m ¿ 1 i N = p → ∞ ∑ f∈S_2 (N )^+

L^m(1, f) = 1 12 B_mN + O(N^{1−α}), gde B_m – konstanta, opredelennaØ v (5) i (3),

1 ≪ B_m ≪ e^{cm log log m} (1)

dlØ nekotoroæ absol¸tnoæ konstanty c > 0, α = α(m) > 0 – nekotoraØ konstanta, O(. . . ) = O_m(. . . ).

O RASPREDELENII ZNAQENI` L(1, f ) 137

Teorema 2. Pri N = p → ∞ veliqina #{f|f ∈ S_2(N )^+ , L(1, f) 6 x} #{f|f ∈ S_2(N )^+ }

shoditsØ k funkcii raspredeleniØ F (x) v kaßdoæ toqke nepreryvnosti posledneæ, priqem sootvetstvu¸waØ harakteristiqeskaØ funkciØ imeet vid f(t) = ∞∑ k=0 B_k k! (it)^k.

Ukazannye teoremy ØvlØ¸tsØ analogami horoxo izvestnyh rezul~tatov M. B. Barbana [4] dlØ L_D (1), gde L_D(s) – L-funkciØ Dirihle, associirovannaØ s harakterom Dirihle χ_D po modul¸ D. Zameqanie. Metod dokazatel~stva teoremy 1 nel~zØ neposred-

stvenno perenesti na sluqaæ form iz prostranstva S_k(Γ_0(N )),

N = p, k > 2, poskol~ku lemma 1 (sm. niße) dokazana lix~ dlØ

vesa k = 2.

My dokaßem teoremu 1 v §§1–3.

§1. Naqalo dokazatel~stva teoremy 1 Napomnim, qto my rassmatrivaem prostranstvo form

S_2(Γ_0(N )), N = p, i bazis v nem S_2(N )^+ . Pust~ f ∈ S_2(N )^+ . Na-

pomnim sootnoxenie mul~tiplikativnosti

λ_f (r)λ_f (s) = ∑ d|(r,s) χ^{(N )}_0 (d)λ_f (rs/d^2). (2)

Imeem pri Re s > 1

L^m(s, f) = ∑ n_1,...,n_m λ_f (n_1) . . . λ_f (n_m) (n_1 . . . n_m)^s = ∑ k¿1 a^{(m)}_f (k) k^s ,

138 O. M. FOMENKO

gde, v silu (2),

a^{(m)}_f (k) = ∑ n_1...n_m=k ∑ d_1|(n_1,n_m) ∑ d_2 | (_{n1n2} d21 ,n_3 ) . . .

· · · ∑ d_m�_1 | |(^n1^{...n}m�1 (d1 ...dm�2 )2 ,nm ) χ^{(N )}_0 (d_1 . . . d_{m−1})λ_f ( k (d_1 . . . d_{m−1})^2 ) =

= ∑ d^2|k ∑ n_1...n_m=k ∑ d_1 |(n_1,n_2) ∑ d_2| (_{n1 n2} d21 ,n_3 ) . . .

· · · ∑ d_m�_1 | |(^n1^{...n}m�1 (d1 ...dm�2 )2 ,n 2 m )_{,d1 ...dm} �1 =d χ^{(N )}_0 (d) · λ_f ( k d^2 ) =

= ∑ d^2 |k b_m(k, d)λ_f ( k d^2 ) , priqem my vveli oboznaqenie b_m(k, d) = ∑ n_1...n_m =k ∑ d_1 |(n_1,n_2) ∑ d_2 | |(^n1^n2_{d21 ,n3}) . . .

· · · ∑ d_m�_1 | |(^n1^{...n}m�1 (d1 ...dm�2 )2 ,n 2 m )_{,d1...dm} �1 =d χ^{(N )}_0 (d). (3)

Imeem

b_m(k, d) 6 d_m(k)d_m(d) 6 d^2_m(k),

gde d_m(k) – qislo rexeniæ uravneniØ v natural~nyh qislah

x_1x_2 . . . x_m = k.

Pri m = 2 d_2(k) = d(k). Izvestno, qto d_m(k) ≪_{m,ε} k^ε. Rassmotrim integral (1 < x ≪ N ) 1 2πi ∫ (2) L^m(s + 1, f)Γ(s)x^sds.

O RASPREDELENII ZNAQENI` L(1, f ) 139

On raven ∑ k¿1 a^{(m)}_f (k) k exp(−k/x). SdvigaØ prØmu¸ integrirovaniØ do Re s = γ, −1 < γ < 0, my prohodim pol¸s podyntegral~noæ funkcii v toqke s = 0 s vyqetom

L^m(1, f) i poluqaem

L^m(1, f) = ∑ k¿1 a^{(m)}_f (k) k exp(−k/x) − 1 2πi ∫ (γ) L^m(s + 1, f)Γ(s)x^sds. Oboznaqim

I_f = 1 2πi ∫ (γ) L^m(s + 1, f)Γ(s)x^sds, −1 < γ < 0. (4) Pust~ k = k_0 · k^{′2}_1 , gde k_0 – zdes~ i niße oznaqaet beskvadratnoe natural~noe qislo, k^′_1 – natural~noe qislo. Imeem ∑ k¿1 a^{(m)}_f (k) k exp(−k/x) =

= ∑ k_0 ∑ k0_1 ∑ d|k0_1 b_m(k_0k^{′2}_1 , d) k_0k^{′2}_1 λ_f ( k_0k^{′2}_1 d^2 ) exp(−k_0k^{′2}_1 /x).

Poloßim k^′_1 = k_1d, gde k_1 i d – natural~nye qisla. Imeem ∑ k¿1 a^{(m)}_f (k) k exp(−k/x) =

= ∑ k_0 ∑ k_1 ∑ d b_m(k_0k^2_1 d^2, d) k_0k^2_1d^2 exp(−k_0k^2_1 d^2/x)λ_f (k_0k^2_1).

Vvedem oboznaqenie ∑ f · · · = ∑ f∈S_2 (N )^+ . . . . Voz~mem x = N . Pust~ Tr (T_n) = Tr (T_n|S_k(Γ_0(N ))

140 O. M. FOMENKO

oznaqaet sled operatora Gekke T_n v prostranstve S_k(Γ_0(N )). Formula dlØ Tr (T_n) byla dokazana Aæhlerom [5] i Sel~bergom [6]. V sluqae prostranstva S_2(Γ_0(N )), N = p, formula sleda prinimaet sravnitel~no prostoæ vid (sm. [7, 8]). Summiruem po bazisu: ∑ f L^m(1, f) = ∑ f ∑ k_0 ∑ k_1 ∑ d b_m(k_0k^2_1d^2, d)

k_0k^2_1d^2 · · exp(−k_0k^2_1 d^2/N )λ_f (k_0k^2_1) − ∑ f I_f . Imeem ∑ f L^m(1, f) =

= ∑ f ∑ k_0 ∑ k_1 ∑ d k_0k^2_1d^2 6N^{1+ε}

b_m(k_0k^2_1 d^2, d) k_0k^2_1d^2 exp(−k_0k^2_1 d^2/N )λ_f (k_0k^2_1)−

− ∑ f I_f + O(1),

poskol~ku ∑ f ∑ k_0 ∑ k_1 ∑ d k_0k^2_1 d^2>N^{1+ε} · · · = O(1).

Dalee, ∑ f L^m(1, f) =

= ∑ k_0k^2_16N^{1+ε} ∑ d^2 6^{N1+ε} k0k21 b_m(k_0k^2_1 d^2, d) k_0k^2_1d^2 exp(−k_0k^2_1 d^2/N )·

· ∑ f λ_f (k_0k^2_1 ) − ∑ f I_f + O(1) = = ∑ k_0k^2_16N^{1+ε}

a_{k0k}2_1 Tr (T_{k0 k}2_1 ) − ∑ f I_f + O(1),

O RASPREDELENII ZNAQENI` L(1, f ) 141

gde my poloßili

a_{k0k}2_1 = ∑ d^26^{N1+ε} k0k21 b_m(k_0k^2_1 d^2, d)

k_0k^2_1 d^2 exp(−k_0k^2_1 d^2/N ).

DlØ dal~neæxego nam potrebuetsØ sledu¸waØ lemma (sm. [8]).

Lemma 1. Rassmotrim prostranstvo S2(Γ0(N )), gde N = p.

Pust~ {a_n} – l¸baØ posledovatel~nost~ qisel. DlØ l¸bogo C > 1 i l¸bogo B < N^2/4C imeem CB∑ n=B a_nTr (T_n) = N 12 CB∑ n=B a_n √ n δ n + +a_{max} O(B^{7/4}N^{−1/2} + B^{39/32+ε}N^{1/4}), gde a_{max} oznaqaet naibol~xee znaqenie |a_n| v rassmatrivaemom promeßutke i O-konstanta zavisit lix~ ot C i ε; δ n oznaqaet 1, esli n ØvlØetsØ kvadratom, i 0 v protivnom sluqae.

Razdelim interval summirovaniØ [1, N^{1+ε}] na ≪ log N intervalov vida [B, CB] i primenim lemmu 1. Imeem CB∑ k_0k^2_1 =B

a_{k0k}2_1 Tr (T_{k0k}2_1 ) =

= N 12 ∑ B6k^2_1 6CB

a_k2_1 √ k^2_1

+ a_{max} O(B^{7/4}N^{− 12} + B^{39/32+ε}N^{14} ),

a_{max} ≪ B^{−1+ε}.

Sledovatel~no, ∑ f L^m(1, f) = N 12 ∑ k_1 ∑ d k^2_1 d^26N^{1+ε}

b_m(k^2_1d^2, d) k^3_1 d^2 ·

· exp(−k^2_1 d^2/N ) + O(N^{1532 +ε}) − ∑ f I_f . Ispol~zuem izvestnyæ fakt: 1 4 |z| < |e^z − 1| < 7 4 |z| (0 < |z| < 1).

142 O. M. FOMENKO

Togda N 12 ∑ k_1 ∑ d k^2_1d^2 6N^{1+ε}

b_m(k^2_1 d^2, d) k^3_1 d^2 exp(−k^2_1 d^2/N ) =

= N 12 ∑ k_1 ∑ d k^2_1 d^2<N

b_m(k^2_1 d^2, d) k^3_1d^2

(1 + O

( k^2_1 d^2 N )) +

+ N 12 ∑ k_1 ∑ d N6k^2_1 d^2 6N^{1+ε}

b_m(k^2_1d^2, d) k^3_1 d^2 exp(−k^2_1 d^2/N ) =

= N 12 ∑ k_1 ∑ d b_m(k^2_1 d^2, d) k^3_1 d^2

+ O(N^{12 +ε}).

Pust~

B_m = ∑ k_1 ∑ d b_m(k^2_1 d^2, d) k^3_1d^2

. (5)

My dokazali, qto ∑ f L^m(1, f) = N 12 B_m − ∑ f I_f + O(N^{12 +ε}). (6)

§2. Rost Bm Imeem

b_m(k^2_1 d^2, d) 6 b_m(k^2_1 d^2) = b_m(K^2),

gde k_1d = K,

b_m(K^2) = ∑ n_1...n_m =K^2 ∑ d_1|(n_1,n_2) ∑ d_2 | (_{n1n2} d21 ,n_3 ) . . .

· · · ∑ d_m�_1 | |(^n1^{...n}m�1 (d1 ...dm�2 )2 ,nm ) 1.

Oqevidno,

B_m < B^′_m = ∑ 16K<∞ d(K)b_m(K^2)

K^2 .

O RASPREDELENII ZNAQENI` L(1, f ) 143

V silu mul~tiplikativnosti d(K) i b_m(K^2),

B^′_m = ∏ p ( 1 + ∑ s¿1 d(p^s)b_m(p^{2s}) p^{2s} ) .

Imeem

d(p^s) = s + 1, b_m(p^{2s}) = = ∑ p^{α1} ...p^{αm} =p^{2s} ∑ d_1|(p^{α1} ,p^{α2} ) ∑ d_2 | |( p^{α1} p^{α2}_{d21 ,p}α_3 ) . . .

· · · ∑ d_m�_1 | |( p^{α1} ...p^{αm}�^1 (d1...dm�2 )2 ,p αm ) 6^∑ α_1+···+α_m =2s (α_1 + 1) . . . (α_m + 1).

Ots¸da (sr. [9]) sleduet ocenka

b_m(p^{2s}) ≪ { (_{Am} 2s )_{2s} , esli 2s 6 m, min ((_{A2s} m )_{2m} , A^{2s} ) , esli 2s > m, (7)

s nekotoroæ konstantoæ A > 1. Zametim, qto ( Am s )_s ≪ ( m A )_s

dlØ s ¿ 1. Imeem

B^′_m = ∏ p6m ( 1 + ∑ s¿1 (s + 1)b_m(p^{2s}) p^{2s} ) ·

· ∏ p>m ( 1 + ∑ s¿1 (s + 1)b_m(p^{2s}) p^{2s} ) .

144 O. M. FOMENKO

Togda dlØ p 6 m 1 + ∑ s¿1 (s + 1)b_m(p^{2s}) p^{2s} = 1 + ∑ s6^m_2

(s + 1)b_m(p^{2s}) p^{2s} +

+ ∑ s>^m_2 (s + 1)b_m(p^{2s}) p^{2s} ≪

≪ 1 + ( m 2 + 1 ) ∑ s6^m_2 ( max_ξ¿_2 ( Am ξ )_ξ )_{1/p} +

+ ∑ s>^m_2 (s + 1)(^{A2s}_m )^{2m} p^{2s} ≪ m^2A^{m/p}_1 + A^m_1 /p^m

s nekotorym A_1 > 1. Sledovatel~no, ∏ p6m ( 1 + ∑ s¿1 (s + 1)b_m(p^{2s}) p^{2s} ) =

= ∏ p6A1 ( 1 + ∑ s¿1 (s + 1)b_m(p^{2s}) p^{2s} ) ·

· ∏ A_1<p6m ( 1 + ∑ s¿1 (s + 1)b_m(p^{2s}) p^{2s} ) ≪ ≪ e^{c1 m}e^{c2 (m+m log log m)} ≪ e^{cm log log m}.

S drugoæ storony, esli p > m, to my ispol~zuem neravenstva (7) i log(1 + x) 6 x (x > 0). Imeem pri s 6 m/2

b_m(p^{2s}) ≪ ( Am 2s )_{2s} ≪ ( m A )_{2s} , a pri s > m/2

b_m(p^{2s}) 6 A^{2s}.

Prostoe vyqislenie togda pokazyvaet, qto ∏ p>m ( 1 + ∑ s¿1 (s + 1)b_m(p^{2s}) p^{2s} ) ≪ e^{cm}. Tem samym,

B_m < B^′_m ≪ e^{cm log log m},

gde c – absol¸tnaØ poloßitel~naØ konstanta.

O RASPREDELENII ZNAQENI` L(1, f ) 145

§3. Okonqanie dokazatel~stva teoremy 1

Ocenim qlen ∑ f I_f v sootnoxenii (6). Opredelim dlØ σ ¿^1_2

veliqinu N (σ, H, f) = #{ρ = β + iγ|L(ρ, f) = 0, β ¿ σ, |γ| 6 H}. Lemma 2. DlØ σ ¿ 3/4, Q ¿ 2 i nekotoroæ poloßitel~noæ kon-

stanty b imeem ∑ f∈S0_{2 (}6_{Q)}+ N (σ, log^3 Q, f) ≪_ε Q^{b(1−σ)+ε}. Dokazatel~stvo lemmy sleduet izvestnym obrazcam (sm. dokazatel~stvo lemmy 1 [9], a takße bolee rannee dokazatel~stvo analogiqnogo fakta dlØ L-funkciæ Dirihle v [10]) i zdes~ ne privoditsØ. Otmetim tol~ko, qto nam neobhodimo sledu¸wee neravenstvo bol~xogo rexeta (sm. [11]): esli M = Q^β i β > 6, to ∑ f∈S0_{2 (}6_{Q)}+ | | ∑ n6M^{anλf (n)} | |^2 ≪ M^{1+ε} ∑ n6M^{|an|} 2 dlØ l¸boæ posledovatel~nosti kompleksnyh qisel {a_n}_16_n6_M i l¸bogo ε > 0.

Lemma 3. Pust~ 0 < η <^1_2 . Esli L(s, f) (f ∈ S^′_2(6 Q)^+ ) ne imeet

nuleæ v oblasti

1 > σ ¿ 1 − η, |t| 6 log^3 Q,

to v oblasti 1 > σ ¿ 1 − η/2, |t| 6 log^2 Q

dlØ l¸bogo ε > 0 spravedlivo neravenstvo L(s, f) ≪_ε Q^ε. Dokazatel~stvo poluqaetsØ primeneniem teoremy BorelØ– Karateodori i teoremy Adamara o treh krugah (sr. dokazatel~- stvo lemmy 2 [9]).

Perehodim neposredstvenno k ocenke summy ∑ f I_f . Razdelim

mnoßestvo form S^′_2(6 N )^+ na qasti

S^′_2(6 N )^+ = J_1 ∪ J_2.

146 O. M. FOMENKO

K J_1 otnesem vse f, u kotoryh L(s, f) ne imeet nuleæ v oblasti 1 > σ ¿ 1 − η, |t| 6 log^3 N, a k J_2 otnesem vse formy f, u kotoryh L(s, f) imeet nuli v fftoæ oblasti.

Esli f ∈ J_1, to voz~mem v (4) γ = −η/2. Iz lemmy 3 sleduet ocenka L(s, f) ≪_ε N^ε v oblasti σ ¿ 1−η/2, |t| 6 log^2 N . Esli ße σ ¿ 1−η/2, |t| ¿ log^2 N , to L(s, f) ≪ (N |t|)^{c1} s nekotorym c_1 > 0. Ispol~zuØ formulu Stirlinga, imeem I_f ≪ N^{η/20}x^{−η/2} + N^{−A} dlØ f ∈ J_1 i l¸bogo A > 0. Napomnim, qto x = N . Sledovatel~no, ∑ f∈J_1 ∩S_2 (N )^+

|I_f | ≪ N^{− 920 η} · N = N^{1− 920 η} .

V sluqae f ∈ J_2 berem v (4) γ = −ε i poluqaem ∑ f∈J_2 |I_f | ≪ N^{1/20}|J_2|, gde |J_2| = card J_2. Po lemme 2, |J_2| ≪ N^{1/5}, esli η dostatoqno malo. Pofftomu ∑ f∈J_2 |I_f | ≪ N^{1/4}. Sledovatel~no, ∑ f |I_f | ≪ N^{1− 920 η}, i teorema 1 dokazana.

§4. Dokazatel~stvo teoremy 2 DlØ vyvoda teoremy 2 iz teoremy 1 primenim sledu¸wiæ izvestnyæ fakt.

O RASPREDELENII ZNAQENI` L(1, f ) 147

Teorema momentov. 1) Esli vse Fn(x) iz posledovatel~nosti

funkciæ raspredeleniØ {F_n(x)} oblada¸t koneqnymi momentami α_k(n) l¸bogo porØdka i esli α_k(n) → β_k(n → ∞) pri kaßdom k, to β_k – momenty nekotoroæ funkcii raspredeleniØ F (x). Esli, krome togo, F (x) svoimi momentami opredelØetsØ odnoznaqno, to pri n → ∞ posledovatel~nost~ F_n(x) shoditsØ k F (x) v kaßdoæ toqke nepreryvnosti F (x).

2) Pust~ α_0 = 1, α_1, . . . , α_k, . . . – momenty nekotoroæ funkcii raspredeleniØ F (x), kaßdyæ iz kotoryh predpolagaetsØ koneqnym, i pust~ rØd_∞ ∑ k=0 α_k k! τ^k_0

absol¸tno shoditsØ pri nekotorom τ_0 > 0. Togda F (x) est~ edinstvennaØ funkciØ raspredeleniØ, oblada¸waØ momentami α_0, α_1, α_2, . . . , priqem sootvetstvu¸waØ harakteristiqeskaØ funkciØ f(t) pri |t| < τ_0 opredelØetsØ ravenstvom f(t) = ∞∑ k=0 α_k k! (it)^k s posledu¸wim, vsegda osuwestvimym, analitiqeskim prodolßeniem.

Punkt 1) teoremy – ffto lemma 5.1 obzora M. B. Barbana [4], kotoraØ predstavlØet soboæ rezul~tat Frexe–Xohata (1931). Punkt 2) ØvlØetsØ lemmoæ 5.7 obzora [4]; ffto standartnyæ fakt matematiqeskoæ statistiki.

Teorema 2 ØvlØetsØ sledstviem teoremy 1 i teoremy momentov, priqem dlØ obosnovaniØ primenimosti punkta 1) ispol~zuetsØ punkt 2) i ocenka rosta (1).

Literatura

1. A. P. Ogg, On a convolution of L-series, Invent. Math. 7, No. 4 (1969), 297–312. 2. J. Hoffstein and D. Ramakrishnan, Siegel zeros and cusp forms, Internat. Math.

Research Notices No. 6 (1995), 279–308.

3. E. P. Golubeva, O. M. Fomenko, ZnaqeniØ rØdov Dirihle, associirovannyh s modulØrnymi formami, v toqkah s = 1/2, 1, Zap. nauqn. semin. LOMI 134 (1984), 117–137.

4. M. B. Barban, Metod “bol~xogo rexeta” i ego primeneniØ v teorii qisel, Uspehi mat. nauk 21, No. 1 (1966), 51–102.

148 O. M. FOMENKO

5. M. Eichler, Quadratische Formen und Modulfunktionen, Acta Arithm. 4, No. 3

(1958), 217–239.

6. A. Selberg, Harmonic analysis and discontinuous groups in weakly symmetric Riemannian spaces with applications to Dirichlet series, J. Indian Math. Soc. 20, No. 1–3 (1956), 47–87.

7. A. Brumer, The rank of J_0(N ) in Columbia University Number Theory Seminar

(New York, 1992); Astérisque 228 (1995), 41–68.

8. J. M. Vanderkam, The rank of quotients of J_0(N ), Duke Math. J. 97, No. 3 (1999),

545–577.

9. W. Luo, Values of symmetric square L-functions at 1, J. reine und angew. Math.

506 (1999), 215–235.

10. G. Montgomeri, Mul~tiplikativnaØ teoriØ qisel, M., 1974. 11. W. Duke, E. Kowalski, A problem of Linnik for elliptic curves and mean-value estimates for automorphic representations, Invent. Math. 139 (2000), 1–39.

Postupilo 12 noØbrØ 2003 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN E-mail: fomenko@pdmi.ras.ru