Zapiski nauqnyh seminarov POMI Tom 300, 2003 g.

V. V. Borzov, E. V. Damaskinsky

GENERALIZED COHERENT STATES: A NOVEL APPROACH

Abstract. We define generalized coherent states for oscillator-like systems connected with orthogonal polynomials (classical, q-deformed etc.). In considered cases such polynomials play the same role, as the Hermite polynomials are defined in the case of usual boson oscillator.

1. Introductory remarks. The significance of coherent states (CS) [1] for physics [2] (especially for quantum mechanics [3], quantum optics [4, 7], quantum field theory [5] and for condensed matter physics [6, 7] as well as for mathematics (especially for the theory of group representations [8]) is difficult to overestimate. Introduced by E. Schrödinger [9] in the early days of quantum theory as non-spreading wave packets with quasiclassical behavior the coherent states became very popular at beginning of the sixties after the works of R. J. Glauber [10, 11], J. R. Klauder [12], and E. C. G.Sudarshan [13] in which the CS was applied to the problems of quantum optics. At the same time V. Bargmann developed the necessary mathematical background – the theory of Hilbert spaces of analytical functions [14, 15]. We refer the reader to the recent review of V. V. Dodonov [16] which contains the huge amount (more than 1000 items) of related bibliographical information about the CS, their numerous generalizations as well as several applications to quantum mechanical and mathematical physics problems.

Nowadays there are three different approaches to the construction of coherent states: 1) as eigenfunctions of the annihilation operator (they usually called Barut–Girardello CS) [17]; 2) as states generated by the given state (it is usually the vacuum state or the highest weight state) with the help of the unitary displacement operator. Such states are known as Perelomov-CS (PCS in the following) [8]; 3) as minimum uncertainty states. In the case of the usual boson oscillator all these definitions are equivalent in the sense that they give the same set of CS. But this is not true in the general case.

This research was supported by RFFI grant No 00-01-00500. 65

66 V. V. BORZOV, E. V. DAMASKINSKY

In recent publications [18–21] we suggested a novel approach to the construction of generalized coherent states for oscillator-like system connected with given Jacobi matrix J and a related system of the orthonormal polynomials.

Our construction is as follows: we associate the orthonormal polynomial system {Ψ_n(x)}^∞_{n=0} with J and consider a related generalized oscillator algebra with ladder operators a^± and vacuum state |Ψ_0⟩ (for the details of this construction we refer to [22, 23]). Note that the spectrum of the Hamiltonian (the energy operator) for the related oscillator is defined only by the coefficients of recurrent relation for considered system of orthonormal polynomials. Then CS of the Barut–Girardello type can be defined, as usual, as eigenstates of the annihilation operator. The main difficulties of our construction are in writing such defined CS in terms of known special functions and in obtaining the decomposition of the unity for these CS. For the solution of the latter task one must solve a classical moment problem [24] related with the considered Jacobi matrix J. Thus for a given energy spectrum of physical system one can define oscillatorlike system with standard defined Hamiltonian, construct the system of coherent states and evaluate values of physically interesting observable quantities. In addition we avoid the difficult factorization problem of the given Hamiltonian operator.

In the following we briefly report some of our results connected with construction of the families of coherent states related with all, so called, classical orthonormal polynomials (Hermite, Laguerre, and Jacobi). Note that such construction of CS admits an extension to all families of the (orthonormal) Askey–Wilson polynomials as well as to their deformations (in particular deformed orthonormal polynomials related to quantum groups). The work in this direction is now in progress and the obtained results will be published in the future.

2. Coherent states for the Legendre oscillator. The Legendre polynomials can be defined by the relation (n ∈ N_0)

P_n(x) =_2F_1 ( −n, n + 1 1 | | 1 − x 2 ) =

= [ n_2 ] ∑ m=0 (−1)^m(2n − 2m)!

2^nm!(n − m)!(n − 2m)! x^{n−2m}, (1) where the symbol [n] denotes the integer part of the number n. This

GENERALIZED COHERENT STATES 67

polynomials satisfy the orthogonality relation 1∫ −1 P_n(x)P_m(x)dx = 2 2n + 1 δ_{n m}. (2)

The Legendre functions ψ_n(x) = √ 2n + 1 P_n(x), n ∈ N_0, make up the orthonormal basis {|n⟩ ≡ ψ_n(x)}^∞_{n=0} in the Hilbert space H : = L^2 ( [−1, 1],^1_2 d x ) and fulfill the recurrent relations xψ_n(x) = b_{n−1}ψ_{n−1}(x) + b_nψ_{n+1}(x), ψ_{−1}(x) = 0, ψ_0(x) = 1, (3) with coefficients

b_n = √ (n + 1)^2 (2n + 1)(2n + 3) , n ≥ 0. (4) In the Hilbert space H we define the generalized position operator X, connected with the Legendre polynomials P_n(x), as an operator of multiplication by argument: X|n⟩ = x|n⟩ or Xψ_n(x) = xψ_n(x) = b_nψ_{n+1}(x) + b_{n−1}ψ_{n−1}(x), (5) where the coefficients b_n are defined by the relation (4). Because ∞∑ k=0 1 b_k = ∞, the operator X is a selfadjoint operator in the space H (see [24, 25]).

Let us define the generalized momentum operator P by the method described in [22]. The action of the operator P on the basis elements in H is described by the following formula P |n⟩ = i(b_n|n + 1⟩ − b_{n−1}|n − 1⟩). (6) Calculating the commutator of operators X and P on the elements of the basis, we obtain [X, P ]|n⟩ = 2i(b_n^2 − b_{n−1}^2)|n⟩ = 2i (2n − 1)(2n + 1)(2n + 3) |n⟩. (7) Next we define the creation and annihilation operators by the standard relations a^{(±)} =^{1√}_2 (X ∓ iP ). On the elements of the basis in the space H these operators act by the rules

a^{(+)}|n⟩ = √ 2b_n|n + 1⟩, a^{(−)}|n⟩ = √ 2b_{n−1}|n − 1⟩ (8)

68 V. V. BORZOV, E. V. DAMASKINSKY

and satisfy the commutation relations [a^{(−)}, a^{(+)}] =^1_i [X, P ].

The state numbering operator N and Hamiltonian H are defined by

N |n⟩ = n|n⟩, H = X^2 + P^2 = a^{(+)}a^{(−)} + a^{(−)}a^{(+)}. (9)

The eigenvalues of the operator H are equal to

λ_0 = 2b_0^2, λ_n = 2(b_{n−1}^2 + b_n^2). (10)

It is natural to call the defined system as the Legendre oscillator. We define the coherent states in the space H for this Legendre oscillator as eigenvectors of the annihilation operator a^{(−)}|z⟩ = z|z⟩, |z⟩ = N^{−1} ∞∑ n=0 z^n (√ 2b_{n−1} ) ! |n⟩. (11) The normalizing factor is equal to N^2 = ⟨z|z⟩ = ∞∑ n=0 |z|^{2n} ( 2b_{n−1}^2 ) ! =_2F_1

(_1 2 , 3 2 1 | |2|z|^2 ) . (12)

After some computations one obtains |z⟩ = [ 2F_1

(_1 2 , 3 2 1 | |2|z|^2 )]_− 1_2

×_2F_1

(_3 4 , 5 4 1 | | (x^2 − 1)2z^2 (1 − √ 2 xz)^2 ) (1 − √ 2 xz)^{− 32} . (13)

As the next task we will construct the measure

dμ(|z|^2) = W (|z|^2)d^2z, such that ∫∫ C W (|z|^2) |z⟩⟨z|d^2z = 1,

where d^2z = d(Rez)d(Imz). It is known (see f. ex., [26]) that this problem is reduced to a solution of the following classical Stieltjes moment problem 1∫ 0 τ^nW (^1_2 τ )d τ =

(Γ(n + 1))^2 Γ(n +^1_2 )Γ(n +^3_2 )

, τ = 2t = 2|z|^2, n ≥ 0. (14)

GENERALIZED COHERENT STATES 69

The solution of the above moment problem is given [18] by

W (t) =

(16t − 5)P 1_2 (4t − 1) − 3P 3_2 (4t − 1) 2(2t − 1) + +2δ(2t − 1), 0 < t ≤ 1 2 , (15)

which gives for the measure the following expression (0 < |z| ≤^{1√}_2 )

dμ(|z|^2) = [ (16|z|^2 − 5)P 1_2 (4|z|^2 − 1) − 3P 3_2 (4|z|^2 − 1) 2(2|z|^2 − 1)

+ 2δ(2|z|^2 − 1) ]

×d (Re z)d (Im z). (16) The overlapping of two coherent states is equal [18] to ⟨z_1|z_2⟩ = = [ 2F_1

(_1 2 , 3 2 1 | |2|z1|^2 ) 2F_1

(_1 2 , 3 2 1 | |2|z2|^2 )]_− 1_2 2F_1

(_1 2 , 3 2 1 | |2z1z2 ) . (17)

In [21] we extend this construction of coherent states to the case of ultraspherical polynomials P^{(α,α}_n (x) (the Jacobi polynomials P^{(α,β)}_n (x) with α = β), which (up to normalization) coincides with Gegenbauer polynomials C^λ_n (x) : (2λ)_n P^{(λ− 12 ,λ− 12 )}(x) = (λ +^1_2 )_nC^λ_n (x), where (a)_n – denotes the Pochhammer symbol (shifted factorial) defined by the relation

(a)_n =

Γ(a + n) Γ(a)

= a(a + 1) · . . . · (a + n − 1), (a)_0 = 1; n ≥ 1. (18)

Note that the CS for Gegenbauer oscillator in the cases α = 0 and α = −^1_2 reproduce the CS of Legendre [18] and Chebyshev [19, 21] oscillators, respectively.

3. Coherent states for the Laguerre oscillator. Let {Ψ_n(x)}^∞_{n=0} be the orthogonal system of the Laguerre polynomials

Ψ_n(x) = √ Γ(α_n + 1) n!Γ(α + 1)^1

F_1 (_{−n} α+1 | x ) , n ¿ 0. (19)

in the Hilbert space H = L^2(R^1; μ) with the probability measure μ(dx) = x^αe^{−x} dx √ Γ(α + 1) .

70 V. V. BORZOV, E. V. DAMASKINSKY

The Laguerre polynomials fulfill the recurrent relations

xΨ_n(x) = b_nΨ_{n+1}(x) + a_nΨ_n(x) + b_{n−1}Ψ_{n−1}(x),

Ψ_0(x) = 1, b_{−1} = 0,

(20)

where the coefficients a_n and b_n are equal to

a_n = 2n + α + 1, b_n = − √ (n + 1)(n + α + 1), n ≥ 0. (21)

Repeating the above construction of the CS, we obtain the coherent states for the Laguerre oscillator |z; α⟩ = 1 ( √ 2 x)^αI_α( √ 2 z) e^{z/√2}I_α(2^{3/4} √ xz), (22) where

I_α(z) = (z 2 )_α ∞∑ n=0 z^n 2^nn!Γ(α + n + 1)

(23)

is the Bessel function of the first kind. In this case the overlapping of two coherent states is given by [20]

⟨z_1; α | z_2; α⟩ =

I_α(2 √ z_1z_2) √ I_α( √ 2 |z_1|)I_α( √ 2 |z_2|)

. (24)

References

1. J. R. Klauder and B.-S. Skagerstam, (eds.), Coherent States: Applications in Physics and Mathematical Physics. World Scientific, Singapore (1985).

2. Sb. Kogerentnye sostoØniØ v kvantovoæ teorii, Novosti fundamental~noæ fiziki. vyp. 1, Mir, Moskva (1972).

3. A. I. Baz~, ˚. B. Zel~doviq, A. M. Perelomov, RasseØnie, reakcii i raspady v nerelØtivistskoæ kvantovoæ mehanike. 2-e izd., Nauka, Moskva (1971).

4. Dß. Klauder, �. Sudarxan, Osnovy kvantovoæ optiki. Mir, Moskva (1970).

5. P. P. Kulix, L. D. Faddeev, Asimptotiqeskie usloviØ i infrakrasnye rashodimosti. — Teor. matem. fiz. 4, No. 2 (1970), 153–170.

6. V. N. Popov, Kontinual~nye integraly v kvantovoæ teorii polØ i statistiqeskoæ fizike. “Atomizdat”, Moskva (1980).

7. V. N. Popov, V. S. ˚runin, Kogerentnye kollektivnye ØvleniØ v sverhprovodimosti i nelineænoæ optike. SPbGU, S.-Peterburg (1994).

8.. A. M. Perelomov, Obobwennye kogerentnye sostoØniØ i ih primeneniØ.

Nauka, Moskva (1987).

9. E. Schrödinger, Der stetige Übergang von der Mikro- zur Macromechanik. — Naturwissenshaften 14 (1926), 644–666.

GENERALIZED COHERENT STATES 71

10. R. J. Glauber, The Quantum Theory of Optical Coherence. — Phys. Rev. 130 (1963), 2529–2539.

11. R. J. Glauber, Coherent and incoherent states of radiation field. — Phys. Rev.

131 (1963), 2766–2788.

12. J. R. Klauder, The action option and a Feynman quantization of spinor fields in terms of ordinary c-numbers. — Ann. Phys. 11 (1960), 123–168.

13. E. C. G. Sudarshan, Equivalence of semiclassical and quantum mechanical descriptions of statistical light beams. — Phys. Rev. Lett. 10 (1963), 277–279.

14. V. Bargmann, On a Hilbert space of analytic functions and associated integral transform. Part I, Comm. Pure Appl. Math. 14 (1961), 187–214.

15. V. Bargmann, On a Hilbert space of analytic functions and associated integral transform. — Part 2, A family of related function spaces. Application to distribution theory, Comm. Pure Appl. Math. 20 (1967), 1–101.

16. V. V. Dodonov, “Nonclassical” states in quantum optics: a “squeezed” review of the first 75 years. — J. Opt. B. 4, No. 1 (2002), R1–R33.

17. A. O. Barut, L. Girardello, New “Coherent States” Associated with Non-Compact Groups. — Commun. Math. Phys. 21, No.1 (1972), 41–55.

18. V. V. Borzov, E. V. Damaskinsky, Coherent states for the Legendre oscillator. — Zap. Nauchn. Semin. POMI 285 (2002), 39–52.

19. V. V. Borzov, E. V. Damaskinskiæ, Kogerentnye sostoØniØ i polinomy Qebyxeva. — V kn.: trudov meßdunarodnoæ konferencii “Matematiqeskie idei P. L. Qebyxeva i ih priloßeniØ k sovremennym problemam estestvoznaniØ”. Obninsk (14–18 maØ 2002).

20. V. V. Borzov, E. V. Damaskinsky, Coherent states for Lagguere oscillator. in:

Procedings of the Workshop “Day of Difraction,” SPb (2002).

21. V. V. Borzov, E. V.Damaskinsky, Barut–Girardello Coherent states for the Gegenbauer oscillator. — Zap. Nauchn. Semin. POMI 291 (2002), ??–??.

22. V. V. Borzov, Orthogonal polynomials and generalized oscillator algebras. — Integral Transf. and Special Funct. 12, No. 2 (2001), 115–138.

23. V. V. Borzov, E. V. Damaskinsky, Realization of the annihilation operator for generalized oscillator-like system by a differential operator. — Integral Transf. and Special Funct. 13 (2002), 1–8.

24. N. I. Ahiezer, KlassiqeskaØ problema momentov i nekotorye voprosy analiza, svØzannye s ne¸. FM, Moskva (1961).

25. V. V. Borzov, E. V. Damaskinsky, P. P. Kulish, Construction of the spectral measure for the deformed oscillator position operator in the case of undetermined Hamburger moment problem. — Reviews in Math. Phys. 12, No. 5 (2000), 691–710.

26. J-M. Sixdenierrs, K. A. Penson, A. I. Solomon, Mittag-Leffler coherent states,. — J. Phys. A. 32, No. 43 (1999), 7543–7563.

Postupilo 30 noØbrØ 2002 g.

Department of Mathematics, St.Petersburg University of Telecommunications, E-mail address: vadim@VB6384.spb.edu University of Defense Technical Engineering, E-mail address: evd@pdmi.ras.ru