Zapiski nauqnyh seminarov POMI Tom 296, 2003 g.

L. ı. Kolotilina

O KRA`NIH SOBSTVENNYH ZNAQENI˚H BLOQNYH 2�2 �RMITOVYH MATRIC

§1. Vvedenie

Pust~ A = (a_{ij}) ∈ R^{n×n} (n > 2) – simmetriqnaØ matrica s sobstvennymi znaqeniØmi

λ_1(A) > λ_2(A) > · · · > λ_n(A).

V rabote [5] Parlett rassmatrivaet razbros sobstvennyh znaqeniæ A, t.e. raznost~

λ_1(A) − λ_n(A)

ee kraænih sobstvennyh znaqeniæ (kotoru¸ on nazyvaet spektral~nym diametrom A) kak funkci¸ diagonal~nyh fflementov matricy i ustanavlivaet sledu¸wiæ rezul~tat.

Teorema 1. Pust~ A = (aij ) – simmetriqnaØ n×n (n > 2) matrica,

graf kotoroæ ØvlØetsØ derevom. Togda

λ_1(A) − λ_n(A) > λ_1(A − diag A) − λ_n(A − diag A), (1.1)

gde diag A = diag (a_{11}, . . . , a_{nn}) – ffto diagonal~naØ qast~ A.

Zametim, qto dlØ proizvol~noæ simmetriqnoæ matricy neravenstvo (1.1), kak bylo pokazno v [5], moßet i ne vypolnØt~sØ.

Dokazatel~stvo teoremy 1, predstavlennoe v [5], dostatoqno sloßno i baziruetsØ na rezul~tatah iz teorii vozmuweniæ, teorii grafov i teorii neotricatel~nyh matric. V qastnosti, upomØnutoe dokazatel~stvo ispol~zuet sledu¸wie svoæstva vewestvennoæ simmetriqnoæ matricy A, graf kotoroæ ØvlØetsØ derevom. Vo-pervyh, takaØ matrica obØzatel~no neprivodima. Vo-vtoryh, suwestvu¸t takaØ matrica-perestanovka P i takaØ znakovaØ diagonal~naØ matrica S (t.e. diagonal~naØ matrica s ±1 na glavnoæ diagonali), qto

SP —_{AP S =}^{[ D}1^N N —_{D2} ] , (1.2) 27

28 L. ı. KOLOTILINA gde D_1 i D_2 – diagonal~nye matricy, a matrica N neotricatel~- na. Iz fftih dvuh svoæstv sleduet, qto oba kraænie sobstvennye znaqeniØ matricy A ØvlØ¸tsØ prostymi, a im sootvetstvu¸wie sobstvennye vektory ne ime¸t nulevyh komponent.

Pervyæ osnovnoæ rezul~tat fftoæ stat~i (sm. teoremu 2 v §2) sostoit v sledu¸wem. My dokazyvaem, qto esli A = [ A_{11} A_{12} A^∗_{12} A_{22} ] (1.3)

– n×n (n > 2) ffrmitova matrica, predstavlennaØ v bloqnom 2 × 2 vide, to

λ_1(A) − λ_n(A) > 2‖A_{12}‖ = λ_1(A − D_A) − λ_n(A − D_A), (1.4) gde D_A = [ A_{11} 0 0 A_{22} ]

– bloqno diagonal~naØ qast~ A, a takße my ukazyvaem usloviØ, neobhodimye i dostatoqnye dlØ togo, qtoby neravenstvo (1.4) obrawalos~ v ravenstvo. �ti usloviØ formuliru¸tsØ v terminah sobstvennyh vektorov matricy A, sootvetstvu¸wih λ_1(A) i λ_n(A).

Iz fftogo rezul~tata poqti srazu ße sleduet (sm. sledstvie 3 v §2), qto neravenstvo Parletta (1.1) spravedlivo dlØ l¸boæ ffrmitovoæ matricy A, perestanovoqno podobnoæ bloqnoæ 2 × 2 matrice, diagonal~nye bloki kotoroæ diagonal~ny, i, v qastnosti, dlØ l¸boæ simmetriqnoæ matricy, graf kotoroæ ØvlØetsØ derevom. Zametim, qto proqie svoæstva takoæ matricy, ukazannye vyxe (t.e. ee neprivodimost~, neotricatel~nost~ matricy N v (1.2), prostota kraænih sobstvennyh znaqeniæ i otsutstvie nulevyh komponent v sootvetstvu¸wih sobstvennyh vektorah), s toqki zreniØ spravedlivosti neravenstva (1.1) nesuwestvenny.

Vtoroæ osnovnoæ rezul~tat fftoæ raboty (sm. teoremu 4 v §2) sostoit v tom, qto dlØ l¸boæ n×n ffrmitovoæ poloßitel~no opredelennoæ matricy A vida (1.3) ravenstvo

λ_1(A) − λ_n(A) = min_D { λ_1(A + D) − λ_n(A + D) } , (1.5)

gde D probegaet vse mnoßestvo ffrmitovyh matric vida [ D_1 0 0 D_2 ] , (1.6)

O KRA`NIH SOBSTVENNYH ZNAQENI˚H 29 spravedlivo v tom i tol~ko tom sluqae, kogda λ_1(A) λ_n(A) = min_Δ { λ_1(Δ^∗AΔ) λ_n(Δ^∗AΔ) } , (1.7)

gde Δ probegaet vse mnoßestvo nevyroßdennyh matric vida (1.6), t.e. kogda matrica A optimal~no obuslovlena. Krome togo, oba ravenstva (1.5) i (1.7) vypolneny togda i tol~ko togda, kogda kraænie sobstvennye znaqeniØ A udovletvorØ¸t ravenstvam

λ_1(A) = ‖A_{12}‖

1 + ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖ ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖ ,

λ_n(A) = ‖A_{12}‖

1 − ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖ ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖ . Na osnove fftogo rezul~tata vvoditsØ ponØtie matric s optimal~nymi (otnositel~no fiksirovannogo bloqnogo 2 × 2 razbieniØ) kraænimi sobstvennymi znaqeniØmi i privodØtsØ primery takih matric.

V zaverxenie fftogo vvodnogo paragrafa my napominaem prostoæ i horoxo izvestnyæ rezul~tat, kasa¸wiæsØ sobstvennyh znaqeniæ bloqnoæ 2 × 2 ffrmitovoæ matricy s nulevymi diagonal~nymi blokami.

Lemma 1. Pust~ C = [ 0 G G^∗ 0 ]

– ffrmitova n×n (n > 2) matrica, gde G – m × (n − m) matrica,

1 6 m < n. Togda

λ_i(C) = σ_i(G), i = 1, . . . , rank G, 0, i = rank G + 1, . . . , n − rank G, −σ_{n−i+1}(G), i = n − rank G + 1, . . . , n, gde σ_1(G) > · · ·> σ_q(G) – singulØrnye znaqeniØ G (q = min{m, n−m}).

§2. Rezul~taty V fftom paragrafe my budem ispol~zovat~ sledu¸wie oboznaqeniØ: D_A = [ A_{11} 0 0 A_{22} ]

30 L. ı. KOLOTILINA – ffto bloqno diagonal~naØ qast~ bloqnoæ 2 × 2 ffrmitovoæ matricy A porØdka n; diag A – (toqeqnaØ) diagonal~naØ qast~ A, i S = [ I_m 0 0 −I_{n−m} ] , gde m – ffto porØdok bloka A_{11}.

Spravedlivo sledu¸wee obobwenie teoremy 1 Parletta.

Teorema 2. Pust~ A – n×n (n > 2) ffrmitova matrica vida A = [ A_{11} A_{12} A^∗_{12} A_{22} ] , gde A_{11} ∈ C^{m×m} , 1 6 m < n. Togda

λ_1(A) − λ_n(A) > λ_1(A − D_A) − λ_n(A − D_A) = 2‖A_{12}‖, (2.1)

priqem ffto neravenstvo obrawaetsØ v ravenstvo togda i tol~ko togda, kogda suwestvuet nenulevoæ vektor z ∈ C^n , takoæ qto

Az = λ_1(A)z (2.2) i ASz = λ_n(A)Sz. (2.3) Dokazatel~stvo. Pust~ vektory x ∈ C^m i y ∈ C^{n−m} obrazu-

¸t paru singulØrnyh vektorov bloka A_{12}, associirovannu¸ s σ_1(A_{12}) = ‖A_{12}‖, tak qto

A_{12}y = ‖A_{12}‖x, ‖x‖ = ‖y‖ = 1, (2.4)

i pust~ z = [_x y ] . Togda ‖z‖^2 = 2, i my imeem

λ_1(A) > z^∗Az ‖z‖^2 = x^∗A_{11}x + y^∗A_{22}y + x^∗A_{12}y + y^∗A_{12}x 2 = x^∗A_{11}x + y^∗A_{22}y 2 + ‖A_{12}‖. (2.5)

Analogiqno iz (2.4) vyvoditsØ neravenstvo

λ_n(A) 6 (Sz)^∗ A(Sz) ‖Sz‖^2 = x^∗A_{11}x + y^∗A_{22}y 2 − ‖A_{12}‖, (2.6)

O KRA`NIH SOBSTVENNYH ZNAQENI˚H 31 i trebuemoe neravenstvo

λ_1(A) − λ_n(A) > 2‖A_{12}‖

nemedlenno sleduet iz (2.5) i (2.6). Ravenstvo ße

λ_1(A − D_A) − λ_n(A − D_A) = 2‖A_{12}‖

ØvlØetsØ trivial~nym sledstviem lemmy 1.

Teper~ dlØ zaverxeniØ dokazatel~stva teoremy 2 ostaetsØ zametit~, qto neravenstvo (2.5) obrawaetsØ v ravenstvo togda i tol~ko togda, kogda spravedlivo sootnoxenie (2.2), a neravenstvo (2.6) obrawaetsØ v ravenstvo v tom i tol~ko tom sluqae, kogda spravedlivo ravenstvo (2.3). �

Teper~ my vyvedem nekotorye sledstviØ iz teoremy 2. Sperva my sformuliruem obobwenie neravenstva (2.1), kotoroe ustanavlivaetsØ s pomow~¸ simmetriqnoæ perestanovki strok i stolbcov matricy A.

Sledstvie 1. Pust~ A = (aij ) – ffrmitova n×n (n > 2) matrica i

pust~ J ⊂_≠ ⟨ n ⟩ = {1, . . . , n} – nepustoe sobstvennoe podmnoßestvo

indeksnogo mnoßestva. Togda

λ_1(A) − λ_n(A) > 2 ‖ ‖A[J, J ] ‖ ‖, (2.7)

gde J = ⟨ n ⟩ − J – dopolnenie podmnoßestva J v ⟨ n ⟩, a A[J, J ] = { a_{ij} }_{i∈J} j∈J – podmatrica matricy A, specificiruemaØ mnoße-

stvom J.

V qastnosti, esli matrica A poloßitel~no poluopredelena, to λ_1(A) > 2 ‖ ‖A[J, J ] ‖ ‖, (2.8)

a esli A poloßitel~no opredelena, to neravenstvo (2.8) ØvlØetsØ strogim.

Sledu¸wiæ rezul~tat, kotoryæ legko vyvoditsØ iz sledstviØ 1, predstavlØet soboæ bloqnoe obobwenie horoxo izvestnogo neravenstva λ_1(A) − λ_n(A) > 2 max_{i≠j} |a_{ij}|,

spravedlivogo dlØ proizvol~noæ ffrmitovoæ matricy A = (a_{ij}) porØdka n > 2 [4, teorema III.4.3.2].

32 L. ı. KOLOTILINA

Sledstvie 2. Pust~ A =^(Aij^{)N}_{i,j=1}, 2 6 N 6 n, – bloqnaØ ffrmi-

tova matrica porØdka n s kvadratnymi diagonal~nymi blokami. Togda

λ_1(A) − λ_n(A) > 2 max_16_i6_N ‖ ‖[A_{i1}, . . . , A_{ii−1}, A_{ii+1}, . . . , A_{iN} ] ‖ ‖ (2.9) i λ_1(A) − λ_n(A) > 2 max_{i≠j} ‖A_{ij}‖. (2.10)

Dokazatel~stvo. Pust~ i ∈ {1, . . . , N } i pust~ J = {_{i−1}∑ k=1 n_k + 1, . . . , i∑ k=1 n_k }

– mnoßestvo indeksov strok i stolbcov bloka A_{ii} v A (qerez n_k, k = 1, . . . , N , my oboznaqaem porØdok bloka A_{kk}). Togda po sledstvi¸ 1 my imeem

λ_1(A) − λ_n(A) > 2 ‖ ‖A[J, J ] ‖ ‖. Poskol~ku A[J, J ] = [ A_{i1}, . . . , A_{ii−1}, A_{ii+1}, . . . , A_{iN} ] , my moßem zakl¸qit~, qto

λ_1(A) − λ_n(A) > 2 ‖ ‖[A_{i1}, . . . , A_{ii−1}, A_{ii+1}, . . . , A_{iN} ] ‖ ‖, i = 1, . . . , N, qto i dokazyvaet (2.9). Iz poslednego neravenstva takße sleduet i (2.10), poskol~ku ‖ ‖[A_{i1}, . . . , A_{ii−1}, A_{ii+1}, . . . , A_{iN} ] ‖ ‖^2 = ‖ ‖ ‖ ‖ N∑ j=1 j≠i (A_{ij} )^∗A_{ij} ‖ ‖ ‖ ‖

                  > ‖Aij‖^2, j ≠ i, 1 6 i, j 6 N.

�

Sledu¸wee sledstvie iz teoremy 2 ØvlØetsØ neposredstvennym obobweniem teoremy 1.

O KRA`NIH SOBSTVENNYH ZNAQENI˚H 33

Sledstvie 3. Esli n×n (n > 2) ffrmitova matrica A perestano-

voqno podobna matrice vida [ D_1 G G^∗ D_2 ] , gde bloki D_1 i D_2 oba diagonal~ny, t.e. matrica A ØvlØetsØ 2- cikliqeskoæ, to

λ_1(A) − λ_n(A) > λ_1(A − diag A) − λ_n(A − diag A). (2.11)

Dokazatel~stvo. Pust~ B = P —AP = [ D_1 G G^∗ D_2 ] . (2.12)

Togda my imeem:

D_B = diag B = P —diag AP. (2.13)

Ispol~zuØ (2.12) i (2.13) i primenØØ teoremu 2, my vyvodim neravenstvo (2.11) sledu¸wim obrazom:

λ_1(A) − λ_n(A) = λ_1(B) − λ_n(B) > λ_1(B − D_B ) − λ_n(B − D_B ) = λ_1(P —AP − P —diag AP ) − λ_n(P —AP − P —diag AP ) = λ_1(A − diag A) − λ_n(A − diag A).

�

Zametim, qto rezul~tat sledstviØ 3 trivial~no perenositsØ i na sluqaæ bloqno 2-cikliqeskih ffrmitovyh matric, kogda matricy D_1 i D_2 v (2.12) ØvlØ¸tsØ bloqno diagonal~nymi.

Teoremu 2, oqevidno, moßno interpretirovat~ sledu¸wim obrazom. Oboznaqim qerez D(m, n − m), 1 6 m < n, mnoßestvo vseh ffrmitovyh n×n matric vida [ D_1 0 0 D_2 ] , gde D_1 i D_2 – matricy porØdkov m i n−m sootvetstvenno. Togda teorema 2 oznaqaet, qto ravenstvo

λ_1(A) − λ_n(A) = min D∈D(m,n−m) { λ_1(A + D) − λ_n(A + D) }

34 L. ı. KOLOTILINA spravedlivo togda i tol~ko togda, kogda suwestvuet nenulevoæ vektor z ∈ C^n , takoæ qto Az = λ_1(A)z i ASz = λ_n(A)Sz. V takoæ formulirovke teorema 2 moßet rassmatrivat~sØ kak additivnyæ analog privodimoæ niße teoremy, kotoraØ opisyvaet bloqnye 2×2 ffrmitovy poloßitel~no opredelennye matricy, optimal~no obuslovlennye otnositel~no nevyroßdennyh bloqno diagonal~nyh preobrazovaniæ podobiØ.

Teorema 3 [1]. Pust~ A – ffrmitova poloßitel~no opredelennaØ

n×n (n > 2) matrica vida A = [ A_{11} A_{12} A^∗_{12} A_{22} ] , gde blok A_{11} imeet porØdok m, 1 6 m < n, i pust~ Δ(m, n − m) – ffto gruppa vseh nevyroßdennyh n×n matric vida [ Δ_1 0 0 Δ_2 ] , gde Δ_1 – matrica porØdka m. Togda matrica A optimal~no obuslovna otnositel~no Δ(m, n − m), t.e.

λ_1(A) λ_n(A) = min Δ∈Δ(m,n−m) { λ_1(Δ^∗AΔ) λ_n(Δ^∗AΔ) } = 1 + ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖ 1 − ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖

v tom i tol~ko tom sluqae, kogda suwestvuet nenulevoæ vektor

z ∈ C^n , takoæ qto Az = λ_1(A)z i ASz = λ_n(A)Sz. OsnovyvaØs~ na teoreme 2 v novoæ formulirovke i teoreme 3, my moßem dokazat~ sledu¸wiæ vaßnyæ rezul~tat.

Teorema 4. Pust~ A = [ A_{11} A_{12} A^∗_{12} A_{22} ]

– ffrmitova poloßitel~no opredelennaØ n×n (n > 2) matrica i pust~ blok A_{11} imeet porØdok m, 1 6 m < n. Sledu¸wie utverßdeniØ ravnosil~ny:

O KRA`NIH SOBSTVENNYH ZNAQENI˚H 35 (i) Matrica A optimal~no obuslovlena otnositel~no Δ(m, n−m), t.e.

λ_1(A) λ_n(A) = min Δ∈Δ(m,n−m) { λ_1(Δ^∗AΔ) λ_n(Δ^∗AΔ) } = 1+‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖ 1−‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖

; (2.14)

(ii) λ_1(A) − λ_n(A)

= min D∈D(m,n−m) { λ_1(A + D) − λ_n(A + D) } = 2‖A_{12}‖; (2.15)

(iii) suwestvuet nenulevoæ vektor z ∈ C^n , takoæ qto Az = λ_1(A)z i ASz = λ_n(A)Sz; (iv) kraænie sobstvennye znaqeniØ matricy A udovletvorØ¸t sootnoxeniØm

λ_1(A) = ‖A_{12}‖

1 + ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖ ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖

, (2.16)

λ_n(A) = ‖A_{12}‖

1 − ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖ ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖

. (2.17)

Zametim, qto sootnoxeniØ (2.16) i (2.17) da¸t Øvnye vyraßeniØ dlØ kraænih sobstvennyh znaqeniæ matricy A qerez normu ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖ (kotoraØ invariantna otnositel~no preobrazovaniæ podobiØ A → Δ^∗AΔ, Δ ∈ Δ(m, n − m)) i normu ‖A_{12}‖ (invariantnu¸ otnositel~no additivnyh preobrazovaniæ vida A → A + D, D ∈ D(m, n − m)). Dokazatel~stvo teoremy 4. Ravnosil~nost~ utverßdeniæ (i) i

(iii) sleduet iz teoremy 3. Ravnosil~nost~ utverßdeniæ (ii) i (iii) vytekaet iz privedennoæ vyxe pereformulirovki teoremy 2. Nakonec, kak netrudno ubedit~sØ, Øvnye vyraßeniØ (2.14) i (2.15) dlØ otnoxeniØ λ_1(A)/λ_n(A) i raznosti λ_1(A) − λ_n(A) ravnosil~ny formulam (2.16) i (2.17). �

Teorema 4 pozvolØet nam govorit~, qto ffrmitovy poloßitel~- no opredelennye matricy, udovletvorØ¸wie usloviØm (i)–(iii), ime¸t optimal~nye (otnositel~no rassmatrivaemogo bloqnogo 2 × 2 razbieniØ) kraænie sobstvennye znaqeniØ, kotorye opredelØ¸tsØ po formulam (2.16) i (2.17).

36 L. ı. KOLOTILINA

V zakl¸qenie dannoæ stat~i my rassmotrim nekotorye primery bloqnyh 2×2 ffrmitovyh poloßitel~no opredelennyh matric s optimal~nymi kraænimi sobstvennymi znaqeniØmi.

Primer 1. V silu lemmy 1, dlØ proizvol~noæ matricy vida A = [ αI_m G G^∗ αI_{n−m} ] , α > ‖G‖, my imeem λ_1(A) − λ_n(A) = 2‖G‖, tak qto po teoreme 4 matrica A imeet optimal~nye kraænie sobstvennye znaqeniØ. Zametim, qto tot fakt, qto A optimal~no obuslovlena otnositel~no Δ(m, n − m), horoxo izvesten (sm., naprimer, [3] ili [1]).

Primer 2 [3]. Pust~ A = α 0 . . 0 0 2 . . 1 . . . . . . . . . . . 0 1 . . 2 , 1 6 α 6 3.

Kak legko videt~,

λ_1(A) = 3, λ_2(A) = α, λ_3(A) = 1.

Poskol~ku

λ_1(A) − λ_3(A) = 2 = 2 ‖ ‖ ‖ ‖ [ 0 1 ]‖ ‖ ‖ , matrica A imeet optimal~nye kraænie sobstvennye znaqeniØ v silu teoremy 4.

Primer 3. Uravnovexennye matricy.

V sootvetstvii s [2] ffrmitova poloßitel~no opredelennaØ bloqnaØ 2 × 2 matrica A = [ A_{11} A_{12} A^∗_{12} A_{22} ]

porØdka n (n > 2) nazyvaetsØ uravnovexennoæ, esli A_{ii} = A^′_{ii}, i = 1, 2,

O KRA`NIH SOBSTVENNYH ZNAQENI˚H 37 gde my ispol~zuem oboznaqenie

A^{−1} = [ A^′_{11} A^′_{12} A^′_{21} A^′_{22} ] . Kak bylo ustanovleno v [2], l¸baØ uravnovexennaØ matrica optimal~no obuslovlena otnositel~no gruppy Δ(m, n − m), gde m – porØdok bloka A_{11}. Sledovatel~no, po teoreme 4 matrica A imeet optimal~nye kraænie sobstvennye znaqeniØ.

Primer 4. Pust~ A = [ a b b c ] , ac > |b|^2, – ffrmitova poloßitel~no opredelennaØ 2 × 2 matrica. Togda

λ_1(A) = a + c + √ (a − c)^2 + 4|b|^2 2 , λ_2(A) = a + c − √ (a − c)^2 + 4|b|^2 2 . S drugoæ storony, kak pokazyvaet trivial~naØ proverka, ‖A_{12}‖ 1 ± ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖ ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖ = √ ac ± |b|. Sledovatel~no, matrica A imeet optimal~nye sobstvennye znaqeniØ, opredelØemye formulami (2.16) i (2.17), togda i tol~ko togda, kogda a + c 2 = √ ac i √ (a − c)^2 + 4|b|^2 2 = |b| ili, qto ravnosil~no, kogda a = c. Literatura

1. L. ı. Kolotilina, Optimal~no obuslovlennye bloqnye 2 � 2 matricy.

— Zap. nauqn. semin. POMI 268 (2000), 72–85.

2. L. ı. Kolotilina, Ob odnom klasse optimal~no obuslovlennyh bloqnyh

2 � 2 matric. — Zap. nauqn. semin. POMI 284 (2002), 64–76.

3. S. C. Eisenstat, J. W. Lewis, M. H. Schultz, Optimal block diagonal scaling of block 2-cyclic matrices. — Linear Algebra Appl. 44 (1982), 181–186.

4. M. Marcus, H. Minc, A Survey of Matrix Theory and Matrix Inequalities. — Boston, Allyn and Bacon, Inc. (1964).

38 L. ı. KOLOTILINA

5. B. N. Parlett, The spectral diameter as a function of the diagonal entries. — Numer. Linear Algebra Appl., to appear.

Kolotilina L. Yu. On the extreme eigenvalues of block 2 × 2 Hermitian matrices.

The lower bound

λ_1(A) − λ_n(A) > 2‖A_{12}‖

for the difference of the extreme eigenvalues of an n × n Hermitian block 2 × 2 matrix A =

[_{A11 A12}

A�12 A22 ] is established, and conditions necessary and sufficient for this bound to be attained at A are provided. Some corollaries of this result are derived. In particular, for a positive-definite matrix A, it is demonstrated that λ_1(A)−λ_n(A) = 2‖A_{12}‖ if and only if A is optimally conditioned, and explicit expressions for the extreme eigenvalues of such matrices are obtained.

Postupilo 22 noØbrØ 2002 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN