Zapiski nauqnyh seminarov POMI Tom 291, 2002 g.

A. A. Stolin, P. P. Kulix, E. V. Damaskinskiæ

O POSTROENII UNIVERSAL^NOGO �LEMENTA SKRUQIVANI˚

1. Vvedenie

Kvantovye gruppy, kak vaßnyæ klass algebr Hopfa, byli vvedeny v rabote V. G. Drinfel~da [1]. V teorii kvantovyh grupp suwestvennym ob¨ektom ØvlØetsØ universal~naØ Rmatrica, svØzyva¸waØ koumnoßenie Δ s protivopoloßnym koumnoßeniem Δ^{op}

RΔ = Δ^{op}R, (1)

a takße, vvedennoe pozdnee, preobrazovanie skruqivaniØ (ili tvista) [2, 3]

Δ → Δ_t = FΔF^{−1}, (2)

gde R i F – fflementy tenzornogo kvadrata algebry Hopfa. DlØ rØda kvantovyh grupp, v qastnosti, dlØ kvantovyh deformaciæ universal~nyh obœrtyva¸wih algebr nekotoryh algebr Li, tvistu¸wie fflementy izvestny v Øvnom vide.

Formalizm FRT [4] pozvolØet po izvestnomu matriqnomu predstavleni¸ universal~noæ R-matricy vosstanovit~ sootvetstvu¸wu¸ kvantovu¸ gruppu. Odnako fftot metod ne daœt Øvnyh vyraßeniæ dlØ universal~nyh fflementov.

V opredelœnnom smysle analogiqnyæ rezul~tat dlØ universal~nyh tvistov byl poluqen Drinfel~dom [2]. On pokazal, qto, esli izvestna unitarnaØ matrica R, ØvlØ¸waØsØ kvaziklassiqeskim rexeniem uravneniØ ˚nga–Bakstera, to suwestvuet universal~nyæ tvist F, takoæ qto R ØvlØetsØ realizacieæ R = F_{21}F^{−1} v vektornom predstavlenii. �ta situaciØ analogiqna ukazannoæ vyxe: vozmoßno formal~noe vosstanovlenie universal~nogo fflementa po izvestnomu matriqnomu rexeni¸ uravneniØ ˚nga– Bakstera. Odnako, kak i vyxe, ne suwestvuet vyqislitel~nogo

Rabota vypolnØlas~ pri podderßke RFFI, granty 00-01-00500, 02-01- 00085. 228

O POSTROENII UNIVERSAL^NOGO �LEMENTA 229 metoda poluqeniØ Øvnyh vyraßeniæ dlØ universal~nogo tvista F. �ta zadaqa opredeleniØ Øvnyh vyraßeniæ dlØ universal~nyh tvistov dostatoqno sloßna. Nekotorye Øvnye formuly ime¸tsØ v rabotah [5, 6] (i ukazannoæ tam bibliografii).

V nastoØweæ rabote my predlagaem metod postroeniØ universal~nogo tvista dlØ zadannogo unitarnogo kvaziklassiqeskogo matriqnogo rexeniØ uravneniØ ˚nga–Bakstera. �tot metod osnovan na issledovanii associativnoæ algebry, opredelØemoæ matriqnym sootnoxeniem RT_1T_2 = T_2T_1, T = {t_{ij} ∈ U (gl_n)^∗} . �ta algebra ØvlØetsØ deformacieæ algebry polinomov na gruppe GL_n (inogda, v konkretnyh primerah, udaœtsØ ograniqit~- sØ rassmotreniem eœ podgrupp). UkazannaØ associativnaØ algebra izomorfna, kak levaØ U (gℓ_n)-modul~ algebra, nedeformirovannoæ (kommutativnoæ) algebre F un polinomov na GL_n (koneqno fftot izomorfizm ne ØvlØetsØ izomorfizmom algebr). Napomnim, qto meßdu F un i U (gℓ_n) suwestvuet nevyroßdennoe sparivanie. Sledovatel~no, suwestvuet nevyroßdennoe sparivanie meßdu U (gℓ_n) i algebroæ poroßdaemoæ sootnoxeniem

RT_1T_2 = T_2T_1. �ta dvoæstvennost~ poroßdaet koassociativnu¸

operaci¸ d : U (gℓ_n) → U (gℓ_n) ⊗ U (gℓ_n) (ne ØvlØ¸wu¸sØ gomomorfizmom algebr), a F = d(1) ØvlØetsØ iskomym fflementom tvista.

Takim obrazom skruqivanie F ∈ H ⊗ H pozvolØet vvesti na algebre Hopfa H dopolnitel~nu¸ strukturu bialgebry: d : H → H ⊗ H, d := FΔ. Struktury takogo tipa rassmatrivalis~ v rabotah [7, 8] pri analize grupp Li–Puassona. V qastnosti, kvantovyæ analog opredelØetsØ sootnoxeniem RT_1T_2 = T_2T_1R_{21} [8].

ObwaØ svØz~ universal~nogo fflementa skruqivaniØ F algebry Hopfa H s matriqnoæ formoæ RT T -sootnoxeniØ, zada¸wego novoe umnoßenie v dvoæstvennoæ algebre Hopfa H^∗ izlagaetsØ v razdele 2. V razdele 3 privedeny primery ispol~zovaniØ fftoæ svØzi dlØ vostanovleniØ universal~nogo fflementa skruqivaniØ po matrice R v sluqae (super)algebr Li ranga 1. RØd detalizirovannyh vykladok vynesen v priloßenie.

2. Modul~ algebry i tvisty

Pust~ H – algebra Hopfa. Rassmotrim fflement F ∈ H ⊗ H,

230 A. A. STOLIN, P. P. KULIX, E. V. DAMASKINSKI` udovletvorØ¸wiæ uravneni¸ tvista (uslovi¸ 2-kocikla)

F_{12}(Δ ⊗ id)F = F_{23}(id ⊗ Δ)F

i sootnoxeni¸ (ε ⊗ id)F = (id ⊗ ε)F = 1 ⊗ 1. Takoæ fflement F nazyvaetsØ universal~nym skruqivaniem ili universal~nym tvistom.

Opredelim otobraßenie d_F : H → H ⊗ H, takoe qto d_F (a) =

FΔ(a). Nesloßno pokazat~, qto otobraßenie d_F koassociativno,

to est~ udovletvorØet uslovi¸ (d ⊗ id)d = (id ⊗ d)d i d_F (ab) = d_F (a)Δ(b).

Pust~ d : H → H ⊗ H i d(ab) = d(a)Δ(b).

Lemma 2.1. Esli F tvist, to spravedlivy usloviØ:

(a) d_F – koassociativnoe otobraßenie. (b) d_F (ab) = d_F (a)Δ(b) (c) (ε ⊗ id)d_F (a) = 1 ⊗ a i (id ⊗ ε)d_F (a) = a ⊗ 1.

Obratno, esli d : H → H ⊗ H udovletvorØet usloviØm (a), (b) i (c), to F = d(1) ØvlØetsØ tvistom.

Dokazatel~stvo. My uße pokazali, qto tvist F poroßdaet oto-

braßenie d_F (a) = FΔ(a), udovletvorØ¸wee usloviØm (a), (b), (c).

Obratno, esli zadano otobraßenie d, to iz svoæstv (a), (b) sleduet, qto

F = d(1) := ∑ f_1 ⊗ f_2

udovletvorØet sootnoxeni¸

F_{12}(Δ ⊗ id)(F) = F_{23}(id ⊗ Δ)(F) .

Poloßiv a = 1 v (c) poluqaem (ε ⊗ id)F = (id ⊗ ε)F = 1 ⊗ 1.

Rassmotrim dvoæstvennoe k H vektornoe prostranstvo H^∗. Otmetim, qto H^∗ ØvlØetsØ pravym H_{op}-modulem tak kak ⟨α, ab⟩ = ⟨α_{(1)}, a⟩⟨α_{(2)}, b⟩ := ⟨αb̃, a⟩, αb̃ = α_{(1)}⟨α_{(2)}, b⟩.

O POSTROENII UNIVERSAL^NOGO �LEMENTA 231 gde α ∈ H^∗, a, b ∈ H i H_{op} est~ algebra Hopfa H s protivopoloßnym umnoßeniem. Otobraßenie d : H → H ⊗ H udovletvorØ¸wee usloviØm (a)–(c). induciruet associativnoe umnoßenie na H^∗ ⟨α ∘ β, a⟩ = ⟨α ⊗ β, d(a)⟩ = ⟨α ⊗ β, f_1a_{(1)} ⊗ f_2a_{(2)}⟩ = ⟨α, f_1a_1⟩ ⟨β, f_2a_{(2)}⟩ = ⟨Δ^∗(α), f_1 ⊗ a_{(1)}⟩ ⟨Δ^∗(β), f_2 ⊗ a_{(2)}⟩ = ⟨α_{(1)}, f_1⟩ ⟨α_{(2)}, a_{(1)}⟩ ⟨β_{(1)}, f_2⟩ ⟨β_{(2)}, a_{(2)}⟩ = ⟨α_{(1)}, f_1⟩ ⟨β_{(1)}, f_2⟩ ⟨α_{(2)}, a_{(1)}⟩ ⟨β_{(2)}, a_{(2)}⟩ = ⟨α_{(1)}, f_1⟩ ⟨β_{(1)}, f_2⟩ ⟨α_{(2)} ⊗ β_{(2)}, a_{(1)} ⊗ a_{(2)}⟩ = ⟨α_{(1)}, f_1⟩ ⟨β_{(1)}, f_2⟩ ⟨α_{(2)} ⊗ β_{(2)}, Δ(a)⟩ = ⟨α_{(1)} ⊗ β_{(1)}, F⟩ ⟨α_{(2)} ⊗ β_{(2)}, Δ(a)⟩ = ⟨α_{(1)} ⊗ β_{(1)} ⊗ α_{(2)} ⊗ β_{(2)}, F ⊗ Δ(a)⟩ = ⟨σ_{23} ( α_{(1)} ⊗ α_{(2)} ⊗ β_{(1)} ⊗ β_{(2)} ) , F ⊗ Δ(a)⟩ = ⟨σ_{23}Δ^∗(α) ⊗ Δ^∗(β), F ⊗ Δ(a)⟩ .

Sledovatel~no α ∘ β = ⟨α_{(1)} ⊗ β_{(1)}, F⟩α_{(2)}β_{(2)}.

Predloßenie 2.2. Tvisty nahodØtsØ vo vzaimno odnoznaqnom

sootvetstvii so strukturami modul~ algebr (nad H_{op}) na H^∗, takimi, qto ε ∘ f = f ∘ ε = f, gde koedinica v H ε est~ edinica v H^∗, a f proizvol~nyæ fflement H^∗.

Deæstvitel~no, ε ∘ β = ⟨ε ⊗ f_{(1)}, F⟩εf_{(2)} = ⟨1 ⊗ f_{(1)}, (ε ⊗ id)F⟩f_{(2)} = ⟨f_{(1)}, 1⟩f_{(2)} = ε_∗(f_{(1)})f_{(2)} = f, ⟨ε ∘ f, a⟩ = ⟨ε ⊗ f, d(a)⟩ = ⟨1 ⊗ f, (ε ⊗ id)d(a)⟩ = ⟨f, a⟩. Sledstvie 2.3. Pust~ {e0 = 1, e1, e2, . . . } i {e^0 = ε, e^1, e^2, . . . } du-

al~nye bazisy v H i H^∗, sootvetstvenno, i pust~

e^i ∘ e^j = ∑ k m^{ij}_k e^k. Togda d(1) = ∑ r,s m^{rs}_0 e_r ⊗ e_s i m^{0k}_r = m^{k0}_r = δ^k_r .

232 A. A. STOLIN, P. P. KULIX, E. V. DAMASKINSKI` Deæstvitel~no, ⟨ e^j ∘ e^i, e_p ⟩ = ⟨ e^j ⊗ e^i, d(e_p) ⟩ ⟨ e^j ∘ e^i, e_p ⟩ = ⟨∑ k ∘ m^{j i}_k e^k, e_p ⟩ = ∑ k ∘ m^{j i}_k ⟨ e^k, e_p ⟩ =^∘m^{j i}_p ⟨ e^j ⊗ e^i, d(e_p) ⟩ = ⟨ e^j ⊗ e^i, ∑ r,s d^{r s}_p e_r ⊗ e_s ⟩

= ∑ r,s d^{r s}_p ⟨ e^j ⊗ e^i, e_r ⊗ e_s ⟩ = = ∑ r,s d^{r s}_p ⟨ e^j , e_r ⟩ ⟨ e^i, e_s ⟩ = d^{j i}_p takim obrazom d^{j i}_p =^∘m^{j i}_p i

d(e_p) := ∑ r,s d^{r s}_p e_r ⊗ e_s = ∑ r,s ∘ m^{r s}_p e_r ⊗ e_s , d(e_p) = d(1e_p) = d(1)Δ(e_p) = FΔ(e_p) .

3. Primery

3.1. Sluqaæ U (b2). Pust~ H = U (b2) - universal~naØ oberty-

va¸waØ borelevskoæ algebry s generatorami h, x i opredelØ- ¸wim sootnoxeniem [h, x] = x. Izvestno, qto monomy e_{m,k} =

h^mx^k, m, k = 0, 1, 2, . . . obrazu¸t lineænyæ bazis v H (PBW-

teorema). Rassmotrim v kaqestve unitarnogo rexeniØ uravneniØ ˚nga–Bakstera ßordanovu R-matricu vida [9]

R = 1 −ξ ξ ξ^2 0 1 0 −ξ 0 0 1 ξ 0 0 0 1

˚sno, qto R - unitarna (to est~ R_{21}R = 1 ⊗ 1), i kvaziklassiqeskaØ, tak, qto, soglasno [2], suwestvuet tvist F ∈ H ⊗ H takoæ, qto R = (ρ ⊗ ρ)(F_{21}F^{−1}), gde ρ – vektornoe predstavlenie dlØ

U (b_2). DlØ togo, qtoby naæti F, rassmotrim sledu¸wu¸ alge-

bru, kotoraØ ne ØvlØetsØ algebroæ Hopfa: A = C ⟨t11 , t12⟩ RT_1 · T_2 = T_2 · T_1

O POSTROENII UNIVERSAL^NOGO �LEMENTA 233 Zdes~

T_1 = T ⊗ 1 = t_{11} 0 t_{12} 0 0 t_{11} 0 t_{12} 0 0 t^{−1}_{11} 0 0 0 0 t^{−1}_{11} i

T_2 = 1 ⊗ T = t_{11} t_{12} 0 0 0 t^{−1}_{11} 0 0 0 0 t_{11} t_{12} 0 0 0 t^{−1}_{11}

a C ⟨t11 , t12⟩ – algebra, poroßdaemaØ nekommutativnymi fflemen-

tami t_{11}, t_{12}, svØzannymi sootnoxeniem RT_1 · T_2 = T_2 · T_1.

Predloßenie 3.1.

1) A = C^{⟨t11,t12⟩} [t11,t12]=ξ·1 2) A - levaØ modul~ algebra nad H = U (b_2) s deæstviem:

x̃t_{12} = t_{11}, h̃t_{12} = − 1 2 t_{12}, x̃t_{11} = 0, h̃t_{11} = 1 2 t_{11}.

Dokazatel~stvo. Oba utverßdeniØ proverØ¸tsØ neposredstven-

no. Krome togo ffti utverßdeniØ moßno dokazat~ sledu¸wim obrazom. Preßde vsego, legko dokazat~ dlØ A teoremu Puankare– Birkgofa–Vitta: monomy

f^{k,m} = t^k_{11}t^m_{12}

obrazu¸t lineænyæ bazis v A. Rassmotrim algebru polinomov na gruppe B_2 F un = C ⟨t_{11} , t_{12}⟩ T_1T_2 = T_2T_1

= C [t11, t12] .

Izvestno, qto F un levaØ U (b_2)-modul~ algebra i pravaØ U (b_2)_{op}- modul~ algebra, priqœm U (b_2) deæstvuet na F un kak levoe differencirovanie a U (b_2)_{op} kak pravoe differencirovanie. Poskol~- ku R v opredelØ¸wem sootnoxenii stoit sleva, to moßno pokazat~, qto struktura levoæ U (b_2)-modul~ algebry na A nasleduetsØ iz F un.

234 A. A. STOLIN, P. P. KULIX, E. V. DAMASKINSKI`

Sledstvie 3.2. Kak levye U (b2)-modul~ algebry A i F un izomorf- ny. Napomnim, qto ispol~zuemoe nami sparivanie meßdu U (b_2) i

F un, opredelØetsØ sootnoxeniem ⟨f, b⟩ = fb̃(e), v kotorom f ∈ F un, b ∈ U (b_2), a e oboznaqaet ediniqnyæ fflement v gruppe B_2.

Itak nam ostalos~ naæti dual~nye bazisy v U (b_2) i F un. Odnako, izvestno, qto ffto ne vozmoßno, tak qto nam nado rasxirit~ algebru F un. My postupim v sootvetstvii s metodom predloßennym v [10]. Napomnim, qto F un algebra Hopfa, a ukazannaØ vyxe dualizaciØ ØvlØetsØ sparivaniem algebr Hopfa F un i U (b_2)_{op}.

Pust~ φ i ω oboznaqa¸t fflementy dual~nye s h i x, sootvetstvenno. Togda ⟨h^kx^m, φ^pω^q⟩ = k! m! · δ_{k,p} · δ_{m,q} , i tenzor

T = exp(h ⊗ φ) exp(x ⊗ ω) ∈ U (b_2) ⊗ ~F un

ØvlØetsØ kanoniqeskim fflementom. V fftom sootnoxenii my oboznaqili ~F un algebru Hopfa, poroßdaemu¸ fflementami φ, ω,

e^{±φ/2}, gde Δφ, Δω opredeleno po ⟨Δ(a), h^kx^m ⊗ h^px^q⟩ = ⟨a, h^kx^mh^px^q ⟩. Moßno proverit~, qto φ primitiven, a Δω = ω ⊗ e^{−φ} + 1 ⊗ ω. ˚sno, qto ~F un ØvlØetsØ pravoæ modul~ algebroæ nad U (b_2)_{op}.

Esli F ∈ U (b_2) ⊗ U (b_2) ØvlØetsØ tvistom, to my opredelim novoe umnoßenie v ~F un sledu¸wim obrazom: poskol~ku F opredelØet koassociativnu¸ operaci¸ d_F (a) = FΔ(a) na U (b_2), to v silu dvoæstvennosti meßdu U (b_2) i ~F un my poluqaem novoe associativnoe umnoßenie na ~F un, kotoroe moßno opisat~ sledu¸wim obrazom.

Opredelim

T_1 = exp(h ⊗ 1 ⊗ φ) exp(x ⊗ 1 ⊗ ω) i T_2 = 1 ⊗ T ,

a takße

~T_1 = (ρ ⊗ ρ ⊗ id)T_1 i ~T_2 = (ρ ⊗ ρ ⊗ id)T_2,

gde ρ oboznaqaet 2-mernoe vektornoe predstavlenie algebry

U (b_2). Togda T_1T_2 = T_2T_1. Dalee opredelim T_1 ∘ T_2 po

T_1 ∘ T_2 = F_{12}(Δ ⊗ id)(T ).

O POSTROENII UNIVERSAL^NOGO �LEMENTA 235 Moßno proverit~, qto togda

T_2 ∘ T_1 = F_{21}(Δ_{op} ⊗ id)(T )

Deæstvitel~no, zapisav T v vide ∑ e_i ⊗e^i, gde {e_i}, {e^i} dual~nye

bazisy v U (b_2) i ~F un, sootvetstvenno, imeem

T_1 ∘ T_2 = ∑ e_i ⊗ e_j ⊗ e^i ∘ e^j = F_{12}(Δ ⊗ id)(T ).

VyqislØØ T_2 ∘ T_1, poluqaem

T_2 ∘ T_1 = ∑ e_i ⊗ e_j ⊗ e^j ∘ e^i = F_{21}(Δ_{op} ⊗ id)(T ).

Pust~ R = F_{21}F^{−1} i R = (ρ ⊗ ρ)(R). Tak kak Δ = Δ_{op} to my dokazali

Teorema 3.3. RT1 ∘ T2 = T2 ∘ T1 i, sledovatel~no, R^~T1 ∘^~T2 =^~T2 ∘^~T1.

�ta teorema pozvolØet po zadannoæ ßordanovoæ R-matrice (i ne tol~ko ßordanovoæ) postroit~ tvist.

Deæstvitel~no, nesloßnye vyqisleniØ pokazyva¸t, qto uqityvaØ, qto h = 1 2 σ^z = 1 2 ( 1 0 0 −1 ) , x = σ^+ = ( 0 1 0 0 ) , poluqaem ~T = ( e^{φ/2} e^{φ/2} · ω 0 e^{−φ/2} ) . Togda opredelØ¸wee sootnoxenie R ~T_1 ∘ ~T_2 = ~T_2 ∘ ~T_1 moßno zapisat~ v vide e^{φ/2} ∘ ω = ω ∘ e^{φ/2} + ξe^{−φ/2} . Zameqanie 3.1. Napomnim, qto A = C ⟨t11 , t12⟩ RT_1 · T_2 = T_2 · T_1

ØvlØetsØ pravoæ modul~ algebroæ nad H_{op} = U (b_2)_{op}. Standartnye rassußdeniØ (my dolßny ishodit~ iz algebry ~F un, ØvlØ- ¸weæsØ levym H-Hopf modulem i pravym H_{op}-Hopf modulem) pokazyva¸t, qto algebra, poroßdaemaØ ~T s opredelØ¸wim sootnoxeniem R ~T_1 ∘ ~T_2 = ~T_2 ∘ ~T_1 ØvlØetsØ pravym H_{op}-Hopf modulem izomorfnym s ~F un kak pravyæ H_{op}-modul~. Preimuwestvo

236 A. A. STOLIN, P. P. KULIX, E. V. DAMASKINSKI` v ispol~zovanii ~T vmesto T sostoit v tom, qto my poluqaem vozmoßnost~ ispol~zovat~ dual~nye bazisy. Izomorfizm daetsØ sootvetstviem: φ^pω^q −→ φ ∘ φ . . . ∘ φ ∘ ω ∘ . . . ∘ ω , kotoroe my sokrawenno oboznaqim φ^p ∘ ω^q .

Perepixem sootnoxenie e^{φ/2} ∘ ω = ω ∘ e^{φ/2} + ξe^{−φ/2} v vide φ ∘ ω = ω ∘ φ + 2ξe^{−φ}. Po indukcii poluqaem e^{nφ} ∘ ω − ω ∘ e^{nφ} = 2nξe^{(n−1)φ}. Ispol~zuØ analitiqeskoe prodolßenie (formal~no sleduet poloßit~ z = e^φ), prihodim k vyvodu, qto e^{aφ} ∘ ω − ω ∘ e^{aφ} = 2aξe^{(a−1)φ} . Ispol~zuØ induci¸ po m poluqaem ω^m ∘e^{aφ} = m∑ p=0 (−1)^p ( m p ) a(a−1) . . . (a−p+1)(2ξ)^pe^{(a−p)φ} ∘ω^{m−p} . (3) Napomnim, qto dlØ postroeniØ tvista sleduet naæti koefficienty pri 1 v vyraßenii (φ^n ∘ ω^p) · (φ^m ∘ ω^q) posle ego privedeniØ k vidu ∑ C^{np,mq} rs φ^r ∘ ω^s. Inymi slovami nado naæti C^{np,mq}_{00} .

Iz formuly (3) sleduet, qto esli n i q otliqny ot nulØ, to C^{qm,kn} 00 = 0. Itak, nado naæti C^{0m,k0}_{00} . Bolee togo, oqevidno, qto

dostatoqno rassmotret~ tol~ko posledniæ qlen, a imenno (−1)^m(2ξ)^ma(a − 1) . . . (a − m + 1)e^{(a−m)φ} . DlØ nahoßdeniØ pravil kommutacii fflementov ω^m i φ^k, sleduet prodifferencirovt~ formulu (3) po “peremennoæ a” neskol~ko raz i poloßit~ a = 0. V qastnosti, nesloßno zametit~, qto C^{0m,k0} 00 = (−2ξ)^m m!k! · d^k da^k (a)_m | | | |_{a=0} ,

O POSTROENII UNIVERSAL^NOGO �LEMENTA 237 gde (a)_m = a(a − 1) . . . (a − m + 1). Togda F = ∞∑ m=0 (−1)^m m! (2ξ)^m · x^m ⊗ ∞∑ k=0 h^k k! d^k da^k (a)_m | | | |_{a=0} .

gde h, x – generatory algebry U (b_2).

Vtoroæ somnoßitel~ v tenzornom proizvedenii ØvlØetsØ razloßeniem (a)_m v rØd Teælora v okrestnosti toqki a = h. Takim obrazom okonqatel~no poluqaem F = ∞∑ m=0 1 m! (−2ξx)^m ⊗(h)_m = (1⊗1−2ξx⊗1)^{1⊗h} = exp(ln(1−2ξx)⊗h) .

Moßno proverit~, qto v fundamental~nom predstavlenii vosproizvoditsØ ßordanova matrica

(ρ ⊗ ρ)(F_{21}F^{−1}) = 1 −ξ ξ ξ^2 0 1 0 −ξ 0 0 1 ξ 0 0 0 1 . 3.2. Ewe odin primer tvista U (b2). V kaqestve drugogo ffle-

mentarnogo primera rassmotrim unitarnoe kvaziklassiqeskoe rexenie uravneniØ ˚nga–Bakstera (sm., naprimer, [5]) Rtriang = 1 −ξ ξ −ξ^2 0 1 0 ξ 0 0 1 −ξ 0 0 0 1

= 1 + ξr + O(ξ^2) , (4)

gde r = σ^+ ⊗σ^0 −σ^0 ⊗σ^+ i σ^0 = diag(1, 1). Iz struktury klassiqeskoæ r-matricy vidno, qto dlØ postroeniØ nositelØ r-matricy k borelevskoæ algebre Li h, x iz predyduwego primera neobhodimo dobavit~ central~nyæ fflement c. V kaqestve dvoæstvennyh bazisov v U i U^∗ vyberem

h^m x^k c^p i φ^m ω^k α^p m! k! p! (5) Kanoniqeskiæ fflement v U ⊗ U^∗ raven

T = exp (h ⊗ φ) exp (x ⊗ ω) exp (c ⊗ α) , (6)

238 A. A. STOLIN, P. P. KULIX, E. V. DAMASKINSKI` a v predstavlenii ρ(c) = 1, ρ(h) =^1_2 σ^z, ρ(x) = σ^+ T = e^{h⊗φ}e^{x⊗ω}e^{c⊗α} | | |_{{ρ:c=1 , h= 12 σz , x=σ+}} = ( e^{φ/2} 0 0 e^{−φ/2} ) ( 1 ω 0 1 ) ( e^α 0 0 e^α ) (7) Sootnoxenie RT T = T T s R-matriceæ (4) opredelØet novoe (nekommutativnoe) umnoßenie generatorov U^∗ : φ, ω, α φα = αφ, φω = ωφ, αω = ωα + ξ exp(−φ). (8) DlØ opredeleniØ strukturnyh konstant novogo umnoßeniØ vospol~zuemsØ kommutativnost~¸ fflementa φ i perestanovoqnymi sootnoxeniØmi (8)

φ^mω^kα^p ∘ φ^{m1} ω^{k1} α^q = φ^{m+m1} ω^{k+k1} α^{p+q} + . . . . (9)

Qtoby imet~ nenulevye strukturnye postoØnnye m^{(mkp)(m1k1q)}_{(000)} dlØ vyqisleniØ F neobhodimo poloßit~ m = m_1 = 0, k = q =

0, p = k_1. Ispol~zuØ sledstvie (8), dlØ uporØdoqivaniØ proiz-

vedeniØ generatorov α^pω^k imeem (k ≤ p)

α^pω^k = ω^kα^p + k∑ n=0 ω^nα^{p−k+n}C^n_k ξ^{k−n}C^{k−n}_p (k − n)! e^{−(k−n)φ} . (10) Takim obrazom, interesu¸wie nas strukturnye konstanty ravny (k = p, n = 0)

m^{(00p)(0p0)}

(000) = ξ^p p! , a sootvetstvu¸wiæ universal~nyæ fflement skruqivaniØ imeet vid F = ∑ p ξ^p p! c^p ⊗ x^p = exp(ξc ⊗ x) . (11)

V predstavlenii C^2 poluqaem 4 × 4-matricu i vyraßenie R =

F_{21}F^{−1} sovpadaet s ishodnoæ R-matriceæ.

3.3. Sluqaæ superalgebry Li sb2. Rassmotrim primer super-

algebry Li sb_2, takße ime¸weæ dva generatora: qœtnyæ h i neqetnyæ x s kommutacionnymi sootnoxeniØmi [h, x] = x, [x, x] = 0 .

O POSTROENII UNIVERSAL^NOGO �LEMENTA 239 V universal~noæ obœrtyva¸weæ super-algebre U (sb_2) oboznaqenie [, ] ponimaetsØ kak superkommutator (Z_2-graduirovannyæ kommutator): [a, b] = ab − (−1)^{p(a)p(b)}ba . Unitarnoe kvaziklassiqeskoe rexenie Z_2-graduirovannogo uravneniØ ˚nga–Bakstera [11] vyberem v vide

R = 1 η −η 0 0 1 0 −η 0 0 1 −η 0 0 0 1 , (12)

gde η neqœtnyæ grassmanov parametr: η^2 = 0.

Generatory dvoæstvennoæ algebry U^∗(sb_2) : {u, ω : ⟨u, h⟩ =

1, ⟨ω, x⟩ = 1}, ω^2 = 0 vzaimno kommutiru¸t. Kanoniqeskiæ ffle-

ment T ∈ U ⊗ U^∗ raven T = e^{h⊗u} e^{x⊗ω} . (13) Kak i v pervom primere superalgebra sb_2 imeet dvumernoe predstavlenie: T = ( e^{u/2} −e^{u/2}ω 0 e^{−u/2} ) , Fiksiruem dvoæstvennye bazisy v U i U^∗ h^mx^k i u^mω^k/m! , gde (m = 0, 1, · · · ; k = 0, 1). Sootnoxenie RT T = T T s R-matriceæ (12) opredelØet novoe (nekommutativnoe) umnoßenie generatorov u, ω dual~noæ superalgebry U^∗

ωu = uω − 2ηe^{−u}, ω^2 = 0. (14)

DlØ opredeleniØ strukturnyh konstant novogo umnoßeniØ vospol~zuemsØ kommutacionnymi sootnoxeniØmi (14). Qtoby strukturnaØ postoØnnaØ m^{(mk)(m1k1)}

(00) byla otliqna ot nulØ pri vy-

qislenii F neobhodimo poloßit~ m = 0, k_1 = 0, m_1 = k = 1. Kak sledstvie (14), poluqaem m^{(01)(10)}_{(00)} = −2η, a sootvetstvu¸- wiæ universal~nyæ fflement skruqivaniØ imeet vid F = 1 − 2ηx ⊗ h. (15)

240 A. A. STOLIN, P. P. KULIX, E. V. DAMASKINSKI` Universal~naØ R-matrica R = 1 − 2η(x ⊗ h − h ⊗ x) = exp(−2η(x ⊗ h − h ⊗ x)) (16) lineæna po generatoru x iz-za nil~potentnosti x i η.

3.4. Skruqivanie kvantovoæ superalgebry Uq (gl(1|1)). Kvan-

tovaØ algebra U_q(gl(1|1)) (sm. priloßenie) daœt primer bolee sloßnoæ R-matricy. V dvumernom predstavlenii kvantovoæ algebry ffta R-matrica ravna

R^{(t)} = q 0 0 ξ 0 q ω 0 0 0 q^{−1} 0 0 0 0 q^{−1} , (17)

Sootnoxenie R^{(t)}T T = T T R s R^{(t)}-matriceæ (17) opredelØet novoe (nekommutativnoe) umnoßenie fflementov (generatorov)

U_q (gl(1|1))^∗ : α, φ, b, g vhodØwih v T -matricu. Pri vyqislenii Øv-

nogo vida matric T_1 i T_2 neobhodimo vkl¸qat~ znaki svØzannye s Z_2-graduirovkoæ (sm. priloßenie):

T_1 = T ⊗I = a 0 u 0 0 a 0 −u w 0 d 0 0 −w 0 d , T2 = I ⊗T = a u 0 0 w d 0 0 0 0 a u 0 0 w d . (18) V pravoæ qasti RT T = T T -sootnoxeniØ stoit R-matrica s

ξ = 0. Edinstvennoe kommutacionnoe sootnoxenie, da¸wee ne-

nulevu¸ strukturnu¸ konstantu m^{(j)(k)}_{(0)} s nenulevymi mul~tiindeksami dlØ vyqisleniØ tvista F, imeet vid

u^2 = ξ q + q^{−1} d^2, ili b^2 = ξ q + q^{−1} 1 + · · · , gde opuwennye slogaemye soderßat otliqnye ot edinicy generatory. Takim obrazom m^{(0001)(0001)}

(0000) = −ξ/(q + q

−1) i iskomyæ tvist raven

F = exp(− ξ q + q^{−1} e ⊗ e) = 1 − ξ q + q^{−1} e ⊗ e .

O POSTROENII UNIVERSAL^NOGO �LEMENTA 241

4. Obsußdenie

Analogiqnym obrazom moßno rassmotret~ kvantovu¸ gruppu

U_q (gℓ_n). Izvestno, qto dual~naØ algebra Hopfa F un_q(GL_n), to

est~ algebra funkciæ na kvantovoæ gruppe, poluqaetsØ iz sootnoxeniØ R_qT_1T_2 = T_2T_1R_q, gde R_q est~ R-matrica Drinfel~da- Dßimbo. Togda opredelØemaØ R^′_qT_1T_2 = T_2T_1R_q algebra budet pravoæ modul~ algebroæ nad U_q(gℓ_n)_{op}. Zdes~ R^′_q - drugaØ Rmatrica, takaØ qto PR^′_q i PR_q ime¸t odin i tot ße spektr (P – operator perestanovki v C^n ⊗ C^n ). Togda suwestvuet universal~nyæ tvist F ∈ U_q (gℓ_n)^{⊗2}, takoæ qto R^′_q = (ρ ⊗ ρ)(F_{21}R_q F^{−1}), gde R_q ØvlØetsØ universal~noæ R-matriceæ a ρ : U_q (gℓ_n) →

End(C^n ) est~ fundamental~noe vektornoe predstavlenie alge-

bry Hopfa U_q (gℓ_n). Preobrazovanie skruqivaniØ moßno ispol~- zovat~ dlØ svØzi i klassifikacii matriqnyh rexeniæ uravneniØ ˚nga–Bakstera. Tak rØd rexeniæ dlØ n = 2, t.e. 4 × 4 matric R, pereqislennyh v [12] kak nezavisimye, svØzany tvistpreobrazovaniØmi [13].

Priloßenie A. Universal~naØ R-matrica dlØ glq (1|1).

Superalgebra U_q (gl(1|1)) poroßdaetsØ dvumØ qœtnymi h, c, i dvumØ neqœtnymi e, f fflementami, iz kotoryh c – central~nyæ, a ostal~nye udovletvorØ¸t sootnoxeniØm

[h, e] = 2e, [h, f] = −2f, e^2 = f^2 = 0, [e, f]_+ = (q^c−q^{−c})/(q−q^{−1})

Z_2-graduirovannaØ struktura algebry Hopfa opredelØetsØ ko-

proizvedeniem

Δ(h) = h ⊗ 1 + 1 ⊗ h,

Δ(c) = c ⊗ 1 + 1 ⊗ c,

Δ(e) = e ⊗ q^c + 1 ⊗ e, Δ(f) = f ⊗ 1 + q^{−c} ⊗ f, i koediniceæ ε(h) = ε(c) = ε(e) = ε(f) = 0. Algebra U_q (gl(1|1)) kvazitreugol~na s universal~noæ R-matriceæ R = q^{12 (c⊗h+h⊗c)}(1 − ω e ⊗ f) ∈ U_q (gl(1|1))^{⊗2}, gde ω = (q − q^{−1}). �ta universal~naØ R-matrica spletaet koproizvedenie s protivopoloßnym.

242 A. A. STOLIN, P. P. KULIX, E. V. DAMASKINSKI` Otmetim, qto superalgebra gl_q (1|1) dopuskaet tvist abeleva tipa, poskol~ku ona imeet dvumernu¸ klassiqesku¸ abelevu podalgebru, rastØgivaemu¸ fflementami c i h s primitivnym koproizvedeniem. Pri special~nom vybore takogo tvistu¸wego fflementa odin iz neqœtnyh generatorov, skaßem e, moßno prevratit~ v primitivnyæ fflement. Deæstvitel~no, Δ_t(e) = e^{αh⊗c}Δ(e)e^{−αh⊗c} = e ⊗ q^ce^{2αc} + 1 ⊗ e = e ⊗ 1 + 1 ⊗ e esli α poloßit~ ravnym −^1_2 log(q).

Sledovatel~no, suwestvuet posledu¸wiæ tvist s exp(ξe ⊗ e) v kaqestve tvistu¸wego kocikla. V rezul~tate takih preobrazovaniæ poluqaem novu¸ universal~nu¸ R-matricu ~R = exp(−ξe ⊗ e)e^{αc⊗h}Re^{−αh⊗c} exp(−ξe ⊗ e) , ime¸wu¸ v matriqnom predstavlenii vnediagonal~nyæ parametr.

V. Dual~naØ algebra Hopfa Uq(gl(1|1))^∗.

Generatory dual~noæ k U_q(gl(1|1)) kokvazitreugol~noæ algebry Hopfa opredelØ¸tsØ netrivial~nymi sparivaniØmi ⟨φ, h⟩ = 1, ⟨α, c⟩ = 1, ⟨b, e⟩ = 1, ⟨g, f⟩ = 1, togda kak ostal~nye sparivaniØ obrawa¸tsØ v nul~. Generatory φ i α qetnye, togda kak b, g neqetny. Kanoniqeskiæ fflement T ∈ U_q(gl(1|1)) ⊗ U_q (gl(1|1))^∗ opredelØetsØ standartnnymi ffksponentami iz-za nil~potentnosti generatorov e, f (i b, g)

T = exp(f ⊗ g) exp(c ⊗ α) exp(h ⊗ φ) exp(e ⊗ b),

T = (1 + f ⊗ g) exp(c ⊗ α) exp(h ⊗ φ)(1 + e ⊗ b).

SootnoxeniØ dual~nosti pozvolØ¸t vyqislit~ koproizvedeniØ i naæti zakon umnoßeniØ generatorov dual~noæ algebry Hopfa

Δ_∗(φ) = φ ⊗ 1 + 1 ⊗ φ,

Δ_∗(α) = α ⊗ 1 + 1 ⊗ α − 2η ω b ⊗ g, Δ_∗(b) = b ⊗ exp(−2φ) + 1 ⊗ b,

Δ_∗(g) = g ⊗ 1 + exp(−2φ) ⊗ g,

O POSTROENII UNIVERSAL^NOGO �LEMENTA 243 [α, b] = −η b, [α, g] = −η g, b^2 = g^2 = 0, [b, g]_+ = 0.

DlØ togo qtoby proverit~, qto kanoniqeskiæ fflement T ØvlØetsØ biharakterom

(Δ ⊗ 1)T = T_{13}T_{23} , (1 ⊗ Δ_∗)T = T_{12}T_{13} ,

nado, ispol~zuØ koproizvedenie Δ v algebre Hopfa U_q(gl(1|1)) i dvoæstvennoe koproizvedenie Δ_∗ v U_q (gl(1|1))^∗, uqest~ konkretnyæ vid formuly Beækera–Kffmpbella–Hausdorfa

exp(tX + Y ) = exp(tX) exp( 1 − e^{−t} t Y ), [X, Y ] = Y. �ta formula pozvolØet vydelit~ mnoßitel~ v (1 ⊗ Δ_∗)T

exp(c ⊗ (α ⊗ 1 + 1 ⊗ α − 2η ω b ⊗ g)) = = exp(c ⊗ α ⊗ 1) exp(− (q^c − q^{−c}) ω b ⊗ g)) exp(c ⊗ 1 ⊗ α) , iz-za kommutacionnogo sootnoxeniØ [c ⊗ α ⊗ 1 + c ⊗ 1 ⊗ α, 1 ⊗ b ⊗ g] = −2ηc ⊗ b ⊗ g. V dvumernom predstavlenii superalgebry Hopfa U_q (gl(1|1)) fflementy 2 × 2-matricy T = ( a u w d ) moßno vyrazit~ qerez generatory dual~noæ superalgebry U_q (gl(1|1))^∗ a = e^{(α+φ)} , u = e^{(α+φ)}b, w = ge^{(α+φ)} , d = e^{(α−φ)} + ge^{(α+φ)}b . Literatura

1. V. Drinfeld, Quantum groups. In: Proccedings of the International Congress of Mathematician. — Berkeley, CA, 1986. AMS, Providence, RI (1987).

2. V. G. Drinfel~d, PostoØnnye kvaziklassiqeskie rexeniØ kvantovogo uravneniØ ˚nga-Bakstera. — DAN SSSR 273, No. 3 (1983), 531–535.

3. V. G. Drinfel~d, Kvazi-hopfovy algebry. — Algebra i Analiz 1:6 (1989), 114–148.

4. N. ı. Rexetihin, L. A. Tahtadßan, L. D. Faddeev, Kvantovanie grupp i algebr Li. — Algebra i Analiz 1, No. 1 (1989), 178–206.

5. P. P. Kulish, V. D. Lyakhovsky, A. I. Mudrov, Extended jordanian twists for Lie algebras. — J. Math. Phys. 40, No. 9 (1999), 4569–4581.

6. V. D. Lyakhovsky, A. A. Stolin, P. P. Kulish, Chains of Frobenius subalgebras of so(M ) and the corresponding twists. — J. Math. Phys. 42, No. 10 (2001), 5006– 5019.

244 A. A. STOLIN, P. P. KULIX, E. V. DAMASKINSKI`

7. S. Parmentier, On coproducts of quasitriangular Hopf algebras, Algebra i Ana-

liz 6, vyp. 4 (1994), 204–222.

8. S. Zakrzewski, A characterization of coboundary Poisson Lie groups and Hopf algebras. — Banach Center Publ. 40 (1997), 273–278.

9. E. E. Demidov, Yu. I. Manin, E. E. Mukhin, D. V. Zhdanovich, Non-standard quantum deformations of GL(n) and constant solutions of the Yang–Baxter equation, In: Yukawa seminar Common Trends in mathematics and quantum field theories. — Ed. by T. Eguchi, T. Inami and T. Miwa. Prog. Theor. Phys. Suppl. 102 (1990), 203–218.

10. P. P. Kulish, A. I. Mudrov, Quantization of inhomogeneous Lie bialgebras, J. Geom.

Phys. 42 (2002), 64–77.

11. P. P. Kulish, E. K. Sklyanin, Quantum spectral transform method: recent developments, — in: Integrable quantum field theories. Ed. by J.Hietarinta, C.Montonen; Lect. Notes Phys. 151 (1982), 61–119.

12. J. Hietarinta, Solving the two-dimensional constant Yang–Baxter equation — J.

Math. Phys., 34, No. 5 (1993), 1725–1756.

13. P. P. Kulish, Symmetries related to Yang–Baxter equation and reflection equations — Intern. J. Mod. Phys., B13, No. 24/25 (1999), 2943–2951.

Stolin A. A., Kulish P. P., Damaskinsky E. V. On construction of universal twist element from R-matrix.

A method to construct a universal twist element using constant quasiclassical unitary matrix solution of the Yang - Baxter equation is proposed. The method is applied to few known R-matrices, corresponding to Lie (super)algebras of rank one.

Fakul~tet matematiki, Gœteborgskiæ universitet, XveciØ

E-mail: E-mail: astolin@math.chalmers.se

Sankt-Peterburgskoe otdelenie Matematiqeskogo insituta im. V. A. Steklova RAN

E-mail: E-mail: kulish@pdmi.ras.ru

Voennyæ inßenernyæ tehniqeskiæ universitet

E-mail: E-mail: evd@pdmi.ras.ru