Zapiski nauqnyh seminarov POMI Tom 285, 2002 g.

S. P. Hffkalo

IZOGı`GENSOVY DEFORMACII UL^TRAGIPERBOLIQESKOGO OPERATORA

1. Vvedenie. Problema Adamara sostoit v opisanii diffe-

rencial~nyh operatorov, udovletvorØ¸wih principu G¸ægensa, to est~ takih operatorov, kotorye oblada¸t fundamental~- nym rexeniem s nositelem korazmernosti edinica. Odnim iz metodov otyskaniØ takih operatorov ØvlØ¸tsØ izog¸ægensovy deformacii izvestnyh g¸ægensovyh operatorov. Pri fftom deformacii ne dolßny poluqat~sØ iz ishodnogo operatora fflementarnymi preobrazovaniØmi. K fflementarnym – otnosØt nevyroßdennu¸ zamenu peremennyh i umnoßenie operatora na nenulevu¸ funkci¸. Vpervye metod deformaciæ faktiqeski primenil K. Xtel~maher v rabote [1].

SleduØ Xtel~maheru, ı. Berest, A. Veselov i ı. Molqanov [2, 3] rassmotreli operatory volnovogo tipa ( ∂^2 ∂t^2 − ∂^2 ∂x^2_1 − . . . − ∂^2 ∂x^2_q + U_m(x) )_λ , λ = 1, 2, . . . s potencialami U_m(x) Kalodßero–Mozera (opredelenie potencialov sm. niße v p. 4). V Øvnom vide byli naædeny fundamental~nye rexeniØ fftih deformaciæ i kak sledstvie ustanovleny dostatoqnye usloviØ ih g¸ægensovosti: esli neqetnoe q udovletvorØet neravenstvu

q > 1 + 2λ + 2M,

gde M = M (m) – Øvno opredelØemaØ funkciØ argumenta m, to deformirovannye operatory – g¸ægensovy.

NastoØwaØ rabota posvØwena primeneni¸ razliqnyh metodov (anzatc Adamara [4]; metod Øder Rissa [5, 2]; metod spleta¸wih operatorov [2, 3]) dlØ osuwestvleniØ izog¸ægensovyh deformaciæ ul~tragiperboliqeskogo operatora

�p+q =^{∂2}_{∂t21} + . . . +^{∂2}_{∂t2p} −^{∂2}_{∂x21} − . . . −^{∂2}_{∂x2q}

207

208 S. P. H�KALO i ego stepeneæ special~nymi potencialami. V neæ, vo-pervyh, izuqa¸tsØ deformacii (�p+q − Uk(t) + Um(x))^λ, λ = 1, 2, . . . pri pomowi potencialov U_k(t), U_m(x) tipa Kalodßero–Mozera po vremennym i prostranstvennym peremennym sootvetstvenno. Vo-vtoryh, rassmatriva¸tsØ deformacii (

�^2_{p+q} + Ws^{(t ± xi}_2 , β^{) ( ∂}_{∂t} ∓^∂_{∂xi}^{)2}

)_λ , i = 1, . . . , q, s, λ = 1, 2, . . . operatora �^2_{p+q} pri pomowi potencialov W_s(y, β) Lagneze– Xtel~mahera [2] s peremennym y ∈ R i parametrom β ∈ R^s (opredelenie potencialov sm. niße v p. 4). V qastnosti, privodØtsØ novye primery g¸ægensovyh operatorov volnovogo tipa, ØvlØ¸- wiesØ deformaciØmi qetnyh stepeneæ volnovogo operatora pri pomowi potencialov Lagneze–Xtel~mahera.

2. ˚dro Rissa operatora �p+q . V fftom punkte privodØtsØ ne-

obhodimye svedeniØ iz [6] o Ødre Rissa v nußnoæ nam forme i da¸tsØ nekotorye dobavleniØ.

Pust~

γ(t−ζ, x−ξ) ≡ (t_1 −ζ_1)^2 +. . .+(t_p −ζ_p)^2 −(x_1 −ξ_1)^2 −. . .−(x_q −ξ_q )^2 = 0

harakteristiqeskiæ konus operatora �_{p+q} s verxinoæ v toqke

(ζ, ξ) ∈ R^{p+q} . DlØ kompleksnogo parametra λ vvedem semeæstvo

celyh po λ obobwennyh funkciæ

Φ^{(λ)}_0 (γ) = 1 H_{p+q}(λ) γ^{λ−(p+q)/2} + , svØzannyh s kvadratiqnoæ formoæ γ [6]. Zdes~

H_{p+q} (λ) = (−1)^{[p/2]}4^λπ^{(p+q−2)/2}Γ(λ)Γ(λ + 1 − (p + q)/2),

Γ – gamma-funkciØ �ælera, [·] – celaØ qast~ vewestvennogo qisla.

V oblasti Re λ > (p + q)/2 − 1 obobwennaØ funkciØ Φ^{(λ)}_0 (γ) zadaetsØ integralom

(Φ^{(λ)}_0 (γ), f) = 1 H_{p+q}(λ) ∫ γ>0 γ^{λ−(p+q)/2}(t − ζ, x − ξ)f(t, x)dt dx

IZOGı`GENSOVY DEFORMACII OPERATORA 209 i analitiqeski prodolßaetsØ vo vs¸ kompleksnu¸ ploskost~ parametra λ.

˚sno, qto v obwem sluqae nositel~ obobwennoæ funkcii leßit v zamykanii konusa V = {(t; x) | γ(t − ζ, x − ξ) > 0} s verxinoæ v toqke (ζ, ξ) ∈ R^{p+q} :

supp Φ^{(λ)}_0 (γ) ⊂ V . (1)

Neposredstvennym differencirovaniem v oblasti regulØrnogo zadaniØ i posledu¸wim analitiqeskim prodolßeniem ustanavlivaetsØ ravenstvo

�^d_{p+q} Φ^{(λ)}_0 (γ) = Φ^{(λ−d)}_0 (γ), d = 1, 2, . . . . (2)

Pust~ δ – del~ta-funkciØ p + q peremennyh.

Lemma 2.1. Pri neqetnom p imeet mesto ravenstvo

Φ^{(0)}_0 (γ) = δ(t − ζ, x − ξ). (3)

Dokazatel~stvo. Pust~ S^{p−1} i S^{q−1} sfery ediniqnogo radiusa

v podprostranstvah R^p, R^q ⊂ R^{p+q} sootvetstvenno. Perehod v oblasti regulØrnogo zadaniØ obobwennoæ funkcii Φ^{(λ)}_0 (γ) k bipolØrnym koordinatam t = rω; x = sτ (ω ∈ S^{p−1}, τ ∈ S^{q−1}) daet integral [6]

(Φ^{(λ)}_0 (γ), f) =

= 1 4H_{p+q}(λ) ∞∫ 0 1∫ 0 u^{λ−1}(1 − v)^{λ−(p+q)/2}v^{q/2−1}ψ_1(u, uv; ζ, ξ)du dv, gde funkciØ ψ_1 poluqena iz srednego ψ(r, s; ζ, ξ) = ∫ S^p�1 ∫ S^q�1 f(rω + ζ, sτ + ξ)dω dτ vozmoßnoæ zamenoæ u = r^2, w = s^2 i posledu¸weæ podstanovkoæ

w = uv. DlØ neqetnyh p analitiqeskoe prodolßenie daet (c = (−1)^{[p/2]}/π^{(p+q−2)/2})

(Φ^{(0)}_0 (γ), f) =

210 S. P. H�KALO = c 1∫ 0 (1 − v)^{λ−(p+q)/2} Γ(λ + 1 − (p + q)/2) v^{q/2−1}dv ∞∫ 0 u^{λ−1} Γ(λ) ψ_1(u, uv; ζ, ξ)du | | |_{λ=0} =

= c Γ(q/2) Γ(1 − p/2) f(ζ, ξ) ∫ S^p�1 dω ∫ S^q�1 dτ =

= (−1)^{[p/2]}π f(ζ, ξ) Γ(p/2)Γ(1 − p/2) = (δ(t − ζ, x − ξ), f(t, x)). Pust~ dalee δ^{(s)}(γ) – s-aØ proizvodnaØ (po argumentu γ) del~ta-funkcii, svØzannoæ s poverhnost~¸ γ = 0 [6].

Lemma 2.2. DlØ natural~nogo λ ∈ N, λ < (p + q)/2 i qetnogo p + q

imeet mesto ravenstvo

Φ^{(λ)}_0 (γ) = (−1)^{p+[q/2]−λ−1} 2^{2λ}π^{(p+q−2)/2}(λ − 1)! δ^{((p+q)/2−λ−1)}(γ). (4) Dokazatel~stvo. Poloßim c1 = (−1)^{[p/2]}/2^{2λ+2}π^{(p+q−2)/2}(λ − 1)!.

Kak i v dokazatel~stve lemmy 2.1 pri λ ∈ N, λ < (p + q)/2

(Φ^{(λ)}_0 (γ), f) =

= c_1 ∞∫ 0 u^{λ−1}du 1∫ 0 (1 − v)^{(μ−(p+q)/2)} Γ(μ + 1 − (p + q)/2) | | | |_{λ=μ}v^{q/2−1}ψ^1(u, uv; ζ, ξ)dv. UqityvaØ ravenstvo

x^λ_+ Γ(λ + 1) | | | λ=−k = δ^{(k−1)}(x),

dlØ obobwennoæ funkcii odnogo peremennogo, poluqaem

(Φ^{(λ)}_0 (γ), f) = (−1)^{(p+q)/2−λ−1}c_1×

× ∞∫ 0 ∂^{(p+q)/2−λ−1} ∂v^{(p+q)/2−λ−1} [v^{q/2−1}ψ_1(u, uv; ζ, ξ)] | v=1u^{λ−1}du =

= (−1)^{(p+q)/2−λ−1}c_1×

IZOGı`GENSOVY DEFORMACII OPERATORA 211 × ∞∫ 0 ∂^{(p+q)/2−λ−1} ∂w^{(p+q)/2−λ−1} [w^{q/2−1}ψ_1(u, w; ζ, ξ)] | |_{w=u}u^{p/2−1}du =

= 4(−1)^{(p+q)/2−λ−1}c_1(δ^{((p+q)/2−λ−1)}(γ), f). Zameqanie 2.1. Formuly (1)–(3) pokazyva¸t, qto dlØ neqetnyh

p semeæstvo obobwennyh funkciæ Φ^{(λ)}_0 (γ) ØvlØetsØ Ødrom Rissa dlØ operatora �_{p+q} v smysle raboty [7].

Zameqanie 2.2. Iz formul (2)–(4) sleduet, qto pri neqetnyh

p, q i d < (p + q)/2 operatory �^d_{p+q} ØvlØ¸tsØ g¸ægensovymi.

Zameqanie 2.3. Kak ustanavlivaetsØ metodom spuska v [8] ili

analizom fundamental~nyh rexeniæ operatora �_{p+q} dannyh v [6], dlØ razmernosteæ p i q drugih qetnosteæ, princip G¸ægensa

dlØ �p+q ne imeet mesta. Takim obrazom, iskat~ g¸ægensovy de-

formacii ul~tragiperboliqeskogo tipa pri takih p i q ne imeet smysla.

3. Anzatc Adamara dlØ operatora �p+q + U (t, x). PodrobnaØ

informaciØ ob anzatce Adamara i ego primeneniØh soderßitsØ v [4].

SleduØ Adamaru budem iskat~ fundamental~noe rexenie deformacii L = �_{p+q} + U (t, x) pri neqetnyh p v vide formal~nogo rØda E = ∞∑ i=1 φ_i(t, ζ; x, ξ)Φ^{(i)}_0 (γ), φ_1 = 1, (5)

gde φ_i – differenciruemye funkcii, a Φ^{(i)}_0 (γ) – fflementy Ødra Rissa operatora �_{p+q} .

Potrebuem vypolneniØ ravenstva LE = δ(t − ζ; x − ξ), (6) razrexiv pri fftom, perestavlØt~ znaki L i Σ. UqityvaØ, qto ∂ ∂t_i Φ^{(λ)}_0 (γ) = t_i − ζ_i 2(λ − 1)

Φ^{(λ−1)} 0 (γ), i = 1, . . . , p, ∂ ∂x_i Φ^{(λ)}_0 (γ) = − x_i − ξ_i 2(λ − 1)

Φ^{(λ−1)} 0 (γ), j = 1, . . . , q,

212 S. P. H�KALO γ 4λ Φ^{(λ)}_0 (γ) = ( λ + 1 − p + q 2 ) Φ^{(λ+1)} 0 (γ), na osnovanii lemmy 2.1, poluqim LE = δ(t − ζ; x − ξ) + ∞∑ i=1 ( (Lφ_i) + 1 i (∇_{p+q} φ_{i+1}) + φ_{i+1} ) Φ^{(i)}_0 (γ), gde ∇_p+_q = p∑ i=1 (t_i − ζ_i) ∂ ∂t_i + q∑ j=1 (x_j − ξ_j ) ∂ ∂x_j . Togda po trebovani¸ (6), imeem { (∇_{p+q}φ_i) + (i − 1)φ_i = −(i − 1)(Lφ_{i−1}), i = 2, 3, . . . , φ_1 = 1. (7) RassmatrivaØ operator L = �_{p+q} + U (t, x) na sootvetstvu¸wem rimanovom prostranstve s metrikoæ s^2 = γ, moßno pokazat~, qto

φ_i = − i − 1 s^{i−1} s∫ s0 (Lφ_{i−1})s^{i−2}ds, i = 2, 3, . . . . Voznikaet zadaqa pravil~nogo podbora potenciala U (t, x), da- ¸wego obryv rØda-rexeniØ (5).

Primer 1 ([1]). V podprostranstve R ⊂ R^q rassmotrim sistemu

korneæ A_1 = {α = (±1, 0, . . . , 0)}. DlØ kratnosteæ m_α = 1 potencial Kalodßero–Mozera priobretaet naibolee prostoæ vid

U_1(x) = 2 x^2_1

i po suwestvu ØvlØetsØ potencialom Xtel~mahera. Fundamental~noe rexenie operatora

L = �1+5 +^2_{x21}

imeet vid E = − 1 8π^2 ( 1 ξ_1x_1 δ(γ) + 2δ^′(γ) ) .

IZOGı`GENSOVY DEFORMACII OPERATORA 213

Zameqanie. Iz punkta 5 (teorema 1) v sluqae vybora sistemy

korneæ tipa A_1 × A_1 × . . . × A_1 moßno izvleq~ fundamental~nye rexeniØ v Øvnom vide dlØ g¸ægensovyh operatorov (

�1+q +^{λ0}_{t2} −^{q∑}_{i=1}^{λi}_{x2i}

)_λ , λ = 1, 2, . . . , s obwim potencialom Xtel~mahera, gde kofffficienty udovletvorØ¸t usloviØm

λ_k = −m_k (m_k + 1), m_k = 0, 1, 2, . . . , q∑ k=0 m_k 6 q − 1 2 − λ. Pri λ = 1 ffti operatory rassmatrivalis~ Lagneze i Xtel~maherom [9]. Pri λ > 1 i λ_0 = 0 – ı. Berestom i A. Veselovym [2, 10].

Primer 2. Fundamental~noe rexenie operatora L = �3+5 −^2_{t21} +^2_{x21}

imeet vid E = 1 16π^3 ( 1 ζ_1ξ_1t_1x_1 δ(γ) + 2 ( 1 ζ_1t_1 − 1 ξ_1x_1 ) δ^′(γ) − 4δ^{′′}(γ) ) . V samom dele, operator L deformirovan potencialami Kalodßero–Mozera, svØzannymi s sistemoæ korneæ A_1 × A_1 i otveqa¸wimi kratnostØm m_α = 1 i k_α = 1. Dalee, iz (7), pri i = 2, poluqaem

∇3+5φ2 + φ2 = 2 t^2_1 − 2 x^2_1 . PolagaØ φ_2 = φ^1_2(ζ; t) + φ^2(ξ; x), imeem

φ^1_2 = −2 + c1t1 t_1(t_1 − ζ_1)

; φ^2 =

2 − c_2x_1 t_1(x_1 − ξ_1) . Voznikaet zadaqa podbora konstant c_1 i c_2, znaqeniØ kotoryh na nekotorom fftape davali by ravenstvo Lφ_i = 0. Pust~ c_1 = 2/ζ_1 i

c_2 = 2/ξ_1, togda φ_2 = 2 ζ_1t_1 − 2 ξ_1x_1 .

214 S. P. H�KALO RexaØ uravnenie

∇3+5φ3 + φ3 = −

8(ζ_1x_1 + ξ_1t_1) ζ_1ξ_1t^2_1x^2_1

s dopolnitel~nym usloviem Lφ_3 = 0, poluqaem

φ_3 = − 8 ζ_1ξ_1t_1x_1 . Togda

E = Φ(1)0 (γ) + 2 ( 1 ζ_1t_1 − 1 ξ_1x_1 ) Φ^{(2)}_0 (γ) − 8 ζ_1ξ_1t_1x_1

Φ^{(3)}_0 (γ).

Na osnovanii lemmy 2.2, poluqaem utverßdenie primera 2.

Zameqanie. Oqevidno, qto metod Adamara moßno primenit~

lix~ dlØ uravneniæ vtorogo porØdka, kogda sistema (7) rexaetsØ v obwem vide. V fftoæ svØzi, v rabotah [2, 3,10] byla predloßena novaØ konstrukciØ fundamental~nogo rexeniØ v vide “anzatca” ∑_∞ i=1 D_iΦ(^i)0 , gde D_i – nekotorye Øvno opredelØemye so-

otvetstvu¸wim operatorom L, differencial~nye operatory s peremennymi kofffficientami.

4. Potencialy. KalibrovoqnaØ ffkvivalentnost~ operatorov. Pod proizvol~noæ sistemoæ korneæ R ⊂ R^q budem poni-

mat~ nabor poparno nesonapravlennyh vektorov, poroßda¸wih evklidovo prostranstvo R^q i takih, qto dlØ vseh α, β ∈ R otraßeniØ

s_α(β) = β − 2 (α, β) (α, α) α perevodit R v sebØ.

Pust~

U_k(t) = ∑ α∈Q+ k_α(k_α + 1) (α, α) (α, t)^2 , U_m(x) = ∑ α∈R+ m_α(m_α + 1) (α, α) (α, x)^2 para potencialov, svØzannyh s proizvol~nymi sistemami korneæ Q i R v podprostranstvah R^p i R^q sootvetstvenno. Zdes~ R+, Q_+ – mnoßestva poloßitel~nyh korneæ, (α, ·) – skalØrnoe proizvedenie, k_α, m_α – funkcii korneæ s neotricatel~nymi celymi znaqeniØmi, invariantnye otnositel~no deæstviØ grupp otraßeniæ sistem R i Q sootvetstvenno.

IZOGı`GENSOVY DEFORMACII OPERATORA 215 Dalee, dlØ parametra β = (β_1, . . . , β_s) ∈ R^s rassmotrim funkcii P_s(y) ≡ P_s(y + β_1, β_2, . . . , β_s) po peremennoæ y ∈ R, kotorye opredelØ¸tsØ kak rexeniØ rekurrentnoæ sistemy obyknovennyh differencial~nyh uravneniæ

P^′_{s+1}P_{s−1} −P_{s+1}P^′_{s−1} = (2s+1)P^2_s , s = 1, 2, . . . , P_0 := 1, P_1 := y.

Zdes~ xtrih oznaqaet differencirovanie po peremennoæ y.

Vvedennye funkcii ØvlØ¸tsØ mnogoqlenami Burqnalla–Qaundi, stepen~ kotoryh ravna s(s + 1)/2 [10,11].

Potencialy Lagneze–Xtel~mahera zada¸tsØ formuloæ

W_s(y, β) = 2

∂^2 ∂y^2 log |P_s(y)|. Esli β = 0, to my imeem potencialy Xtel~mahera [1, 10]:

W_s(y, 0) = − s(s + 1) y^2 . Opredelenie ([11]). DlØ proizvol~nyh operatorov A, B i C kosoe

prisoedinennoe deæstvie opredelØetsØ pravilom ad^k_{A,B} C := ad^{k−1}_{A,B}(AC − CB), k = 1, 2, . . . . Opredelenie ([11]). Dva differencial~nyh operatora L1 i L2

nazyva¸tsØ N -kalibrovoqno ffkvivalentnymi, esli naædutsØ nenulevaØ beskoneqno differenciruemaØ funkciØ f i natural~noe N takie, qto

ad^{N+1}_{L1,L2} f = 0.

Primer. Na R operatory

d^2 dx^2 − 2 x^2 i d^2 dx^2 1-kalibrovoqno ffkvivalentny pri pomowi funkcii f = x.

Pust~ Δ_p i Δ_q – laplasiany po peremennym t i x sootvetstvenno. Poloßim K = ∑ α∈Q+ k_α, π_k(t) = ∏ α∈Q+ (α, t)^{kα} ; M = ∑ α∈R+ m_α, π_m(x) = ∏ α∈R+ (α, x)^{mα} . (8)

216 S. P. H�KALO

Utverßdenie 4.1 ([10]). Imeet mesto sootnoxenie

ad^{K+1}_{Δp−Uk(t),Δp} π_k(t) = 0,

to est~ operatory Δ_p − U_k(t) i Δ_p K – kalibrovoqno ffkvivalent- ny. Pust~ dlØ y ∈ R L0 = A ∂^2 ∂y^2 + B ∂ ∂y + C, gde A, B i C perestanovoqnye operatory, ne zavisØwie ot peremennoæ y. Poloßim L_s = L0 + W_s(y, β)A,

P_s(y) = { P_s(y), β ≠ 0, y^s, β = 0; S = { s(s + 1)/2, β ≠ 0, s, β = 0. (9) Utverßdenie 4.2 ([12]). Imeet mesto sootnoxenie

ad^{S+1}_{Ls,L0} P_s(y) = 0,

to est~ operatory L_s i L_0 S-kalibrovoqno ffkvivalentny.

Zameqanie. UsloviØ kalibrovoqnoæ ffkvivalentnosti garanti-

ru¸t obryv rØda-fundamental~nogo rexeniØ (5) i zamenØ¸t trudno rexaemu¸ sistemu tipa (7), kotoraØ voznikaet v rezul~- tate neposredstvennogo differencirovaniØ rØda-“anzatca”.

5. Izog¸ægensovy deformacii ul~tragiperboliqeskogo operatora. V fftom punkte privodØtsØ osnovnye rezul~taty po de-

formaciØm ul~tragiperboliqeskogo operatora, dokazatel~stvo kotoryh pomeweno v sledu¸wem punkte 6.

Na R^{p+q} rassmotrim differencial~nyæ operator L = �p+q − Uk(t) + Um(x), gde U_k, U_m – para potencialov tipa Kalodßero–Mozera.

Pust~ kak i ranee Φ^{(λ)}_0 (γ) – fflement Ødra Rissa ul~tragiperboliqeskogo operatora; K, M, π_k(t), π_m(x) – sootvetstvenno konstanty i funkcii, opredelennye ravenstvami (8).

IZOGı`GENSOVY DEFORMACII OPERATORA 217

Teorema 1. Pri neqetnom p fundamental~noe rexenie interiro-

vannogo operatora L^λ, λ = 1, 2, . . ., imeet vid Φ^{(λ)}_{k,m}(t, ζ; x, ξ) = 1 π_k(ζ)π_m(ξ) K∑ s=0 M∑ r=0 (−1)^{r+s} ( r + s r ) ( λ + r + s − 1 r + s )

×(ad^sΔ_{p −Uk}(_t)_,Δ_p π_k(t)ad^r_−Δ_q +_{Um}(_x)_{,−}Δ_q π_m(x))Φ (λ+r+s) 0 (γ). Sledstvie 1. DlØ operatora L^λ, λ = 1, 2, . . ., vypolnØetsØ prin-

cip G¸ægensa, esli p i q neqetnye i

p + q > 2(1 + λ + K + M ).

Privedem primery g¸ægensovyh ul~tragiperboliqeskih operatorov:

1. DlØ sistemy korneæ (A_1 × A_1) × (A_1 × A_1 × A_1) ⊂ R^{2+3}, vloßennoæ v R^{3+q}, i kratnosteæ k_α = m_α ≡ 1 operator

�3+q −^2_{t21} −^2_{t2} +^2_{x21} +^2_{x2} +^2_{x23}

g¸ægensov, esli q = 11, 13, 15, . . .;

2. DlØ sistemy korneæ A_2 × A_2 s kratnostØmi k_α = m_α ≡ 1 i prostranstva R^{3+q} operator

�3+q −^2_{t21} −^{16(t21 + 3t2)}

(t^2_1 − 3t^2)^2 + 2 x^2_1 + 16(x^2_1 + 3x^2) (x^2_1 − 3x^2)^2

g¸ægensov, esli q = 13, 15, 17, . . .;

3. DlØ sistemy A_2 × B_2 ⊂ R^2 × R^2 ⊂ R^{3+q} i kratnosteæ k_α =

m_α ≡ 1 operator

�3+q −^2_{t21} −^{16(t21 + 3t2)}

(t^2_1 − 3t^2)^2 + 4 (x_1 − x_2)^2 + 2 x^2_1 + 4 (x_1 + x_2)^2 + 2 x^2

g¸ægensov, esli q = 15, 17, 19, . . ..

Dalee na R^{p+q} rassmotrim differencial~nyæ operator

Z_s = �2_p+_q + W_s ( t_i ± x_j 2 , β )( ∂ ∂t_i ∓ ∂ ∂x_j )_2 , i = 1, . . . , p; j = 1, . . . , q. Zdes~ W_s – potencial Lagneze–Xtel~mahera; S, P_s – opredeleny ravenstvami (9).

218 S. P. H�KALO

Teorema 2. Pri neqetnom p fundamental~noe rexenie interiro-

vannogo operatora Z^λ_s , λ = 1, 2, . . ., imeet vid

Ψ^{(λ)}_s (t, ζ; x, ξ) =

= 1 P_s (_{ζi±ξj} 2 ) S∑ r=0 (−1)^r ( λ + r − 1 r )( ad^r_{Zs,Z0} P_s ( t_i ± x_j 2 )) Φ^{(2λ+2r)} 0 (γ). Sledstvie 2. DlØ operatora Z^λ_s , λ = 1, 2, . . ., vypolnØetsØ prin-

cip G¸ægensa, esli p i q neqetnye i

p + q > 4(λ + S) + 2.

Sledstvie 3. DlØ operatora (

�^2_{1+q} + 2^{∂2}_{∂t2} log

| | | |P^s ( t ± x_i 2 )| | | ( ∂ ∂t ∓ ∂ ∂x_i )_2)λ

vypolnØetsØ princip G¸ægensa, esli q neqetnoe i

q > 4(λ + S) + 1.

Primer. Na prostranstve R^{1+9} rassmotrim operator volnovogo

tipa (β = 0 i s = 1): ( ∂^2 ∂t^2 − ∂^2 ∂x^2_1 − . . . − ∂^2 ∂x^2_9

)_2 − 8 (t ± x_1)^2 ( ∂ ∂t ∓ ∂ ∂x_1 )_2 . Ego fundamental~noe rexenie imeet vid

Ψ^{(1)}_1 (t, ζ; x, ξ) = 2 ζ ± ξ_1 ( t_1 ± x_1 2 Φ^{(2)}_0 (γ) − ad_{Z1,Z0} t_1 ± x_1 2 Φ^{(4)}_0 (γ) )

ili bolee Øvno

Ψ^{(1)}_1 (t, ζ; x, ξ) = 1 3 ( 1 + t_1 ± x_1 ζ ± ξ_1 + ζ ± ξ_1 t_1 ± x_1 ) Φ^{(2)}_0 (γ).

IZOGı`GENSOVY DEFORMACII OPERATORA 219

6. Metod spleta¸wih operatorov i dokazatel~stvo teorem. Vvedem oboznaqeniØ:

G^s_k(t) = ad^sΔ_{p −Uk}(_t)_,Δ_p π_k(t); G^r_m(x) = ad^r_−Δ_q +_{Um}(_x)_{,−}Δ_q π_m(x);

D_k(t) ≡ D_k ( t, ζ, ∂ ∂τ ) = 1 π_k(ζ) K∑ s=0 (−1)^s s! G^s_k(t) ∂^s ∂τ^s , τ ∈ R,

D_m(x) ≡ D_m ( x, ξ, ∂ ∂η ) = 1 π_m(ξ) M∑ r=0 (−1)^r r! G^r_m(x) ∂^r ∂η^r , η ∈ R (τ, η – spektral~nye parametry).

Iz utverßdeniØ (4.1) neposredstvenno sledu¸t spleta¸wie sootnoxeniØ

(−Δ_q + U_m(x) − η) ∘ D_m(x) = D_m(x) ∘ (−Δ_q − η),

(Δ_p − U_k(t) − τ ) ∘ D_k(t) = D_k(t) ∘ (Δ_p − τ ).

Lemma 6.1. DlØ operatora L = �p+q −Uk(t)+Um (x) i λ ∈ N imeet

mesto spleta¸wee sootnoxenie

(L − τ − η)^λ ∘ D_m(x) ∘ D_k(t) = D_m(x) ∘ D_k(t) ∘ (�_{p+q} − τ − η)^λ.

Dokazatel~stvo. Ravenstvo dostatoqno dokazat~ dlØ λ = 1. (L − τ − η) ∘ D_m(x) ∘ D_k(t) = =(Δ_p −U_k(t)−τ )∘D_m (x)∘D_k(t)+(−Δ_q +U_m(x)−η)∘D_m (x)∘D_k(t) =D_m(x)∘(Δ_p −U_k(t)−τ )∘D_k (t)+D_k (t)∘(−Δ_q +U_m (x)−η)∘D_m (x) =D_m(x)∘D_k(t)∘(Δ_p − τ )+D_m (x)∘D_k(t)∘(−Δ_q −η) =D_m(x)∘D_k(t)∘(Δ_p −Δ_q −τ −η) = D_m(x)∘D_k (t)∘(�_{p+q} −τ −η). Dalee, dlØ λ ∈ N, rassmotrim mnogoqlen dostatoqno bol~xoæ stepeni N

Φ^{(λ)}_0 (t, ζ; x, ξ; τ, η) = N∑ i=0 ( λ + i − 1 i ) Φ^{(λ+i)}

0 (γ)(τ + η)^i

po summe peremennyh τ, η ∈ R s kofffficientami iz rØda Rissa.

220 S. P. H�KALO

Lemma 6.2. DlØ λ ∈ N i neqetnogo p

D_m(x)D_k(t)(�_p+_q − τ − η)Φ (λ) 0 (t, ζ; x, ξ; τ, η) | |_{τ=η=0} =

= { D_m(x)D_k(t)Φ(^{λ−}1)0 (t, ζ; x, ξ; τ, η) | |_{τ=η=0}, λ > 1, δ(t − ζ, x − ξ), λ = 1. Dokazatel~stvo.

D_m(x)D_k(t)(�_p+_q − τ − η)Φ(^λ)0 (t, ζ; x, ξ; τ, η) | |_{τ=η=0} =

= 1 π_k(ζ)π_m(ξ) K∑ s=0 ×

× M∑ r=0 (−1)^{r+s} (r + s)! s!r! ( λ + r + s − 1 r + s ) G^s_k(t)G^r_m(x)Φ (λ+r+s−1) 0 (γ)−

− 1 π_k(ζ)π_m(ξ) K∑ s=0 ×

× M∑ r=0, r+s>0 (−1)^{r+s} (r + s)! s!r! ( λ + r + s − 2 r + s − 1 ) G^s_k(t)G^r_m(x)Φ(^λ+^r+^{s−}1)

0 (γ) =

= π_k(t)π_m(x) π_k(ζ)π_m(ξ) Φ^{(λ−1)}

0 (γ) + 1 π_k(ζ)π_m(ξ) K∑ s=0 ×

× M∑ r=0, r+s>0 (−1)^{r+s} (r + s)! s!r! ( λ + r + s − 2 r + s ) G^s_k(t)G^r_m(x)Φ(^λ+^r+^{s−}1)

0 (γ) =

= { D_m(x)D_k(t)Φ(^{λ−}1)0 (t, ζ; x, ξ; τ, η) | |_{τ=η=0} , λ > 1, δ(t − ζ, x − ξ), λ = 1. Dokazatel~stvo teoremy 1. Neposredstvenno proverØetsØ, qto Φ^{(λ)}_{k,m}(t, ζ; x, ξ) = D_m(x)D_k(t)Φ^{(λ)}_0 (t, ζ; x, ξ; τ, η) | τ=η=0.

IZOGı`GENSOVY DEFORMACII OPERATORA 221 Pokaßem, qto L^λΦ(^λ)_{k,m}(t, ζ; x, ξ) = δ(t − ζ, x − ξ). Na osnovanii lemm 6.1 i 6.2 imeem L^λΦ(^λ)_{k,m}(t, ζ; x, ξ) = (L − τ − η)^λD_m(x)D_k(t)Φ(^λ)0 (t, ζ; x, ξ; τ, η) | |_{τ=η=0} = = (L − τ − η)^{λ−1}D_m(x)D_k(t)(�_{p+q} − τ − η)Φ^{(λ)}_0 (t, ζ; x, ξ; τ, η) | |_{τ=η=0} = L^{λ−}1 ( D_m(x)D_k(t)(�_p+_q − τ − η)Φ(^λ)0 (t, ζ; x, ξ; τ, η) | |_{τ=η=0}) =

= { L^{λ−}1Φ (λ−1) k,m (t, ζ; x, ξ), λ > 1, δ(t − ζ, x − ξ), λ = 1 i dokazatel~stvo zaverxeno.

Dokazatel~stvo teoremy 2. DlØ s = 1, 2, . . ., i = 1, . . . , p, j =

1, . . . , q oboznaqim D_s(t_i ± x_j) ≡ D_s ( t_i ± x_j , ζ_i ± ξ_j, ∂ ∂η ) =

= 1 P_s (_{ζi±ξj} 2 ) S∑ r=0 (−1)^r r! ( ad^r_{Zs,Z0} P_s ( t_i ± x_j 2 )) ∂^r ∂η^r . Iz utverßdeniØ (4.2) neposredstvenno sleduet spleta¸wee sootnoxenie

(Z_s − η)^λ ∘ D_s(t_i ± x_j) = D_s(t_i ± x_j) ∘ (�^2_{p+q} − η)^λ.

Takim obrazom, dlØ mnogoqlena dostatoqno bol~xoæ stepeni N Ψ^{(λ)}_0 (t, ζ; x, ξ; η) = N∑ i=0 ( λ + i − 1 i ) Φ^{(2λ+2i)} 0 (γ)η^i po peremennoæ η s kofffficientami iz Ødra Rissa, spravedlivo ravenstvo

D_s(t_i ± x_j )(�2_p+_q − η)Ψ (λ) 0 (t, ζ; x, ξ; η) | |_{η=0} =

= { D_s(t_i ± x_j)Ψ(^{λ−}1)0 (t, ζ; x, ξ; η) | |_{η=0}, λ > 1, δ(t − ζ, x − ξ), λ = 1.

222 S. P. H�KALO

Togda dlØ

Ψ^{(λ)}_s (t, ζ; x, ξ) = D_s(t_i ± x_j)Ψ^{(λ)}_0 (t, ζ; x, ξ; η) | η=0 imeem

Z^λ_s Ψ(^λ)_s (t, ζ; x, ξ) = Z^{λ−}1_s ( D_s(t_i ± x_j )�2_p+_q − η)Ψ(^λ)_s (t, ζ; x, ξ; η) | |_{η=0}) =

= Z^{λ−1}_s Ψ^{(λ−1)}_s (t, ζ; x, ξ), qto i zaverxaet dokazatel~stvo teoremy 2.

Literatura

1. K. L. Stellmacher, Ein Beispiel einer Huygennchen differentialgleichung. Nachr.

Akad. Wiss., Gottingen Math. Phys. Kl. Pa., 10 (1953), 133–138.

2. ı. ı. Berest, A. P. Veselov, Problema Adamara i gruppy Kokstera:

novye primery g¸ægensovyh uravneniæ. Funkc. anal. i ego pril., 28, No. 1 (1994), 3–15.

3. Yu. Berest, Yu. Molchanov, Fundamental solution for partial differential equations with reflection group invariance. J. Math. Phis., 36(8) (1995), 4324–4339.

4. V. M. Babiq, Anzatc Adamara, ego analogi, obobweniØ, priloßeniØ. Algebra i analiz, 3, v. 5 (1991), 1–37.

5. M. Riesz, L’integrale de Riemann–Liouville et le probleme de Cauchi. Acta Math.,

81 (1949), 1–223.

6. I. M. Gel~fand, G. E. Xilov, Obobwennye funkcii i deæstviØ nad nimi.

M., Fizmatgiz, (1958).

7. Yu. Yu. Berest, I. M. Loutsenko, Huygens’ principle in Minkowski spaces and soliton solutions of the Korteweg de Vries equation. Comm. Math. Phis. 190 (1997), 113–132.

8. Foures-Bruhat Ivonne, Solution elementaire d’equations ultra hyperboliques. J.

Math. Pure et Appl., 35(3) (1956), 277–288.

9. J. E. Lagnese, K. L. Stellmacher, A method of generating class of Huygens’ operators. J. Math. Mech., 17, No. 5 (1967), 461–472.

10. ı. ı. Berest, A. P. Veselov, Princip G¸ægensa i integriruemost~.

UMN, 49, 6(300) (1994), 8–78.

11. Yu. Berest, Hierarchies of Huygens’ operators and Hadamard’s conjecture. Acta Appl. Math., 53 (1998), 125–185.

12. S. P. Hffkalo, Izog¸ægensovy deformacii odnorodnyh differencial~nyh operatorov, svØzannyh so special~nym konusom ranga 3. Matem. zamet., 70, 6 (2001), 927–940.

Khekalo S. Isohuygens deformation of the ultrahyperbolic operator.

IZOGı`GENSOVY DEFORMACII OPERATORA 223 New examples of the isohuygens deformation of the ultrahyperbolic operator and its powers with Calogero–Moser and Lagnese–Stellmacher potentials.

Postupilo 20 dekabrØ 2001 g. Kolomenskiæ gosudarstvennyæ pedagogiqeskiæ institut