Zapiski nauqnyh seminarov POMI Tom 285, 2002 g.

V. V. Borzov, E. V. Damaskinskiæ

KOGERENTNYE SOSTO˚NI˚ DL˚ OSCILL˚TORA LEȷANDRA

1. Vvedenie. V nastoØweæ zametke my postroim kogerentnye so-

stoØniØ dlØ oscillØtoropodobnoæ sistemy, kotoru¸ my nazovem oscillØtorom Leßandra, poskol~ku dlØ fftoæ sistemy polinomy Leßandra, igra¸t te ße rol~, qto i polinomy �rmita v sluqae standartnogo bozonnogo oscillØtora.

Izvestno, qto v sluqae garmoniqeskogo oscillØtora tri izvestnyh opredeleniØ kogerentnyh sostoØniæ (kak sobstvennyh sostoØniæ operatora uniqtoßeniØ, kak sostoØniæ poroßdaemyh operatorom sdviga iz vakuuma i kak sostoØniæ minimiziru¸- wih sootnoxenie neopredelennosti) ffkvivalentny i poroßda¸t odin i tot ße nabor sostoØniæ. Odnako v obwem sluqae ffto uße ne tak. Niße my postroim kogerentnye sostoØniØ, svØzannye s polinomami Leßandra, osnovyvaØs~ na analize [1] svØzi ortogonal~nyh mnogoqlenov s algebrami obobwennyh oscillØtorov [3, 2]. Imenno, my postroim dlØ oscillØtora Leßandra analogi kogerentnyh sostoØniæ Baruta–ȷirardello [5] i Klaudera– Gazo [6]. Opisanie kogerentnyh sostoØniæ tipa Perelomova [7– 9], trebu¸wih neskol~ko bolee podrobnogo rassmotreniØ, budet privedeno v drugoæ rabote.

2. OscillØtor Leßandra. DlØ udobstva qitatelØ privedem

nekotorye, ispol~zuemye v dal~neæxem, svedeniØ o polinomah Leßandra P_n(x), kotorye ØvlØ¸tsØ rexeniØmi differencial~- nyh uravneniæ

(1 − x^2)y^{′′} − 2xy^′ + n(n + 1)y = 0, y(x) = P_n(x) (1)

�to issledovanie vypolneno pri finansovoæ podderßke RFFI grant No. 00-01-00500. 39

40 V. V. BORZOV, E. V. DAMASKINSKI` i udovletvorØ¸t uslovi¸ ortogonal~nosti 1∫ −1 P_n(x)P_m(x)dx = 2 2n + 1 δ_{nm}. (2) Oni takße ØvlØ¸tsØ rexeniØmi sledu¸wih rekurrentnyh sootnoxeniæ (2n + 1)xP_n(X) = (n + 1)P_{n+1}(x) + nP_{n−1}(x);

P_0(x) = 1; (P_{−1}(x) = 0), n ∈ N_0 (3) Polinomy Leßandra opredelØ¸tsØ sootnoxeniem (n ∈ N_0)

P_n(x) =_2 F_1 ( −n, n + 1 1 | |1 − x 2 )

= [[ n2 ]]∑

m=0 (−1)^m

2^n ( n m ) ( 2n − 2m n ) x^{n−2m} =

= [[ n2 ]]∑

m=0 (−1)^m(2n − 2m)!

2^nm!(n − m)!(n − 2m)! x^{n−2m}, (4)

gde simvol [[n]] oboznaqaet celu¸ qast~ n. Niße my budem ispol~zovat~ sledu¸wu¸ proizvodØwu¸ funkci¸ ∞∑ n=0 (γ)_n n! P_n(x)z^n = (1 − xz)^{−γ}_2F_1

(_1

2 γ,^1_2 (1 + γ) 1 | |(x^2 − 1)z^2 (1 − xz)^2 ) ; pri |x| 6 1, |z| 6 1. (5)

NarØdu s polinomami Leßandra my budem rassmatrivat~ funkcii Leßandra

ψ_n(x) = √ 2n + 1 P_n(x), n ∈ N, (6) kotorye obrazu¸t ortonormirovannyæ bazis {|n⟩ ≡ ψ_n(x)}^∞_{n=0} v gil~bertovom prostranstve

H := L^2([−1, 1], 1 2 dx) (7) i udovletvorØ¸t rekurrentnym sootnoxeniØm

xψ_n(x) = b_{n−1}ψ_{n−1}(x) + b_nψ_{n+1}(x), ψ_{−1}(x) = 0, ψ_0(x) = 1, (8)

KOGERENTNYE SOSTO˚NI˚ DL˚ OSCILL˚TORA LEȷANDRA41 s kofffficientami

b_n = √ (n + 1)^2 (2n + 1)(2n + 3)

, n ¿ 0. (9)

V dannom issledovanii polinomy Leßandra P_n(x) i funkcii Leßandra ψ_n(x) igra¸t tuße rol~, qto i polinomy i funkcii �rmita v standartnoæ kvantovoæ mehanike.

V gil~bertovom prostranstve H opredelim operator obobwennoæ koordinaty X, sootvetstvu¸weæ polinomam Leßandra P_n(x), kak operator umnoßeniØ na argument: X|n⟩ = x|n⟩ (10) ili, uqityvaØ sootnoxenie (8), Xψ_n(x) = b_nψ_{n+1}(x) + b_{n−1}ψ_{n−1}(x), (11) gde kofffficienty b_n opredelØ¸tsØ formuloæ (9). Tak kak ∑_∞ k=0 1 bk = ∞, to (sm. [10, 11, 2]) operator X ØvlØetsØ samosoprØßennym operatorom v prostranstve H.

Pust~ P operator obobwennogo impul~sa predloßennyæ v [1]. Ego deæstvie na fflementy bazisa v H imeet vid P |n⟩ = i(b_n|n + 1⟩ − b_{n−1}|n − 1⟩). (12) VyqislØØ na fflementah bazisa kommutator operatorov X i P , poluqaem [X, P ]|n⟩ = 2i(b^2_n − b^2_{n−1})|n⟩ = 2i (2n − 1)(2n + 1)(2n + 3) |n⟩. (13) Opredelim operatory roßdeniØ i uniqtoßeniØ formulami

a^{(+)} = 1 √ 2 (X − iP ), a^{(−)} = 1 √ 2 (X + iP ). (14)

Na fflementy bazisa v H ffti operatory deæstvu¸t po pravilu

a^{(+)}|n⟩ = √ 2 b_n|n + 1⟩, a^{(−)}|n⟩ = √ 2 b_{n−1}|n − 1⟩ (15) i udovletvorØ¸t sootnoxeniØm kommutacii

[a^{(−)}, a^{(+)}] = 1 i [X, P ]. (16)

42 V. V. BORZOV, E. V. DAMASKINSKI`

Vvedem operator nomera sostoØniØ N i gamil~tonian H, poloßiv

N |n⟩ = n|n⟩, H = X^2 + P^2 = a^{(+)}a^{(−)} + a^{(−)}a^{(+)}. (17) Sobstvennye znaqeniØ operatora H ravny λ_0 = 2b^2_0, λ_n = 2(b^2_{n−1} + b^2_n). (18) Postroennu¸ sistemu estestvenno nazvat~ oscillØtorom Leßandra.

2. Kogerentnye sostoØniØ Baruta–ȷirardello dlØ oscillØtora Leßandra. Opredelim v prostranstve H kogerentnye

sostoØniØ dlØ oscillØtora Leßandra kak sobstvennye vektory operatora uniqtoßeniØ a^{(−)} a^{(−)}|z⟩ = z|z⟩. (19) Imeem |z⟩ = N^{−1} ∞∑ n=0 z^n ( √ 2 b_{n−1})! |n⟩. (20) Normiru¸wiæ mnoßitel~ raven N^2 = ⟨z|z⟩ = ∞∑ n=0 |z|^{2n} (2b^2_{n−1})!

≡ exp_{[2b}2_n�_{1]}(|z|^2). (21)

Tak kak^1

(2b^2_{n−1})! =

2^n(n!)^2 (2n − 1)!!(2n + 1)!! = (n!)(1)_n 2^n(^1_2 )_n(^3_2 )_n

, (22)

to radius shodimosti rØda (21) raven^1√_2 i

N^2 = ∞∑ n=0 (_1 2 ) n (_3 2 ) n n!(1)_n

(2|z|^2)^n =_2F_1

(_1

2 ,^3_2 1 | | 2|z|^2 ) . (23)

1zdes~ (a)n – simvol Pohgammera (sdvinutyæ faktorial) opredelØemyæ sootnoxeniem

(a)0 = 1, (a)n = a(a + 1) . . . (a + n � 1) =

Γ(a + n)

Γ(a) , n = 1, 2, . . . .

KOGERENTNYE SOSTO˚NI˚ DL˚ OSCILL˚TORA LEȷANDRA43 PodstavlØØ (23) v (20) i ispol~zuØ sootnoxenie |n⟩ = ψ_n(x) = √ 2n + 1 P_n(x), poluqaem |z⟩ = [ 2F_1

(_1

2 ,^3_2 1 | | 2|z|^2 )]_− 1_{2 ∞}∑ n=0 (2n − 1)!!(2n + 1) n! P_n(x)z^n =

= [ 2F_1

(_1

2 ,^3_2 1 | | 2|z|^2 )]_− 1_{2 ∞}∑ n=0 (_3 2 ) n(2z)^n n! P_n(x). (24)

Ispol~zuØ (5) pri γ =^3_2 i z → 2z imeem |z⟩ = [ 2F_1

(_1 2 ,^3_2 1 | | 2|z|^2 )]_− 1_2

2F_1

(_3

4 ,^5_4 1 | | (x^2 − 1)4z^2 (1 − 2xz)^2 ) (1 − 2xz)^{− 32} .

(25) Sledu¸waØ zadaqa sostoit v postroenii mery

dμ(|z|^2) = W (|z|^2)d^2z, takoæ qto ∫∫ C W (|z|^2)|z⟩⟨z|d^2z = 1, gde d^2z = d(Re z)d(Im z). Izvestno, (sm., naprimer, [12]), qto zadaqa svoditsØ k rexeni¸ sledu¸weæ klassiqeskoæ problemy momentov ∞∑ n=0 π (2b^2_{n−1})! 1 2∫ 0 t^nW (t)d t |n⟩⟨n| = 1, (t = |z|^2) (26) ili_{12} ∫ 0 t^nW (t)d t = 1 π (2b^2_{n−1})!. (27)

PodstavlØØ (22) v (27) imeem (pri τ = 2t) 1 2 1∫ 0 τ^nW ( 1 2 τ ) d τ = 1 π (n!)^2 (^1_2 )_n(^3_2 )_n . Itak, sleduet rexit~ problemu momentov Stil~t~esa 1 2 1∫ 0 τ^nW ( 1 2 τ ) d τ = 1 π (Γ(n + 1))^2Γ

(_1 2 ) Γ (_3 2 ) Γ ( n +^1_2 ) Γ ( n +^3_2

) (28)

44 V. V. BORZOV, E. V. DAMASKINSKI` ili, s uqetom Γ

(_1 2 ) Γ (_3 2 ) =^1_2 π, 1∫ 0 τ^nW ( 1 2 τ ) d τ =

(Γ(n + 1))^2 Γ ( n +^1_2 ) Γ ( n +^3_2

) , n ¿ 0. (29)

Sdelav v integrale (sm. (7.127) v [13]) J = 1∫ −1 (1 + x)^σP_ν(x)d x =

2^{1+σ}(Γ(1 + σ))^2 Γ(2 + σ + ν)Γ(1 + σ − ν) , Re σ > −1, (30) zamenu x = 2τ − 1, poluqim J = 1∫ 0 2^{σ+1}τ^σP_ν(2τ − 1)d τ.

�to pozvolØet perepisat~ (30) v vide 1∫ 0 τ^σP_ν (2τ − 1)d τ =

(Γ(σ + 1))^2 Γ(σ + ν + 2)Γ(1 + σ − ν)

. (31)

VybiraØ σ = n i ν =^1_2 , poluqaem 1∫ 0 τ^nP 1_2 (2τ − 1)d τ =

(Γ(n + 1))^2 ( n +^3_2 ) Γ ( n +^1_2 ) Γ ( n +^3_2

) . (32)

Oboznaqim

τ^{− 12} P 1_2 (2τ − 1) = 1∫ τ q(t)d t. (33)

DifferenciruØ, nahodim funkci¸ q(τ ) pri 0 < τ < 1 q(τ ) = − ( τ^{− 12} P_− 1_2 (2τ − 1) )_′|_1 τ . (34)

DlØ issledovaniØ osobennosti, voznika¸weæ pri τ → 0^+, rassmotrim integral 1∫ 0 τ^{n+ 12} 1∫ τ q(t)d t d τ.

KOGERENTNYE SOSTO˚NI˚ DL˚ OSCILL˚TORA LEȷANDRA45 IntegriruØ po qastØm, imeem 1∫ 0 τ^{n+ 12} 1∫ τ q(t)d t d τ = τ^{n+} 3 2 n +^3_2 1∫ τ q(t)d t |_1 0 + 1∫ 0 q(τ ) τ^{n+ 32} n +^3_2 d τ. (35)

Zametim, qto 1∫ τ q(t)d t −→_{τ→1} 0 i τ^{3/2} 1∫ τ q(t)d t −→_{τ→0} 0, otkuda sleduet, qto vneintegral~nyæ qlen v (35) raven nul¸. Iz (32) i (33) sleduet, qto integral v levoæ qasti ravenstva (35) raven 1∫ 0 τ^{n+ 12} 1∫ τ q(t)d t d τ = (Γ(n + 1))^2 ( n +^3_2 ) Γ ( n +^1_2 ) Γ ( n +^3_2 ) , tak qto pri n ¿ 0 imeem 1∫ 0 q(τ )τ^{n+ 32} d τ =

(Γ(n + 1))^2 Γ ( n +^1_2 ) Γ ( n +^3_2

) . (36)

Tem samym problema momentov rexena W ( 1 2 τ ) = τ^{32} q(τ ) = −τ^{32} ( τ^{− 12} P 1_2 (2τ − 1) )_′|_1 τ ili W (t) = − (2t)^32 2 ( (2t)^{− 12} P 1_2 (t − 1) )_′|_1 τ , 0 < t 6 1 2 . (37)

Ispol~zuØ formulu (8.832(1)) iz [13], poluqaem

W (t) =

(4t − 5)P 1_2 (t − 1) − 3P 3_2 (t − 1) 2(t − 2) , 0 < t 6 1 2 . (38)

Okonqatel~no, imeem pri 0 < |z| 6^1√_2

d μ(|z|^2) =

(4|z|^2 − 5)P 1_2 (|z|^2 − 1) − 3P 3_2 (|z|^2 − 1) 2(|z|^2 − 2) d (Re z)d (Im z). (39)

46 V. V. BORZOV, E. V. DAMASKINSKI`

Vyqislim perekrytie dvuh kogerentnyh sostoØniæ ⟨z_1 | z_2⟩ = [ 2F_1

(_1

2 ,^3_2 1 | |2|z_1|^2 ) 2F_1

(_1

2 ,^3_2 1 | |2|z_2|^2 )]_− 1_{2 ∞}∑ n=0 z^n_1 z^n_2 (2b^2_{n−1})!

(22) =

= [ 2F_1

(_1 2 ,^3_2 1 | |2|z_1|^2 ) 2F_1

(_1

2 ,^3_2 1 | |2|z_2|^2 )]_− 1_{2 ∞}∑ n=0 (2z^n_1 z_2)^n(^1_2 )_n(^3_2 )_n (n!)(1)_n

(23) = (40) = [ 2F_1

(_1

2 ,^3_2 1 | |2|z_1|^2 ) 2F_1

(_1

2 ,^3_2 1 |2|z^2| 2 )]_− 1_2

2F_1

(_1 2 ,^3_2 1 |2z^1z^2 ) . Proizvol~nomu normirovannomu sostoØni¸ |f⟩ = ∞∑ n=0 f_n | ψ_n⟩ ∈ H, (_∞ ∑ n=0 f^2_n = 1 )

sopostavim analitiqesku¸ na C_{1/}^√_2 funkci¸ f(z) = N (z)⟨z | f⟩ = ∞∑ n=0 √( 1 2 ) n ( 3 2 ) n f_n n! (2z)^n, (41)

tak qto pri razloßenii po kogerentnym sostoØniØm imeem |f⟩ = ∫ C1/^√2 ⟨z | f⟩|z⟩d μ(|z|^2)

= ∫ C1^√2 [ 2F_1

(_1

2 ,^3_2 1 | |2|z|^2 )]_− 1_2 f(z)|z⟩d μ(|z|^2) (42)

i ⟨f|f⟩ = ∫ C1/^√2 [ 2F_1

(_1 2 ,^3_2 1 | |2|z|^2 )]_{−1} |f(z)|^2d μ(|z|^2) < ∞. (43)

4. Kogerentnye sostoØniØ Gazo–Klaudera dlØ oscillØtora Leßandra. Temporal~no stabil~nye kogerentnye sostoØniØ

Gazo–Klaudera [6] udobno primenØt~ v sluqae, kogda gamil~tonian H nelineen i ego qleny ne ØvlØ¸tsØ generatorami gruppy

KOGERENTNYE SOSTO˚NI˚ DL˚ OSCILL˚TORA LEȷANDRA47 simmetrii. Kogerentnye sostoØniØ Gazo–Klaudera opredelØ¸tsØ formuloæ |J, γ⟩ := N (J)^{−1} ∞∑ n=0 J^{n2} √ ρ_n e^{−iγλn} | ψ_n⟩, (44)

gde ρ_n = λ_1λ_2 · . . . · λ_n, n ¿ 1; ρ_0 = 1, normirovoqnyæ kofffficient raven

N (J)^2 = ∞∑ n=0 J^n ρ_n . (45)

Parametry J i γ (obobwa¸wie modul~ i, rasxirennyæ do beskoneqnogo nakrytiØ otrezka [0, 2π], argument standartnogo parametra z = |z|e^{iγ} kogerentnyh sostoØniæ i modeliru¸wie klassiqeskie peremennye deæstvie-ugol) prinima¸t znaqeniØ J ¿ 0, γ ∈ R. V rassmatrivaemom nami sluqae oscillØtora Leßandra gamil~tonian H – poloßitel~nyæ samosoprØßennyæ operator v gil~bertovom prostranstve H s prostym diskretnym, uporØdoqennym po ubyvani¸, spektrom {λ_n = 2b^2_{n−1}}^∞_{n=1}, gde b_n iz (9), tak qto

ρ_0 = 1, ρ_n = (2b^2_{n−1})! =

(n!)(1)_n 2^n

(_1 2 ) n (_3 2 ) n , n ¿ 1, (46)

N (J)^2 = ∞∑ n=0 J^n 2^n

(_1 2 ) n (_2 3 ) n (n!)(1)_n

=_2F_1

(_1 2 ,^3_2 1 | |2J ) . (47)

Radius shodimosti rØda v (47) raven R = lim_{n→∞}^n√ρ_n =^1_2 . UqityvaØ (46), (47), poluqaem |J, γ⟩ = 1 √ 2F_1

(_1

2 ,^3_2 1 | |2J )

× ∞∑ n=0 √ 2n + 1 n! J^{n/2}2^{n/2} √( 1 2 ) n ( 3 2 ) n e^{−i√2 bn}�^{1γ} P_n(x), (48)

48 V. V. BORZOV, E. V. DAMASKINSKI` ili, tak kak

(_3 2 ) n = (2n + 1)

(_1 2 ) n, to |J, γ⟩ = 1 √ 2F_1

(_1

2 ,^3_2 1 | |2J ) ∞∑ n=0 2n + 1 n! (2J)^{n/2} ( 1 2 ) n e^{−i√2 bn}�^{1γ} P_n(x).

(49) DlØ dokazatel~stva spravedlivosti razloßeniØ edinicy rassmotrim ∫ |J, γ⟩⟨J, γ|d μ(J, γ) = lim_{T →∞} 1 2T d γ ∞∫ 0 k(J)|J, γ⟩⟨J, γ|d J , (50) gde k(J) := { N (J)^2ρ(J) 0 6 J 6^1_2 , 0 J >^1_2 .

(51)

VyqislØØ sperva integral po γ poluqaem ∫ |J, γ⟩⟨J, γ|d μ(J, γ) = ∞∑ n=0 1 ρ_n 1 2∫ 0 |n⟩⟨n|d J. (52) Itak, razloßenie edinicy ∫ |J, γ⟩⟨J, γ|d μ(J, γ) = 1I (53) vypolnØetsØ, esli vesovaØ funkciØ ρ(J) daet rexenie problemy momentov 1 2∫ 0 J^nρ(J)d J = ρ_n = n!(1)_n 2^n

(_1 2 ) n (_3 2 ) n , n ¿ 0. (54)

S uqetom sootnoxeniæ (27) i (38) poluqaem rexenie fftoæ problemy momentov v vide (0 < J <^1_2 , γ ∈ R) ρ(J) = π 4(J − 2) [ (4J − 5)P 1_2 (J − 1) − 3P 3_2 (J − 1) ] . (55)

Temporal~naØ stabil~nost~ oqevidna, tak kak e^{−iHt}|J, γ⟩ = 1 N ∞∑ n=0 J^{n/2} √ ρ_n e^{−iγλn} e^{−itλn} |ψ_n⟩ = |J, γ + t⟩. (56)

KOGERENTNYE SOSTO˚NI˚ DL˚ OSCILL˚TORA LEȷANDRA49 Imeem takße ⟨J, γ|H|J, γ⟩ = N^{−2}(J) ∞∑ n=0 2b^2_{n−1} (2b^2_{n−1})!

J^n = J. (57)

Perekrytie sostoØniæ daetsØ sootnoxeniem

⟨J^′, γ^′|J, γ⟩ = 1 N (J)N (J^′) ∞∑ n=0 (JJ^′)^{n/2} ρ_n exp[−iλ_n(γ − γ^′)], (58)

kotoroe, v qastnom sluqae γ = γ^′, legko summiruetsØ

⟨J^′, γ|J, γ⟩ = 2F_1

(_1 2 ,^3_2 1 | |2√JJ ′ ) √ 2F_1

(_1 2 ,^3_2 1 | |2J ) 2F_1

(_1 2 ,^3_2 1 | |2J ′ ) . (59)

ImeØ v vidu vozmoßnye fiziqeskie priloßeniØ, vyqislim, dlØ primera, neskol~ko veliqin, ime¸wih fiziqeskiæ smysl. Tak, dlØ srednego qisla vozbußdeniæ imeem

⟨n⟩ = ∞∑ n=0 n J^n N^2(J)ρ_n

= N^{−2} ∞∑ n=1 (2J)^nn

(_1 2 ) n (_3 2 ) n n!(1)_n =

= 2J N^2 ∞∑ n=0 (2J)^{n 3}_4

(_3 2 ) n (_5 2 ) n n!(2)_n = 3J 2 2F_1

(_3 2 ,^5_2 2 | |2J )

2F_1

(_1 2 ,^3_2 1 | |2J ) . (60)

Ispol~zuØ formuly (7.3.2(50)) i (7.3.2(217)) iz [14], poluqaem vyraßenie dlØ ⟨n⟩ qerez fflliptiqeskie integraly

⟨n⟩ = 1 2 J 1 − 2J 2K( √ 2J) − (1 + 2J)D( √ 2J) E( √ 2J) , (61)

50 V. V. BORZOV, E. V. DAMASKINSKI` gde E(k) = π 2∫ 0 √ 1 − k^2 sin^2 t d t

– polnyæ fflliptiqeskiæ integral 2-go roda, (62)

D(k) = π 2∫ 0 sin^2 t √ 1 − k^2 sin^2 t d t = D ( π 2 , k )

– polnyæ fflliptiqeskiæ integral, (63)

K(k) = π 2∫ 0 d 1 √ 1 − k^2 sin^2 t t = F ( π 2 , k )

– polnyæ fflliptiqeskiæ integral 1-go roda.

(64)

Analogiqnoe vyqislenie daet

⟨n^2⟩ = ∞∑ n=0 n^2 J^n N (J)^2ρ_n

= N^{−2} ∞∑ n=1 (2J)^{n 1}_2

(_3 2 )_{n−1 3} 2 (_5 2 )_{n−1} (n − 1)!(1)_{n−1} =

= 3 2 J N^2 ∞∑ n=0 (2J)^n n! (_3 2 ) n (_5 2 ) n (1)_n = 3 2 J 2F_1

(_3

2 ,^5_2 1 | |2J )

2F_1

(_1

2 ,^3_2 1 | |2J ) , (65)

ili pri pomowi fflliptiqeskih integralov

⟨n^2⟩ = 1 2 J (1 − 2J)^2

(3 + 10J)K( √ 2J) − 2J(7 + 2J)D( √ 2J) E( √ 2J) . (66)

Togda dispersiØ ravna

Δn =

√_3 2 J 2F_1

(_1 2 ,^3_2 1 |2J )× (67)

× [ 2F_1

(_3

2 ,^5_2 1 | |2J ) 2F_1

(_1 2 ,^3_2 1 | |2J ) − 3 2 J ( 2F_1

(_3 2 ,^5_2 2 | |2J ))_2]^1_2 ,

KOGERENTNYE SOSTO˚NI˚ DL˚ OSCILL˚TORA LEȷANDRA51

i dlØ parametra MandelØ Q =^{(Δn)2}_{⟨n⟩} − 1 poluqaem sootnoxenie

Q = 2F_1

(_3

2 ,^5_2 1 |2J )

2F_1

(_3

2 ,^5_2 2 |2J ) − 3 2 J 2F_1

(_3 2 ,^5_2 2 |2J )

2F_1

(_1 2 ,^3_2 1 |2J ). − 1 (68)

5. Zakl¸qenie. V nastoØweæ zametke my opredelili novyæ tip

oscillØtora dlØ kotorogo polinomy Leßandra, igra¸t tu ße rol~, qto i polinomy �rmita v sluqae standartnogo bozonnogo oscillØtora. DlØ fftoæ sistemy my, rexaØ sootvetstvu¸- wie klassiqeskie problemy momentov, postroili dva semeæstva kogerentnyh sostoØniæ – kak sobstvennyh sostoØniæ operatora uniqtoßeniØ i temporal~no stabil~nye kogerentnye sostoØniØ Klaudera–Gazo. V naxeæ sledu¸weæ rabote, nahodØweæsØ v stadii oformleniØ, my postroim dlØ oscillØtora Leßandra kogerentnye sostoØniØ tipa Perelomova, kak ewe odin konkretnyæ primer obwego izuqeniØ svØzeæ meßdu ortogonal~nymi mnogoqlenami i kogerentnymi sostoØniØmi. Analogiqnye oscillØtoropodobnye sistemy moßno opredelit~ i dlØ drugih ortogonal~nyh mnogoqlenov [1] (vkl¸qaØ q-deformirovannye) i postroit~ sootvetstvu¸wie sistemy kogerentnyh sostoØniæ (sravnitel~no obwaØ konstrukciØ budet opisana v naxeæ sledu¸weæ rabote).

Literatura

1. V. V. Borzov, Orthogonal polynomials and generalized oscillator algebras. Integ.

Transf. Special Funct., 12, No. 2 (2001), 115–138.

2. V. V. Borzov, E. V. Damaskinsky, and P. P. Kulish, Construction of the spectral measure for the deformed oscillator position operator in the case of undetermined Hamburger moment problem. Rev. Math. Phys., 12, No. 5 (2000), 691–710.

3. E. V. Damaskinskiæ, P. P. Kulix, Deformirovannye oscillØtory i ih

priloßeniØ. Zapiski nauqn. semin. LOMI, 189 (1991), 37–74.

4. V. V. Borzov, E. V. Damaskinsky, Realization of the annihilation operator for generalized oscillator-like system by a differential operator. Preprint SP- BU-IP-00-25.

5. A. O. Barut, L. Girardello, New “Coherent States” associated with non-compact groups. Commun. Math. Phys., 21, No. 1 (1972), 41–55.

6. J. P. Gazean and J. R. Klauder, Coherent states for systems with discrete and continuous spectrum. J. Phys. A.: Math. & Gen., 32, No. 1 (1999), 123–132.

7. A. M. Perelomov, Coherent states for arbitrary Lie groups. Commun. Math.

Phys., 26 (1972), 222–236.

52 V. V. BORZOV, E. V. DAMASKINSKI` 8. A. M. Perelomov, Obobwennye kogerentnye sostoØniØ i nekotorye ih

priloßeniØ. Uspehi Fiziq. Nauk, 123, No. 1 (1977), 23–58.

9. A. M. Perelomov, Obobwennye kogerentnye sostoØniØ i ih primeneniØ.

Nauka, FM, Moskva (1987).

10. N. I. Ahiezer, KlassiqeskaØ problema momentov i nekotorye voprosy

analiza, svØzannye s ne¸. Nauka, FM, Moskva (1961).

11. M. X. Birman, M. Z. SolomØk, Spektral~naØ teoriØ samosoprØßennyh

operatorov v gil~bertovom prostranstve. Izd. LGU, Leningrad 1980.

12. J.-M. Sixdenierrs, K. A. Penson, and A. I. Solomon, Mittag-Leffler coherent states.

J. Phys. A.: Math. & Gen., 32, No. 43 (1999), 7543–7563.

13. I. S. Gradxteæn, I. M. Ryßik, Tablicy integralov, summ, rØdov i

proizvedeniæ. 5-e Izd., Nauka, Moskva (1971).

14. A. P. Prudnikov, ı. A. Bryqkov, O. I. Maryqev, Integraly i rØdy.

�lementarnye funkcii. Nauka, Moskva (1981).

Borzov V. V. and Damaskinsky E. V. Coherent states for the Legendre oscillator.

The two families of coherent states (coherent states, as eigenvectors of the annihilation operator and the Klauder–Gazeau temporally stable coherent states) are defined for the Legendre oscillator, also defined in this note.

Postupilo 7 marta 2002 g. Sankt-Peterburgskiæ universitet Telekommunikaciæ

E-mail: vadim@VB6384.spb.edu

Voennyæ Inßenerno-Tehniqeskiæ Universitet

E-mail: evd@ED6911.spb.edu