Zapiski nauqnyh seminarov POMI Tom 271, 2000 g.

G. A. Seregin

SOME ESTIMATES NEAR THE BOUNDARY FOR SOLUTIONS TO THE NON-STATIONARY LINEARIZED NAVIER–STOKES EQUATIONS

To the memory of A. I. Ivanov

ABSTRACT. Some new local estimates near the boundary for solutions to the non-stationary linearized Navier–Stokes equations are established.

Interior estimates for solutions to the non-stationary linearized Navier– Stokes equations are one of the main counterpart of the proof of interior partial regularity for suitable weak solutions to the Navier–Stokes equations (see [1, 3, 6]). Our goal is to establish similar estimates near the boundary. We hope to use them for the investigation of partial regularity near the boundary for suitable weak solutions to the three-dimensional Navier–Stokes equations. Other application of the obtained estimates is sufficient conditions for Hölder continuity near the boundary for a class of solutions to the three dimensional Navier–Stokes equations (see Proposition 3).

In this paper we are going to exploit the following notation:

M^{3×3} is the space of all real 3 × 3-matrices; u · v = u_iv_i, |u| = √ u · u, u = (u_i) ∈ R^3, v = (v_i) ∈ R^3 (the convention on summation over lower repeated Latin indices, running from 1 to 3, is adopted); A : B = A_{ij} B_{ij}, |A| = √ A : A, A^∗ = (A_{ji}), A = (A_{ij} ) ∈ M^{3×3} , B = (B_{ij} ) ∈ M^{3×3} ;

Aa = (A_{ij} a_j) ∈ R^3, A = (A_{ij}) ∈ M^{3×3} , a = (a_i) ∈ R^3;

B(x_0, R) = {x ∈ R^3 ‖ |x − x_0| < R}, B(θ) = B(0, θ), B = B(1);

B^+(θ) = {x ∈ B(θ) ‖ x_3 > 0}, B^+ = B^+(1);

This research was partially supported by the INTAS, grant No. 96-0835, and the Russian Foundation for Basic Research, grant No. 99-01-00108. 204

SOME ESTIMATES NEAR THE BOUNDARY 205

z = (x, t) ∈ R^3 × R is a point in the space-time;

Q(z_0, R) = B(x_0, R)×] t_0 − R^2, t_0 [, z_0 = (x_0, t_0), Q(θ) = Q(0, θ), Q =

Q(1), Q^+(θ) = B^+(θ)×] − θ^2, 0 [, Q^+ = Q^+(1);

Γ(θ) = {x ∈ B(θ) ‖ x = (x_1, x_2, 0)}, Γ = Γ(1);

Q_{t0,T} = Ω×] t_0, T [, Ω ⊂ R^3.

We also use the Lebesgue and Sobolev spaces L_m(Ω; R^l) and

W^1_m(Ω; R^l). The norm in L_m(Ω; R^l) is denoted by ‖ ‖f ‖ ‖_{m,Ω} = (∫ Ω | |f | |^m dx )_{1/m} .

For functions defined in the space-time. we use the following spaces:

L_{m,n}(Q_{t0,T} ; R^l) with the norms ‖ g ‖ m,n,Q_t0_{,T} = (^T∫ t0 ‖ g( · , t) ‖_n m,Ω dt )_{1/n}

and ‖ ‖g ‖ ‖_{m,Qt0,T} = ‖ ‖g ‖ ‖_{m,m,Qt0 ,T} ;

W^{1,0}_{m,n}(Q_{t0,T} ; R^3) with the norm ‖ ‖u ‖ ‖_{W 1,0m,n (Qt0,T ;}R_{3)} = ‖ ‖u ‖ ‖_{m,n,Qt0,T} + ‖ ‖∇u ‖ ‖_{m,n,Qt0,T} ;

W^{2,1}_{m,n}(Q_{t0,T} ; R^3) with the norm ‖ ‖u ‖ ‖_{W 2,1m,n (Qt0,T ;}R_{3)} = ‖ ‖u ‖ ‖_{m,n,Qt0,T} + ‖ ‖∇u ‖ ‖_{m,n,Qt0,T} + + ‖ ‖∂_tu ‖ ‖_{m,n,Qt0,T} + ‖ ‖∇^2u ‖ ‖_{m,n,Qt0,T} . Here, ∇ stands for the spatial gradient, i.e., ∇u = (u_{i,j}), where u_{i,j} = ∂u_i ∂x_j , ∂t stands for the partial derivative in time, i.e., ∂t u = ∂u ∂t . Our first result is formulated as follows.

206 G. A. SEREGIN

Proposition 1. Suppose that we are given numbers satisdying the conditions 1 < m < +∞, 1 < n < +∞, 0 < θ 6 1. (1) Suppose that the functions v ∈ W^{2,1}_{m,n} ( Q^+(θ); R^3 ) , p ∈ W^{1,0}_{m,n} ( Q^+(θ) ) , and f ∈ L_{m,n} ( Q^+(θ); R^3 ) satisfy the equations ∂_t v − Δv = f − ∇p div v = 0 } in Q^+(θ), (2)

and the boundary condition

v = 0 on Γ(θ)×] − θ^2, 0 [. (3)

Then, for any θ_1 ∈] 0, θ [, the estimate ‖ ‖∂_tv ‖ ‖_{m,n,Q+(θ1)} + ‖ ‖∇^2v ‖ ‖_{m,n,Q+(θ1)} + ‖ ‖∇p ‖ ‖_{m,n,Q+(θ1)} 6 6 c1(m, n)^1_{θ − θ1}^{{‖}f^‖_{m,n,Q+(θ)} +^1_{(θ − θ1)l−1}^{[ ‖}v^‖_{m,n,Q+(θ)}+_{(4)} + ‖ ‖∇v ‖ ‖_{m,n,Q+(θ)} + ‖ ‖p ‖ ‖_{m,n,Q+(θ)} ]}

is valid. Here, l = max{m^′, 4}, m^′ =^m_{m−1} .

Proof. Let us take and fix a cut-off function φ with the properties

φ ∈ C^∞_0 (R^3), 0 6 φ 6 1 in R^3, φ ≡ 1 in B(ρ), φ = 0 outside of B(r), | |∇^sφ | | 6^{c2}_{(r − ρ)s} in R^3.

Here, θ_1 6 ρ < r 6 θ, s = 1, 2.

Clearly, by (2), the functions w = φv and p_∗ = φp satisfy the system of equations ∂_t w − Δw + ∇p_∗ = g div w = v · ∇φ } in Q^+, (5)

where g = −2∇v∇φ − vΔφ + p∇φ + φf.

SOME ESTIMATES NEAR THE BOUNDARY 207

Next, we choose and fix a domain Ω_0 with smooth boundary so that

Γ ⊂ ∂Ω_0, B^+ ⊂ Ω_0.

Consider the following boundary value problem, depending on t ∈] −θ^2, 0 [ as a parameter, Δ ^w ( · , t) − ∇^q ( · , t) = 0, div ^w ( · , t) = v( · , t) · ∇φ( · ) } in Ω_0,

^w ( · , t) = 0 on ∂Ω_0. (6)

By (5) and (6), functions V = w − ^w and P = p_∗ − ^q meet the relations ∂_tV − ΔV + ∇P = G, div V = 0 } in Ω_0×] − θ^2, 0 [,

V = 0 on ∂Ω_0×] − θ^2, 0 [, (7)

where G = g − ∂_t ^w.

We start with evaluation of G. First, we have ‖ ‖g( · , t) ‖ ‖_{m,Ω0} 6 c_3(m) [ 1 r − ρ ‖ ‖∇v( · , t) ‖ ‖_{m,B+(θ)}+ + 1 (r − ρ)^2 ‖ ‖v( · , t) ‖ ‖_{m,B+ (θ)}+ (8) + 1 r − ρ ‖ ‖p( · , t) ‖ ‖_{m,B+(θ)} + ‖ ‖f( · , t) ‖ ‖_{m,B+ (θ)} ] . To estimate ‖ ‖∂_t ^w ( · , t) ‖ ‖_{m,Ω0} , we observe that, by (6), the function ∂_t ^w ( · , t) is a solution to the following boundary value problem Δ∂_t ^w ( · , t) − ∇∂_t^q ( · , t) = 0, div ∂_t ^w ( · , t) = ∇φ( · ) · ∂_tv( · , t) } in Ω_0,

∂_t ^w ( · , t) = 0 on ∂Ω_0.

By (2), we have ∇φ · ∂_tv = ∇φ · ( Δv − ∇p + f ) = div a + b,

208 G. A. SEREGIN

where a = −p∇φ + (∇v)^∗∇φ, b = −∇v : ∇^2φ + pΔφ + ∇φ · f. Then, using duality arguments (see [8, Theorem 2.4]), one can show that ‖ ‖∂_t ^w ( · , t) ‖ ‖_{m,Ω0} 6 c_4(m)( ‖ ‖a( · , t) ‖ ‖_{m,Ω0} + ‖ ‖a_3( · , t) ‖ ‖_{m,Γ(θ)}+ + ‖ ‖b( · , t) ‖ ‖_{m,Ω0} ) 6 c^′_4(m) [ 1 (r − ρ)^2 ‖ ‖∇v( · , t) ‖ ‖_{m,B+(θ)}+ (9)

+ 1 (r − ρ)^2 ‖ ‖p( · , t) ‖ ‖_{m,B+(θ)}+ 1 (r − ρ) ‖ ‖f( · , t) ‖ ‖_{m,B+(θ)}+ ‖ ‖a_3( · , t) ‖ ‖_{m,Γ(θ)} ] . By the definition of a, | |a_3 | | 6^|∇φ^{|(|}∇v^| +^|p^{|)}. On the other hand, for any δ ∈] 0, 1 [, we have ∫ Γ(θ) | |∇φ | |^m( | |∇v | |^m + | |p | |^m)dx_1 dx_2 6

6 c5(m)^∫ B+(θ) {| |∇φ | |^m( | |∇v | |^{m−1} | |∇v_{,3} | | + | |p | |^{m−1} | |p_{,3} | |)+

+ (| ∇φ | |^{m−1} | |∇φ_{,3} | | + | |∇φ | |^m)( | |∇v | |^m + | |p | |^m) } 6 6 c^′_5(m)^{δ^{m/n ∫} B+(r) (| ∇^2v |_m + | ∇p |_m) dx+ (10)

+ ( 1 δ )_m′_{/n} ∫ B+(θ) [| |∇φ | |^m+ | |∇φ | |^{m−1} | |∇^2φ | |+ | |∇φ | |^{mm′} ](| |∇v | |^m+ | |p | |^m)dx } .

Combining estimates (8)–(10), we obtain ‖ G( · , t) ‖ m,Ω0 6 c6(m) [ δ^{1/n} (‖ ‖∇2v( · , t)‖_{m,B+(r)}+

+ ‖ ‖∇p( · , t) ‖ ‖_{m,B+(r)} ) + ( 1 δ ) m^′_{nm} ( 1 r − ρ )_l′ (‖ ‖v( · , t) ‖ ‖_{m,B+(θ)}+ (11)

SOME ESTIMATES NEAR THE BOUNDARY 209 + ‖ ‖∇v( · , t) ‖ ‖_{m,B+(θ)} + ‖ ‖p( · , t) ‖ ‖_{m,B+ (θ)} ) + 1 r − ρ ‖ ‖f( · , t) ‖ ‖_{m,B+(θ)} ] , where l^′ = max{m^′, 2} and t ∈] − θ^2, 0 [. Let χ(t) = 0, −2 6 t 6 −r^2,

t + r^2 r^2 − ρ^2

, −r^2 6 t 6 −ρ^2,

1, −ρ^2 6 t 6 0.

Then, from (7) it follows that

∂_tV_0 − ΔV_0 + ∇P_0 = G_0,

div V_0 = 0 } in Q_0 = Ω_0×] − 2, 0 [,

V_0 = 0 on { ∂Ω_0 × [−2, 0] } ∪ { Ω_0 × {t = −2} } . (12)

Here, V_0 = χV , P_0 = χP , G_0 = χG + V ∂_tχ. For G_0, we have ‖ ‖G_0 ‖ ‖_{m,n,Q0} 6 ‖ ‖χG ‖ ‖_{m,n,Q0} + c_7(m, n) 1 (r − ρ)^2 [‖ ‖v ‖ ‖_{m,n,Q+(θ)}+ (^0∫ −θ2 ‖ ‖ ^w( · , t) ‖ ‖^n_{m,Ω0} dt )_{1/n}] . (13)

Since a unique solution ^w( · , t) to boundary value problem (6) satisfies the so-called L_m-estimate (see [7]) ‖ ^w( · , t) ‖ m,Ω0 + ‖ ∇ ^w( · , t) ‖ m,Ω0 + ‖ ∇^2 ^w( · , t) ‖ m,Ω0 + ‖ ∇^q( · , t) ‖ m,Ω0 6 6 c8(m)^‖∇^(∇φ( · ) · v( · , t)^{)‖}_{m,Ω0} 6 (14) 6 c^′_8(m)^{[ 1}_{(r − ρ)2}^‖v( · , t)^‖_{m,B+(θ)} +^1_{r − ρ}^‖∇v( · , t)^‖_{m,B+ (θ)}^], we observe that, by (11) and (13)

G_0 ∈ L_{m,n}(Q_0; R^3).

It is known that initial boundary-value problem (12) has a unique solution of the class W^{2,1}_{m,n}(Q_0, R^3) × W^{1,0}_{m,n}(Q_0), and this solution satisfies the L_{m,n}-estimate (see [2, 5]) ‖ ∂_tV_0 ‖ m,n,Q0+ ‖ ∇^2V_0 ‖ m,n,Q0+ ‖ ∇P_0 ‖ m,n,Q0 6 c ′ 9(m, n) ‖ G_0 ‖ m,n,Q0 . (15)

210 G. A. SEREGIN

Here and in what follows we do not indicate dependness of our constants

on Ω_0. Let Φ(r) = ‖ ‖∂_tv ‖ ‖^n_{m,n,Q+(r)} + ‖ ‖∇^2v ‖ ‖^n_{m,n,Q+(r)} + ‖ ‖∇p ‖ ‖^n_{m,n,Q+(r)}. Now, one can derive from (15) the estimate ‖ ‖χ∂_tw ‖ ‖^n_{m,n,Q0} + ‖ ‖χ∇^2w ‖ ‖^n_{m,n,Q0} + ‖ ‖χ∇p_∗ ‖ ‖^n_{m,n,Q0} 6 6 c10(m, n)^{[‖}G^{‖n}_{m,n,Q0} +^‖w∂tχ^{‖n}_{m,n,Q0} +^‖ ^w∂tχ^{‖n}_{m,n,Q0} + + ‖ ‖χ∇^2 ^w ‖ ‖^n_{m,n,Q0} + ‖ ‖χ∂_t ^w ‖ ‖^n_{m,n,Q0} + ‖ ‖χ∇^q ‖ ‖^n_{m,n,Q0} ] . Taking into account the definition of w, we obtain from (9)–(11), (14),

and the last estimate the following inequality

Φ(ρ) 6 c_{11}(m, n) { δΦ(r) + ( 1 δ ) 1_{m−1} 1 (r − ρ)^{ln} (‖ ‖v‖^n_{m,n,Q+(θ)}+

+ ‖ ‖∇v ‖ ‖^n_{m,n,Q+(θ)} + ‖ ‖p ‖ ‖^n_{m,n,Q+(θ)} ) + 1 (r − ρ)^n ‖ ‖f ‖ ‖^n_{m,n,Q+(θ)} } . Setting c_{11}(m, n)δ = 1/2 and using the known iterative procedure, we

arrive at the estimate

Φ(θ_1) 6 c_{12}(m, n) 1 |θ_1 − θ|^n [‖ ‖f‖^n_{m,n,Q+(θ)}+ 1 (θ_1 − θ)^{(l−1)n} (‖ ‖v‖^n_{m,n,Q+(θ)}+ + ‖ ‖∇v ‖ ‖^n_{m,n,Q+(θ)} + ‖ ‖p ‖ ‖^n_{m,n,Q+(θ)} )] . The latter inequality implies (4). Proposition 1 is proved.

Proposition 2. Suppose that we are given numbers

1 < m 6 2, 1 < n 6 2, m < s < +∞. (15_1)

Assume that the functions v ∈ W^{2,1}_{m,n} ( Q^+; R^3 ) , p ∈ W^{1,0}_{m,n} ( Q^+ ) , f ∈ L_{s,n} ( Q^+; R^3 ) (15_2)

satisfy the equations ∂_tv − Δv = f − ∇p div v = 0 } in Q^+, (16)

SOME ESTIMATES NEAR THE BOUNDARY 211

and the boundary condition

v = 0 on Γ×] − 1, 0 [. (17)

Then v ∈ W^{2,1}_{s,n} ( Q^+(1/2); R^3 ) , p ∈ W^{1,0}_{s,n} ( Q^+(1/2) ) , (18)

and the estimate ‖ ‖ ‖v ‖ ‖ ‖_{W 2,1s,n (Q+(1/2);}R_{3)} + ‖ ‖ ‖p ‖ ‖ ‖_{W 1,0s,n(Q+(1/2))} 6 6 c14(m, n, s)^{{‖}p^‖_{m,n,Q+} +^‖v^‖_W 1,0_{m,n(Q+;}R_{3)} +^‖f^‖_{s,n,Q+}^} (19) is valid.

If, in addition,

v ∈ L_2(Q^+; R^3)∩L_k′_{,l}′ ( Q^+; R^3 ) , p ∈ L_{k,l}(Q^+), f ∈ L_2(Q^+; R^3), (19_1)

where k^′ =^k_{k−1} , l^′ =^l_{l−1} , and

1 < k < +∞, 1 < l < +∞, (19_2)

then ‖ ‖ ‖v ‖ ‖ ‖_{W 2,1s,n (Q+(1/2);}R_{3)} + ‖ ‖ ‖p ‖ ‖ ‖_{W 1,0s,n(Q+(1/2))} 6 6 c^′_{14}(m, n, s, k, l)^{{‖}p^‖_{m,n,Q+} + ‖p‖_{k,l,Q}+ + ‖v‖2,Q+ (193) ‖v‖_k′_{,l}′_{,Q}+ + ‖ ‖f ‖ ‖_{s,n,Q+} + ‖ ‖f ‖ ‖_{2,Q+} } . Proof. Step 1. Let A = ‖ ‖v ‖ ‖_{W 1,0m,n (Q+( 34 );}R_{3)} + ‖ ‖p ‖ ‖_{m,n,Q+( 34 )} + ‖ ‖f ‖ ‖_{s,n,Q+}. Setting

m_1 = 2m 3 − m , m^∗_1 = m^′(m_1 − 1),

we observe that

m^∗_1 = 3m 3 − m . (20)

We fix numbers 1 2 < θ_1 < θ < 3 4 .

212 G. A. SEREGIN

By Proposition 1, for θ instead θ_1 and for 3/4 instead of θ ‖ ‖v ‖ ‖_{W 2,1m,n(Q+(θ);}R_{3)} + ‖ ‖p ‖ ‖_{W 1,0m,n(Q+(θ))} 6 c_{15}(m, n, θ) A. (21) Thus it follows from the embedding theorem that ‖ ‖v ‖ ‖_{W 1,0m1 ,n(Q+(θ);}R_{3)} + ‖ ‖p ‖ ‖_{m1,n,Q+(θ)} 6 6 c16(m, n, θ)^{[‖}v^‖_W 1,0_{m∗1 ,n(Q+(θ);}R_{3)} +^‖p^‖_m∗_{1 ,n,Q+(θ)}^] 6 (22) 6 c^′_{16}(m, n, θ) A. Now, let us repeat arguments of Proposition 1 for m_1 instead of m, and for

r = θ and ρ = θ_1. The only difference concerns the evaluation of ∂_t ^w. It is

worthy to note that in order to estimate the left hand side of (10) we do

not need the assumptions v ∈ W^{2,1}_{m1,n}(Q^+(θ); R^3) and p ∈ W^{1,0}_{m,n}(Q^+(θ))

any more. Indeed, we have ∫ Γ(θ) | |∇φ | |^{m1} ( | |∇v | |^{m1} + | |p | |^{m1} ) dx_1 dx_2 6 6 c17(m, θ)^∫ B+ (θ) {| |∇φ|^{m1} (| |∇v|^{m1−1}|∇^2v| + |p|^{m1−1}|∇p| ) +

+ (| |∇φ | |^{m1−1} | |∇^2v | | + | |∇φ | |^{m1} )(| |∇v | |^{m1} + | |p | |^{m1} )} dx 6 6 c^′_{17}(m, θ)^{{ 1}_{|θ − θ1|m1}^{( ∫} B+(θ) (| |∇v | |^{(m1−1)m′} + | |p | |^{(m1−1)m′} ) dx )_{1/m}′ ×

× ( ∫ B+(θ) (| |∇^2v | | + | |∇p | | )_m dx )_{1/m} + ( 1 |θ − θ_1|^{m1+1} + 1 |θ − θ_1|^{m1} ) ×

× ∫ B+(θ) (| |∇v | |^{m1} + | |p | |^{m1} ) dx }

and, therefore, ‖ ‖a_3 ‖ ‖_{m1,n,Γ(θ)} 6 c_{18}(m, n, θ) { 1 θ − θ_1 ×

SOME ESTIMATES NEAR THE BOUNDARY 213 × (^0∫ θ2 ( ∫ B+(θ) (| |∇v | |^{m∗1} + | |p | |^{m∗1} ) dx ) n_{m′m1} ×

× ( ∫ B+(θ) (| |∇^2v| + |∇p| )_m dx ) n_{mm1} dt )_{1/n} +

+ ( 1 θ − θ_1 )^m1^{+1}_{m1} (‖ ‖∇v ‖ ‖_{m1,n,Q+(θ)} + ‖ ‖p ‖ ‖_{m1,n,Q+(θ)} )} 6 6 c^′_{18}(m, n, θ)^1_{(θ − θ1)2}^{{[} 0∫ −θ2 dt (‖ ‖∇v( · , t) ‖ ‖_{m∗1 ,B+(θ)}+

+ ‖ ‖p( · , t) ‖ ‖_{m∗1 ,B+(θ)} )^{m∗}1^n_{m′ m1} (‖ ‖∇^2v( · , t) ‖ ‖_{m,B+(θ)}+

+ ‖ ‖∇p( · , t) ‖ ‖_{m,B+(θ)} )_{n/m1} ]1/n + ‖ ‖∇v ‖ ‖_{m1,n,Q+(θ)} + ‖ ‖p ‖ ‖_{m1,n,Q+(θ)} } 6 6 c^{′′}_{18}(m, n, θ)^1_{(θ − θ1)2}^{{(‖}∇^2v^‖_{m,n,Q+(θ)} +^‖∇p^‖_{m,n,Q+(θ)}^{)1/m1} × × (‖ ‖∇v ‖ ‖_{m∗1 ,n,Q+(θ)} + ‖ ‖p ‖ ‖_{m∗1 ,n,Q+(θ)} )^m1^{−1}_{m1} + ‖ ‖∇v ‖ ‖_{m1,n,Q+(θ)}+

+ ‖ p ‖ m1,n,Q+(θ) } . Thus, by (21) and (22), we obtain ‖ ‖a_3 ‖ ‖_{m1,n,Γ(θ)} 6 c_{19}(m, n, θ, θ_1) A. The latter estimate together with arguments of Proposition 1 implies the

inequality ‖ ‖v ‖ ‖_{W 2,1m1 ,n(Q+(θ1);}R_{3)} + ‖ ‖v ‖ ‖_{W 1,0m1 ,n(Q+(θ1))} 6 c_{20}(m, n, θ, θ_1) A. If m_1 ¿ s, then inequality (19) is proved. So, assume now that s > m_1

and pass to the second part of the proof.

214 G. A. SEREGIN

Step 2. We fix a number θ_2 so that 1 2 < θ_2 < θ_1 < θ < 3 4 . We consider two cases. In the first of them

m_1 < 3.

Then, we let

m_2 =

2m_1 3 − m_1

, m^∗_2 = (m_2 − 1)m^′_1,

and repeat arguments of Step 1, replacing θ by θ_1, θ_1 by θ_2, m_1 by m_2, and m^∗_1 by m^∗_2. As a result, we obtain the estimate ‖ ‖v ‖ ‖_{W 2,1m2 ,n(Q+(θ2);}R_{3)} + ‖ ‖v ‖ ‖_{W 1,0m2 ,n(Q+(θ2))} 6 c_{21}(m, n, θ, θ_1, θ_2) A. (23)

If m_2 ¿ s, then (19) is proved.

In the second case m_1 ¿ 3.

Setting m_2 = s, m^∗_2 = (m_2 − 1) m^′_1,

we repeat the arguments of Step 1 with θ_1 instead of θ, θ_2 instead of θ_1, m_2 instead of m_1, and m^∗_2 instead of m^∗_1, and arrive at (23) for m_2 = s, and (19) is proved.

If m_1 < 3 and m_2 < s, we proceed our proof within Step 2 until m_k ¿ 3 or m_{k+1} ¿ s. Clearly, that the number of iterations of Step 2 is finite and depends only on m and s. So, (19) is completely proved.

Step 3. Assume that conditions (19_1) and (19_2) hold. The result of Steps 1 and 2 is the following estimate ‖ v ‖ W 2^,1_{s,n} (Q+(1/2);R3) + ‖ p ‖ W 1^,0_{s,n}(Q+(1/2)) 6 c22(m, n, s) A. (24)

Obviously, the same arguments, that were used in Steps 1 and 2, provide the estimate similar to (24) ‖ ‖v ‖ ‖_{W 2,1s,n (Q+(8/9);}R_{3)} + ‖ ‖p ‖ ‖_{W 1,0s,n(Q+(8/9))} 6 6 c23(m, n, s)^{(‖}v^‖_W 1,0_{m,n(Q+;}R_{3)} +^‖p^‖_{m,n,Q+} +^‖f^‖_{s,n,Q+}^). (25)

SOME ESTIMATES NEAR THE BOUNDARY 215

Let us take two cut-off functions:

φ ∈ C^∞_0 (R^3), 0 6 φ 6 1 in R^3,

φ ≡ 1 in B ( 3 4 ) , φ ≡ 0 outside of B ( 7 8 ) , and

χ(t) =

0, 0 ¿ t ¿ −ε^2, − t + ε^2

ε^2

, −ε^2 ¿ t ¿ −2ε^2,

1, −2ε^2 ¿ t ¿ − ( 3 4 )_2 , t + (_7 8 )_2 (_7 8 )_2 − (_3 4 )_2 , − ( 3 4 )_2

¿ t ¿ −^{( 7}_8^{)2}, 0, − ( 7 8 )_2 ¿ t. for ε ∈] 0, 1/2 [.

Next, let K_ρ(t), t ∈ R, be the usual smoothing kernel. We define smoothing in t as follows.

(v)_ρ(z) = 0∫ −1 K_ρ(t − t^′) v (z^′) dt^′, z = (x, t), z^′ = (x^′, t^′).

Setting for ρ < min { ε^2,^1_2 ( 1 − (_8 9 )_2)} . w = ( χφ^2(v)_ρ ) ρ , we observe that, by (16) and (25), ∫ Q+(8/9) ( ∂_tv − Δv + ∇p − f ) · w dz = 0.

216 G. A. SEREGIN

Taking into account properties of smoothing kernel, one can derive from the last identity the following relation ∫ Q+(8/9) ( ∂_t(v)_ρ · χ φ^2(v)_ρ + χ φ^2 | |∇(v)_ρ | |^2 ) dz =

= 1 2 ∫ B+(8/9) | |(v)_ρ( · , t) | |^2χ(t) φ^2( · )dx | | | | t=0 t=−(8/9)2 −

− 1 2 ∫ Q+(8/9) | |(v)_ρ | |^2∂_tχdz + ∫ Q+(8/9) χ φ^2 | |∇(v)_ρ | |^2 dz = (26)

= − ∫ Q+(8/9) χ∇(v)_ρ : ( (v)_ρ ⊗ ∇φ^2 ) dz + ∫ Q+(8/9)

(f)_ρ · χ φ^2(v)_ρ dz+

+ ∫ Q+(8/9) (p)_ρ∇φ^2 · (v)_ρ dz.

It is easy to show that (26) implies the estimate ∫ Q+(3/4) | |∇v | |^2 dz 6 c_{24} [∫ Q+ | |v | |^2 dz + ∫ Q+ ( |f| |v| + |p| |v| ) dz ]

and, therefore, we have the estimate ‖ ‖∇v ‖ ‖_{m,n,Q+(3/4)} 6 c_{25}(m, n) ‖ ‖∇v ‖ ‖_{2,Q+(3/4)} 6 6 c^′_{25}(m, n)^{[‖}v^‖_{k′,l′ ,Q+} +^‖p^‖_{k,l,Q+} +^‖v^‖_{2,Q+} +^‖f^‖_{2,Q+}^]. The latter together with (24) leads to the final estimate (19_3). Proposition 2 is proved.

Lemma 1 (Hölder continuity near the boundary). Suppose that conditions (15_1), (15_2), (16), and (17) hold. Let, in addition, the number s is so big that

λ = 2 − 2 n − 3 s > 0. (27)

Then | |v(z) − v(z^′) | | 6 c26(m, n, s)^[ |x − x^′| + |t − t^′|^{1/2]λ} A(v, p, f) (28)

SOME ESTIMATES NEAR THE BOUNDARY 217

for all z = (x, t) ∈ Q^+(1/4) and for all z^′ = (x^′, t^′) ∈ Q^+(1/4). Here, A(v, p, f) = ‖ ‖ ‖v ‖ ‖ ‖_{W 1,0m,n(Q+;}R_{4)} + ‖ ‖p ‖ ‖_{m,n,Q+} + ‖ ‖f ‖ ‖_{s,n,Q+} . Proof. We let

u(x_1, x_2, x_3, t) = { v(x_1, x_2, x_3, t), x_3 ¿ 0,

−v(x_1, x_2, −x_3, t), x_3 < 0.

(29)

Then u ∈ W^{2,1}_{s,n} (Q(1/2); R^3) and, moreover, ‖ ‖u ‖ ‖_{W 2,1s,n(Q(1/2);}R_{3)} 6 c_{27}(s, n) ‖ ‖v ‖ ‖_{W 2,1s,n (Q(1/2);}R_{3)}. (30)

We are going to use the following version of the Poincarè–Sobolev in-

equality 1 R ( Œ^∫_{Q(z0,R)}^|u − (∇u)z_0,R(x − x0) − (u)z_0,R^{|n} dz^{)1/n}+ + ( Œ^∫_{Q(z0,R)}^|∇u − (∇u)z_0,R^{|n}dz^{)1/n} 6 (31) 6 c28(n)R^( Œ^∫ Q(z0,R) (| |∇^2u | | + | |∂_tu | | )_n dz )_{1/n} , Q(z_0, R) ⊆ Q(1/2). Here, we have used the abbreviations

(f)_{z0,R} = Œ ∫ Q(z0,R) f dz = 1 |Q(z_0, R)| ∫ Q(z0,R) f dz.

From condition (27) it follows that s > 3. Thus, by the embedding theorem, ‖ ‖∇u ‖ ‖_{∞,n,Q(1/2)} 6 c_{29}(n, s) (‖ ‖∇u ‖ ‖_{s,n,Q(1/2)} + ‖ ‖∇^2u ‖ ‖_{s,n,Q(1/2)} ) . (32)

On the other hand, we obtain R ( Œ^∫_{Q(z0,R)}^{(|}∂tu^| +^|∇^2u^{|)n} dz^{)1/n} 6

218 G. A. SEREGIN 6 c30(n, s) R^{λ−1[‖}∂tu^‖_{s,n,Q+(1/2)} +^‖∇^2u^‖_{s,n,Q+(1/2)}^], (33) Q(z_0, R) ⊆ Q(1/2). Estimate (33) together with (19), (31), and (32) leads to the inequality ( Œ^∫_{Q(z0,R)}^|u − (u)z_0,R^| dz^{)1/n} 6 6 c31(n, m, s) R^λ A(v, p, f), Q(z0, R) ⊆ Q(1/2). (34) We obtain (28) from (29), (30), and (34) in the known way. Lemma 1 is proved.

Now, we are going to consider a special example connected with investigations of partial regularity near the boundary for suitable weak solutions to the three-dimensional Navier–Stokes equations. We shall consider functions

v ∈ L_3(Q^+; R^3), p ∈ L_{3/2}(Q^+), v ∈ W^{2,1}_{9/8,3/2}(Q^+(3/4); R^3), p ∈ W^{1,0}_{9/8,3/2}(Q^+(3/4)),

(35)

that satisfy the equations ∂_tv − Δv + ∇p = 0, div v = 0 } in Q^+(3/4),

v = 0 on Γ(3/4)×] − (3/4)^2, 0 [.

(36)

It is assumed also that [ p( · , t) ] 0,1 = 0, t ∈] − 1, 0 [. (37) We are intersected in the behaviour of the functional

Y^+(v, p; θ) = ( Œ^∫_{Q+(θ)} |v|^3 dz^{)1/3} + θ^( Œ^∫_{Q+(θ)}^|p − [p]0,θ^{|3/2} dz^{)2/3}, where [ p( · , t) ] 0,θ = Œ ∫ B+(θ) p(y, t) dy =^1_{|B+(θ)|} ∫ B+(θ) p(y, t) dy.

SOME ESTIMATES NEAR THE BOUNDARY 219

Lemma 2. Suppose that conditions (34)–(37) hold and let, in addition, λ ∈] 0, 2/3 [. Then Y^+(v, p; θ) 6 c_{32}(λ)θ^λ Y^+(v, p; 1) (38) for all θ ∈] 0, 1].

Proof. We note that all conditions of Proposition 2 and Lemma 1 are fulfilled for

n = k = l = 3 2 , m = 9 8 , f = 0, and s = 9 2 − 3λ in the cylinder Q^+(3/4). Then, we have | |v(x) − v(z^′) | | 6 c33(λ)^[ |x − x^′| + |t − t^′|^{1/2]λ} A(v, p, 0) for all z = (x, t) ∈ Q^+(1/4) and for all z^′ = (x^′, t^′) ∈ Q^+(1/4), and ‖ ∇p ‖ s,3/2,Q+(1/4) 6 c34(λ) A(v, p, 0). Using the last inequality in the proof of Proposition 2, we see that A(v, p, o) 6 c^′_{34}B(v, p). Here, B(v, p) = ‖v‖_{3,Q}+ + ‖p‖_{3/2,Q}+. (39) From the last three estimates we derive the inequality Y^+(v, p; θ) 6 c_{35}(λ)θ^λ B(v, p) (40) for all θ ∈] 0, 1/4 ]. The final estimate (38) easily follows from (37), (39), and (40). Lemma 2 is proved.

Our last example concerns sufficient conditions of Hölder continuity near the boundary for weak solutions to the three dimensional Navier– Stokes equations.

Proposition 3. Suppose we are given numbers n, q, m, and functions v ∈ W^{2,1}_{m,n}(Q^+; R^3), p ∈ W^{1,0}_{m,n}(Q^+), g ∈ L_{q,n}(Q^+; R^3),

(41)

220 G. A. SEREGIN

such that 1 < m 6 3 2 n 2n − 1 , 1 < n < 2, m 6 q. (42) Assume also that (∇v)v ∈ L_{m,n}(Q^+; R^3), (43) ∂_tv + (∇v)v − Δv = g − ∇p, div v = 0 } in Q^+, (44)

v = 0 on Γ× ] − 1, 0 [. (45) Let, in addition, λ = 2 − 2 n − 3 q > 0, (46) and v ∈ L_{q,∞}(Q^+; R^3). (47) Then, there is a constant c_{36}, depending only on n, q, ‖ ‖v ‖ ‖_{W 1,0m,n (Q+,}R_{3)}, ‖p‖_{m,n,Q}+ , ‖g‖_{q,n,Q}+ , and ‖v‖_{q,∞,Q}+ , such that |v(z) − v(z^′)| 6 c_{36} ( |x − x^′| + |t − t^′|^{1/2} )_λ (48)

for all z = (x, t) ∈ Q^+(1/2) and for all z^′ = (x^′, t^′) ∈ Q^+(1/2). Remark 1. As it was shown in [3] (see Theorem 1.1) conditions (41)–(43) are quite natural for Hopf’s solutions to initial boundary-value problems for the three-dimensional Navier–Stokes equations. Proof of Propositions 3. Step 1. We let

m_0 = m < 3, l_0 =

3m_0 3 − m_0

, m_1 = l_0q l_0 + q

, (49) and f = g + g_1, g_1 = −(∇v) v. (50) It is easy to verify that, by (46),

q > 3 (51)

and, therefore, m_0 < m_1. (52)

SOME ESTIMATES NEAR THE BOUNDARY 221

By condition (43), ‖ ‖f ‖ ‖_{m0,n,Q+} 6 c_{37}(n, q) (‖ ‖g ‖ ‖_{q,n,Q+} + ‖ ‖(∇v)v ‖ ‖_{m0,n,Q+} ) . (53)

According to Proposition 1, we have the estimate ‖ ‖∇^2v ‖ ‖_{m0,n,Q+(7/8)} + ‖ ‖∇p ‖ ‖_{m0,n,Q+(7/8)} 6 6 c38(n, q)^{[‖}v^‖_W 1,0_{m0 ,n(Q+;}R_{3)} +^‖p^‖_{m0,n,Q+} +^‖f^‖_{m0,n,Q+}^]. (54) On the other hand, by the embedding theorem, ‖ ‖∇v ‖ ‖_{l0,n,Q+(7/8)} 6 c^′_{38}(n) (‖ ‖∇^2v ‖ ‖_{m0,n,Q+(7/8)} + ‖ ‖∇v ‖ ‖_{m0,n,Q+} ) . (55)

Then, with the help of the definition of the number m_1 (see (49)) and

Hölder’s inequality, we obtain ‖ ‖g_1 ‖ ‖_{m1,n,Q+(7/8)} 6 ‖ ‖∇v ‖ ‖_{l0,n,Q+(7/8)} ‖ ‖v ‖ ‖_{q,∞,Q+} . (56) Now, from (50), (53)–(56) it follows that ‖ ‖f ‖ ‖_{m1,n,Q+(7/8)} 6 c_{39}. (57)

In the latter inequality the constant c_{39} depends on the same arguments

as the constant c_{36}.

Now, let us look at the proof of Proposition 2, replacing Q^+ by

Q^+(7/8), s by m_1, m by m_0. Clearly, that arguments of Step 1 and

Step 2 in the proof of Proposition 3 are valid under conditions

v ∈ W^{2,1}_{m0,n}(Q^+(7/8); R^3), p ∈ W^{1,0}_{m0,n}(Q^+(7/8)),

f ∈ L_{m1,n}(Q^+(7/8); R^3).

But, by (41), (49), and (57), these conditions are fulfilled. As a result of

Step 1 and Step 2 in the proof of Proposition 2, we obtain the fact that

v ∈ W^{2,1}_{m1,n}(Q^+(13/16); R^3), p ∈ W^{1,0}_{m1,n}(Q^+(13/16)),

and the estimate ‖ ‖∇^2v ‖ ‖_{m1,n,Q+(13/16)} + ‖ ‖∇p ‖ ‖_{m1,n,Q+(13/16)} 6 c_{40}

with the constant c_{40}, depending on the same arguments as the con-

stant c_{36}.

222 G. A. SEREGIN

Step 2. By (51), there is a natural number i > 1 with the following properties

m_0 < m_1 < m_2 < . . . < m_i < 3, m_{i+1} ¿ 3,

m_{k+1} = l_kq l_k + q

, l_k = 3m_k 3 − m_k , k = 0, 1, . . . , i. Repeating arguments of Step 1 2 i + 1 times, we observe that

v ∈ W^{2,1}_{mi+1,n}(Q^+(3/4); R^3), p ∈ W^{1,0}_{mi+1 ,n}(Q^+(3/4)),

and the estimate ‖ ∇^2v ‖ m_i+1,n,Q+(3/4) + ‖ ∇p ‖ m_i+1,n,Q+(3/4) 6 c41 is valid. Here, the constant c_{41} depends on the same arguments as the constant c_{36}.

Now, we consider two cases. In the first of them

m_{i+1} > 3.

Then, by the embedding theorem, we have ‖ ‖∇v ‖ ‖_{∞,n,Q+(3/4)} 6 c_{42}(n, q) (‖ ‖∇^2v ‖ ‖_{mi+1,n,Q+(3/4)} + ‖ ‖∇v ‖ ‖_{mi+1,n,Q+(3/4)} )

and, therefore, ‖ ‖g_1 ‖ ‖_{q,n,Q+(3/4)} 6 ‖ ‖∇v ‖ ‖_{∞,n,Q+(3/4)} ‖ ‖v ‖ ‖_{q,∞,Q+} . The same arguments, that were used in Step 1, show us that

v ∈ W^{2,1}_{q,n} (Q^+(5/8); R^3), p ∈ W^{1,0}_{q,n} (Q^+(5/8)), (58)

and the estimate ‖ ‖∇^2v ‖ ‖_{q,n,Q+(5/8)} + ‖ ‖∇p ‖ ‖_{q,n,Q+(5/8)} 6 c_{43} (59)

is valid for the constant c_{43}, depending on the same arguments as the constant c_{36}.

Now, we assume that m_{i+1} = 3.

Let us fix a number r >^{3q}_{q−3} and define m =^{rq}_{r+q} > 3. Then we observe that ‖ ‖g_1 ‖ ‖_{m,n,Q+(3/4)} 6 ‖ ‖∇v ‖ ‖_{r,n,Q+(3/4)} ‖ ‖v ‖ ‖_{q,∞,Q+(3/4)} 6

SOME ESTIMATES NEAR THE BOUNDARY 223 6 c44(r, n, q)^{[‖}∇^2v^‖_{3,n,Q+(3/4)} +^‖∇v^‖_{3,n,Q+(3/4)}^{]‖}v^‖_{q,∞,Q+} . The latter estimate shows that the second case can be reduced to the first one but in a smaller cylinder, say, in Q^+

(_{11} 16 )(_5 8 <^{11}_{16} <^3_4 ) . Step 3. The result of Step 1 and Step 2 is statement (58) and estimate (59). Arguring as in the proof of Lemma 1, we derive estimate (48) from (59). Proposition 3 is proved.

References

1. L. Caffarelli, R. -V. Kohn, L. Nirenberg, Partial regularity of suitable weak solutions of the Navier–Stokes equations. Comm. Pure Appl. Math., Vol. XXXV (1982), 771–831.

2. Y. Giga, H. Sohr, Abstract Lp-estimates for the Cauchy problem with applications to the Navier–Stokes equations in exterior domains. — J. Funct. Anal 102 (1991), 72–94.

3. O. A. Ladyzhenskaya, G. A. Seregin, On partial regularity of suitable weak solutions to the three-dimensional Navier–Stokes equations. — JMFM 1, No. 4 (1999), 356–387.

4. O. A. Ladyzhenskaya, V. A. Solonnikov, N. N. Ural’tseva, Linear and quasi-linear equations of parabolic type. Moscow (1967).

5. P. Maremonti, V. A. Solonnikov, On the estimate of solutions of evolution Stokes problem in anisotropic Sobolev spaces with a mixed norm. — Zap. Nauchn. Semin. POMI 223 (1994), 124–150.

6. V. Scheffer, The Navier–Stokes equations in a bounded domain. — Comm. Math.

Phys. 73 (1980), 1–42.

7. V. A. Solonnikov, Estimates of solutions to the linearized system of the Navier–Stokes equatuins. — Trudy of the Steklov Math. Inst. LXX (1964), 213–317.

8. V. A. Solonnikov, Estimates of solutions to the nonstationary Navier–Stokes system. — Zap. Nauchn. Semin. LOMI 28 (1973), 153–231.

Postupilo 15 fevralØ 2000 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN