Zapiski nauqnyh seminarov POMI Tom 271, 2000 g.

S. I. Repin

ESTIMATES OF DEVIATIONS FROM EXACT SOLUTIONS OF ELLIPTIC VARIATIONAL INEQUALITIES

To the memory of A. I. Ivanov

ABSTRACT. In this paper, we present a method of deriving majorants of the difference between exact solutions of elliptic type variational inequalities and any given functions lying in the admissible functional class of the problem under consideration. We analyse three classical problems associated with stationary variational inequalities: a variational problem with two obstacles, elasto-plastic torsion problem and a problem with friction type boundary conditions. The majorants are obtained by a modification of duality technique earlier used for variational problems with uniformly convex functionals [9–11]. These majorants naturally reflects properties of exact solutions and possess necessary continuity conditions.

1. Introduction

Mathematical models related to variational inequalities often arise in applied sciences (see, e.g., [1]). Existence, uniqueness and differentiability properties of their solutions were analyzed by many authors (see [2, 3, 4] and the references therein). Much effort has been directed toward creating numerical methods for variational inequalities. At this point we can refer to [5–8] and to works of many other authors.

In the present paper, we are focused on the problem, which is important for verifying the accuracy of numerical approximations of variational inequalities. Let u be the exact solution of a problem and v be an admissible function from the “energy” functional space V of the considered problem. Our goal is to derive a functional defined by v and by the given data of our problem that measures the deviation of v − u in the norm of V . This functional must be nonnegative and vanish if and only if v coincides with exact solution u. Besides, it must be explicitly computable

1991 Mathematics Subject Classification. Primary 65N30.

Key words and phases: a posteriori error estimates, duality theory, variational inequalities

188

ESTIMATES FOR VARIATIONAL INEQUALITIES 189

and possess proper continuity properties.

Below we present a method of deriving majorants of the deviation, which can be regarded as a modification of duality technique earlier used for variational problems with uniformly convex functionals [9–11]. We consider three classical problems related to variational inequalities: problem with obstacles, elasto-plastic torsion problem and a problem with friction type boundary conditions. In this short note, we confine ourselves to the simplest case of stationary 2D elliptic variational inequalities. However, possible generalizations are rather transparent and will be considered in subsequent papers.

Let us begin with general remarks. Let a : V × V → R be a bilinear form and j : V → R be a given convex continuous functional. We consider the following

Problem P. Find u ∈ K such that a(u, w − u) + j(w) − j(u) ≥ ⟨f, w − u⟩ ∀w ∈ K, (1.1) where K is a convex closed subset of V and f ∈ V^∗.

The solution u of (1.1) is a minimizer of the following variational problem: Find u ∈ K such that J(u) = inf_{w∈K} J(w), J(w) = 1 2 a(w, w) + j(w) − ⟨f, w⟩ . (1.2) By (1.1) we easily obtain the inequality J(v) − J(u) = 1 2 a(v − u, v − u)+ + a(u, v − u) − ⟨f, v − u⟩ + j(v) − j(u) ≥ ≥ 1 2 a(v − u, v − u) , (1.3)

which implies the basic “deviation” estimate 1 2 ‖ v − u ‖^2_a ≤ J(v) − inf P ∀v ∈ K , (1.4) where inf P denotes the exact lower bound of the functional J and ‖ v ‖_a := (a(v, v))^{1/2}. However, in general, the quantity inf P is unknown. In this paper, we show how to circumvent this difficulty and obtain explicitly computable majorants of ‖ v−u ‖_a for the afore mentioned variational inequalities.

190 S. I. REPIN

2. The obstacle problem

2.1 Variational formulations. We consider the bilinear form a(v, w) := ∫ Ω A∇v · ∇w dx , (2.1)

where Ω is a bounded domain in R^2 with Lipschitz continuous boundary ∂Ω and A = {a_{ij}} is a symmetric matrix satisfying the usual ellipticity conditions ν_1 |ξ|^2 ≤ Aξ · ξ ≤ ν_2 |ξ|^2 , ∀ξ ∈ R^n . (2.2)

By V_0 we denote the subset of W^1_2 (Ω) formed by functions vanishing on ∂Ω. Let ϕ, ψ ∈ W^2_2 (Ω) be two given functions such that ϕ(x) ≤ ψ(x) for all x ∈ Ω, j ≡ 0, ⟨f, v⟩ = ∫ Ω fv dx, and K = K_{ϕψ} := { v ∈ V_0 || ϕ(x) ≤ v(x) ≤ ψ(x) a.e. in Ω } . Then P is the classical obstacle problem (see, e.g., [2, 4]). A solution u minimizes the functional J(v) = ∫ Ω A∇v · ∇v dx − ∫ Ω fv dx

on the set K_{ϕψ}. In general, it divides Ω into three sets:

Ω^u_⊕ := { x ∈ Ω || u(x) = ψ(x)} , Ω^u_⊖ := { x ∈ Ω || u(x) = ϕ(x) } , Ω^u_0 := { x ∈ Ω || ϕ(x) < u(x) < ψ(x) } . The sets Ω^u_⊕ and Ω^u_⊖ are called upper and lower coincidence sets and the open set Ω^u_0 is the complementary set, where a solution satisfies the differential equation. Thus, we see that this problem involves free boundaries, which are unknown a priori.

Differentiability properties of solutions to linear and quasiliniear problems with obstacles were investigated by many authors (see, e.g., [2–4, 12, 13]). In particular, it was proved that under natural assumptions on external data, u ∈ W^2_2 (Ω) and even for very smooth data u may have limit regularity (which is W^2_∞). Hereafter, we assume that these assumptions are fulfilled and, thus, a solution possesses W^2_2 – regularity.

ESTIMATES FOR VARIATIONAL INEQUALITIES 191

2.2 Perturbed problem. Let us introduce the perturbed functional

J_λ(v) := J(v) − ∫ Ω λ · (v − Φ) dx, where Φ = (ϕ, −ψ) and v = ( v, −v).

λ ∈ Λ_+ := { (λ_1, λ_2) || λ_i ∈ L_2(Ω), λ_i(x) ≥ 0 a.e. in Ω, i = 1, 2 } . It is easy to see that sup λ∈Λ_+

J_λ(v) = J(v) − inf_{λ∈Λ +} ∫ Ω λ · (v − Φ) dx =

= { J(v) if v ∈ K_{ϕψ} −∞ if v ∉ K_{ϕψ} . (2.3)

With the functional J_λ we associate a perturbed variational problem.

Problem P_λ. Find u_λ ∈ V_0 such that J_λ(u_λ) = inf_{v∈V0} J_λ(v) := infP_λ. (2.4)

Since inf_{v∈V0} J_λ(v) ≤ inf_{v∈Kϕψ} J_λ(v) = inf_{v∈Kϕψ} J(v) = inf P, we see that inf P_λ ≤ inf P ∀ λ ∈ Λ_+. (2.5) It follows from (1.4) and (2.5) that 1 2 ‖ v − u ‖^2_a ≤ J(v) − inf P_λ λ ∈ Λ_+. (2.6) To estimate the right hand side of (2.5) we introduce a dual counterpart for Problem P_λ.

2.3. Dual perturbed problem. By using the Lagrangian L(v, τ^∗, λ) := ∫ Ω ( τ^∗ · ∇v − 1 2 ^Aτ^∗ · τ^∗ − fv − λ · (v − Φ) ) dx,

where Â is the matrix inverse to A, we can define the perturbed functional as follows J_λ(v) = sup_{τ ∗ ∈Y ∗} L(v, τ^∗, λ), Y^∗ := L_2(Ω, R^2).

192 S. I. REPIN

Known minimax theorems of the calculus of variations lead to a new variational problem, which is dual to Problem P_λ.

Problem P^∗_λ. Find τ^∗_λ such that

J^∗_λ(τ^∗_λ ) = sup_{q∗ ∈Q∗} fλ J^∗_λ(q^∗),

where

J^∗_λ(q^∗) = ∫ Ω ( − 1 2 ^Aq^∗ · q^∗ + λ · Φ ) dx,

Q^∗_{fλ} := { q^∗ ∈ Y^∗ || ∫ Ω q^∗ · ∇v dx = ∫ Ω (fv + λ · v) dx ∀v ∈ V_0 } .

We note that the set Q^∗_{fλ} is a closed affine manifold in Y^∗ and the functional −J^∗_λ is convex and continuous on Y^∗. Therefore, Problem P^∗_λ has a solution and inf P_λ = sup P^∗_λ. (2.7)

2.4. Estimates of the deviation. Relations (1.3) and (2.7) yield the estimate 1 2 ‖ v − u ‖^2_a ≤ J(v) − sup P^∗_λ ≤ J(v) − J^∗_λ(q^∗) , (2.8)

which holds for any v ∈ K_{ϕψ}, q^∗ ∈ Q^∗_{fλ} and λ ∈ Λ_+.

By rewriting the right-hand side of (2.8), we obtain 1 2 ‖ v − u ‖^2_a ≤ ∫ Ω ( 1 2 A∇v · ∇v − fv ) dx + ∫ Ω 1 2 ^Aτ^∗ · τ^∗ dx−

− ∫ Ω λ · Φ dx + 1 2 ∫ Ω ( ^Aq^∗ · q^∗ − ^Aτ^∗ · τ^∗ ) dx (2.9)

By using the identity ^Aa · a − ^Ab · b = ^A(a − b) · (a − b) + 2 ^Ab · (a − b) and the integral identity ∫ Ω fv dx = ∫ Ω q^∗ · ∇v dx − ∫ Ω λ · v dx ∀q^∗ ∈ Q^∗_{fλ} ,

ESTIMATES FOR VARIATIONAL INEQUALITIES 193

we obtain 1 2 ‖ v − u ‖^2_a ≤^1_2 ∫ Ω (A∇v − τ^∗) · (∇v − ^Aτ^∗) dx+

+ ∫ Ω λ · (v − Φ) dx + 1 2 ∫ Ω ^A(q^∗ − τ^∗) · (q^∗ − τ^∗)+

+ ∫ Ω (∇v − ^Aτ^∗) · (τ^∗ − q^∗) dx. (2.10)

The last integral can be estimated as follows ∫ Ω (∇v − ^Aτ^∗) · (τ^∗ − q^∗)dx ≤^β_2 ∫ Ω A(∇v − ^Aτ^∗) · (∇v − ^Aτ^∗) dx+

+^1_{2β} ∫ Ω ^A(q^∗ − τ^∗) · (q^∗ − τ^∗) dx, (2.11)

where β is any positive number.

Let us introduce the quantity d^2(τ^∗, Q^∗_{fλ}) := inf_{q∗ ∈Q∗fλ} ∫ Ω ^A(q^∗ − τ^∗) · (q^∗ − τ^∗) dx , (2.12)

which can be considered as a distance between τ^∗ and the set Q^∗_{fλ}.

Then the estimate (2.11) comes in the form

‖ v − u ‖^2_a ≤ (1 + β)d^2(τ^∗, Q^∗_{fλ}) + (1 + β^{−1})‖ ∇v − ^Aτ^∗ ‖^2_a+ + 2 ∫ Ω λ · (v − Φ) dx. (2.13)

If τ^∗ ∈ Q^∗ := { τ^∗ ∈ Y^∗ || div τ^∗ ∈ L_2(Ω) } then d(τ^∗, Q^∗_{fλ}) can be estimated by the duality procedure (see [9–11]). As a result of this, we obtain d(τ^∗, Q^∗_λ) ≤ C_{Ω,A} ‖div τ^∗ + f + λ_1 − λ_2‖ , (2.14)

where C_{Ω,A} = inf_{w∈V0} ‖ w ‖_a ‖w‖ and ‖ · ‖ is the usual norm in L_2(Ω).

194 S. I. REPIN

Then (2.13) comes in the form

‖ v − u ‖^2_a ≤C^2_{Ω,A}(1 + β) ‖div τ^∗ + f + λ_1 − λ_2‖^2 +

+ (1 + β^{−1})‖ ∇v − ^Aτ^∗ ‖_a)^2 + 2 ∫ Ω λ · (v − Φ) dx. (2.15)

To obtain more a rigorous upper bound of the deviation ‖ v − u ‖_a one should find a suitable function λ minimizing the right-hand side of (2.15).

For any continuous function v one can define three sets (some of which may be empty) Ω^v_0 := { x ∈ Ω || ϕ(x) < v(x) < ψ(x) } , Ω^v_⊖ := { x ∈ Ω || v(x) = ϕ(x) } , Ω^v_⊕ := { x ∈ Ω || v(x) = ψ(x) } . In (2.15), we can set the functions λ_1 and λ_2 as follows: λ_1 = λ_2 = 0 a.e. in Ω^v_0, λ_1 = −⟨ div τ^∗ + f ⟩_⊖, λ_2 = 0 a.e. in Ω^v_⊖, λ_1 = 0, λ_2 = ⟨ div τ^∗ + f ⟩_⊕, a.e. in Ω^v_⊕.

This choice leads to the estimate

‖ v − u ‖^2_a ≤ M_1(v, τ^∗, β) := ( 1 + 1 β ) ‖ ∇v − ^Aτ^∗ ‖^2_a + C^2_{Ω,A}(1 + β) × × [ ∫ Ω^v_0

|r(τ^∗)|^2 dx + ∫ Ω^v_⊕

⟨ r(τ^∗) ⟩^2_⊖ dx + ∫ Ω^v_⊖

⟨ r(τ^∗) ⟩^2_⊕ dx ] , (2.16)

where r(τ^∗) = div τ^∗ + f and ⟨ ⟩_⊖ and ⟨ ⟩_⊕ denote negative and positive parts of a quantity.

The majorant M_1 consists of four terms. The first term penalizes an error in the duality relation ∇v = ^Aτ^∗ and the other three terms penalize “improper” behavior of r(τ^∗) on the sets Ω^v_0, Ω^v_⊕, and Ω^v_⊖, respectively. It is easy to see that the majorant M_1 is a nonnegative function of its arguments, which vanishes if and only if ∇v(x) = ^Aτ^∗(x) for a.e. x ∈ Ω, (2.17) div τ^∗(x) + f(x) ≤ 0, for a.e. x ∈ Ω^v_⊖, (2.18) div τ^∗(x) + f(x) = 0, for a.e. x ∈ Ω^v_0, (2.19) div τ^∗(x) + f(x) ≥ 0 for a.e. x ∈ Ω^v_⊕. (2.20)

ESTIMATES FOR VARIATIONAL INEQUALITIES 195

In this case, for any w ∈ K_{ϕψ}, we have ∫ Ω A∇v · ∇(w − v) dx − ∫ Ω f(w − v) dx =

= ∫ Ω (div τ^∗ + f)(v − w) dx = ∫ Ω^v_⊖

(div τ^∗ + f)(ϕ − w) dx+

+ ∫ Ω^v_0

(div τ^∗ + f)(v − w) dx + ∫ Ω^v_⊕

(div τ^∗ + f)(ψ − w) dx ≥ 0 . (2.21)

This inequality means that v is a solution of the considered problem and, thus, we arrive at the following statement:

Proposition 1. For any β > 0, the functional M_1(v, τ^∗, β) is nonnegative and vanishes if and only if v = u and τ^∗ = A∇u, where u is a solution of the variational inequality a(u, w − u) ≥ ∫ Ω f(w − u) dx ∀w ∈ K_{ϕψ} . (2.22)

To obtain more a rigorous upper bound of the deviation ‖ v − u ‖_a one should find λ by minimizing the right-hand side of the estimate (2.15). This procedure can be done exactly what results in the estimate

‖ v − u ‖^2_a ≤ M_2(v, τ^∗, β) := (1 + 1 β )‖ ∇v − ^Aτ^∗ ‖^2_a+ + ∫ Ω R(v, div τ^∗ + f, β) dx , (2.23)

where

R(v, r, β) = −^{(ϕ−v)2}_{cβ} + 2r(ϕ − v) if c_βr + v ≤ ϕ c_βr^2 if ϕ < c_βr + v < ψ −^{(ψ−v)2}_{cβ} + 2r(ψ − v) if c_βr + v ≥ ψ (2.24)

and c_β = C^2_{Ω,A}(1 + β) The functional M_2 is defined for any v ∈ K_{ϕψ}, τ^∗ ∈ Q^∗, and β > 0. By the method of its construction, we see that M_2(v, τ^∗, β) ≤ M_1(v, τ^∗, β). Thus, the following assertion is evident.

196 S. I. REPIN

Proposition 2. For any β > 0, the functional M_2(v, τ^∗, β) is nonnegative and vanishes if and only if v = u and τ^∗ = A∇u, where u is a solution of the variational inequality (2.22).

The first term in (2.24) has the same structure as in (2.16), while the second one replaces three last terms in (2.16) and, in a sense, inherits all their properties. To make this fact more transparent, we present the shape of the integrand R, considered as a function of its two arguments for the case, in which ϕ = 0 and ψ = 1 (so that 0 ≤ v ≤ 1).

Fig. 1.

We see that R = 0 in three cases: (a) r = 0, (b) v = ϕ = 0 and r < 0, (c) v = ψ = 1 and r > 0.

Remark 1. One can prove that for any positive β the majorant M_2(v, τ^∗, β) possesses necessary continuity properties with respect to the first and second arguments. Namely, M_2(v_k, τ^∗_k , β) → 0 if v_k → u in V_0 and τ^∗_k → A∇u in Q^∗.

Remark 2. If ψ = +∞ (i.e., if only one obstacle exists) then the function R has a more compact form: R(v, τ^∗, β) = c_β [ |r|^2 − ⟨ v − ϕ c_β + r ⟩^2_⊖ ]

ESTIMATES FOR VARIATIONAL INEQUALITIES 197

For the paradigm of the membrane problem, this case was analyzed in [14], where one can also find some numerical examples.

Remark 3. Right-hand sides of estimates (2.16) and (2.24) contain free parameters: they are valid for any β > 0 and τ^∗ ∈ Q^∗. Therefore, optimal majorant of the deviation requires a minimization over β and τ^∗.

3. Elasto-plastic torsion problem

Let Ω be a bounded domain in R^2 with Lipschitz continuous boundary ∂Ω. We consider the classical problem on torsion of a “long” elasto-plastic bar, whose cross-section is Ω. If the bar is made of an isotropic material then this problem can be reduced to the following variational inequality (see, e.g., [1]): find u ∈ K such that ∫ Ω ∇u · ∇(v − u) dx ≥ μ ∫ Ω (v − u) dx ∀v ∈ K, (3.1) where μ is a positive parameter,

K := { v ∈ V_0 || |∇v| ≤ 1 a.e. in Ω } , and V_0 is defined as in the previous section.

Mathematical properties of this problem has been investigated by many authors. This problem has a unique solution, which has a free boundary separating the sets

Ω_e := { x ∈ Ω || |∇u| < 1 } and Ω_p := { x ∈ Ω || |∇u| = 1 } . These sets are called the elastic and plastic sets, respectively. It is known that under natural assumptions on external data a solution u has second generalized derivatives summable with any power (see, e.g., [2]).

If Ω is 1-connected then the solution of problem (3.1) coincides with the solution of the following obstacle problem (see, e.g., [2, 7, 15]) Problem P. Find u ∈ K_d such that J(u) = inf_{v∈Kd} J(v), J(v) = 1 2 ∫ Ω ( |∇v|^2 − μv ) dx , (3.2) where K_d := { v ∈ V_0 || |v| ≤ d(x, ∂Ω) for a.e. x ∈ Ω } and d(x, ∂Ω) denotes the distance to ∂Ω.

198 S. I. REPIN

Problem (3.2) is, in fact, an obstacle problem with two obstacles considered in Sec. 2. Therefore, we can apply above estimates (2.16) or (2.24) with ϕ = −d(x, ∂Ω) and ψ = d(x, ∂Ω). In particular, if v has a fixed sign in Ω (e.g., v is nonnegative in Ω) then (2.16) gives the estimate ‖ v − u ‖^2_a ≤ ( 1 + 1 β ) ‖ ∇v − τ^∗ ‖^2_a +

+ C^2_Ω(1 + β) [ ∫ Ω_e(v)

(divτ^∗ + μ)^2 dx + ∫ Ω_p (v)

⟨ divτ^∗ + μ ⟩^2_⊖ dx ] , (3.3)

where Ω_e(v) and Ω_p(v) are elastic and plastic sets associated with function v ∈ K and C_Ω is a constant in the Friederihs–Poincaré inequality.

In the case of a multi-connected domain, the elasto-plastic torsion problem can also be represented as an obstacle problem (see [2]). Therefore, estimates (2.16) and (2.24) give a way to estimate v − u for such problems.

4. Model problem with friction

4.1.Basic problem. We analyse the inequality (1.1) provided that ∂Ω consists of two measurable nonintersecting parts Γ_0 and Γ_1,

K = V_0(Γ_0) := { v ∈ W^1_2 (Ω) || v = 0 on Γ_0 } , and j(v) = γ ∫ Γ_1 |v| dx .

In this case, Problem P can be considered as a model problem involving friction type boundary condition on the boundary Γ_1 and the positive parameter γ has a meaning of the coefficient of friction. By n we shall denote the unit outward normal to Γ_1.

Our problem has a variational form: find u ∈ V_0(Γ_0) such that

J(u) = inf_{v∈V0(Γ0)} J(v) = inf P .

This problem has a unique solution. Moreover, if Γ_1 = ∂Ω is smooth and f ∈ L_2(Ω), then u ∈ W^2_2 (Ω). Hereafter, we assume that external data are such that this solution has square summable second derivatives.

ESTIMATES FOR VARIATIONAL INEQUALITIES 199

Then, directly from the variational inequality, it follows that u satisfies the relations

Δu + f = 0 in Ω (4.1) u = 0 on Γ_0 (4.2) |u_{,n}| < γ ⇒ u = 0 on Γ_1 (4.3) |u_{,n}| = γ ⇒ u ≤ 0 on Γ_1 (4.4) |u_{,n}| = −γ ⇒ u ≥ 0 on Γ_1, (4.5)

where u_{,n} denotes the normal component of ∇u. It is not difficult to verify that conditions (4.3)–(4.5) are equivalent to the relations

|u_{,n}| ≤ γ on Γ_1 , (4.6) u u_{,n} + γ |u| = 0 on Γ_1 , (4.7)

which present “friction” conditions on Γ_1.

4.2. Perturbed problems. Let us consider the following perturbed functional

J_λ(v) = 1 2 ∫ Ω ( |v|^2 − fv ) dx + γ ∫ Γ_1

λv dΓ , (4.8)

where λ ∈ Λ_0 := { λ ∈ L_∞(Ω) || |λ| ≤ 1 a.e. on Γ_1 } . The perturbed Problem P_λ is to find u_λ ∈ V_0(Γ_0) such that

J_λ(u_λ) = inf_{v∈V0(Γ0)} J_λ(v) = inf P_λ .

This problem is a simple quadratic problem, which has a unique solution for any λ ∈ Λ_0.

It is easy to see that

J(v) = sup_{λ∈Λ0} J_λ(v)

and, consequently, inf v∈V_0(Γ_0)

J_λ(v) ≤ inf_{v∈V0(Γ0)} J(v) = inf P. (4.9)

200 S. I. REPIN

The perturbed problem that stands in the left-hand side of (4.9) has a dual counterpart. The respective problem P^∗_λ is to find τ^∗_λ ∈ Q^∗_{γλ} such that I^∗_λ(τ^∗_λ ) = sup_{q∗∈Q∗} γλ I^∗_λ(q^∗) ,

where I^∗_λ(q^∗) = − 1 2 ∫ Ω |q^∗|^2 dx

and Q^∗_{γλ} := { q^∗ ∈ Y^∗ || ∫ Ω q^∗ · ∇v dx = ∫ Ω fv dx − γ ∫ Γ_1

λv dΓ ∀v ∈ V_0(Γ_0) } .

This problem also has a unique solution. Moreover,

inf P_λ = sup P^∗_λ .

4.3. Estimates of the deviation. In view of the above connection between lower and upper bounds in Problems P_λ and P^∗_λ, we obtain 1 2 ‖∇(v − u)‖^2 ≤ J(v) − sup P^∗_λ ≤ J(v) − I^∗_λ(q^∗) ∀q^∗ ∈ Q^∗_{γλ} . (4.10)

By arguments similar to those used in Sec. 2, we rearrange the right-hand side of (4.12) and find that for any positive β and any τ^∗ ∈ Y^∗ holds the estimate ‖∇(v − u)‖^2 ≤ ( 1 + 1 β ) ‖∇v − τ^∗‖^2 + + (1 + β) inf_{q∗ ∈Q∗γλ} ‖q^∗ − τ^∗‖^2 + γ ∫ Γ_1 (λv + |v|) dx . (4.11)

Let τ^∗ ∈ Q^∗, then inf q^∗ ∈Q^∗_{γλ} ‖q^∗ − τ^∗‖^2 ≤

≤ C^2_{ΩΓ} ∫ Ω |divτ^∗ + f|^2 dx + ∫ Γ_1 |γλ − τ^∗_n|^2 dΓ , (4.12)

ESTIMATES FOR VARIATIONAL INEQUALITIES 201

where τ^∗_n = τ^∗ · n, and C_{ΩΓ} a constant in the inequality ∫ Ω |w|^2 dx + ∫ Γ_1

|w|^2 dΓ ≤ C^2_{ΩΓ} ∫ Ω |∇w|^2 dx ∀w ∈ V_0(Γ_0) . (4.13)

Combining (4.11) and (4.12), we obtain ‖∇(v − u)‖^2 ≤ ( 1 + 1 β ) ‖∇v − τ^∗‖^2 +

+ (1 + β)C^2_{ΩΓ} ∫ Ω |divτ^∗ + f|^2 dx + ∫ Γ_1 |γλ − τ^∗_n|^2 dΓ +

+ γ ∫ Γ_1 (λv + |v|) dx . (4.14) Let us choose here λ as follows: λ(x) = τ^∗_n(x)/γ if |τ^∗_n(x)| 6 γ λ(x) = −1 if τ^∗_n(x) < −γ λ(x) = +1 if τ^∗_n(x) > γ In this case the resulting estimate has the form ‖∇(v − u)‖^2 ≤ M_3(v, τ^∗, β) = ( 1 + 1 β ) ‖∇v − τ^∗‖^2 + + (1 + β) C^2_{ΩΓ} ∫ Ω |divτ^∗ + f|^2 dx + ∫ Γ_1

Θ_1(v, τ^∗_n , β) dx , (4.15)

where

Θ_1(v, τ^∗_n, β) =

(1 + β)C^2_{ΩΓ} |τ^∗_n + γ|^2 + γ(|v| − v) if τ^∗_n < − γ τ^∗_nv + γ |v| if |τ^∗_n| ≤ γ (1 + β)C^2_{ΩΓ} |τ^∗_n − γ|^2 + γ(|v| + v) if τ^∗_n > + γ It is easy to see that the first and the third branches of the above function give positive values and, consequently, zero values may arise only in the second branch. Thus, for any β > 0, the functional M_3(v, τ^∗, β) is nonnegative and vanishes if and only if ∇v = τ^∗, a.e. in Ω (4.16) div τ^∗ + f = 0 a.e. in Ω (4.17) |τ^∗_n| ≤ γ and τ^∗_nv + γ |v| = 0 a.e. on Γ_1 (4.18)

202 S. I. REPIN

Since ∇v · n = v_{,n}, the above relations holds if and only if the pair of functions (v, τ^∗) meets the relations (4.16), (4.17), and the conditions (4.6) and (4.7) on the contact boundary Γ_1.

The above is summarized in the following assertion:

Proposition 3. For any β > 0, the functional M_3(v, τ^∗, β) is nonnegative and vanishes if and only if v = u and τ^∗ = ∇u.

To obtain a sharper estimate, the right-hand side of (4.14) should be minimized over λ ∈ [−1, 1]. Then, we obtain ‖∇(v − u)‖^2 ≤ ( 1 + 1 β ) ‖∇v − τ^∗‖^2 + + (1 + β) C^2_{ΩΓ} ∫ Ω |divτ^∗ + f|^2 dx + ∫ Γ_1 Θ_2(v, τ^∗_n , β) dx ,

where

Θ_2(v, τ^∗_n, β) = γ |v| + inf_{ξ∈[−1,1]} { (1 + β)C^2_{ΩΓ}(γξ − τ^∗_n)^2 + γvξ } . References

1. G. Duvant and J.-L. Lions, Les inequations en mechanique eten physique. Dunod, Paris (1972).

2. A. Friedman, Variational principles and free-boundary problems. New York, Wiley (1982).

3. N. N. Ural~ceva, O regulØrnosti variacionnyh neravenstv. Uspehi mat.

nauk, 42, vyp. 6(258) (1987), 151–174.

4. D. Kinderlehrer and G. Stampacchia, An introduction to variational inequalities and their applications. Academic Press, New York, 1980.

5. L. A. Caffarelli, A. Friedman, and G. Pozzi, Reflection Methods in the Elastic-Plastic Torsion Problem. Indiana Univ. Math. J., 29, 2 (1980), 205–228.

6. R. S. Falk, Error estimates for the approximation of a class of variational inequalities. Math. Comput., 28 (1974), 963–971.

7. R. Glowinski, J. L. Lions and R. Tremolieres, Analyse numerique des inequations variationnelles. Dunod, Paris 1976.

8. W. Han and D. C. Reddy, On the finite element method for mixed variational inequalities arising in elastoplasticity. SIAM J. Numer. Anal., 32, No. 6 (1995), 1776–1807.

9. S. Repin, A posteriori error estimation for variational problems with uniformly convex functionals. Mathematics of Computations, 69 (2000), 230, 481–500.

10. S. Repin, A posteriori error estimation for nonlinear variational problems by duality theory. Zapiski Nauchn. Semin. POMI, 243 (1997), 201–214.

11. S. Repin, A posteriori estimates for approximate solutions of variational problems with strongly convex functionals. Problems of Mathematical Analysis, 17 (1997),

ESTIMATES FOR VARIATIONAL INEQUALITIES 203

199–226 (in Russian); English translation in Journal of Mathematical Sciences, 97, No. 4 (1999), 4311–4328.

12. A. A. Arhipova, O predel~noæ gladkosti rexeniØ zadaqi s dvustoronnim prepØtstviem. Vestn. LGU, No. 7 (1984), 5–9.

13. M. Chipot, Free boundary problem. Vol. 2, Roma (1980), 135–140. 14. H. Buss and S. Repin, A posteriori error estimates for boundary value problems with obstacles. Preprint 99-55 (SFB–359), 1999, Heidelberg.

15. H. Brezis and M. Sibony, Equivalence de deux inéquations variationnelles et applications. Arch. Rat. Mech. Anal., 41 (1971), 254–265.

Postupilo 8 noØbrØ 2000 g.

Department of Applied Mathematics Sankt-Petersburg State Technical University 195251, Sankt-Petersburg, Russia repin@ mat.amd.stu.neva.ru