Zapiski nauqnyh seminarov POMI Tom 271, 2000 g.

L. Consiglieri and T. Shilkin

REGULARITY TO STATIONARY WEAK SOLUTIONS IN THE THEORY OF GENERALIZED NEWTONIAN FLUIDS WITH ENERGY TRANSFER

To the memory of A. I. Ivanov

ABSTRACRT. In this work we prove regularity results for weak solutions to some stationary problems arising in the theory of generalized Newtonian fluids with energy transfer. Namely, we prove that these solutions are strong. In two-dimensional case we prove the Hölder continuity of the first gradient of solutions.

1. Introduction

In fluids mechanics, there exists various types of non-Newtonian fluids: fluids of the diferential type, of grade n, of rate type and integral type. Many considerations about these fluids can be seen in the Rajagopal’s paper [23], like, the ability to shear thin or shear thicken, the ability to creep, the ability to relax stresses, the presence of normal stress diferences in simple shear flows or the presence of yield stress. One example can be the generalized Newtonian fluids.

A recent worry of many authors is the study of flow with energy transfer. Mathematically, it results in the study of a coupled system of nonlinear partial differential equations. We can mention, for example, Duvaut and Lions [7] that studied the evolution case to the Bingham fluid, Rodrigues [24, 25] that studied an unidirectional flow and a stationary free boundary problem for thermoconvective flows of Boussinesq–Stefan type, [1] and Baranger and Mikelic that proved existence of a least one weak solution for the system describing the stationary flow of a quasi- Newtonian fluid, with temperature dependent viscosity and with creation of heat by viscous dissipation. Unfortunately, all these works only give weak solutions.

We may also refer the works [4] and [21] which give existence and uniqueness of a new kind of solution: weak-renormalized solution to solve

This work is partially supported by the Russian Foundation for Basic Research, grant No. 99-01-00108. 122

REGULARITY TO STATIONARY WEAK SOLUTIONS 123

problems motivated by turbulence modelling. For example, (k, ε)-model or models for the compled Atmosphere and Ocean (see references in [21]).

In this paper, we develop the study of regularity for solutions to the problem described above. We would like to mention here the paper [16] of Kagei, M. Ružička, and G. Thäter who proved existence of a strong solutions in non-stationary case for small data, and the papers [26, 27] of G. Seregin who investigated questions of regularity in isothermal nonstationary 2D- and 3D-cases.

New regularity criterious for steady isothermal equations when n ≥ 5 are done in [8] (see also the references therein).

The new idea of this work is how standard techniques can be useful to obtain a new result of regularity. Assuming the existence of weak solutions to the coupled system constitued by motion and energy equations, first we prove higher summability to the gradient of the velocity, using the reverse Hölder inequality. Second, we prove that this higher summability is true up to the boundary. Next we prove higher summability to the gradient of the energy, using again the reverse Hölder inequality.

We estimate the second derivatives for the solution to a regularized problem of the motion equation, with help of finite differences. Finally, interior regularity for the gradient of the velocity is obtained.

There are papers devoted even to L logL growth of functionals but all of them consider problems without convective term.

At two-dimensional case, regularity of the gradient of the energy follows from the general theory. Regularity of the gradient of the velocity is not trivial. On the contrary, it is very complicated. But, if we have a C^{1+α}-coefficient, then the problem of Hölder continuity for the gradient of the velocity is well studied by Seregin and others.

2. Statement of the problem

Let us consider the boundary-value problem of the following form:

− div σ + (∇u)u = f − ∇π in Ω;

div u = 0 in Ω;

(2.1)

− div G + u · ∇e = σ : ε(u) + g in Ω; (2.2) u | ∂Ω = 0, e | ∂Ω = 0. (2.3)

Here Ω is a bounded domain in R^n (n = 2, 3) with a smooth boundary ∂Ω, unknown functions are the velocity field u : Ω → R^n, pressure field π : Ω → R and internal energy e : Ω → R. We denote by ε(u) =^1_2 ( ∇u +

124 L. CONSIGLIERI AND T. SHILKIN (∇u)^T ) the strain velocity tensor, f : Ω → R^n a given external force and g : Ω → R^n a given function describing heat sources or heat flow.

We use following notations: M^{n×n} is the space of matrixes n × n, and

M^{n×n}_{sym} is the subspace of symmetric matrixes, A : B = A_{ij}B_{ij} , ∀A, B ∈ M^{n×n} a · b = a_ib_i ∀a, b ∈ R^n |A| = (A : A)^{1/2}, |a| = (a · a)^{1/2} a ⊗ b = (a_ib_j), i, j = 1, . . . , n a ⊙ b = (a ⊗ b + b ⊗ a)/2. (here and everywhere repeated indices imply summation from 1 to n).

The problem (2.1)–(2.5) describes the steady-state motion of one class of generalized Newtonian fluid which has a constitutive relation between stress tensor σ and strain velocity tensor ε(u) of the following form:

σ = β(θ(e))a(ε(u)). (2.4)

The viscosity β in this relation depends on the temperature θ where the temperature is a smooth function of the internal energy e. So we denote by μ ≡ β ∘ θ. For the physical cases of the dependence σ on ε(u), we may give as examples: the “power law” of Ostwald and de Waele, the Carreau, Prandtl–Eyring, Williamson, Cross, Ellis models (see [2]) or the Ladyzenskaya model (see [19]).

If there is a function W such that a(τ ) =^{∂W}_{∂τ} (τ ) then we call it a dissipative potential of the fluid.

The relation between heat flux G and internal energy e is given by the formula G = k(e)b(∇e). (2.5) The particular case of b(ξ) = ξ, k(s) = const is known as Fourier law of heat conductivity.

3. Assumptions and statement of the main result

We assume that the data of our problem satisfy the following structure conditions:

a : M^{n×n}_{sym} → M^{n×n}_{sym} is a function of class C^1 which satisfies the condi-

tions ∃ν_0, ν_1 > 0 : ν_0(1 + |τ |)^{p−2}|–|^2 6 ( ∂a ∂τ (τ )– ) : –, | | ∂a ∂τ (τ ) | | 6 ν1(1 + |τ |)^{p−2 (3.1)}

REGULARITY TO STATIONARY WEAK SOLUTIONS 125

for all τ and – ∈ M^{n×n}_{sym} .

b : R^n → R^n is a function of class C^1 which satisfies the conditions ∃–0, –1 > 0 : –0(1 + |ξ|)^{q−2}|η|^2 6^{( ∂b}_{∂ξ} (ξ)η^) · η, | | ∂b ∂ξ (ξ) | | 6 –1(1 + |ξ|)^{q−2 (3.2)}

for all ξ and η ∈ R^n.

μ : R → R is a function of class C^1 such that

0 < μ_0 6 μ(s) 6 μ_1, |μ^′(s)| 6 μ_2; (3.3)

k : R → R is a function of class C^1 such that

0 < k_0 6 k(s) 6 k_1, |k^′(s)| 6 k_2. (3.4)

We shall use the following functional spaces:

L^p(Ω, R^n), W^{1,p}(Ω, R^n), W^{1,p}_0 (Ω, R^n) are the usual Lebegue and Sobolev spaces of vector functions with values in R^n; L^p(Ω) = L^p(Ω, R), e.t.c.; the norms in L^p(Ω) and W^{1,p}(Ω) we denote by ‖·‖_{p,Ω} and ‖·‖_{(1),p,Ω}, respectively;

(W^{1,p}_0 (Ω))^∗ is the conjugate to W^{1,p}_0 (Ω); J^{1,p}(Ω) = {v ∈ W^{1,p}(Ω; R^n) : divv = 0}; J^∞_0 (Ω) = {v ∈ C^∞_0 (Ω; R^n) : divv = 0}; J^{1,p}_0 (Ω) is the closure of J^∞_0 (Ω) in W^{1,p}(Ω; R^n).

For domains Ω with sufficiently smooth boundaries J^{1,p}_0 (Ω) = J^{1,p}(Ω) ∩ W^{1,p}_0 (Ω).

We use also notations |ω| = meas ω, (f)_ω =^1_{|ω|} ∫ ω fdx. Unless otherwise stated constants C (that can be different from line to line) can depend only on ν_i, –_i, μ_i, k_i, δ_i, p, q, and n.

We assume the following conditions on the data of the problem:

f ∈ L^{p′} (Ω, R^n), g ∈ L^1(Ω). (3.5)

In this paper we consider the problem (2.1)–(2.5) under the following restrictions on p and q: p > 3n n + 2

, (3.6)

q > n. (3.7)

126 L. CONSIGLIERI AND T. SHILKIN

Definition. We say that (u, π, e) is a weak solution to a system (2.1)– (2.5) iff the functions u, π and e belong to the spaces

u ∈ J^{1,p}_0 (Ω), π ∈ L^{p′} (Ω),

e ∈ W^{1,r}_0 (Ω) ∀ r < n n − 1 (q − 1)

and satisfy the integral identities ∫ Ω ( μ(e)a(ε(u)) : ε(w) − u ⊗ u : ∇w ) dx =

= ∫ Ω (f · w + πdivw)dx ∀ w ∈ W^{1,p}_0 (Ω; R^n), (3.8) ∫ Ω ( k(e)b(∇e) · ∇η + u · ∇eη ) dx =

= ∫ Ω ( μ(e)a(ε(u)) : ε(u)η + gη ) dx ∀ η ∈ W^{1,s′}_0 (Ω), ∀ s < n n − 1 . (3.9)

Remark 3.1. Note that all the terms in the integral identity (3.9) make sense froviding (3.5) holds. Indeed, to the first one we have b(∇e) ∈ L^{rq−1} (Ω, R^n) and s^′ =^r_{r−q+1} ; to the second one, for p 6 n we have an imbedding u ∈ J^{1,p}(Ω) → L^{pnn−p} (Ω, R^n) where^{pn}_{n−p} > n if n = 2, 3 and (3.5) hold; while for the terms on the right hand side it is sufficient to remind that W^{1,s′}_0 (Ω) → L^∞(Ω).

Existence of a weak solution to system (2.1)–(2.5) in stationary as well as in nonstationary cases was proved in [5–6]. In the present paper we investigate regularity of these weak solutions. Our model problem is a two-dimensional problem describing the motion of generalized Newtonian fluids under Fourier law of heat conductivity (case n = 2, q = 2, p >^3_2 ). Our main result is the following

Theorem 3.1. Assume that conditions (3.1)–(3.5) hold and suppose additionaly

f ∈ L^{p1} (Ω, R^n), for some p_1 > p_0 ≡ max{2, p^′}; (3.10)

REGULARITY TO STATIONARY WEAK SOLUTIONS 127

g ∈ L^{p2} (Ω), for some p_2 > 1. (3.11)

Then there is at least one weak solution (u, π, e) to the system (2.1)–(2.5) such that (1 + |ε(u)|)^{p−22} |∇ε(u)| ∈ L^2_{loc}(Ω). (3.12)

Theorem 3.2. Let all conditions of Theorem 3.1 be satisfied. Assume additionaly that n = 2 and

g ∈ L^{2+δ1} (Ω) for some δ_1 > 0. (3.13)

Then for every weak solution (u, π, e) which satisfies (3.12) the following assertions hold

∇u ∈ C^δ_{loc}(Ω, M^{n×n} ), ∇e ∈ C^δ_{loc}(Ω, R^n)

with some δ > 0.

To prove Theorem 3.1 we introduce the following lemma:

Lemma 3.1. Suppose conditions (3.1), (3.3), and (3.6) be satisfied. Suppose also that f ∈ L^{p0} (Ω; R^n),

and that ∇e ∈ L^{n+δ2}_{loc} (Ω, R^n), for some δ_2 > 0. (3.14)

Let the functions u ∈ J^{1,p}(Ω), π ∈ L^{p′} (Ω) satisfy the integral identity (3.8). Then (3.12) is true.

Note that in case of growth condition q > n by our definition of a weak solution the assertion (3.14) is satisfied automaticaly for any weak solution (u, π, e) to the system (2.1)–(2.5). But in case of q = n additional considerations are necessary. From our point of view the case of q = n is the most interesting one because for two-dimensional problem it includes Fourier law of heat conductivity.

In the case of q = n we prove the following lemmas:

Lemma 3.2. Suppose conditions (3.1), (3.3), and (3.6) be satisfied. Assuming that f ∈ L^{p′ +δ3} (Ω, R^n), for some δ_3 > 0. (3.15)

Suppose also that e be an arbitrary measurable function and let functions u ∈ J^{1,p}(Ω), π ∈ L^{p′} (Ω) satisfy the integral identity (3.8) for the given e. Then ∇u ∈ L^{p+δ4}_{loc} (Ω, M^{n×n} ) (3.16)

128 L. CONSIGLIERI AND T. SHILKIN

for some δ_4 ∈ (0, δ_3). Moreover if ∂Ω is of class C^2 and u ∈ J^{1,p}_0 (Ω) then

∇u ∈ L^{p+δ4} (Ω, M^{n×n} ). (3.17)

Lemma 3.3. Assume that q = n, (3.1)–(3.4) and (3.17) hold. Suppose also that g ∈ L^{1+δ5} (Ω), for some δ_5 > 0. (3.18)

Then there exists a function e ∈ W^{1,n}_0 (Ω) satisfying (3.9).

Lemma 3.4. Suppose that q = n, conditions (3.1)–(3.4) be satisfied and also assertions (3.16) and (3.18) be true. Then for any function e ∈ W^{1,n}(Ω) satisfying (3.9) we have

∇e ∈ L^{n+δ6}_{loc} (Ω, R^n) (3.19)

for some δ_6 > 0.

It remains to prove these four lemmas to conclude Theorem 3.1. The outline of the paper is the following: in the Sec. 4 we prove Lemma 3.1. For this purpose we consider an approximation of e by smooth functions. Then we construct an approximation of u by functions u^m that have summable second derivatives. Using some multiplicative inequalities we get for u^m an estimate of type (3.12) which is uniform with respect to m. The last step in the proof of Lemma 3.1 is to pass to the limit in this estimate as m → ∞. In the Sec. 5 we prove Lemmas 3.2–3.4. To prove Lemmas 3.2, 3.4 we derive a reverse Hölder inequality for functions ∇u, ∇e, from which their higher summability follows via theorems developed in [14, 15]. In the Sec. 6 we give a sketch and some references for the proof of Theorem 3.2.

4. Proof of the Lemma 3.1

Through out this section constants C besides ν_i, –_i, μ_i, k_i, p, q, n can depend also on Ω and the radius R that shall be chosen below.

Let u ∈ J^{1,p}_0 (Ω), π ∈ L^{p′} (Ω), e ∈ W^{1,n+δ2} (Ω) satisfy the integral identity (3.8). Consider approximations of (3.8). Let e^m ∈ C^1(Ω̄) such that e^m → e in W^{1,n+δ2}(Ω). For any m there are functions u^m ∈ J^{1,p}_0 (Ω), π^m ∈ L^{p′} (Ω), such that ∫ Ω μ(e^m)a(ε(u^m)) : ε(w)dx =

= ∫ Ω (u^m ⊗ u^m : ε(w) + f · w + π^m divw)dx, ∀ w ∈ W^{1,p}_0 (Ω).

(4.1)

REGULARITY TO STATIONARY WEAK SOLUTIONS 129

In this section we shall denote by K constants (which can be different from line to line) that can depend on f but do not depend on m. Taking in (4.1) a test function w = u^m we get the estimate ‖ ‖∇u^m ‖ ‖^p_{,Ω} 6 C ‖ ‖f ‖ ‖^p ′ p^′,Ω . (4.2)

We remind here the following result of [3] (see also [13]).

Lemma 4.1. Let f ∈ (W^{1,p}_0 (Ω, R^n))^∗ such that ⟨f, w⟩ = 0, ∀ w ∈ J^{1,p}_0 (Ω). Then there is a unique function π ∈ L^{p′} (Ω), ∫ Ω πdx = 0 such that ⟨f, w⟩ = ∫ Ω π div wdx, ∀w ∈ W^{1,p}_0 (Ω; R^n)

and the estimate ‖ ‖π ‖ ‖_{p′,Ω} 6 C(Ω) ‖ ‖f ‖ ‖_{(W 1,p0 (Ω,}R_{n))∗}

is true with constant C depending only on Ω.

This lemma together with (4.2) and (3.3), and the inequality | a(ε(u^m)) | 6 C(1 + |ε(u^m)|)^{p−1} (4.3)

(which follows from (3.1)) imply the estimate ‖ ‖π^m ‖ ‖_{p′ ,Ω} 6 C (‖ ‖f ‖ ‖_{p′,Ω} + 1 ) . (4.4)

Using finite-difference technique it can be shown that for any m ∈ N

(1 + |ε(u^m)|)^{p−22} |∇ε(u^m)| ∈ L^2_{loc}(Ω),

(1 + |ε(u^m)|)^{2−p2} |∇π^m| ∈ L^2_{loc}(Ω).

(4.5)

Now we claim to the estimate

sup_m ∫ Ω^′

(1 + |ε(u^m)|)^{p−2}|∇ε(u^m)|^2dx < +∞, (4.6)

which holds for any Ω^′ b Ω. We split the prove of (4.6) into two parts.

130 L. CONSIGLIERI AND T. SHILKIN

Proof of (4.6). Part 1: p ≥ 2. In this case we assume f ∈ L^2(Ω). From (4.1) and (4.5) the identity follows ∫ Ω μ(e^m) ∂a ∂τ (ε(u^m))ε(u^m_{,k} ) : ε(w)dx =

= − ∫ Ω μ^′(e^m)e^m_{,k} a(ε(u^m)) : ε(w)dx + ∫ Ω ( (u^m ⊗ u^m)_{,k} : ε(w)− (4.7)

−f · w_{,k} + π^m_{,k} div w ) dx, ∀w ∈ C^∞_0 (Ω, R^n). Consider B_{2R}(x_0) b Ω and φ ∈ C^∞_0 (B_{2R}), φ ≡ 1 on B_R, 0 6 φ 6 1.

Choosing in (4.7) w = φ^2u^m_{,k} (taking into account (4.5) this substitution can be easily justified) we get

I_0 ≡ ∫ Ω φ^2μ(e^m) ∂a ∂τ (ε(u^m))ε(u^m_{,k} ) : ε(u^m_{,k})dx = I_1 + I_2 + I_3 + I_4 + I_5,

where

I_1 = − ∫ Ω φ^2μ^′(e^m)e^m_{,k} a(ε(u^m)) : ε(u^m_{,k} ))dx,

I_2 = − ∫ Ω ( μ(e^m)a(ε(u^m)) ) ,k : u^m_{,k} ⊗ ∇φ^2dx,

I_3 = − ∫ Ω f · (φ^2Δu^m + u^m_{,k}φ^2_{,k})dx,

I_4 = ∫ Ω (u^m ⊗ u^m)_{,k} : (φ^2ε(u^m_{,k} ) + u^m_{,k} ⊙ ∇φ^2)dx,

I_5 = ∫ Ω π^m_{,k} u^m_{,k} · ∇φ^2dx. Let us start with the estimate for I_1. By the assumption (3.14) we can choose s ∈ (1, +∞) in such a way that 2s^′ = n + δ_2 and note that 2s < n^∗, where n^∗ =^{2n}_{n−2} if n > 3 and n^∗ = +∞ if n = 2. Applying Hölder inequality we get

|I_1| 6 CI^{1/2}_0 ‖ ‖φ∇e^m ( 1 + | |ε(u^m) | | ) 2−p_2 a(ε(u^m)) ‖ ‖_{2,B2R} (4.8)

REGULARITY TO STATIONARY WEAK SOLUTIONS 131

and from (4.3) we get

|I_1| 6 CI^{1/2}_0 ‖ ‖∇e^m ‖ ‖_{2s′,B2R} ( 1 + ‖ ‖φε(u^m) ‖ ‖ p 2 ps,B2_R ) . Choose θ ∈ (0, 1) in such a way that 2s = 2(1 − θ) + ^nθ where ^n < n^∗. With help of Hölder inequality we obtain ‖ ‖φε(u^m) ‖ ‖ p 2 ps,B2_R = ‖ ‖φ^{p2} |ε(u^m)|^{p2} ‖ ‖_{2s,B2R} 6

6^‖|ε(u^m)|^p2^‖^{1−θs}_{2,B2R}^‖φ^p2 |ε(u^m)|^p2^‖^{bnθ2s}_{bn,B2R} .

Using Sobolev imbedding theorem we get the estimate ‖ ‖φ^{p2} |ε(u^m)|^{p2} ‖ ‖ bnθ_{2s} bn,B2R 6 C ‖ ‖∇(φ^{p2} |ε(u^m)|^{p2} ) ‖ ‖ bnθ_{2s} 2,B2_R 6

6 C^{(‖}φ^p2 ∇|ε(u^m)|^p2^‖^{bnθ2s}_{2,B2R} +^‖|ε(u^m)|^p2^‖^{bnθ2s}_{2,B2R}^) 6

     6 C^(I^{12 bnθ2s}_0 +^‖ε(u^m)^‖^{p2 bnθ2s}_{p,B2R}^).

Hence we get for I_1 the estimate

|I_1| 6 CI^{12}_0 (1 + I bnθ_{4s} 0 ) with 1 2 + ^nθ 4s < 1 as ^nθ < 2s. To study I_2 we split

I_2 ≡ − ∫ Ω ( μ(e^m)a(ε(u^m)) ) ,k : u^m_{,k} ⊗ ∇φ^2dx = I^′_2 + I^{′′}_2 ,

where

I^′_2 = − ∫ Ω μ^′(e^m)e^m_{,k} a(ε(u^m)) : u^m_{,k} ⊗ ∇φ^2dx

I^{′′}_2 = − ∫ Ω μ(e^m) ∂a ∂τ (ε(u^m))ε(u^m_{,k} ) : u^m_{,k} ⊗ ∇φ^2dx.

132 L. CONSIGLIERI AND T. SHILKIN

I^′_2 can be estimated as follows:

|I^′_2| 6 C ‖ ‖φ∇e^m ( 1+ | |ε(u^m) | | ) 2−p_2 a(ε(u^m)) ‖ ‖_{2,B2R} ‖ ‖ ( 1+|ε(u^m)| ) p−2_2 ∇u^m ‖ ‖_{2,B2R} . The first multiplier in the right hand side of the last inequality is exactly the term given in (4.8). So it is already estimated. Second multiplier less or equal to C ( 1 + ‖ ∇u^m ‖ p_2 p,B2_R ) . We estimate I^{′′}_2 using inequality (3.1): |I^{′′}_2 | 6 C ‖ ‖φ ( 1+ | |ε(u^m) | | ) p−2_2 ∇ε(u^m) ‖ ‖_{2,B2R} ‖ ‖(1+|ε(u^m)|)^{p−22} ∇u^m ‖ ‖_{2,B2R} 6

6 CI^{1/2}_0^(1 +^‖∇u^{m‖}^{p2}_{p,B2R}^).

For I_3 the following estimate is true |I_3| 6 C ‖ ‖f ‖ ‖_{2,B2R} ( I^{1/2}_0 + ‖ ‖∇u^m ‖ ‖_{2,B2R} ) . Let us consider now I_4. This estimate requires the restriction on n (n = 2, 3). By Hölder inequality we obtain |I_4| 6 C ‖ ‖φ∇(u^m ⊗ u^m) ‖ ‖_{2,B2R} (‖ ‖φ∇ε(u^m) ‖ ‖_{2,B2R} + ‖ ‖∇u^m ‖ ‖_{2,B2R} ) , and then ‖ ‖φ∇(u^m ⊗ u^m) ‖ ‖_{2,B2R} 6 C ‖ ‖u^m ‖ ‖_{4,B2R} ‖ ‖φ∇u^m ‖ ‖_{4,B2R} . By Korn inequality we get ‖ ‖φ∇u^m ‖ ‖_{4,B2R} 6 C (‖ ‖φε(u^m) ‖ ‖_{4,B2R} + ‖ ‖u^m ‖ ‖_{4,B2R} ) . Reminding that in case of p > 2 and n = 2, 3 by Sobolev theorem we have the imbedding W^{1,p}(B_{2R}) → L^4(B_{2R}) we obtain the estimate ‖ ‖u^m ‖ ‖_{4,B2R} 6 C (‖ ‖∇u^m ‖ ‖_{p,B2R} + ‖ ‖u^m ‖ ‖_{p,B2R} )

and hence (taking into account (4.2)) we have the estimate |I_4| 6 K (‖ ‖φε(u^m) ‖ ‖_{4,B2R} + 1 )( I^{1/2}_0 + 1 ) .

REGULARITY TO STATIONARY WEAK SOLUTIONS 133

To estimate ‖ ‖φε(u^m) ‖ ‖_{4,B2R} we use the following multiplicative inequali-

ties (see, for example, [18]) ‖ ‖φε(u^m) ‖ ‖_{4,B2R} 6 C ‖ ‖∇u^m ‖ ‖ 1 2 2,B2_R ‖ ‖∇(φε(u^m)) ‖ ‖ 1 2 2,B2_R C ‖ ‖∇u^m ‖ ‖ 1 4 2,B2_R ‖ ‖∇(φε(u^m)) ‖ ‖ 3 4 2,B2_R . Hence |I_4| 6 K(I^α_0 + 1)(I^{1/2}_0 + 1) with α =^1_4 if n = 2 and α =^3_8 if n = 3.

To estimate I_5 we find ∇π^m from the equations

∇π^m = div ( μ(e^m)a(ε(u^m)) ) − f − (∇u^m)u^m a. e. in Ω

and then we continue in the same way to I_2–I_4.

Gathering all the estimates for I_1–I_5 together we get an inequality

I_0 6 K(I^α_0 + 1) with some α < 1

from which the statement (4.6) follows.

Proof of (4.6) Part 2. :^{3n}_{n+2} < p < 2 (n = 2, 3). In this case we assume that f ∈ L^{p′} (Ω).

Taking in (4.7) the same test function w = φ^2u^m_{,k} we obtain

I_0 ≡ ∫ Ω φ^2μ(e^m) ∂a ∂τ (ε(u^m))ε(u^m_{,k} ) : ε(u^m_{,k})dx = I_1 + I_2 + I_3 + I_4 + I_5,

where

I_1 = − ∫ Ω φ^2μ^′(e^m)e^m_{,k} a(ε(u^m)) : ε(u^m_{,k} ))dx,

I_2 = ∫ Ω μ(e^m)a(ε(u^m)) : (u^m_{,k} ⊗ ∇φ^2)_{,k}dx,

I_3 = − ∫ Ω (φ^2f · Δu^m + u^m_{,k} φ^2_{,k})dx,

I_4 = ∫ Ω (u^m ⊗ u^m)_{,k} : (φ^2ε(u^m_{,k} ) + u^m_{,k} ⊙ ∇φ^2)dx,

I_5 = − ∫ Ω π^m(u^m_{,k} · ∇φ^2)_{,k}dx.

134 L. CONSIGLIERI AND T. SHILKIN

I_1 can be estimated in the same way as in case of p > 2. For I_2 the following estimate is true: |I_2| 6 C ‖ ‖a(ε(u^m)) ‖ ‖_{p′ ,B2R} ‖ ‖(u^m_{,k} ⊗ ∇φ^2),k ‖ ‖_{p,B2R} . (4.9) Using Korn inequality one we can show that ‖ ‖(u^m_{,k} ⊗ ∇φ^2),k ‖ ‖_{p,B2R} 6 C (‖ ‖φ∇ε(u^m) ‖ ‖_{p,B2R} + ‖ ‖∇u^m ‖ ‖_{p,B2R} ) . (4.10)

Note that in case of p < 2 due to Hölder inequality with exponents^2_p and 2 2−p the following estimate holds for any measurable functions h and S ( ∫ ω |S|^pdx ) 1_p

6^{( ∫}_ω (1 + |h|)^pdx^{) 1p − 12 ( ∫}_ω^{|S|2}_{(1 + |h|)2−p} dx^{) 12} (4.11)

providing the right-hand side is well defined.

Taking in (4.11) h = ε(u^m) and S = ∇ε(u^m) we obtain the estimate ‖ ‖φ∇ε(u^m) ‖ ‖_{p,B2R} 6 CI^{1/2}_0 ( 1 + ‖ ‖∇u^m ‖ ‖^{1−} p 2 p,B2_R ) . (4.12)

Taking into account (4.2) and (4.3), from (4.9), (4.10), and (4.12) we obtain the inequality |I_2| 6 K(I^{1/2}_0 + 1).

Let us consider I_3: |I_3| 6 C ‖ ‖f ‖ ‖_{p′,B2R} ( ‖ ‖φΔu^m ‖ ‖_{p,B2R} + ‖ ‖∇u^m ‖ ‖_{p,B2R} ). Using again the inequality (4.12) we get ‖ ‖φΔu^m ‖ ‖_{p,B2R} 6 CI^{12}_0 ( 1 + ‖ ‖∇u^m ‖ ‖^{1−} p 2 p,B2_R ) . For I_4 we have

|I_4| 6 C ‖ ‖φ∇(u^m ⊗ u^m) ‖ ‖_{p′,B2R} (‖ ‖φ∇ε(u^m) ‖ ‖_{p,B2R} + ‖ ‖φ∇u^m ‖ ‖_{p,B2R} ) . (4.13)

Applying Hölder inequality we obtain ‖ ‖φ∇(u^m ⊗ u^m) ‖ ‖_{p′ ,B2R} 6 C ‖ ‖u^m ‖ ‖_{2p′,B2R} ‖ ‖φ∇u^m ‖ ‖_{2p′,B2R} .

REGULARITY TO STATIONARY WEAK SOLUTIONS 135

Using Korn inequality it follows ‖ ‖φ∇u^m ‖ ‖_{2p′,B2R} 6 C (‖ ‖φε(u^m) ‖ ‖_{2p′,B2R} + ‖ ‖u^m ‖ ‖_{2p′,B2R} ) . To estimate ‖ ‖u^m ‖ ‖_{2p′,B2R} we use the imbedding W^{1,p}(B2R) → L^{2p′} (B2R)

which is valid providing that (3.6) holds. So we get the estimate ‖ ‖u^m ‖ ‖_{2p′,B2R} 6 C (‖ ‖∇u^m ‖ ‖_{p,B2R} + ‖ ‖u^m ‖ ‖_{p,B2R} ) . So from (4.13) taking into account (4.2), (4.12), and the last inequality we obtain the estimate |I_4| 6 K (‖ ‖φε(u^m) ‖ ‖_{2p′,B2R} + 1)(I^{1/2}_0 + 1 ) . To estimate ‖ ‖φε(u^m) ‖ ‖_{2p′,B2R} we choose θ ∈ (0, 1) in such a way that

2p^′ = p(1 − θ) +^{np}_{n−p} θ. (It is possible due to the restriction (3.6).) Then by Hölder inequality we have ‖ ‖φε(u^m) ‖ ‖_{2p′,B2R} 6 ‖ ‖ε(u^m) ‖ ‖^p 1−θ 2p^′ p,B2_R ‖ ‖φε(u^m) ‖ ‖ np n−p θ 2p^′ np n−p ,B2_R . Applying Sobolev imbedding theorem to the second multiplier in the right-hand side of the last relation we obtain ‖ ‖φε(u^m) ‖ ‖ np n−p θ 2p^′ np n−p ,B2_R 6 C ‖ ‖∇(φε(u^m)) ‖ ‖ np n−p θ 2p^′ p,B2_R 6

6 C^{(‖}φ∇ε(u^m)^‖^{npn−p θ2p′}_{p,B2R} +^‖ε(u^m)^‖^{npn−p θ2p′}_{p,B2R}^).

Using inequality (4.12) one more time we get the estimate ‖ ‖φε(u^m) ‖ ‖_{2p′,B2R} 6 C ‖ ‖∇u^m ‖ ‖^p 1−θ 2p^′ p,B2_R ( I 1 2^{np}n−p^θ2p′ 0 ( 1 + ‖ ‖∇u^m‖^{1− p2}_{p,B2R} ) np_{n−p} θ_{2p′} +

+ ‖ ‖∇u^m ‖ ‖ np n−p θ 2p^′ p,B2_R ) . So for I_4 we have the estimate |I_4| 6 K(I^α_0 + 1)(I^{12}_0 + 1) with α =^{np}_{n−p}^θ_{4p′} and^1_2 +^{np}_{n−p}^θ_{4p′} < 1 if (3.6) is valid.

We are left to estimate I_5: |I_5| 6 ‖π^m‖_p′_{,B2R} ‖(u^m_{,k} · ∇φ^2)_{,k}‖_{p,B2R} ,

136 L. CONSIGLIERI AND T. SHILKIN

and taking into account (4.4) we continue in the same way to I_2.

Gathering all the estimates for I_1–I_5 together for the case^{3n}_{n+2} < p < 2 we again get the inequality

|I_0| 6 K(I^α_0 + 1) with some α < 1.

The statement (4.6) is proved.

The last step in the proof of Lemma 3.1 is to pass to the limit in (4.6) as m → ∞. From (4.2), (4.4), and (4.3) we have the estimate ‖∇u^m‖_{p,Ω} + ‖σ^m‖_p′_{,Ω} + ‖π^m‖_p′_{,Ω} 6 K. Note that we have the estimate ‖ ‖∇ε(u^m) ‖ ‖_{p1,Ω′} 6 K, where p1 = { 2, p > 2 p, p < 2. (4.14)

Really this estimate is obvious in case of p > 2. In case of p < 2 it follows from (4.12).

Let us introduce the notations

G^m = a(ε(u^m)), H^m = (1 + |ε(u^m)|^2)^{p4} , σ^m = μ(e^m)G^m. (4.15)

Similarly to (4.14) we have ‖ ‖∇G^m ‖ ‖_{p2,Ω′} 6 C, where p2 = { p^′, p > 2 2, p < 2. In case of p > 2 the last estimate follows from inequality (that is dual to (4.11)) ( ∫ ω |S|^{p′} dx ) 1_{p′}

6^{( ∫}_ω (1 + |h|)^pdx^)

1_{p′} − 1 2 ( ∫ ω |S|^2 (1 + |h|)^{p−2} dx )1_2 , (4.16)

which holds for any h and S providing the right-hand side is well defined. We apply (4.16) to functions h = ε(u^m) and S = ∇G^m and note that |∇G^m|^2 (1 + |ε(u^m)|)^{p−2} 6 C(1 + |ε(u^m)|)^{p−2}|∇ε(u^m)|^2. (The last relation follows from (3.1).) From the last inequality also follows ‖∇H^m‖_{2,Ω}′ 6 C.

REGULARITY TO STATIONARY WEAK SOLUTIONS 137

From these estimates follow that there are subsequences of {u^m}, {π^m} and {e^m} (for which we keep the same notations) such that u^m ⇀ u in W^{1,p}(Ω, R^n), σ^m ⇀ σ in L^{p′} (Ω, M^{n×n} ), π^m ⇀ π in L^{p′} (Ω), e^m → e in W^{1,n+δ2} (Ω)

(4.17)

ε(u^m) ⇀ ε(u) in W^{1,p1}(Ω^′, M^{n×n} ), G^m ⇀ G in W^{1,p2} (Ω^′), H^m ⇀ H in W^{1,2}(Ω^′)

(4.18)

ε(u^m) → ε(u) a.e. in Ω^′, G^m → G a.e. in Ω^′, H^m → H a.e. in Ω^′, e^m → e a.e. in Ω^′.

(4.19)

As 2p^′ <^{np}_{n−p} providing (3.6) holds from Kondrashev–Relich–Sobolev theorem we get the strong convergence u^m → u in L^{2p′} (Ω^′, R^n) and hence u^m ⊗ u^m → u ⊗ u in L^{p′} (Ω^′, M^{n×n} ). (4.20) Assertions (4.17) and (4.20) make possible to pass to the limit in the integral identity (4.1). So we get ∫ Ω σ : ε(w)dx = ∫ Ω (u ⊗ u : ε(w) + f · w + π div w)dx, ∀w ∈ C^∞_0 (Ω, R^n).

From convergence (4.19), (4.15) and continuity of a(·), μ(·) follows that σ = μ(e)G = μ(e)a(ε(u)) a.e. in Ω^′ and also H = (1 + |ε(u)|^2)^{p2} a.e. in Ω^′.

Hence (u, π, e) is a solution to the (3.8). As H ∈ W^{1,2}(Ω^′) we obtain ∫ Ω^′ (1 + |ε(u)|^2)^{p−22} |∇ε(u)|^2dx < +∞.

Lemma 3.1 is proved.

5. Proof of Lemmas 3.2–3.4

Throught out this section constants C can depend only on ν_i, –_i, μ_i, δ_i, p, q, n and do not depend on R and x_0 ∈ Ω̄.

138 L. CONSIGLIERI AND T. SHILKIN

Proof of Lemma 3.2. The idea of the prove is to get for |∇u| a reverse Hölder inequality (see [15]), from which higher integrability of |∇u| follows via Gehring’s lemma ([14], see also [15]).

We start with the proof of (3.16). For every x_0 ∈ Ω we consider a ball B_{2R}(x_0) b Ω and also a usual cut-off function φ ∈ C^∞_0 (B_{2R}(x_0)):

0 6 φ 6 1, φ ≡ 1 on BR, |∇φ| 6^C_R . (5.1)

Let d be an arbitrary vector and π_0 be an arbitrary number.

Choosing in (3.8) as a test function v = φ^p(u − d) we obtain the identity

I_0 ≡ ∫ B2_R (x0)

φ^pμ(e)a(ε(u)) : ε(u)dx = I_1 + I_2 + I_3 + I_4,

where

I_1 = − ∫ B2_R (x0) μ(e)a(ε(u)) : (u − d) ⊗ ∇φ^pdx,

I_2 = ∫ B2_R (x0) u ⊗ u : (φ^p∇u + (u − d) ⊗ ∇φ^p)dx,

I_3 = ∫ B2_R (x0) φ^pf · (u − d)dx,

I_4 = ∫ B2_R (x0) (π − π_0)(u − d) · ∇φ^pdx.

From condition (3.1) follows that

(a(τ ) − a(0)) : τ > ν_0 p − 1 [(1 + |τ |)^{p−1}|τ | − 1]. Hence a(τ ) : τ > ν_0 2(p − 1) |τ |^p − C and I_0 ≥ μ_0ν_0 2(p − 1) ‖ ‖φε(u) ‖ ‖^p_{,B2R} − CR^n.

REGULARITY TO STATIONARY WEAK SOLUTIONS 139

(We denoted by B_{2R} = B_{2R}(x_0).) Taking in Korn inequality ‖ ‖∇v ‖ ‖^p_{,B2R} 6 C(n, p) ‖ ‖ε(v) ‖ ‖^p_{,B2R} , ∀ v ∈ W^{1,p}_0 (B2R, R^n) the test function v = φ(u − d) we get the inequality ‖ ‖φ∇u ‖ ‖^p_{,B2R} 6 C (‖ ‖φε(v) ‖ ‖^p_{,B2R} + 1 R^p ‖ ‖u − d ‖ ‖^p_{,B2R} ) . For I_1 we have the estimate |I_1| ≤ C R ( ∫ B_R φ^p|a(ε(u))|^{p′} dx )_{1/p}′ ‖u − d‖_{p,B2R} .

Using (4.3) and Young inequality we obtain |I_1| ≤ θ ∫ B2_R (1 + |ε(u)|)^pdx + C(θ) R^p ‖ ‖u − d ‖ ‖^p_{,B2R} , where the number θ > 0 can be chosen arbitrary small.

Similarly to I_1 for I_2 and I_3 we get the estimates |I_2| ≤_{φp ≤φ} ‖ ‖u ‖ ‖^2_{p′,B2R} ‖ ‖φ∇u ‖ ‖_{p,B2R} + ‖ ‖u ‖ ‖^2_{p′,B2R} C R ‖ ‖u − d ‖ ‖_{p,B2R} 6

≤ θ ‖ ‖φ∇u ‖ ‖^p_{,B2R} + C(p, θ) ‖ ‖u ‖ ‖^{2p} ′ 2p^′,B2_R + C R^p ‖ ‖u − d ‖ ‖^p_{,B2R} and |I_3| ≤ ‖ ‖f ‖ ‖^p ′ p^′,B2_R + C R^p ‖ ‖u − d ‖ ‖^p_{,B2R} if R < 1. Let us consider I_4: |I_4| ≤ θ_1 ‖ ‖π − π0 ‖ ‖^p ′ p^′ ,B2_R + C(θ_1) R^p ‖ ‖u − d ‖ ‖^p_{,B2R} , where the number θ_1 > 0 will be chosen later.

Gathering estimates of I_1–I_4 together and choosing θ small enough we get the inequality ‖ ‖∇u ‖ ‖^p_{,BR} ≤ C(θ_1) R^p ‖ ‖u − d ‖ ‖^p_{,B2R} + C ‖ ‖u ‖ ‖^{2p} ′ 2p^′,B2_R + +C ‖ ‖f ‖ ‖^p ′ p^′,B2_R + θ_1 ‖ ‖π − π0 ‖ ‖^p ′ p^′,B2_R . (5.2)

140 L. CONSIGLIERI AND T. SHILKIN

Next we shall exclude the pressure from the right-hand side of (5.2). Fix now π_0 = (π)_{B2R (x0)}. Unfortunatly, the constant C(Ω) given in Lemma 4.1 depends on Ω. So we shall use the following modification of Lemma 4.1 that can be derived from Lemma 4.1 via simple rescaling arguments:

Lemma 5.1. Assume that for π ∈ L^{p′} (Ω), F ∈ L^{p′} (Ω, M^{n×n} ), G ∈ L^{p′} (Ω, R^n) the following identity holds: ∫ B_R (π − (π)_{BR} ) div wdx = ∫ B_R (F : ∇w + G · w)dx, ∀ w ∈ W^{1,p}_0 (B_R).

Then there is a constant C depending only on n, p such that the estimate ‖π − (π)_{BR} ‖_p′_{,BR} 6 C(n, p)(‖F ‖_p′_{,BR} + R‖G‖_p′_{,BR} ) holds.

From Lemma 5.1 the estimate follows ‖ ‖π − π0 ‖ ‖_{p′ ,B2R} ≤ C1 ( μ_1 ‖ ‖a(ε(u)) ‖ ‖_{p′,B2R} + ‖ ‖u ‖ ‖^2_{p′,B2R} + R ‖ ‖f ‖ ‖_{p′,B2R} ) , where C_1 = C_1(n, p). Introducing this estimate in (5.2), taking d = (u)_{B2R (x0)}, and recalling the Gagliardo inequality ‖ ‖u − (u)B_{2R} ‖ ‖_{p,B2R} 6 C(n, p) ‖ ‖∇u ‖ ‖_{npn+p ,B2R} (in which constant C depends only on n and p), we get the estimate ‖ ‖∇u ‖ ‖^p_{,BR} ≤ C R^p ‖ ‖∇u ‖ ‖^p_{pnn+p ,B2R} + C(θ1) {‖ ‖u ‖ ‖^{2p} ′ 2p^′,B2_R + ‖ ‖f ‖ ‖^p ′ p^′,B2_R + R^n } + +θ_1C_1μ_1ν_1 ‖ ‖∇u ‖ ‖^p_{,B2R} . In order to apply the global version on higher summability, we recognize 1 R^n ∫ B_R |∇u|^p ≤ C ( 1 R^n ∫ B2_R |∇u|^{pn/(n+p)}dx ) n+p_n +

+C(θ_1) ( 1 R^n ∫ B2_R |u|^{2p′} dx + 1 R^n ∫ B2_R |f|^{p′} dx ) + (5.3)

REGULARITY TO STATIONARY WEAK SOLUTIONS 141

+θ_1C_1μ_1ν_1 1 R^n ∫ B2_R |∇u|^pdx + C.

Let us choose now the number θ_1 > 0 in such a way that θ_1C_1μ_1ν_1 < 1. Now we can apply the following generalization of Ghering lemma (see [15], p. 122):

Lemma 5.2. Let be δ_7 > 0 and positive functions Φ ∈ L^p(Ω) and Ψ ∈ L^{p+δ7} (Ω) satisfy the estimate ( 1 R^n ∫ B_{αR} (x0) Φ^pdx )_{1/p}

6 B1^{( 1}_{Rn}^∫

B_R(x0) Φ^q dx )_{1/q} +

+B_2 ( 1 R^n ∫ B_R(x0) Ψ^pdx )_{1/p} + θ ( 1 R^n ∫ B_R(x0) Φ^pdx )_{1/p}

for all x_0 ∈ Ω, R <^1_2 dist (x_0, ∂Ω) with some constant α ∈ (0, 1), θ ∈ (0, 1), q < p and positive B_1, B_2. Then there is δ ∈ (0, δ_7) such that Φ ∈ L^{p+δ}_{loc} (Ω).

From (5.3) the desired result follows with help of Lemma 5.2 if we take Φ = |∇u| and Ψ = |u|^{2p′p} + |f|^{p′p} + 1. Due to (3.6) and (3.15) we have Ψ ∈ L^{p+δ7} (Ω) for δ_7 = min{δ_3,^{np}_{n−p} − 2p^′}. The first statement of Lemma 3.2 is proved.

Let us turn to the proof of (3.17). Consider now a point x_0 ∈ ∂Ω and let φ be the same cut-off function as above. To prove higher integrability of u near the boundary we choose in (3.8) the test function v = φ^pu. Due to the first condition in (2.3) this function is admissible. Similarly to (5.2) we obtain ‖ ‖∇u ‖ ‖^p_{,ΩR(x0)} ≤ C(θ_1) R^p ‖ ‖u ‖ ‖^p_{,Ω2R (x0)} + C ‖ ‖u ‖ ‖^{2p} ′ 2p^′,Ω2_R(x0) + +C ‖ ‖f ‖ ‖^p ′ p^′ ,Ω2_R(x0)

+ θ_1 ‖ ‖π − π0 ‖ ‖^p ′ p^′,Ω2_R (x0) , (5.5)

where π_0 is an arbitrary number and

Ω_R(x_0) = B_R(x_0) ∩ Ω.

Instead of Lemma 5.2 we are going to use the following

142 L. CONSIGLIERI AND T. SHILKIN

Lemma 5.3. Assume that ∂Ω is of class C^2. Let be δ_7 > 0 and positive functions Φ ∈ L^p(Ω) and Ψ ∈ L^{p+δ7} (Ω) satisfy the estimate ( 1 R^n ∫ Ω_{αR} (x0) Φ^pdx )_{1/p}

6 B1^{( 1}_{Rn}^∫

Ω_R(x0) Φ^qdx )_{1/q} +

+B_2 ( 1 R^n ∫ Ω_R (x0) Ψ^pdx )_{1/p} + θ ( 1 R^n ∫ Ω_R(x0) Φ^pdx )_{1/p} , (5.6)

for all x_0 ∈ Ω̄, R > 0 with some constant α ∈ (0, 1), θ ∈ (0, 1), q < p and positive B_1, B_2. Then there is δ ∈ (0, δ_7) such that Φ ∈ L^{p+δ} (Ω).

Proof of Lemma 5.3 consists on two steps.

Step 1. We prove higher summability of Φ near the plane part ∂_0Ω of the boundary ∂Ω, which means the function Φ is given on a half a ball B^+_{R0} ≡ {x ∈ R^n : |x| < R_0, x^n > 0} and it satisfies (5.5) for all x_0 ∈ B^+_{R0} ∪ Γ_{R0} , Γ_{R0} = {|x^′| < R_0, x^n = 0} and all R < dist {x_0, Γ^′_{R0} }, Γ^′_{R0} = {|x| = R_0, x^n > 0}. (We have used the notation x^′ = (x^1, . . . , x^{n−1}) ∈ R^{n−1}.) Consider an even continuation of Φ with respect to the plane part of Γ_{R0} :

Φ̄(x^′, x^n) = { Φ(x^′, x^n), x^n > 0 Φ(x^′, −x^n), x^n < 0. Then Φ̄ satisfies the estimate (5.4) for all x_0 ∈ B_{R0} and R small enough. Due to the Lemma 5.2 Φ̄ ∈ L^{p+δ} (B_{R0} ) for R < R_0 and hence

Φ ∈ L^{p+δ} (B^+_{R0} ), R < R_0.

Step 2. To prove higher summability of Φ near non-plane part of the boundary ∂Ω we remind the following facts:

Let ∂Ω be of class C^2. Then there are constants M > 0, R_0 > 0 such that for any x_0 ∈ ∂Ω there are local coordinate system {y^i_{x0} }^n_{i=1} and function ψ_{x0} : {|y^′| < R_0} → R of class C^2 such that

ψ_{x0} (0) = 0, ∇ψ_{x0} (0) = 0, |∇^2ψ_{x0} (y^′)| 6 M, ∀|y^′| < R_0 (5.7) and Ω_R(x_0) = B_R(x_0) ∩ Ω = {y ∈ R^n : |y^′| < R, y^n > ψ_{x0} (y^′)}

REGULARITY TO STATIONARY WEAK SOLUTIONS 143

for any R < R_0. For any point x_0 ∈ ∂Ω and R < R_0 we consider a diffeomorphism ϕ_{x0} : B_R(x_0) → R^n of class C^2

ϕ_{x0}(y) = ( y^′ y^n − ψ_{x0} (y^′) ) . (5.8)

Note that Jacobian of the transformation ϕ_{x0} is equal to 1. Denote

ω^+_R (x_0) := ϕ^{−1}_{x0} (B^+_R ).

The following fact is well-known:

Lemma 5.4. Let ∂Ω be of class C^2. Then there constants λ ∈ (0, 1) and R_1 > 0 depending only on M such that

ω^+_{λR}(x_0) ⊂ Ω_R(x_0) ⊂ ω^+_{1λ R}(x_0)

for any x_0 ∈ ∂Ω and any R < R_1.

So from (5.6) and Lemma 5.4 the estimate ( 1 R^n ∫ ω+_{βR} (x0) Φ^pdx )_{1/p}

6 B1^{( 1}_{Rn}^∫

ω+_R (x0) Φ^q dx )_{1/q} +

+B_2 ( 1 R^n ∫ ω+_R (x0) Ψ^pdx )_{1/p} + θ ( 1 R^n ∫ ω+_R (x0) Φ^pdx )_{1/p}

follows for all x_0 ∈ ∂Ω, R < λR_1 with β = λ^2α.

From this estimate via change of variables y = ϕ_{x0}(x) we get the inequality ( 1 R^n ∫ B+_{βR} ~Φ^pdy )_{1/p}

6 B1^{( 1}_{Rn}^∫

B+_R ) ~Φ^q dy )_{1/q} +

+B_2 ( 1 R^n ∫ B+_R ~Ψ^pdy )_{1/p} + θ ( 1 R^n ∫ B+_R ~Φ^pdy )_{1/p}

where ~Φ = Φ ∘ ϕ_{x0} . From the first step of the proof of Lemma 5.3 follows that ~Φ ∈ L^{p+δ} (B^+_R ) for any R < λR_1 and by the back change of variables x = ϕ^{−1}_{x0} (y) we get Φ ∈ L^p(ω^+_R (x_0)) for any R < R_0. Covering now

144 L. CONSIGLIERI AND T. SHILKIN

domain Ω with the finite number of subdomains B_R(x_i) and ω^+_R (x_j) we obtain the second statement of the Lemma 5.3.

Let us turn back to the estimate (5.5). As before we take Φ = |∇u| ∈ L^p(Ω) and Ψ = |u|^{2p′p} + |f|^{p′p} + 1 ∈ L^{p+δ7} (Ω) for δ_7 = min{δ_3,^{np}_{n−p} − 2p^′}. So we just need to estimate the first and the last terms in the right-hand side of (5.5).

For the first one we have the inequality ‖ ‖u ‖ ‖_{p,Ω2R (x0)} 6 ‖ ‖u ‖ ‖_{p,ω+2} λ R (x0) = ‖ ‖~u ‖ ‖_{p,B+2} λ R , where ~u = u ∘ ϕ_{x0} . As u = 0 on ∂Ω we have ~u(y^′, 0) = 0, |y^′| < R_0, and hence we can apply Gagliardo inequality ‖ ‖~u ‖ ‖_{p,B+2} λ R

6 C(n, p)^‖∇~u^‖_{npn+p ,B+2λ R}

(here constant C(n, p) depends only on n and p). Making the back change of variables x = ϕ^{−1}_{x0} (y) we get ‖ ‖∇~u ‖ ‖_{npn+p ,B+2} λ R

6 C2^‖∇u^‖_{npn+p ,ω+2λ R} ,

where C_2 depends only on M . Thus we have finally ‖ ‖u ‖ ‖_{p,Ω2R(x0)} 6 C3 ‖ ‖∇u ‖ ‖_{npn+p ,Ω 2} λ2^R , with C_3 depending only on n, p, and M . We are left to estimate the last term in the right-hand side of (5.5). To do this we introduce one more lemma:

Lemma 5.5. Suppose that for functions F ∈ L^{p′} (Ω; M^{n×n} ), G ∈ L^{p′} (Ω; R^n) and π ∈ L^{p′} (Ω) the following identity hold: ∫ Ω (F : ∇w + G · w)dx = ∫ Ω π div wdx, w ∈ W^{1,p}_0 (Ω; R^n). (5.9)

Then there exist C_4 such that for all x_0 ∈ ∂Ω and all R < R_0 ‖ ‖π − (π) ‖ ‖_{p′ ,ω+R (x0)} 6 C4 (‖ ‖F ‖ ‖_{p′,ω+R (x0)} + ‖ ‖G ‖ ‖_{p′,ω+R (x0)}+ + sup_{|y′|<R} |∇ψ_{x0}| ‖ ‖π − (π)_ω+_{R (x0)} ‖ ‖_{p′ ,ω+R (x0)} ) . (5.10)

REGULARITY TO STATIONARY WEAK SOLUTIONS 145

Constant C_4 depends only on n, p, M . Here R_0 and ψ_{x0} are given by (5.7).

Proof. Consider the transformation (5.8). Then by change of variables y = ϕ_{x0} (x) we get from (5.9) the relation ∫ B+_R (~π − (~π)_B+_R ) div wdy = ∫ B+_R ~F_{ij} ∂ ~w^i ∂y_j dy+

+ ∫ B+_R ( ~F_{in} + ~F_{ij} ∂ψ ∂y_j − (~π − (~π)_B+_R ) ∂ψ ∂y_i ) ) ∂w_i ∂y_n dy+

+ ∫ B+_R ( ~F_{nn} + ~F_{ni} ∂ψ ∂y_n )dy, ∀ ~w ∈ W^{1,p}_0 (B^+_R , R^n).

Here ~F = F ∘ ϕ_{x0} , ~π = π ∘ ϕ_{x0} and repeated indices for i and j means the sum from 1 to n − 1. Note that (~π)_B+_R = (π)_ω+_R . From Lemma 5.1 the estimate ‖ ‖~π − (~π)_B+_R ‖ ‖_{p′,B+R} 6 C5 (‖ ‖ ~F ‖ ‖_{p′,B+R} + ‖ ‖ ~G‖_p′_{,B}+_R + + sup_{|y′|<R} |∇ψ_{x0}| ‖ ‖~π − (~π)_B+_R ‖ ‖_{p′,B+R} )

follows. Similarly to Lemma 5.1 by rescaling arguments it can be shown that constant C_5 depends only on n and p. Making back change of variables x = ϕ^{−1}_{x0} (y) we get the estimate (5.10) and taking into account the identity (~π)_B+_R = (π)_ω+_{R (x0)} we get the estimate (5.10) with constant C_4 depending only on n, p, and M . Lemma 5.5 is proved.

Denote by F = μ(e)a(ε(u)) + u ⊗ u and G = f, we apply Lemma 3.8 taking into account relation (3.8). We obtain ‖ ‖π − (π)_ω+_{R (x0)} ‖ ‖_{p′ ,ω+R (x0)} 6

6 C4^(μ1^‖a(ε(u))^‖_{p′,ω+R (x0)} +^‖u^‖^2_{p′,ω+R (x0)} +^‖f^‖_{p′,ω+R (x0)}^)+

+C_4 sup_{|y′|<R} |∇ψ_{x0}| ‖ ‖π − (π)_ω+_{R (x0)} ‖ ‖_{p′ ,ω+R (x0)},

146 L. CONSIGLIERI AND T. SHILKIN

which holds for any R < R_0 and x_0 ∈ ∂Ω.

Due to the conditions (5.7) we have sup |y^′|<R |∇ψ_{x0}(y^′)| 6 M R and hence the estimate ‖ ‖π − (π)_ω+_{R (x0)} ‖ ‖_{p′ ,ω+R (x0)} 6

6 C4^(μ1^‖a(ε(u))^‖_{p′,ω+R (x0)} +^‖u^‖^2_{p′,ω+R (x0)} +^‖f^‖_{p′,ω+R (x0)}^)

holds for all x_0 ∈ ∂Ω and R small enough. (To be precise, for any R < R_2 ≡ min{R_0,^1_{2C4M} }. So R_2 depends only on n, p, and M .)

Combining the last estimate with the inequality (5.5) and using inclusion ω^+_{2λ R}(x_0) ⊂ Ω 2_{λ2 R}(x_0) from Lemma 5.4 we get finally the estimate ( 1 R^n ∫ Ω_{αR} (x0) |∇u|^pdx )_{1/p}

6 θ^{( 1}_{Rn}^∫

Ω_R (x0) |∇u|^pdx )_{1/p} +

C ( 1 R^n ∫ Ω_R(x0) |∇u|^{npn+p} dx )_{(n+p)/(np)} +

+C ( 1 R^n ∫ Ω_R (x0) (|f|^{p′} + |u|^{2p′} )dx )_{1/p}′ ,

for all x_0 ∈ Ω̄ and R small enough. Now higher integrability of |∇u| on Ω follows from Lemma 5.3. The second statement of Lemma 3.2 is proved.

Proof of Lemma 3.3.

Since g ∈ L^{1+δ5} (Ω) → (W^{1,n}_0 (Ω))^∗ and u ∈ W^{1,p+δ3} (Ω, R^n) the right hand side of (3.9) gives a bounded linear functional on a space W^{1,n}_0 (Ω), assuming (3.1) and (3.3). So we can apply an existence theorem (for example, see [22] or [30]) if we define the operator A : W^{1,n}_0 (Ω) → (W^{1,n}_0 (Ω))^∗ by ⟨Ae, w⟩ := ∫ Ω (k(e)b(∇e) − eu) · ∇wdx, ∀w ∈ W^{1,n}_0 (Ω).

REGULARITY TO STATIONARY WEAK SOLUTIONS 147

Indeed, from the assumptions (3.2) and (3.4) this operator is coercive, bounded hemicontinuous and monotonous. Lemma 3.3 is proved. Proof of Lemma 3.4. We follow the same arguments we used in the proof of Lemma 3.2.

From Lemma 3.3 follows that (3.9) holds for any test function η ∈ W^{1,n}_0 (Ω). Taking in (3.9) test function w = φ^n(e − (e)_{B2R} ) where φ is a cut-off function satisfying (5.1) we obtain the identity ∫ Ω φ^nk(e)b(∇e) · ∇edx =

= − ∫ Ω (k(e)(e − (e)_{B2R} )b(∇e) · ∇φ^n + ~gφ^n(e − (e)_{B2R} ))dx, (5.11) where ~g = u · ∇e + g + σ : ε(u). Since u ∈ L^{pn/(n−p)}(Ω, R^n) and ∇e ∈ L^n(Ω, R^n), it follows ~g ∈ L^{1+δ8} (Ω), with some δ_8 > 0. Denote by s < 1 + δ_8. Using Hölder’s inequalities for each term in the right hand side of (5.11) and taking into account (3.2) we get ‖φ∇e‖^n_{,B2R} ≤

6^C_R ‖φ∇e‖^{n−1}_{n,B2R} ‖e − (e)B_{2R} ‖n,B_{2R} + C(‖~g‖s,B_{2R} ‖e‖s′,B_{2R} + R^n).

By Young’s inequality we conclude that ‖∇e‖^n_{,BR} ≤ C R^n ‖e − (e)_{B2R} ‖^n_{,B2R} + C(‖~g‖^s_{,B2R} + ‖e‖^{s′}_s′_{,B2R} + R^n). Remembering the Gagliardo inequality ‖e − (e)_{B2R} ‖_{n,B2R} ≤ C(n)‖∇e‖_{n/2,B2R} and dividing by R^n we obtain 1 R^n ∫ B_R |∇e|^ndx ≤ C ( 1 R^n ∫ B2_R |∇e|^{n/2}dx )_2 +

+ C R^n ( ∫ B2_R |~g|^sdx + ∫ B2_R |e|^{s′} dx ) + C.

148 L. CONSIGLIERI AND T. SHILKIN

Applying Lemma 5.2 with p = n, q =^n_2 and functions Φ = |∇e|, Ψ = |~g|^{sn} + |e|^{s′n} + 1, Ψ ∈ L^{n+δ9} (Ω) with some δ_9 > 0, we obtain the desired result. Lemma 3.3 is proved.

6. Proof of the Theorem 3.2

From Theorem 3.1 we get (1 + |ε(u)|^2)^{p4} ∈ W^{1,2}_{loc} (Ω) and hence in 2D case we get ε(u) ∈ L^s_{loc}(Ω, M^{n×n} ), ∀s < +∞. If condition (3.13) holds then the right-hand side of the second equation in system (2.1)– (2.3) belongs to L^{2+δ1}_{loc} (Ω). Hölder continuity of ∇e follows now from the general theory of regularity for elliptic equations, see for instance the book [20].

To prove Hölder continuity of ∇u on a subdomain Ω^′ b Ω we can utilize with small technical changes technique developed in the serie of papers [29, 9]. So, in [29, 10] for problems of plasticity it is shown how to operate with nonlinear principal part of the equation in case of p < 2, the case p > 2 is treated in [10, 9] arguments of [11, 12] shows how to operate with divergence-free condition and convective term. In this way in 2D-case internal full regularity for solutions to systems of type

− div a(ε(u)) + (∇u)u = f − ∇π, div u = 0 (6.1)

can be established as well as partial regularity in 3D-case. For 2D-case we can also refer to [17] were full regularity up to the boundary of solutions to Dirichlet problem for systems of type (6.1) was proved under growth condition on the dissipative potential of the fluid p >^3_2 while for p >^6_5 solutions with internal regularity was obtained.

Theorem 3.2 is proved.

In conclusion we would like to remark that for today theory of internal regularity for solutions to Modified Navier–Stokes system (6.1) in the isothermal case is developed much better than in case of reologic relations (2.4) including the temperature. So, in [26] nonstationary 2D-case was considered and Hölder continuity of the spacial gradient of the solution on any subdomain of the parabolic cylinder was obtained under the assumption p = 2. In [27, 28] nonstationary 3D-case was studied and partial regularity of the solutions was obtained under appropriate assumptions on p.

REGULARITY TO STATIONARY WEAK SOLUTIONS 149

References

1. J. Baranger and A. Mikelić, Solutions stationnaires pour un écoulement quasi-Newtonian avec échauffement visqueux. — C.R. Acad. Sci. Paris 319 (1994), 637–642.

2. R. B. Bird, R. C. Armstrong, and O. Hassager, Dynamics of Polymeric liquids.

Wiley, New York (1977).

3. M. E. Bogovskii, — Trudy Seminar S. L. Sobolev Acad. Nauk SSSR, 1 (1980), 4–50.

4. B. Climent and E. Fernández-Cara, Existence and uniqueness results for a coupled problem related to the stationary Navier–Stokes system. J. Math. Pures Appl. 76 (1997), 307–319.

5. L. Consiglieri, Stationary weak solutions for a class of non-Newtonian fluids with energy transfer. — Int. J. Non-Linear Mechanics 32 (1997), 961–972.

6. L. Consiglieri, Weak solutions for a class of non-Newtonian fluids with energy transfer. — Preprint CMAFUL (1999).

7. G. Duvaut and J. L. Lions, Transfert de chaleur dans un fluide de Bingham dont la viscosité dépend de la température. — J. of Func. Anal. 11 (1972), 93–110.

8. J. Frehse and M. Ruzicka, A new regularity criterion for steady Navier–Stokes equations. — Diff. Int. Eqs. 11 (1998), 361–368.

9. M. Fuchs, On quasi-static non-Newtonian fluid with the power law. — Math.

Meth. Appl. Sci. 19 (1996).

10. M. Fuchs and G. Seregin, Variational Methods for Problems of Plasticity Theory and the Theory of Generalized Newtonian Fluids.. — Annales Universitatis Saraviensis, Ser. Mathematicae, 10 (1999) No. 1.

11. M. Fuchs and G. Seregin, Some remarks on non-Newtonian fluids including non-convex pertubations of the Binghan and Powell-Eyring models for viscoplastic fluids. — Math. Meth. Models in Appl. Sciences, 7 (1998), No. 3, 405–433.

12. M. Fuchs and G. Seregin, Regularity results for the quasi-static Bingham variational inequality in dimensions two and three. — Mathematische Zeitschrift, 227 (1998), 525–541.

13. P. Galdi, An Introduction to the Mathematical Theory of the Navier–Stokes Equations Vol. I, II. Springer Verlag (1994).

14. F. W. Gehring, The Lp-integrability of the partial derivatives of a quasi conformal mappings. — Acta Math., 130 (1973), 265–277.

15. M. Giaquinta, Multiple Integrals in the Calculus of Variations and Nonlinear Elliptic Systems. Princeton Univ. Press, Princeton, NJ (1983).

16. Y. Kagei, M. Ružička, and G. Thäter, Natural convection with dissipative heating.

— Préprint Univ. Bonn (1999).

17. P. Kaplickiy, J. Malek, and J. Stara, C1,α -solutions to a class of non-linear fluids in two-dimensional stationary Dirichlet problem. Zap. Nauchn. Senin. POMI, 259 (1999), 89–121.

18. O. A. Ladyzhenskaya, The Mathematical Theory of Viscous Incompressible Flow.

— Gordon and Beach, New York (1969).

19. O. A. Ladyzenskay, New equations for the description of motion of viscous incompressible fluids and global solvability of boundary value problems of them. —

150 L. CONSIGLIERI AND T. SHILKIN

Trudy Mat. Inst. Steklov 102 (1967), 85–104; English transl. in Proc. Steklov Inst. Math. 102 (1967).

20. O. A. Ladyzhenskaya and N. N. Uraltseva, Linear and Quasilinear Equations of Elliptic Type. Nauka, M. (1964). English translation Academic Press, New York (1968).

21. R. Lewandowski, Les équations de Stokes et de Navier–Stokes couplées avec l’equation de l’énergie cinétique turbulente.. — C. R. Acad. Sci. Paris 381 (1994), 1097–1102.

22. J. L. Lions, Quelques méthodes de résolution des problèmes aux limites non linéaires. Dunod et Gauthier-Villars, Paris (1969).

23. K. R. Rajagopal, Mechanics of non-Newtonians fluids. — Pitman Res. Notes in Math. 291 (1993), 129–162.

24. J. F. Rodrigues, Weak solutions for thermoconvective flows of Boussinesq–Stefan type. In: Mathematical topics in fluid mechanics. J. F. Rodrigues and A.Sequeira (eds). Pitman Res. Notes in Math. Longman (1992), 93–116.

25. J. F. Rodrigues, Thermoconvection with dissipation of quasi-Newtonian fluids in tubes. In: Navier–Stokes equations and related nonlinear problems. A. Sequeira (ed). Plenum Press, New York (1995), 279–288.

26. G. A. Seregin, Flow of the two-dimensional generalized Newtonian fluid. — St.

Petersburg Math. J. 9 (1998), 121–146.

27. G. A. Seregin, Interior regularity for solutions to the modified Navier–Stokes equations. — J. Mathematical Fluid Mechanics 1 (1999), No. 3, 235–281.

28. G. A. Seregin, Partial regularity for solutions to the modified Navier–Stokes equations. — Zap. Nauchn. Semin. POMI, 259 (1999), 238–253.

29. G. A. Seregin, On regularity for minimizers of certain variational problems in plasticity theory. — Algebra Analysis, 4 (1992), No. 5, 181–218 [in Russian]. English translation in St. Petersburg Math. Journal, 4 (1993), No. 5.

30. E. Zeidler, Nonlinear Functional Analysis II/B. Springer-Verlag, New York (1990).

Postupilo 10 noØbrØ 2000 g.

CMAF/Universidade de Lisboa, Av. Prof. Gama Pinto 2, 1649-003 Lisboa, Portugal E-mail: glieri@lmc.fc.ul.pt.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN

E-mail: shilkin@pdmi.ras.ru.