G. A. Seregin

OB ATTRAKTORAH DL˚ URAVNENI`, OPISYVAıWIH TEQENIE OBOBWENNYH N^ıTONOVSKIH ȷIDKOSTE` PosvØwaetsØ Ol~ge Aleksandrovne Ladyßenskoæ

§1. Postanovka zadaqi i formulirovka osnovnyh rezul~tatov

Rassmotrim sledu¸wu¸ naqal~no-kraevu¸ zadaqu ∂_tv + (∇v)v − div σ = ∇p − g, div v = 0, σ = ∂D ∂ε (ε(v)), ε(v) = simmetriqnaØ qast~ ∇v

v Q_T (1.1_1)

v | |_{t=0} = a v Ω, (1.1_2) v | |_{xk=−1} = v | |_{xk=1}, ∇v | |_{xk=−1} = ∇v | |_{xk=1}, p | |_{xk=−1} = p | |_{xk=1}, k = 1, 2. } (1.1_3)

Zdes~ Q_T ≡ Ω × I, I =]0, T [, Ω = {x ∈ R^2 : |x_k| < 1, k = 1, 2}, T – poloßitel~nyæ parametr, v : Q_T → R^2 – pole skorosteæ,

p : Q_T → R – davlenie, a : Ω → R^2 – naqal~noe pole skorosteæ, g : Q_T → R^2 – pole vnexnih sil, D : M → R_+ – dissipativnyæ

potencial, M – prostranstvo simmetriqnyh 2 × 2 matric.

PrinimaØ soglaxenie o summirovanii po povtorØ¸wimsØ latinskim indeksam, izmenØ¸wimsØ ot 1 do 2, vvedem sledu¸wie oboznaqeniØ a · b = a_ib_i, |a| = √ a · a, a, b ∈ R^2, ε : σ = ε_{ij} σ_{ij}, |ε| = √ ε : ε, ε, σ ∈ M . Simvolom ∂_t budem oboznaqat~ qastnu¸ proizvodnu¸ po vremeni t, a qastnaØ proizvodnaØ po peremennoæ x_k budet oboznaqat~sØ zapØtoæ v nißnem indekse, t.e. f_{,k} ≡ ∂f/∂x_k . Togda dlØ 256

OB ATTRAKTORAH 257

differencial~nyh operatorov ∇, div i ε, ponimaemyh v smysle raspredeleniæ, my budem imet~ sledu¸wie predstavleniØ ∇p = (p_{,i}), ∇v = (v_{i,j}), ε(v) = 1 2 (v_{i,j} + v_{j,i}), (∇v)v = v_kv_{,k} = (v_{i,k}v_k), div v = v_{i,i}, div σ = (σ_{ij,j}). Otnositel~no dissipativnogo potenciala my sdelaem sledu¸- wie predloßeniØ:

D : M → R+ – funkciØ klassa C^2, D(0) = 0, (1.21)

D(ε) ¿ ν|ε|^p, ν = const > 0, (1.2_2) ( ∂^2D ∂ε^2 (ε)–^) : – =^{∂2D}_{∂εij ∂εkm} (ε)–ij–km ¿ 2ν^|–^{|2}_{(1 + |ε|)2−p} ,_{(1.23)} | | | | ∂D ∂ε (ε) | | | | 6 ν1(1 + |ε|)^{p−1}, ν1 = const > 0, (1.24)

dlØ vseh ε, – ∈ M i nekotorogo 1 < p < +∞.

Oboznaqim qerez L_p(ω; R^k) i W^l_p(ω; R^k) izvestnye prostranstva Lebega i Soboleva vektor-funkciæ iz ω v R^2. Normy v fftih prostranstvah oboznaqa¸tsØ qerez ‖ · ‖_{p,ω} i ‖ · ‖^{(l)}p,ω (‖ · ‖_p i ‖ · ‖^{(l)}p , esli ω = Ω) sootvetstvenno. SkalØrnoe proizvedenie v L_2(Ω; R^k) oboznaqaetsØ qerez (·, ·).

S naqal~no-kraevoæ zadaqeæ (1.1_k), k = 1, 2, 3, my svØßem sledu¸wie funkcional~nye prostranstva:

Ĉ∞ = {v ∈ C∞(R2; R2) : v(x + 2z) = v(x), ∀x ∈ Ω, ∀z ∈ Z2, ∫ Ω v dx = 0}; Ĵ ∞ = {v ∈ Ĉ∞ : div v = 0};

H – zamykanie Ĵ^∞ v L_2(Ω; R^2);

Ŵ l_p – zamykanie Ĉ∞ v W l_p(Ω; R2), snabßaetsØ normoæ ‖v‖^{(l)}_p = ‖∇^lv‖_p; Ĵ l_p – zamykanie Ĵ ∞ v W l_p(Ω; R2), snabßaetsØ normoæ ‖v‖^{(l)}_p = ‖∇^lv‖_p; H^l ≡ Ĵ^l_2;

(Ĵ^1_p )^′ – prostranstvo, dvoæstvennoe k Ĵ^1_p otnositel~no H, snab-

ßaetsØ normoæ ‖v‖_p0_{,−1}, gde p^′ =^p_{p−1} ;

258 G. A. SEREGIN

L_p(I; X) – banahovo prostranstvo s normoæ

‖v‖_{Lp(I,X)} = (_T ∫ 0 ‖v(t)‖^p_X dt )_{1/p} , 1 6 p < +∞, ess sup_{t∈I} ‖v(t)‖_X , p = +∞, gde X – banahovo prostranstvo s normoæ ‖ · ‖_X ;

C(Ī; X) = {t ∈ Ī → u(t) ∈ X : funkciØ t → u(t) nepreryvna na Ī},

snabßaetsØ normoæ ‖u‖_{C(}¯_{I;X)} = sup_{t∈Ī} ‖u(t)‖_X ;

L_{r,p}(Q_T ; R^2) – banahovo prostranstvo s normoæ

‖u‖_{r,p} = (_T ∫ 0 ‖u(t)‖^p_rdt )_{1/p} , 1 6 p < +∞, ess sup_{t∈I} ‖u(t)‖_r, p = +∞. V dannoæ rabote my ograniqimsØ sluqaem

1 < p < 2, (1.3)

otsylaØ qitatelØ po povodu sluqaØ p ¿ 2 k rabotam [1-6] (sm. takße bibliografi¸ v nih).

Naxim osnovnym rezul~tatom ØvlØetsØ

Teorema 1.1. I. Pust~ vypolneny usloviØ (1.2k), k = 1, 2, 3, 4, (1.3)

i pust~ dopolnitel~no

g ∈ L_p0(I; (Ĵ^1_p )^′), t^{1p} g ∈ L_{2r,p}0(Q_T ; R^2) (1.4) dlØ nekotorogo r > 1. Togda dlØ l¸bogo T > 0 i l¸bogo a ∈ H (1.5) suwestvuet po kraæneæ mere odna funkciØ v, oblada¸waØ svoæstvami:

v ∈ C(Ī; H) ∩ L_p(I; Ĵ^1_p ), (1.6_1)

t^{q2} ∇v ∈ L_{2,∞}(Q_T ; R^4), t^{q12} ∂_tv ∈ L_2(Q_T ; R^2), (1.6_2)

OB ATTRAKTORAH 259 gde q =^1_{p−1} , q_1 = q (_{4−p2} 2p + 1 ) . Ona udovletvorØet variacionnomu toßdestvu (∂_tv(t), w) + (∇v(t)v(t), w) + ( ∂D ∂ε (ε(v(t))), ε(w) )

= (g(t), w), ∀w ∈ Ĵ^1_p , (1.7_1)

dlØ p.v. t ∈ I i naqal~nomu uslovi¸

v(0) = a. (1.7_2)

Bolee togo, spravedlivy ocenki ‖v‖^2_{,∞} + ν 2 T∫ 0 ‖ε(v(t))‖^pdt 6 ‖a‖^2 + c_1(p) ( 1 ν )_q^T∫ 0 ‖g(t)‖^p 0_p 0_{,−1}dt, (1.81)

‖t^{q/2}∇v‖_{2,∞} + ∫ Q_T t^q |∇ε(v)|^2 (1 + |ε(v)|)^{2−p} dx dt 1/2 + ‖t^{q/2}∇^2v‖_{p,QT} + ‖t^{q1/2}∂_tv‖_{2,QT} 6 Φ_1(T, ‖a‖_2, ‖g‖_{Lp}0_{(I;(Ĵ} 1_{p )}0_), ‖t^{1/p}g‖_{2r,p}0 , ν^{−1}, ν_1).

(1.8_2)

II. 1. Pust~ vypolneny usloviØ (1.2_k), k = 1, 2, 3, 4, (1.4), a takße pust~ g ∈ L_{2r,p}0(Q_T ; R^2), (1.9_1)

a ∈ H^1, (1.9_2) 3 2 6 p < 2. (1.93)

Togda suwestvuet tol~ko odna funkciØ v, udovletvorØ¸waØ sootnoxeniØm (1.6_k), k = 1, 2, (1.7_i), i = 1, 2. Bolee togo, dlØ nee verna ocenka

‖∇v‖_{2,∞} + ∫ Q_T |∇ε(v)|^2 (1 + |ε(v)|)^{2−p} dx dt 1/2 + ‖∇^2v‖_{p,QT} + ‖∇^2v‖ 4_4�_{p ,2} + ‖∂_tv‖_{2,QT} 6 Φ_2(T, ‖∇a‖_2, ‖g‖_{2r,p}0, ν^{−1}, ν_1) (1.10)

260 G. A. SEREGIN

2. Pust~ vypolneny usloviØ (1.2_k), k = 1, 2, 3, 4, (1.3), (1.4), (1.9_1), (1.9_2). Togda suwestvuet edinstvennaØ funkciØ v, oblada- ¸waØ svoæstvami (1.6_1),

∇v ∈ L_{2,∞}(Q_T ; R^4), ∂_tv ∈ L_2(Q_T ; R^2), (1.11)

i udovletvorØ¸waØ (1.7_i), i = 1, 2. Bolee togo, dlØ nee verna ocenka (1.10).

Zdes~ i vs¸du v dal~neæxem maßoranty Φ_i sut~ nepreryvnye funkcii, vozrasta¸wie po kaßdoæ peremennoæ.

Zadaqa (1.1_k), k = 1, 2, 3, izuqalas~ v [6] pri dopolnitel~nyh predpoloßeniØh:

g ∈ L_p0(Q_T ; R^2) i | | | ∂^2D ∂ε^2 (ε) | | | 6^{ν2}_{(1 + |ε|)2−p} , ∀ε ∈ M (sm. [6, Gl. 5, usloviØ (3.3) i (1.9) sootvetstveno]). Tam bylo dokazano suwestvovanie slabogo rexeniØ (tipa (1.6_k), k = 1, 2,

(1.7_i), i = 1, 2) pri uslovii^3_2 < p < 2 (sm. [6, Gl. 5, Teore-

ma 3.79]). PervaØ qast~ Teoremy 1.1 oznaqaet, qto global~naØ razreximost~ zadaqi (1.1) s naqal~nymi dannymi (1.5) imeet mesto i pri 1 < p 6^3_2 . Suwestvovanie po kraæneæ mere odnogo rexeniØ s naqal~nymi dannymi (1.9_2), udovletvorØ¸wego (1.6_1),

(1.10), (1.7_i), i = 1, 2, (sil~noe rexenie) bylo dokazano v [6, Gl. 5,

Teorema 4.21] pri l¸byh 1 < p < 2. Dokazatel~stvo ego edinstvennosti (sm. punkt 2 vtoroæ qasti Teoremy 1.1) prinadleßit O. A. Ladyßenskoæ. Soglasno Teoreme 1.1 (punkt 1 vtoroæ qasti Teoremy 1.1) sil~noe rexenie ostaetsØ edinstvennym rexeniem zadaqi (1.1) i v klasse bolee slabyh rexeniæ (1.6_k), k = 1, 2,

(1.7_i), i = 1, 2, pri^3_2 6 p < 2.

Dal~neæxaØ regulØrnost~ rexeniØ zadaqi (1.1) obespeqivaetsØ sledu¸weæ teoremoæ.

Teorema 1.2. Pust~ vypolneny usloviØ (1.2i), i = 1, 2, 3, 4, (1.3),

(1.4), (1.9_k), k = 1, 2. Pust~ funkciØ v udovletvorØet sootnoxeniØm (1.6_1), (1.11), (1.7_i), i = 1, 2 (v – sil~noe rexenie). Predpoloßim, krome togo, qto √ t∂_tg ∈ L_2(I; H). (1.12)

OB ATTRAKTORAH 261 Togda ‖ √ t∂_tv‖_{2,∞} + ‖ √ t∇∂_tv‖_{p,QT} + ∫ Q_T t|ε(∂_tv)|^2 (1 + |ε(v)|)^{2−p} dx dt 1/2 (1.13_1) +‖ √ t∇∂_tv‖ 4_4�_{p ,2} 6 Φ_3(T, ‖∇a‖_2, ‖g‖_{2r,p}0, ‖ √ t∂_tg‖_{2,QT} , ν^{−1}, ν_1), v ∈ C(Ī; H^1). (1.13_2)

Oboznaqim qerez v(t, a) sil~noe rexenie zadaqi (1.1_k), k =

1, 2, 3.

Teorema 1.3. Pust~ vypolneny usloviØ (1.2i), i = 1, 2, 3, 4, (1.3),

(1.4), (1.9_k), k = 1, 2, (1.12). Predpoloßim, qto

a^m ⇀ a v H^1. (1.14) Togda dlØ l¸bogo δ > 0 v^m → v v C(Ī_δ; H^1), (1.15) gde v^m(t) ≡ v(t, a^m), v(t) ≡ v(t, a). Predpoloßim, qto

g(t) ≡ f ∈ L_{2r}(Ω; R^2) ∩ (Ĵ^1_p )^′, t ¿ 0, (1.16)

dlØ nekotorogo r > 1. V fftom sluqae dlØ vseh T > 0 i vseh a ∈ H^1 zadaqa (1.1), k = 1, 2, 3, imeet edinstvennoe sil~noe rexenie. Vvedem razrexa¸wie operatory V_t : H^1 → H^1, polagaØ V_t(a) ≡ v(t, a), a ∈ H^1, t ¿ 0. �ti operatory oblada¸t sledu¸wimi svoæstvami: funkciØ t → V_t(a) ∈ H^1 nepreryvna pri l¸bom a ∈ H^1, } (1.17_1)

funkciØ a ∈ H^1 → V_t(a) ∈ H^1 nepreryvna pri l¸bom t ¿ 0, } (1.17_2)

operator V_t : H^1 → H^1 vpolne nepreryven pri l¸bom t > 0. } (1.17_3)

262 G. A. SEREGIN

Utverßdenie (1.17_1) vytekaet iz (1.13_2), utverßdenie (1.17_2) pri

t > 0 est~ sledstvie Teoremy 1.3, a pri t = 0 ono oqevidno. Nako-

nec, (1.17_3) sleduet iz Teoremy 1.3. Zametim, qto ispol~zuØ Teoremu 1.3 i polugruppovye svoæstva, netrudno ustanovit~, qto: funkciØ (t, a) → V_t(a) ∈ H^1 nepreryvna pri l¸byh t > 0 i a ∈ H^1.

Itak, soglasno terminologii, prinØtoæ v [7] semeæstvo razrexa¸wih operatorov {V_t}_t¿_0 ØvlØetsØ polugruppoæ klassa 1.

Lemma 1.1. Pust~ vypolneny usloviØ (1.2k), k = 1, 2, 3, 4, (1.3),

(1.16). Togda spravedlivy sledu¸wie utverßdeniØ.

1. Polugruppa {V_t}_t¿_0 toqeqno dissipativna. Bolee togo, dlØ l¸bogo a ∈ H^1 suwestvuet qislo T (a) ¿ 0 takoe, qto

‖∇V_t(a)‖^2 6 c_∗ [ 1 + ( 1 ν )^{3p}�^2_{2p}�_2 ‖f‖^p 0_{2r} ]2/p , t ¿ T (a), gde c_∗ – postoØnnaØ, zavisØwaØ tol~ko ot p i r.

2. Polugruppa {V_t}_t¿_0 ograniqena v sledu¸wem smysle

ρ(B) = sup_{a∈B} sup_t ¿0^{‖∇Vt(a)‖} 2 2 6 sup_{a∈B} ‖∇a‖^2 + c_∗ [ 1 + ( 1 ν )^{3p}�^2_{2p}�_2 ‖f‖^p 0 2r ]2/p

dlØ l¸bogo mnoßestva B iz H^1.

Iz Lemmy 1.1 i utverßdeniæ (1.17_k), k = 1, 2, 3, vytekaet (sm. [7, 8])

Teorema 1.4. Pust~ vypolneny usloviØ Lemmy 1.1. Togda polu-

gruppa {V_t}_t¿_0 imeet minimal~nyæ global~nyæ B-attraktor M, kotoryæ ØvlØetsØ invariantnym, svØznym, kompaktnym mnoßestvom v H^1. DlØ l¸bogo a ∈ M rexenie V_t(a), t ¿ 0, moßet byt~ nepreryvno prodolßeno tak, qto V_t(a) est~ rexenie zadaqi (1.1)

OB ATTRAKTORAH 263 dlØ vseh t ∈ R. Spravedliva ocenka

M ≡ sup_{a∈}M sup_{t∈}R { ‖∇V_t(u)‖_2 + ‖∂_tV_t(a)‖_2

+ t+1∫ t ‖∇^2V_θ(a)‖^pdθ 1/p + t+1∫ t ‖∇^2V_θ(a)‖^2 4_4�_p dθ 1/2

+ t+1∫ t H(V_θ(a))dθ 1/2 } < +∞, gde H(u) = ∫ Ω |∇ε(u)|2 (1+|ε(u)|)^2�^p dx.

Avtor vyraßaet gluboku¸ blagodarnost~ O. A. Ladyßenskoæ za mnogoqislennye obsußdeniØ fftoæ raboty i massu poleznyh sovetov, kotorye v korne izmenili ee pervonaqal~nu¸ versi¸.

§2. Nekotorye dopolnitel~nye svedeniØ Vse postoØnnye, zavisØwie tol~ko ot p i r, budem oboznaqat~ qerez C.

My budem ispol~zovat~ sledu¸wie izvestnye fakty: 1) neravenstvo Korna ‖ε(u)‖_p 6 ‖∇u‖_p 6 C‖ε(u)‖_p, ∀u ∈ Ŵ^1_p , 1 < p < +∞, (2.1) 2) interpolØcionnoe neravenstvo ‖u‖_q 6 ‖u‖ pλ q p ‖u‖ l(1�λ)_q l , (2.2) gde 1 6 p 6 q 6 l, q = λp + (1 − λ)l,

3) mul~tiplikativnoe neravenstvo ‖u‖_s 6 C(s, p, q)‖∇u‖^θ_p‖u‖^{1−θ}_q , u ∈ Ŵ^1_p , (2.3) gde 1 < p < 2, q 6^{2p}_{2−p} ,^2_s = (1 − θ)^2_q + θ

(_2 p − 1 ) , 0 6 θ 6 1.

Poloßim E(u) ≡ ∫ Ω (1 + |ε(u)|)^pdx, Ẽ(u) ≡ ‖∇u‖^2,

H(u) ≡ ∫ Ω |∇ε(u)|^2 (1 + |ε(u)|)^{2−p} dx.

264 G. A. SEREGIN

Lemma 2.1. Pust~ u ∈^^W^1_p i H(u) < +∞. Togda imeet mesto

neravenstvo Ẽ(u) 6 CH^2�^p2 (u)E^p2 (u)Ẽ^2�^p2 (u). (2.4)

Dokazatel~stvo. Pust~ q = 2p^2 6p − p^2 − 4 . Netrudno proverit~, qto p < q < 2 pri 1 < p < 2. PolagaØ l = 2, vyvodim iz (2.2) neravenstvo ‖∇u‖_q 6 ‖∇u‖^p 2(p�1)_{p2} p ‖∇u‖^2 2�p_{2p}

2 6 E^{2(p�1)p2} (u)^~E^{2�p2p} (u). (2.5)

Dalee, primenØem mul~tiplikativnoe neravenstvo pri s = 2 i

q =^{2p2}_{6p−p2−4} i poluqaem ‖∇u‖^2 6 C‖∇^2u‖^{2−p}_p E^{2(p} �1)_p (u)Ẽ^2

�p_2

(u). (2.6)

V silu neravenstv Korna i Gel~dera my imeem dve ocenki ‖∇^2u‖_p 6 C‖∇ε(u)‖_p, (2.7) ‖∇ε(u)‖_p 6 H^{1/2}(u)(E(u))^2 �p_{2p} . (2.8) Neravenstvo (2.4) vytekaet iz (2.6), (2.7) i (2.8), poskol~ku

2(p − 1) p + (2 − p)^2 2p = p^2 2p = p 2 . Lemma 2.1 dokazana.

Oboznaqim qerez φ^{(i)}, i = 1, 2, . . ., sobstvennye funkcii zadaqi Stoksa

(∇φ^{(i)}, ∇w) = λ_i(φ^{(i)}, w), ∀w ∈ H^1, φ^{(i)} ∈ H^1, ‖φ^{(i)}‖_2 = 1, (φ^{(i)}, φ^{(j)}) = 0, i, j = 1, 2, . . . , i ≠ j.

(2.9)

VsØkoe rexenie zadaqi (2.9), prodolßennoe periodiqeski na vse

R^2, prinadleßit klassu^^J^∞. Bolee togo, spravedlivo ravenstvo

−Δφ^{(i)} = λ_iφ^i v Ω. (2.10)

OB ATTRAKTORAH 265

Otmetim ewe odno utverßdenie (sm. [9, Gl. II, Lemma 2.4]): dlØ l¸bogo qisla ε > 0 suwestvuet qislo N = N (ε, p) ∈ N takoe, qto ‖u‖_2 6 (_N ∑ i=1 |(u, φ^{(i)})|^2 )_{1/2} + ε‖∇u‖_p, ∀u ∈ Ŵ^1_p . (2.11) §3. Dokazatel~stvo pervoæ qasti Teoremy 1.1 Rassmotrim galerkinskie priblißeniØ zadaqi (1.1_k), k =

1, 2, 3,

v^N (t) = N∑ i=1 d_{i,N} (t)φ^{(i)}, gde neizvestnye funkcii d_{i,N} , i = 1, 2, . . . , N , udovletvorØ¸t sisteme obyknovennyh differencial~nyh uravneniæ

(∂_tv^N (t), w) + (∇v^N (t)v^N (t), w) + ( ∂D ∂ε (ε(v^N (t))), ε(w) )

= (g(t), w), ∀w ∈ H_N = Span {φ^{(1)}, φ^{(2)}, . . . , φ^{(N)}}, (3.1_1)

dlØ vseh t ∈ I i naqal~nomu uslovi¸

v^N (0) = a^N = N∑ i=1 (a, φ^{(i)})φ^{(i)}. (3.1_2)

DlØ kratkosti poloßim u ≡ v^N , b ≡ a^N (3.2) i zametim, qto

‖b‖_2 6 ‖a‖_2, ‖∇b‖_2 6 ‖∇a‖_2. (3.3)

Pust~ w = u(t) v (3.1). Togda 1 2 ∂_t‖u(t)‖^2 + ( ∂D ∂ε (ε(u(t))), ε(u(t)) ) = (g(t), u(t)). (3.4)

Ispol~zuØ vypuklost~ potenciala D, vyvodim iz (1.2_1), (1.2_2) ocenku ν‖ε(u(t))‖^p 6 ∫ Ω D(ε(u(t)))dx 6 ( ∂D ∂ε (ε(u(t))), ε(u(t)) ) . (3.5)

266 G. A. SEREGIN

Dalee, v silu neravenstv Korna (2.1) i ınga, imeem |(g(t), u(t))| 6 ‖g(t)‖_p0_{,−1}‖∇u(t)‖_p 6 C‖g(t)‖_p0_{,−1}‖ε(u(t))‖_p 6^ν_2 ‖ε(u(t))‖^p + C^{( 1}_ν^{) 1p�1} ‖g(t)‖^{p0}_p0_{,−1}. (3.6)

Itak, iz (3.4)–(3.6) vytekaet ∂_t‖u(t)‖^2 + ν‖ε(u(t))‖^p 6 C ( 1 ν ) 1_p�_1 ‖g(t)‖^p 0 p0_{,−1}. (3.7)

IntegriruØ (3.7) i uqityvaØ (3.1_2), (3.2) i (3.3), poluqim sup 06t6T^{‖u(t)‖} 2 2 + ν T∫ 0 ‖ε(u(t))‖^pdt 6 ‖a‖^2 + C^{( 1}_ν^{) 1p�1} T∫ 0 ‖g(t)‖^p 0 p0_{,−1}dt ili ‖u‖^2_{,∞} + T∫ 0 E(u(t))dt 6 Φ_0(T, ‖a‖_2, ‖g‖_{Lp}0_{(I,(Ĵ 1p )}0_), ν^{−1}). (3.8)

Otmetim ewe odnu ocenku, vyteka¸wu¸ iz (3.7), ‖u(t)‖_2 + ν t∫ 0 ‖ε(u(θ))‖^pdθ 6 C ( 1 ν ) 1_p�_1^t∫ 0 ‖g(θ)‖^p 0 p0_{,−1}dθ + ‖a‖^2. (3.9)

Dalee, pust~ t, t + Δ ∈ Ī, i 6 N . Togda, integriruØ ravenstvo

(3.1_1) na intervale ]t, t + Δ[ pri w = φ^{(i)}, poluqim

|(u(t + Δ) − u(t), φ^{(i)})| = | | | | − t+Δ∫ t ( ∂D ∂ε (ε(u(θ))), ε(φ^{(i)}) ) dθ

+ t+Δ∫ t (u_k(θ)u(θ), φ^{(i)}_{,k} )dθ + t+Δ∫ t (g(θ), φ^{(i)})dθ | | | |.

OB ATTRAKTORAH 267

VspominaØ uslovie (1.2_4), ustanavlivaem

|(u(t + Δ) − u(t), φ^{(i)})| 6 ν_1 | | | | t+Δ∫ t ∫ Ω (1 + |ε(u(θ))|)^{p−1}|∇φ^{(i)}|dθ dx | | | |

+ C‖∇φ^{(i)}‖_∞ | | | | t+Δ∫ t ‖u(θ)‖^2dθ | | | | + | | | | t+Δ∫ t ‖g(θ)‖_p0_,�_1 ‖∇φ^{(i)}‖_pdθ | | | | 6 ‖∇φ^{(i)}‖p^| t+Δ∫ t [Cν_1E^p

�1_p

(u(θ)) + ‖g(θ)‖_p0_,�_1 ]dθ | | | + C‖∇φ^{(i)}‖_∞|Δt|Φ_0 6 ‖∇φ^{(i)}‖p|Δt|^{1p} Cν1 T∫ 0 E(u(t))dt p�1_p + ‖g‖_{Lp}0_{(I;(Ĵ} 1_{p )}0_) + C‖∇φ^{(i)}‖_∞|Δt|Φ_0. BlagodarØ (3.8), my moßem vybrat~ podposledovatel~nost~

taku¸, qto v^{N ∗}⇀ v v L_∞(I; H), v^N ⇀ v v L_p(I; Ĵ^1_p ).

(3.11_1)

Soglasno (3.10) posledovatel~nost~ {(v^N (t), φ^{(i)})}^∞_{N=1} predkom-

paktna v C(Ī) pri kaßdom fiksirovannom i. Ispol~zuØ diago-

nal~nyæ process, my moßem vybrat~ podposledovatel~nost~ ta-

ku¸, qto (v^N (t), w) → (v(t), w) v C(Ī) ∀w ∈ H. (3.12) Takim obrazom, funkciØ t → v(t) ∈ H opredelena dlØ vseh t ∈ Ī

i, bolee togo, v(0) = a. PrinimaØ vo vnimanie (3.11_2) i (3.12),

perehodim k predelu v (3.9) i poluqaem ‖v(t)‖_2 + ν t∫ 0 ‖ε(v(θ))‖^p dθ 6 C ( 1 ν ) 1_p�_1^t∫ 0 ‖g(θ)‖^p 0 p0_{,−1}dθ + ‖a‖^2. Ots¸da, ispol~zuØ izvestnye rassußdeniØ (sm. [10]), vyvodim

‖v(t) − a‖_2 → 0 pri t → 0 + 0. (3.13)

268 G. A. SEREGIN

Nakonec, iz (3.11_2), (3.12) i utverßdeniØ (2.11) vytekaet, qto (sm. [10])

v^N → v v L_2(Q_T ; R^2) =⇒ (v^N → v p.v. v Q_T ). (3.14)

S drugoæ storony, moßno ispol~zovat~ mul~tiplikativnoe neravenstvo pri q = 2, s = 2p i poluqit~ ‖u(t)‖_{2p} 6 C‖∇u(t)‖^{12}p ‖u(t)‖^{12}_2 . Takim obrazom, posledovatel~nost~ {v^N }^∞_{N=1} ograniqena v

L_{2p}(Q_T ; R^2) i, sledovatel~no, soglasno (3.14) my imeem

v^N ⇀ v v L_{2p}(Q_T ; R^2), (3.15_1) v^N → v v L_q(Q_T ; R^2), ∀q ∈ [1, 2p[. (3.15_2)

DlØ poluqeniØ ewe odnogo sledstviØ toßdestva (3.1) poloßim

w = −Δu(t) i otmetim, qto (u_i(t)u_{,i}(t), Δu(t)) ≡ 0. Takim obrazom, 1 2 ∂_tẼ(u(t)) + (div σ^N (t), Δu(t)) = −(g(t), Δu(t)), (3.16)

gde σ^N (t) =^{∂D}_{∂ε} (ε(u(t))). Ispol~zuØ usloviØ periodiqnosti, poluqaem

(div σ^N (t), Δu(t)) = (σ^N_{,k} (t), ε(u_{,k}(t))) ¿ (sm. (1.2_3) ¿ 2νH(u(t)).

Itak, iz (3.8) i posledneæ ocenki vytekaet, qto 1 2 ∂_tẼ(u(t)) + 2νH(u(t)) 6 −(g(t), Δu(t)). (3.17)

Ocenku pravoæ qasti v (3.17) provedem s uqetom toßdestva

Δu = 2 div ε(u)

|(g(t), Δu(t))| 6 CH^{1/2}(u(t)) ∫ Ω |g(t)|^2h^{2(2} �p)_p (t)dx 1/2 . Zdes~ h(t) = (1 + |ε(u(t))|)^{p/2}. Netrudno proverit~, qto

‖∇h(t)‖_2 6 H^{1/2}(u(t)), (3.18)

i sledovatel~no, v silu (3.18) my imeem

‖h(t)‖_W 1_{2 (Ω)} = (‖h(t)‖^2 + ‖∇h(t)‖^2)^{1/2}

6 C(E(u(t)) + H(u(t)))^{1/2} (3.19)

OB ATTRAKTORAH 269

Itak, |(g(t), Δu(t))| 6 CH^{1/2}(u(t))‖g(t)‖_{2r}‖h(t)‖^2 �p_p 2r(2�p) p(r�1) 6 CH^{1/2}(u(t))‖h(t)‖^{2�pp}2r_{r�1} .

Ots¸da, a takße iz (3.17), (3.19), vyvodim 1 2 ∂_tẼ(u(t)) + νH(u(t)) 6 C ν ‖g(t)‖^2_r‖h(t)‖ 2(2�p)_p 2r r�1 6^C_ν ‖g(t)‖^2_r‖h(t)‖^{2(2�p)p}_W 1_{2 (Ω)} 6^C_ν ‖g(t)‖^2_r{[E(u(t))]^{2�pp} + [H(u(t))]^{2�pp} }.

Ewe raz primenØØ neravenstvo ınga, prihodim k sootnoxeni¸

∂_tẼ(u(t)) + νH(u(t)) 6 E(u(t)) + Φ^′_1 ( 1 ν ) ‖g(t)‖^p 0 2r. (3.20)

Umnoßim neravenstvo (3.20) na t^q s q =^1_{p−1}

∂_t(t^qẼ(u(t))) + νt^qH(u(t)) 6 t^qE(u(t))

+ Φ^′_1 ( 1 ν ) ‖t^{1p} g(t)‖^p 0 2r + qt^{q−1}Ẽ(u(t)). Primenim neravenstvo (2.4) Lemmy 2.1 i v rezul~tate poluqim

∂_t(t^qẼ(u(t))) + νt^qH(u(t)) 6 t^qE(u(t)) + Φ^′_1 ( 1 ν ) ‖t^{1p} g(t)‖^p 0 2r + Ct^{q−1}H^2

�p_2 (u(t))E^{p2} (u(t))Ẽ^2

�p_2 (u(t)) 6 t^qE(u(t))

+ Φ^′_1 ( 1 ν ) ‖t^{1p} g(t)‖^p 0 2r + C(t^qH(u(t)))^2

�p_2 E^{p2} (u(t))(t^qẼ(u(t)))^2

�p_2 . Ewe raz vospol~zuemsØ neravenstvom ınga pri ocenke pravoæ qasti poslednego neravenstva

∂_t(t^qẼ(u(t))) + ν 2 t^qH(u(t)) 6 Φ^{′′}_1^{( 1}_ν^) [t^qE(u(t)) + E(u(t))(t^{q~}E(u(t)))^{2�pp} + ‖t^{1p} g(t)‖^{p0}_{2r}].

270 G. A. SEREGIN

Tak kak^{2−p}_p < 1, to (t^qẼ)^2

�p_p 6

1 + t^qẼ, i sledovatel~no,

sup 06t6T^t qẼ(u(t)) + ν 2 T∫ 0 t^q H(u(t))dt 6 Φ^{′′}_1 ( 1 ν )^T∫ 0 [(t^q + 1)E(u(t))

+ ‖t^{1p} g(t)‖^p 0_{2r} ]dt exp

Φ^{′′}_1 ( 1 ν )^T∫ 0 E(u(t))dt . (3.21)

Dalee, v silu, neravenstv (2.7) i (2.8), my imeem ‖∇^2u(t))‖_p 6 C‖∇ε(u(t))‖_p 6 CH^{1/2}(u(t))E^2 �p_{2p} (u(t)), (3.22)

i, takim obrazom,

‖t^{q2} ∇^2u(t)‖^p_{,QT} 6 C T∫ 0 (t^q H(u(t)))^{p2} E^2 �p_p (u(t))dt 6 C T∫ 0 t^qH(u(t))dt p/2 T∫ 0 E(u(t))dt 2�p_2 .

Ots¸da, a takße iz (3.8) i (3.21) vytekaet ocenka

‖t^{q2} ∇u‖_{2,∞} + T∫ 0 t^qH(u(t))dt 1/2 + ‖t^{q2} ∇^2u‖_{p,QT} 6^¯Φ1(T, ‖a‖2, ‖g‖_{Lp0 (I;(}^_J 1_{p )}0_), ‖t^{1p} g‖2r,p0, ν^{−1}). (3.23)

DlØ vyvoda posledneæ ocenki poloßim w = ∂_tu(t) v (3.1) i

poluqim ‖∂_tu(t)‖_2 + ∂_t ∫ Ω D(ε(u(t)))dx = (g(t), ∂_tu(t)) − (u_i(t)u_{,i}(t), ∂_tu(t)). (3.24)

OB ATTRAKTORAH 271

Pri pomowi neravenstva Koxi vyvodim iz (3.24) 1 2 ‖∂_tu(t)‖^2 + ∂_t ∫ Ω D(ε(u(t)))dx 6 C ‖g(t)‖^2 + ∫ Ω |u(t)|^2|∇u(t)|^2dx . (3.25)

Poslednee slagaemoe v pravoæ qasti neravenstva (3.25) ocenim, ispol~zuØ neravenstvo Gel~dera, teoremy vloßeniØ i neravenstvo (3.22) ∫ Ω |u(t)|^2|∇u(t)|^2dx 6 ‖∇u(t)‖^22p_2�_p ‖u(t)‖^2_p0 6 C‖∇^2u(t)‖^2_p‖u(t)‖^2_p0 6 C H(u(t))E^{2�pp} (u(t))‖u(t)‖^2_p0 . (3.26)

Posledniæ somnoßitel~ v pravoæ qasti neravenstva (3.26) ocenim pri pomowi mul~tiplikativnogo neravenstva ‖u(t)‖^2_p0 6 C‖∇u(t)‖^2 �p_2 2 ‖u(t)‖ 2(p�1)_p

2 6 C^~E^{2�p2p} (u(t))Φ^{p�1p}_0 . (3.27)

Itak, iz (3.26) i (3.27) vytekaet sootnoxenie ∫ Ω |u(t)|^2|∇u(t)|^2dx 6 C H(u(t))E^2 �p_p (u(t))Ẽ^2 �p_p (u(t))Φ

2(p�1)_p 0 . Zametim ewe, qto E(u(t)) 6 C ∫ Ω (1 + |∇u(t)|)^pdx 6 C ∫ Ω (1 + |∇u(t)|^2)dx p/2 6 C(1 +^~E(u(t)))^{p/2} (3.28)

Takim obrazom, my imeem ∫ Ω |u(t)|^2|∇u(t)|^2dx 6 C H(u(t))(1 + Ẽ(u(t)))^4 �p^2_{2p} Φ 2(p�1)_p 0 . (3.29)

272 G. A. SEREGIN

Iz (3.25) i (3.29) vyvodim 1 2 t^{q1} ‖∂_tu(t)‖^2 + ∂_t t^q1 ∫ Ω D(ε(u(t)))dx 6 q1t^{q1−1 ∫}_Ω D(ε(u(t)))dx + C [ t^{q1} ‖g(t)‖^2 + t^{q1} H(u(t))(1 + Ẽ(u(t)))^4

�p^2_{2p} Φ 2(p�1)_p 0 ] . Otmetim, qto v silu (1.2_1) i (1.2_4) D(ε) = 1∫ 0 ∂D ∂ε (θε) : ε dθ 6 Cν_1(1 + |ε|)^p, (3.30)

i, sledovatel~no, 1 2 t^{q1} ‖∂_tu(t)‖^2 + ∂_t t^{q1} ∫ Ω D(ε(u(t)))dx 6 Cν1t^{q1 −1}E(u(t)) + C { t^{q1} ‖g(t)‖^2 + (t^qH(u(t)))[t^q(1 + Ẽ(u(t)))]^4

�p^2_{2p} Φ 2(p�1)_p 0 } . Ots¸da i iz (3.23) vyvodim ocenku ‖t^{q/2}∇u‖_{2,∞} + T∫ 0 t^q H(u(t))dx 1/2 + ‖t^{q/2}∇^2u‖_{p,QT} + ‖t^{q1/2}∂_tu‖_{2,QT} 6 Φ_1. (3.31)

Teper~ my moßem pereæti k predelu v toßdestve (3.1_1). Vyberem i zafiksiruem δ > 0. BlagodarØ ocenke (3.27) moßno utverßdat~ (po kraæneæ mere posle vybora podposledovatel~nosti), qto ∇^2v^N ⇀ ∇^2v v L_p(Q_{δ,T} ; R^8), (3.32_1) ∂_tv^N ⇀ ∂_tv v L_2(Q_{δ,T} ; R^2), (3.32_2)

i, sledovatel~no,

∇v^N → ∇v v L_p(Q_{δ,T} ; R^4), (3.33_1) ∇v^N → ∇v p.v. v Q_{δ,T} , (3.33_2)

OB ATTRAKTORAH 273

gde Q_{δ,T} ≡ Ω × I_δ , I_δ ≡]δ, T [.

Pust~ w ∈ Ĵ^∞, χ ∈ L_∞(I_δ ) – proizvol~nye fiksirovannye funkcii. Iz (3.1_1) vytekaet ravenstvo T∫ δ χ(t) [ (∂_tv^N (t), w) + (∇v^N (t)v^N (t), w)

+ ( ∂D ∂ε (ε(v^N (t))), ε(w) ) − (g(t), w) ] dx = 0. (3.34)

BlagodarØ (3.32_2) i (3.14), my imeem T∫ δ χ(t)(∂_tv^N (t), w)dt → T∫ δ χ(t)(∂_tv(t), w)dt, T∫ δ χ(t)(∇v^N (t)v^N (t), w)dt

= − T∫ δ χ(t)(v^N_i (t)v^N (t), w_{,i})dt → − T∫ δ χ(t)(v_i(t)v(t), w_{,i})dt.

(3.35)

DlØ togo, qtoby pereæti k predelu v tret~em slagaemom ravenstva (3.34), vospol~zuemsØ usloviem (1.2_4). Imeem dlØ vsØkogo podmnoßestva Q^′ ⊂ Q_{δ,T}

A^N = | | | | | | ∫ Q_{δ,T} χ(t) ( ∂D ∂ε (ε(v^N )) − ∂D ∂ε (ε(v)), ε(w) ) dx dt | | | | | | 6 ‖ε(w)‖∞‖χ‖∞,I_δ^{{ ∫}_{Q0}^|^{∂D}_{∂ε} (ε(v^N )) −^{∂D}_{∂ε} (ε(v))^| dx dt + ν_1 ∫ Q_{δ,T} \Q0 [(1 + |ε(v^N )|)^{p−1} + (1 + |ε(v)|)^{p−1}]dx dt } (3.36)

274 G. A. SEREGIN 6 ‖ε(w)‖∞‖χ‖∞,I_δ ∫ Q0 | | | | ∂D ∂ε (ε(v^N )) − ∂D ∂ε (ε(v)) | | | | dx dt

+C|Q_{δ,T} \ Q^′|^{1p} T∫ δ E(v^N (t))dt p�1_p + T∫ δ E(v(t))dt p�1_p . Soglasno (3.8) verna ocenka T∫ 0 E(v^N (t))dt 6 Φ_0,

i, sledovatel~no, (sm. (3.11_2)) T∫ 0 E(v(t))dt 6 Φ_0.

Takim obrazom, iz (3.36) sleduet sootnoxenie A^N 6 ‖ε(w)‖_∞‖χ‖_{∞,Iδ} { ∫ Q0 | | | | ∂D ∂ε (ε(v^N )) − ∂D ∂ε (ε(v)) | | | | dx dt

+ CΦ p�1_p 0 |Q_{δ,T} \ Q^′|^{1/p} } . (3.37)

Voz~mem proizvol~noe qislo γ > 0. Suwestvuet zamknutoe podmnoßestvo Q^′ ⊂ Q_{δ,T} takoe, qto ε(v^N ) → ε(v) ravnomerno na Q^′ i ‖ε(w)‖_∞‖χ‖_{∞,Iδ} CΦ p�1_p 0 |Q_{δ,T} \ Q^′|^{1/p} < γ. No togda, perehodØ k predelu v (3.37), poluqaem, qto lim sup_{N→+∞} A^N 6

γ, i v silu proizvol~nosti γ, zakl¸qaem, qto lim_{N→+∞} A^N = 0.

Takim obrazom, iz (3.34)–(3.36) sleduet ravenstvo T∫ δ χ(t) [ (∂_tv(t), w) + ( ∂D ∂ε (ε(v(t))), ε(w) )

−(v_i(t)v(t), w_{,i}) − (g(t), w)] dt = 0.

OB ATTRAKTORAH 275

Oboznaqim qerez I^′ mnoßestvo toqek Lebega funkciæ t → ∂_tu(t), t →^{∂D}_{∂ε} (ε(v(t))), t → g(t) i t → v_i(t)v(t). Izvestno, qto |I^′| = T . Pol~zuØs~ proizvol~nost~¸ funkcii χ, ustanavlivaem toßdestvo (∂_tv(t), w) − (v_i(t)v(t), w_{,i}) + ( ∂D ∂ε (ε(v(t))), ε(w) ) = (g(t), w) (3.38)

dlØ vseh w ∈ Ĵ^∞ i vseh t ∈ I^′ ∩ I_δ.

SootnoxeniØ (3.32) i (3.33) pozvolØ¸t poluqit~ iz (3.31) sledu¸wu¸ ocenku sup δ6t6T^{(t} qẼ(v(t)))^{1/2} + lim inf_{N→+∞} T∫ δ t^q H(v^N (t))dt + ‖t^{q2} ∇^2v‖_{p,Qδ,T} + ‖t^{q1/2} ∂_tv‖_{2,Qδ,T} 6 Φ_1. (3.39)

Soglasno (3.31) my moßem utverßdat~, qto ε(v^N_{,k} ) (1 + |ε(v^N )|)^2

�p_2 ⇀ βk v L2(Qδ,T ; M), k = 1, 2 (3.40)

i, sledovatel~no,

lim inf N→+∞ T∫ δ t^q H(v^N (t))dt ¿ T∫ δ t^qβ_k(t) : β_k(t)dt. (3.41)

OstaetsØ pokazat~, qto β_k ≡ ε(v_{,k}) (1 + |ε(v)|)^2

�p_2 . (3.42)

Deæstvitel~no, dlØ vsØkoæ funkcii – ∈ C^∞_0 (Q_{δ,T} ; M) my imeem | | | | | | ∫ Q_{δ,T}

( ε(v_{,k}) (1 + |ε(v)|)^2 �p_2 − βk ) : –dx dt | | | | | | 6

276 G. A. SEREGIN 6 | | | | | | ∫ Q_{δ,T} ε(v^N_{,k} ) : – ( 1 (1 + |ε(v)|)^2

�p_2 − 1 (1 + |ε(v^N )|)^2

�p_2 ) dx dt | | | | | |

+ | | | | | | ∫ Q_{δ,T} (ε(v_{,k}) − ε(v^N_{,k} )) : – dx dt (1 + |ε(v)|)^2

�p_2 | | | | | |

+ | | | | | | ∫ Q_{δ,T}

( ε(v^N_{,k} ) (1 + |ε(v^N )|)^2 �p_2 − βk ) : – dx dt | | | | | | 6 ‖–‖∞,Q_{δ,T} ‖∇ε(v^N )‖p,Q_{δ,T}

× ∫ Q_{δ,T}

| | | | 1 (1 + |ε(v)|)^2

�p_2 − 1 (1 + |ε(v^N )|)^2

�p_2 | | | | p p�1 dx dt p�1_p

+ | | | | | | ∫ Q_{δ,T} (ε(v_{,k} ) − ε(v^N_{,k} )) : –

(1 + |ε(v)|)^2 �p_2 dx dt | | | | | |

+ | | | | | | ∫ Q_{δ,T}

( ε(v^N_{,k} ) (1 + |ε(v^N )|)^2 �p_2 − βk ) : – dx dt | | | | | | Vtoroe i tret~e slagaemoe v pravoæ qasti poslednego neraven-

stva stremØtsØ k nul¸ soglasno (3.32_1) i (3.40), pervoe slagaemoe

stremitsØ k nul¸ v silu ocenok (3.31), (3.28_2) i teoremy Lebega.

PerehodØ k predelu v (3.39) s uqetom (3.41), (3.42) i pol~zuØs~

sootnoxeniem (3.38) i proizvol~nost~¸ δ, my poluqim ocenku

(1.8_2) i toßdestvo (∂_tv(t), w) − (v_i(t)v(t), w_{,i}) + ( ∂D ∂ε (ε(v(t))), ε(w) ) = (g(t), w) dlØ vseh w ∈ Ĵ^∞ i vseh t ∈ I^′.

OstaetsØ zametit~, qto |(v_i(t)v(t), w_{,i})| = |((∇v(t))v(t), w)| 6 ‖w‖ 2p_{2�p} ∫ Ω (|∇v(t)| |v(t)|)^{2p3p}�^2 dx 2p�2_{2p} 6

OB ATTRAKTORAH 277 6 C‖∇w‖p‖∇v(t)‖2 ‖v(t)‖ p_{p�1} 6 C‖∇w‖p‖∇v(t)‖2 ‖∇v(t)‖^{2�pp}_2 ‖v(t)‖^{2p�2p}_2 6 C‖∇w‖p ‖∇v(t)‖^{2p}_2 ‖v(t)‖^{2p�2p}_2 . (3.43) My znaem, qto veliqina ‖∇v(t)‖_2 koneqna dlØ vseh t ∈ I^{′′}, gde

|I^{′′}| = T . Takim obrazom, my imeem

(∂_tv(t), w) + (∇v(t)v(t), w) + ( ∂D ∂ε (ε(v(t))), ε(w) ) = (g(t), w) dlØ vseh w ∈ Ĵ^∞ i vseh t ∈ I^′ ∩ I^{′′}. BlagodarØ (3.43) poslednee toßdestvo spravedlivo dlØ vseh w ∈ Ĵ^1_p .

V silu ocenki (1.8_2) funkciØ t → u(t) ∈ H nepreryvna pri vseh

0 < t 6 T . No iz (3.13) sleduet, qto u ∈ C(Ī; H). Itak, pervaØ

qast~ Teoremy 1 dokazana.

§4. Dokazatel~stvo vtoroæ qasti Teoremy 1.1 UsloviØ (1.9_1), (1.9_2) pozvolØ¸t vyvesti iz (3.20) sledu¸wee neravenstvo Ẽ(u(t)) + ν t∫ 0 H(u(θ))dθ 6 ‖∇a‖^2 + t∫ 0 [ E(u(θ)) + Φ^′_1 ( 1 ν ) ‖g(θ)‖^p 0_{2r} ] dθ, u ≡ v^N (4.1)

BlagodarØ (3.8) i (4.1), my imeem ocenku

sup 06t6T^{Ẽ(u(t)) +} T∫ 0 H(u(t))dt 6 Φ^′_2(T, ‖∇a‖_2, ‖g‖_{2r,p}0, ν^{−1}). (4.2)

Krome togo, ispol~zuØ neravenstva Gel~dera i Korna, ustana-

278 G. A. SEREGIN

vlivaem ocenku

‖∇^2u‖^2 4_4�_{p ,2} 6 C‖∇ε(u)‖^2 4_4�_{p ,2}

= C T∫ 0 ∫ Ω ( |∇ε(u)|^2 (1 + |ε(u)|)^{2−p} ) 2_4�_p

(1 + |ε(u)|)^{(2}

�p)2_4�_p dx 4�p_2 dt 6 C T∫ 0 H(u(t)) ∫ Ω (1 + |ε(u(t))|)^2dx

2�p_2 dt 6 C T∫ 0 H(u(t))dt(1 + Ẽ(u(t)))^2

�p_2

dt 6 CΦ^′_2(1 + Φ^′_2)^{2�p}2 .

Dalee, iz (3.25), (3.29) vyvodim ewe odnu ocenku ‖∂_tu‖^2_{,QT} 6 2 ∫ Ω D(ε(u(0)))dx + C‖g(t)‖^2

+ C T∫ 0 H(u(t))(1 + Ẽ(u(t)))^4

�p^2_{2p} dtΦ 2(p�1)_p 0 . (4.4)

PrinimaØ vo vnimanie (3.28) i (3.30), ocenim pervoe slagaemoe v pravoæ qasti (4.4) sledu¸wim obrazom ∫ Ω D(ε(u(0)))dx 6 Cν_1E(u(0)) 6 Cν_1(1 + Ẽ(u(0)))^{p/2}

6 Cν1(1 + ‖∇a‖^2)^{p/2}.

Ots¸da, a takße iz (3.22), (4.2)–(4.4), vytekaet neravenstvo sup 06t6T^{‖∇vN (t)‖2 +} T∫ 0 H(v^N (t))dt 1 2 + ‖∇^2v^N ‖_{p,QT} + ‖∇^2v^N ‖ 4_4�_{p ,2} + ‖∂_tv^N ‖_{2,QT} 6 Φ_2. (4.5)

UstremlØØ N k +∞, poluqaem, qto pri vypolnenii dopolnitel~- nyh usloviæ (1.9_1), (1.9_2) i pri vseh 1 < p < 2 suwestvuet po kraæneæ mere odna funkciØ v, udovletvorØ¸waØ sootnoxeniØm

OB ATTRAKTORAH 279 (1.6_1), (1.11), (1.7_i), i = 1, 2 i ocenke (1.10) (sil~noe rexenie).

Pokaßem snaqala, qto takaØ funkciØ edinstvenna.

Itak, pust~ v^1 i v^2 dve funkcii, udovletvorØ¸wie (1.6_1), (1.11) i (1.7_1). Imeem pri p.v. t ∈ I 1 2 ∂_t‖ū(t)‖^2 + K(v^1(t), v^2(t)) = −(ū_i(t)v^2_{,i}(t), ū(t)), (4.6)

gde ū = v^1 − v^2,

K(v^1, v^2) ≡ ∫ Ω ( ∂D ∂ε (ε(v^1)) − ∂D ∂ε (ε(v^2)) ) : ε(ū)dx ¿ (sm. (1.23)) ¿ 2ν^∫_Ω^{|ε(ū)|2}

(1 + |ε(v^1)| + |ε(v^2)|)^{2−p} dx. (4.7)

V silu neravenstv Korna i Gel~dera verna ocenka

‖∇ū‖ 4_4�_p 6 C‖ε(ū)‖ 4_4�_p

= ∫ Ω ( |ε(ū)|^2 (1+|ε(v^1 )|+|ε(v^2)|)^{2−p}

) 2_4�_p (1+|ε(v^1)|+|ε(v^2)|)^{2(2}

�p)_4�_p dx 4�p_4

6 ∫ Ω |ε(ū)|^2 (1+|ε(v^1)|+|ε(v^2)|)^{2−p} dx 1/2 ∫ Ω (1+|ε(v^1)|+|ε(v^2)|)^2dx

2�p_4

6 (sm.(4.7)) 6^{( 1}_{2ν} K(v^1, v^2)^{)1/2} (1 +^~E(v^1) +^~E(v^2))^{2�p}4 . (4.8)

Pravu¸ qast~ v (4.6) ocenim pri pomowi neravenstv Gel~dera i (2.3)

|(ū_i(t)v^2_{,i}(t), ū(t))| 6 ‖ū(t)‖^2_4Ẽ^{1/2}(v^2(t))

6 C‖∇ū(t)‖^{2p} 4_{4�p} ‖ū(t)‖^{2(p�1)p}_2^~E^{1/2}(v^2(t)).

280 G. A. SEREGIN

Ots¸da, a takße iz (4.6), (4.8), vyvodim sootnoxenie 1 2 ∂_t‖ū(t)‖^2 + K(v^1(t), v^2(t)) 6 C ( 1 2ν K(v^1(t), v^2(t)) ) 1_p

× (1 + Ẽ(v^1(t)) + Ẽ(v^2(t)))^2

�p_{2p}~ E^{1/2}(v^2(t))(‖ū(t)‖^2)^p

�1_p

6 C^{( 1}_{2ν} K(v^1(t), v^2(t))^{) 1p} (1 +^~E(v^1(t)) +^~E(v^2(t)))^{1p} (‖ū(t)‖^2)^{p�1p} .

Posle primeneniØ neravenstva ınga budem imet~

∂_t‖ū(t)‖^2 + K(v^1(t), v^2(t))

6 C^{( 1}_ν^{) 1p�1} (1 +^~E(v^1(t)) +^~E(v^2(t)))^{1p�1} ‖ū(t)‖^2. (4.9)

Esli dopolnitel~no predpoloßit~, qto v^1 i v^2 udovletvorØ¸t uslovi¸ (1.7_2), t.e. ū(0) = 0, to iz (1.11), (1.6_1) i (4.9) netrudno vyvesti, qto v^1 ≡ v^2. Itak, utverßdenie punkta 2 vtoroæ qasti Teoremy 1.1 dokazano.

Pust~ v^1 – proizvol~naØ funkciØ, udovletvorØ¸waØ sootnoxeniØm (1.6_k), k = 1, 2, (1.7_i), i = 1, 2, a v^2 – sil~noe rexenie, t.e. funkciØ, udovletvorØ¸waØ (1.6_1), (1.11), (1.7_i), i = 1, 2. Esli my pokaßem, qto v^1 ≡ v^2, to utverßdenie punkta 1 vtoroæ qasti Teoremy 1.1 budet dokazano.

BlagodarØ neravenstvam Korna i Gel~dera my imeem ‖∇ū‖_p 6 C‖ε(ū)‖_p 6 C^{( ∫}_Ω^{( |ε(ū)|2} (1 + |ε(v^1)| + |ε(v^2)|)^{2−p}

)^p_2

(1 + |ε(v^1)|

+ |ε(v^2)|)^{(2}

�p)p_2 dx ) 1_p 6 (sm.(4.7)) 6 C^{[ 1}_{2ν} K(v^1, v^2)^{]1/2}

× [E(v^1) + E(v^2)]^2 �p_{2p} . (4.10)

Vospol~zuemsØ mul~tiplikativnym neravenstvom (2.3) dlØ ocen-

OB ATTRAKTORAH 281

ki pravoæ qasti v (4.6) 1 2 ∂_t‖ū(t)‖^2 + K(v^1(t), v^2(t)) 6 ‖ū(t)‖^2_4Ẽ^{1/2}(v^2(t))

6 C‖∇ū(t)‖^{p2(p�1)}p (‖ū(t)‖^2)^{3p�44p�4~}E^{1/2}(v^2(t)) 6 (sm.(4.10)) 6 C^{( 1}_{2ν} K(v^1(t), v^2(t))^{) p4(p�1)} (E(v^1(t)) + E(v^2(t)))^{2�p4p�4~}E^12 (v^2(t))

× (‖ū(t)‖^2)^{3p}

�4_{4p}�_4 . Ispol~zuØ neravenstvo ınga, vyvodim iz poslednego sootnoxeniØ sledu¸wu¸ ocenku

∂_t‖ū(t)‖^2 + K(v^1(t), v^2(t))

6 C^{( 1}_ν^{) p3p�4} [E(v^1(t)) + E(v^2(t))]^{2�p3p�4~}E^{2p�23p�4} (v^2(t))‖ū(t)‖^2

6 (sm.(1.10), (1.93)) 6 C^{( 1}_ν^{) p3p�4} Φ^{4p�43p�4}_2 [E(v^1(t))+E(v^2(t))]‖ū(t)‖^2.

Sledovatel~no, pri t ¿ t_1 > 0 my imeem

‖ū(t)‖^2 6 ‖ū(t_1)‖^2 exp { C ( 1 ν ) p_{3p}�_4 Φ 4p�4_{3p}�_4 2 × t∫ t1 [E(v^1(θ)) + E(v^2(θ))]dθ } . BlagodarØ (1.6_1), my moßem pereæti k predelu pri t_1 → 0 i poluqit~, qto v^1 ≡ v^2. Teorema 1.1 dokazana.

§5. Dokazatel~stvo Teorem 1.2 i 1.3

Dokazatel~stvo Teoremy 1.2. Dokaßem snaqala, qto dlØ l¸-

boæ w ∈ H^1

funkciØ t → (∇v(t), ∇w) nepreryvna na Ī. (5.1) Poskol~ku v usloviØh Teoremy 1.2 rexenie zadaqi (1.1_k), k =

1, 2, 3, edinstvenno, to my moßem dokazyvat~ (5.1) predel~nym

282 G. A. SEREGIN

perehodom na galerkinskih priblißeniØh. Iz (3.1) netrudno vy-

vesti toßdestvo (∂_tu_{,k}(t), w) + ((∇u(t)u(t))_{,k}, w) + (σ^N_{,k} (t), ε(w)) = −(g(t), w_{,k}), ∀w ∈ H_N , k = 1, 2, v kotorom σ^N ≡^{∂D}_{∂ε} (ε(u)), u = v^N . Pust~ t, t + Δ ∈ Ī, togda A_k ≡ |(u_{,k}(t + Δ) − u_{,k}(t), w)| 6 ‖∇w‖_∞ | | | | | t+Δ∫ t ‖∇u(θ)‖_2‖u(θ)‖_2dθ | | | | | + ‖∇^2w‖_∞ | | | | | | t+Δ∫ t ∫ Ω |σ^N |dx dθ | | | | | | + ‖∇w‖_∞ | | | | | | t+Δ∫ t ∫ Ω |g|dx dθ | | | | | | . Teper~ vospol~zuemsØ uße poluqennymi ocenkami (4.2) dlØ

‖∇u(t)‖_2 i (3.8) dlØ ‖u(t)‖_2, a takße usloviØmi (1.2_4), (1.9_1). V

rezul~tate poluqim

A_k 6 |Δ|‖∇w‖_∞(Φ_0Φ^′_2)^{1/2} + ‖∇^2w‖_∞ν_1 × | | | | | | t+Δ∫ t ∫ Ω (1 + |ε(u(θ))|)^{p−1}dx dθ | | | | | | + C‖∇w‖_∞ | | | | | | t+Δ∫ t ‖g(θ)‖_{2r} dθ | | | | | | 6 |Δ|‖∇w‖∞(Φ0Φ^′_2)^{1/2} + C|Δ|^{1/p}[‖g‖2r,p0 × ‖∇w‖_∞ + ν_1‖∇^2w‖_∞Φ p�1_p 0 ].

Takim obrazom, posledovatel~nost~ {t → (∇v^N_{,k} (t), w}^∞_{N=1} pred-

kompaktna v C(Ī) dlØ l¸bogo w ∈ Ĵ^∞. PrimenØØ izvestnye ras-

sußdeniØ (sm., naprimer, [10]) i ocenku (4.5), vyvodim (5.1).

BlagodarØ ocenke (4.5) moßno utverßdat~, qto

∇v^N → ∇v v L_p(Q_T ; R^4). (5.2)

PerehodØ k predelu v neravenstve (4.1) s uqetom (5.1) i (5.2),

poluqaem

Ẽ(v(t)) ≡ ‖∇v(t)‖^2 6 ‖∇a‖^2 + t∫ 0 [E(v(θ)) + Φ^′_1 ( 1 ν ) ‖g(θ)‖^p 0 2r]dθ,

OB ATTRAKTORAH 283

i, sledovatel~no,

lim sup t→0 ‖∇v(t)‖^2 6 ‖∇a‖^2 6 lim inf_{t→0} ‖∇v(t)‖^2.

Ots¸da i iz (5.1) vytekaet

‖∇v(t) − ∇a‖_2 → 0 pri t → 0. (5.3)

Differenciruem toßdestvo (3.1) po t i polagaem w = ∂_tu(t). V rezul~tate budem imet~ 1 2 ∂_t‖∂_tu(t)‖^2 + (∂_tσ^N (t), ε(∂_tu(t))) = (∂_tg(t), ∂_tu(t)) − (∂_tu_i(t)u_{,i}(t), ∂_tu(t)) 6 ‖∂_tg(t)‖_2‖∂_tu(t)‖_2 + ‖∇u(t)‖_2 ‖∂_tu(t)‖^2_4. (5.4) Posledniæ somnoßitel~ v pravoæ qasti neravenstva (5.4) ocenivaem pri pomowi mul~tiplikativnogo neravenstva (2.3) sledu¸wim obrazom

‖∂_tu(t)‖^2_4 6 C‖∇∂_tu(t)‖^{2p} 4_4 �p ‖∂_tu(t)‖ 2(p�1)_p 2 . (5.5)

Poloßim Q(u(t)) ≡ ∫ Ω |ε(∂_tu(t))|^2 (1 + |ε(u(t))|)^{2−p} dx i zametim, qto ‖∇∂_tu(t)‖_p 6 C‖ε(∂_tu(t))‖_p 6 CQ^{1/2}(u(t))E^2 �p_{2p} (u(t)), (5.6_1) (∂_tσ(t), ε(∂_tu(t))) = ( ∂^2D ∂ε^2 (ε(u(t)))ε(∂_tu(t)), ε(∂_tu(t)) ) ¿ 2νQ(u(t)),_{(5.62)}

‖∇∂_tu(t)‖ 4_4�_p 6 C‖ε(∂_tu(t))‖ 4_4�_p 6 C Q^{1/2}(u(t))(1 + ‖∇u(t)‖^2)^2

�p_4 (5.6_3) Teper~ iz (5.4), (5.5) i (5.6_3) s uqetom ocenki (4.5) vyvodim 1 2 ∂_t‖∂_tu(t)‖^2 + 2νQ(u(t)) 6 C‖∇u(t)‖_2‖∂_tu(t)‖^{2(p} �1)_p

× Q^{1p} (u(t))(1 + ‖∇u(t)‖^2)^2 �p_{2p} + ‖∂_tg(t)‖_2‖∂_tu(t)‖_2 6 ‖∂tg(t)‖2‖∂tu(t)‖2 + C Φ2(1 + Φ^2)^{2�p2p} Q^{1/p}(u(t))‖∂tu(t)‖^{2(p�1)p}_2

284 G. A. SEREGIN

Posle primeneniØ neravenstva ınga poluqim sootnoxenie

∂_t‖∂_tu(t)‖^2 + νQ(u(t)) 6 Φ̃_2[‖∂_tg(t)‖^2 + ‖∂_tu(t)‖^2], (5.7)

v kotorom maßoranta Φ̃_2 zavisit ot teh ße argumentov, qto i Φ_2. UmnoßaØ neravenstvo (5.7) na t i uqityvaØ ocenki (4.5), (5.6_1) i (5.6_3), vyvodim neravenstvo (1.13_1) dlØ galerkinskih priblißeniæ. V rezul~tate predel~nogo perehoda prihodim k ocenke

(1.13_1).

V silu (5.3) utverßdenie (1.13_2) budet dokazano, esli my pokaßem, qto

v ∈ C(Ī_δ; H^1), ∀δ > 0. (5.8)

Otmetim mul~tiplikativnoe neravenstvo

‖∇v(t)‖ 4_p 6 C‖∇^2v(t)‖^θ 4_4�_p ‖∇v(t)‖^{1−θ}_2 , θ = 2 − p p . (5.9)

Takim obrazom, v silu (1.10) i (5.9), imeem pri t_1, t_2 ∈ Ī sledu- ¸wu¸ ocenku | | | | | t2∫ t1 ‖∇v(t)‖^24_p dt | | | | | 1/2 6 C‖∇v‖^{1−θ}_{2,∞} | | | | | t2∫ t1 ‖∇^2v(t)‖^{2θ}4_4�_p dt | | | | | 1/2

6 CΦ^{1−θ}_2 T∫ 0 ‖∇^2v(t)‖^2 4_4�_p dt 1 2θ |t_2 − t_1|^1

�θ_2 6 CΦ_2|t_2 − t_1|^p

�1_p . (5.10)

Itak, my poluqili, qto ∇v ∈ L_2(I; L 4_p (Ω; R^4)). No v silu (1.13_1)

∂_t∇v ∈ L_2(I_δ ; L 4_4�_p (Ω; R^4)) dlØ l¸bogo δ > 0. A poskol~ku pri 1 < p < 2 L 4_4�_p (Ω; R^4) ⊂ L_2(Ω; R^4) ⊂ L( 4_4�_p )0(Ω; R^4) = L 4_p (Ω; R^2), (5.11)

to (sm., naprimer, [11]) ∇v ∈ C(Ī_δ ; L_2(Ω; R^4)). Ots¸da vytekaet utverßdenie (5.8). Teorema 1.2 dokazana.

Dokazatel~stvo Teoremy 1.3. Poloßim

S ≡ sup_m ¿1^{{‖a} m‖_2 + ‖∇a^m‖_2}.

OB ATTRAKTORAH 285

My moßem sqitat~, qto

a^m → a v H. (5.12)

Vospol~zuemsØ ocenkoæ (4.9), polagaØ v^1 = v^m i v^2 = v. Posle integrirovaniØ po t budem imet~

‖v^m(t) − v(t)‖^2 6 ‖a^m − a‖^2

× exp { C ( 1 ν ) 1_p�_1

sup_{t∈I} [1 + ‖∇v^m(t)‖^2 + ‖∇v(t)‖^2]^{1p}�^1 T } 6 (sm.(1.10)) 6 ‖a^m − a‖2Φ4(T, S, ‖g‖2r,p0 , ν^{−1}, ν1), t ∈^¯I (5.13)

Iz (5.12), (5.13) sleduet, qto

v^m → v v C(Ī; H). (5.14)

BlagodarØ ocenke (1.10), my imeem ‖∇v^m‖_{2,∞} + ∫ Q_T |∇ε(v^m)|^2 (1 + |ε(v^m)|)^{2−p} dx dt 1/2

+ ‖∇^2v^m‖_{p,p} + ‖∇^2v^m‖ 4_4�_{p ,2} + ‖∂_tv^m‖_{2,2} 6 Φ_2(T, S, ‖g‖_{2r,p}0 , ν^{−1}, ν_1).

(5.15) Sledovatel~no, perehodØ, esli nußno, k podposledovatel~nosti i uqityvaØ (5.14), poluqaem, qto

∇v^m → ∇v v L_p(Ω; R^4) ∇v^m → ∇v p.v. Q_T . Dalee, spravedlivo sledu¸wee mul~tiplikativnoe neravenstvo

‖∇v^m(t)‖_{2p} 6 C‖∇^2v^m(t)‖^{1/2}_p ‖v^m(t)‖^{1/2}_2 ,

kotoroe vmeste s ocenkoæ (5.15) vleqet ‖∇v^m‖_{2p,2p} 6 C‖∇v^m‖^{1/2}_{2,∞}‖∇^2v^m‖^{1/2}_{p,p} 6 CΦ_2. Poskol~ku 2p > 2, vyvodim ots¸da, qto

∇v^m → ∇v v L_2(Q_T ; R^4). (5.16)

286 G. A. SEREGIN

BlagodarØ ocenke (5.10) pri t_1 = 0 i t_2 = T , my imeem

‖∇v^m‖ 4_{p ,2} 6 CΦ_2T^p

�1_p . S drugoæ storony, my znaem (sm. (1.13_1)), qto ‖ √ t∂_t∇v^m‖ 4_4�_{p ,2} 6 Φ_3(T, S, ‖g‖_{2r,p}0 , ‖ √ t∂_tg‖_{2,2}, ν^{−1}, ν_1). Pofftomu v silu (5.11) (sm. [11]) dlØ vseh t_2, t_1 > 0 spravedlivo

ravenstvo 1 2 (‖∇v^m(t_2)‖^2 − ‖∇v^m(t_1)‖^2) = t2∫ t1 (∂_t∇v^m(t), ∇v^m(t))dt. (5.17)

Teper~ iz (5.10) pri v = v^m i (5.17) pri t_1 = t ∈ Ī_δ , t_2 = t+Δ ∈ Ī_δ

sleduet ocenka

|‖∇v^m(t + Δ)‖^2 − ‖∇v^m(t)‖^2| 6 2 | | | | | | t+Δ∫ t ‖∂_t∇v^m(θ)‖ 4_4�_p ‖∇v^m(θ)‖ 4_p dθ | | | | | | 6 2 T∫ δ ‖∇∂_tv^m (t)‖^2 4_4�_p dt 1/2 | | | | | t+Δ∫ t ‖∇v^m(θ)‖^24_p dθ | | | | | 1/2

6^C√_δ Φ3Φ2|Δ|^{p�1p} ,

kotoraØ vleqet predkompaktnost~ posledovatel~nosti

{t → ‖∇v^m(t)‖^2}^∞_{m=1} v C(Ī_δ ). VybiraØ, esli ffto neobhodimo, pod-

posledovatel~nost~, zakl¸qaem, qto

‖∇v^m(t)‖^2 → β(t) ≡ (sm.(5.16)) ≡ ‖∇v(t)‖^2. (5.18)

Dalee rassußdaem tak ße, kak i pri dokazatel~stve utverßde-

niØ (5.1), zamenØØ v (5.2) u na v^m i w na w_{,k}. Takim obrazom, my

OB ATTRAKTORAH 287

imeem ocenku A^m(t, Δ, w) ≡ |(∇v^m(t + Δ) − ∇v^m(t), ∇w)| 6 ‖∇^2w‖_∞ × | | | | | t+Δ∫ t ‖∇v^m(θ)‖_2‖v^m(θ)‖_2dθ | | | | | + | | | | | t+Δ∫ t ∫ Ω |g(θ)|dx dθ | | | | | + ‖∇^3w‖_∞ | | | | | t+Δ∫ t ∫ Ω | | | ∂D ∂ε (ε(v^m (t))) | | | dx dθ | | | | | dlØ vseh m ∈ N, t, t+Δ ∈ Ī i w ∈ Ĵ^∞. UsloviØ (1.2_4), (1.9_1), ocenki

(1.8_1), (1.10) vlekut neravenstvo A^m(t, Δ, w) 6 Φ_6(T, S, ‖g‖_{2r,p}0, ν^{−1}, ν_1)[|Δ| + |Δ|^{1p} ]‖∇^3w‖_∞ dlØ vseh m ∈ N, t + Δ, t ∈ Ī i vseh w ∈ Ĵ^∞. Izvestnye rassußde-

niØ (sm., naprimer, [10]) pokazyva¸t, qto posledovatel~nost~

{t → (∇v^m(t), ∇w)}^∞_{m=1} predkompaktna v C(Ī) dlØ vsØkogo fiksi-

rovannogo w ∈ Ĵ^∞. I nakonec, soglasno (5.15) zakl¸qaem, qto (∇v^m(t), ∇w) → (∇v(t), ∇w) v C(Ī), ∀w ∈ H^1, po kraæneæ mere dlØ podposledovatel~nosti. BlagodarØ (1.13_2)

poluqaem ots¸da, qto

(∇v^m(t), ∇v(t)) → ‖∇v(t)‖^2 v C(Ī). (5.19)

Takim obrazom, v silu (5.18) i (5.19) my imeem sup δ6t6T^{‖∇v} m(t) − ∇v(t)‖^2 = sup_δ 6t6T^{{‖∇v} m(t)‖^2 − ‖∇v(t)‖^2 + 2(∇v^m(t) − ∇v(t), ∇v(t))} 6 sup_{δ6t6T} |‖∇v^m(t)‖^2 − ‖∇v(t)‖^2|

+ 2 sup_δ 6t6T^{|(∇v} m(t) − ∇v(t), ∇v(t))| −→ 0 pri m → +∞. Itak, po kraæneæ mere dlØ podposledovatel~nosti utverßdenie

(1.15) dokazano. No v silu edinstvennosti rexeniØ ono budet

spravedlivym i dlØ vseæ posledovatel~nosti {v^m}^∞_{m=1}. Teore-

ma 1.3 dokazana.

288 G. A. SEREGIN

§6. Dokazatel~stvo Lemmy 1.1

Pust~ t_2 > t_1 > 0. Voz~mem kakie-libo qisla T i δ tak, qtoby

T ¿ t2 > t1 ¿ δ > 0. VernemsØ k galerkinskim priblißeniØm,

t.e. k zadaqe (3.1_k), k = 1, 2. DokazyvaØ Teoremy 1.1 i 1.2, my

ustanovili sledu¸wie fakty: (∇v^N (t), ∇w) → (∇v(t), ∇w) v C(Ī), ∀w ∈ H^1, (6.1_1) ∇v^N → ∇v p.v. v Q_T (6.1_2) i ‖∇v^N ‖_{2,∞} + ‖∇^2v^N ‖_{p,QT} + ‖∇^2v^N ‖ 4_4�_{p ,2} 6 Φ2(T, ‖∇a‖2, T^{1/p0}‖f‖2r, ν^{−1}, ν1), (6.21) ‖ √ t∇∂_tv^N ‖ 4_4�_{p ,2} 6 Φ_3(T, ‖∇a‖_2, T^{1p}0 ‖f‖_{2r}, 0, ν^{−1}, ν_1).

(6.2_2)

Kak i pri dokazatel~stve Teoremy 1.3 vyvodim iz (6.2_1) ocenku ‖∇v^N ‖_{2p,2p} 6 CΦ_2, kotoraØ vmeste s (6.1_2) vleqet

∇v^N → ∇v v L_2(Q_T ; R^4). (6.3)

Ispol~zuØ argumenty, privedennye v predyduwem paragrafe,

pokaßem, qto posledovatel~nost~ {t → ‖∇v^N (t)‖^2}^∞_{N=1} predkom-

paktna v C(Ī_δ). Deæstvitel~no (sm. (5.10), (6.2_k), k = 1, 2), my

imeem

|‖∇v^N (t + Δ)‖^2 − ‖∇v^N (t)‖^2| = 2 | | | | | | t+Δ∫ t (∇∂_tv^N (θ), ∇v^N (θ))dθ | | | | | | 6 2 T∫ δ ‖∇∂_tv^N (t)‖^2 4_4�_p dt 1/2 | | | | | | t+Δ∫ t ‖∇v^N (θ)‖^24_p dθ | | | | | | 1/2

6^C√_δ Φ3Φ2|Δ|^{p�1p} , t, t + Δ ∈^¯Iδ.

BlagodarØ (6.3) verno sootnoxenie ‖∇v^N (t)‖_2 → ‖∇v(t)‖_2 v C(Ī_δ ).

OB ATTRAKTORAH 289

PovtorØØ rassußdeniØ Teoremy 1.3 i ispol~zuØ (6.1_1), my zakl¸qaem, qto

v^N → v v C(Ī_δ; H^1). (6.4)

V §3 byla ustanovlena ocenka 1 2 ∂_t‖∇v^N (t)‖^2 + νH(v^N (t))

6^C_ν ‖f‖^2_r^[E^{2�pp} (v^N (t)) + H^{2�pp} (v^N (t))^] .

Primenim neravenstvo ınga i poluqim

∂_t‖∇v^N (t)‖^2 + νH(v^N (t))

6^C_ν ‖f‖^2_rE^{2�pp} (v^N (t)) + C^{( 1}_ν^) p 2p�2 ‖f‖^p 0_{2r} . Iz teoremy vloßeniØ i iz (3.22), (3.28) vytekaet neravenstvo

‖∇v^N (t)‖_2 6 C‖∇ε(v^N (t))‖_p 6 CH^{1/2}(v^N (t))E^2 �p_{2p} (v^N (t))

6 CH^{1/2}(v^N (t))(1 + ‖∇v^N (t)‖^2)^{2�p}4 ,

kotoroe vleqet ocenku

H(v^N (t)) ¿ C ‖∇v^N (t)‖^2 (1 + ‖∇v^N (t)‖^2)^2

�p_2 ¿ C[(1 + ‖∇v^N (t)‖^2)^{p2} − 1].

Takim obrazom, s uqetom (3.28) budem imet~

∂_t‖∇v^N (t)‖^2 + Cν(1 + ‖∇v^N (t)‖^2)^{p/2}

6 Cν + C^{( 1}_ν^{) p2p�2} ‖f‖^{p0}_{2r} +^C_ν ‖f‖^2_r(1 + ‖∇v^N (t)‖^2)^{2�p}2 .

Ewe raz primenØem neravenstvo ınga dlØ ocenki pravoæ qasti poslednego neravenstva

∂_t(1 + ‖∇v^N (t)‖^2) + Cν(1 + ‖∇v^N (t)‖^2)^{p2} 6 Cν + C ( 1 ν )^p_{2p}�_2 ‖f‖^p 0 2r.

290 G. A. SEREGIN

IntegriruØ poslednee neravenstvo po t na promeßutke [t_1, t_2] i perehodØ k predelu s uqetom (6.3) i (6.4), ustanavlivaem okonqatel~noe neravenstvo

y(t_2) − y(t_1) + Cν t2∫ t1 y^{p/2}(t)dt 6 C[ν +^{( 1}_ν^{) p2p�2} ‖f‖^{p0}_{2r}](t2 − t1) (6.5)

dlØ vseh t_2 > t_1 > 0, gde y(t) ≡ 1 + ‖∇v(t)‖^2. Otmetim, qto neravenstvo (6.5) spravedlivo i pri t_1 = 0 (sm. (1.13_2)). Poloßim α ≡ Cν, β ≡ C [ ν + ( 1 ν )^p_{2p}�_2 ‖f‖^p 0_{2r} ] , γ ≡ y(0). Togda neravenstvo (6.5) moßno perepisat~ v vide

y(t_2) − y(t_1) + α t2∫ t1 y^{p/2}(t)dt 6 β(t_2 − t_1), t_2 ¿ t_1 ¿ 0. (6.6)

Rassmotrim dva sluqaØ. V pervom iz nih:

∃t_0 ¿ 0 : y(t_0) 6 ( β α ) 2_p . (6.7)

Pokaßem, qto iz (6.7) sleduet, qto y(t) 6 ( β α )_{2/p} dlØ vseh t ¿ t_0. (6.8)

Deæstvitel~no, predpoloßim, qto suwestvuet toqka t_2 > t_0 takaØ, qto y(t_2) > (_β α )_{2/p} . V silu nepreryvnosti funkcii t → y(t) i usloviØ (6.7) naædetsØ toqka t_1 ∈ [t_0, t_2[ takaØ, qto

y(t_1) = ( β α ) 2_p , y(t) > ( β α ) 2_p dlØ vseh t_1 < t 6 t_2. (6.9)

Soglasno (6.6) i (6.9) dlØ fftih dvuh toqek my imeem neravenstvo

β(t_2 − t_1) ¿ y(t_2) − y(t_1) + α t2∫ t1 y^{p/2}(t)dt > y(t_2) − y(t_1) + β(t_2 − t_1),

OB ATTRAKTORAH 291

i, sledovatel~no, y(t_2) < y(t_1) = (_β α )_{2/p} , qto protivoreqit predpoloßeni¸ otnositel~no toqki t_2.

Vo vtorom sluqae dolßno byt~: y(t) > ( β α ) 2_p dlØ vseh t ¿ 0. (6.10)

No togda iz (6.6) i (6.10) sleduet, qto

0 < y(t_2) < y(t_1) dlØ vseh t_2 > t_1 ¿ 0.

Ots¸da vytekaet suwestovanie koneqnogo predela lim_{t→+∞} y(t) ≡

C_0 < +∞. Poloßim t_2 = t i t_1 = 0 v (6.6) y(t) − γ t + α 1 t t∫ 0 y^{p/2}(θ)dθ 6 β. (6.11)

V silu pravila LopitalØ lim t→+∞ 1 t t∫ 0 y^{p/2}(θ)dt = lim_{t→+∞} y^{p/2}(t) = C^{p/2}_0 .

Takim obrazom, iz (6.11) sleduet, qto

αC^{p/2}_0 6 β =⇒ C_0 6 ( β α )_{2/p} . Itak, my moßem utverßdat~, qto esli neotricatel~naØ nepreryvnaØ funkciØ y udovletvorØet neravenstvu (6.6), to suwestvuet qislo T ¿ 0 takoe, qto y(t) 6 2 (_β α )_{2/p} pri vseh t ¿ T .

Drugimi slovami, dlØ l¸bogo a ∈ H^1 suwestvuet qislo T (a) ¿ 0 takoe, qto

‖∇V_t(a)‖^2 6 C [ 1 + ( 1 ν )^{3p}�^2_{2p}�_2 ‖f‖^p 0_{2r} ]2/p . OstaetsØ poloßit~ c_∗ = C.

292 G. A. SEREGIN

Pereædem k dokazatel~stvu vtorogo utverßdeniØ lemmy. Vozmoßny dva sluqaØ:

1 + ‖∇V_t(a)‖^2 6 2 ( β α ) 2_p i 1 + ‖∇V_t(a)‖^2 > 2 ( β α ) 2_p . V pervom sluqae

‖∇V_t(a)‖^2 6 c_∗ [ 1 + ( 1 ν )^{3p}�^2_{2p}�_2 ‖f‖^p 0_{2r} ]2/p . Vo vtorom sluqae v silu (6.7) i (6.8) my imeem

1 + ‖∇V_θ(a)‖^2 > ( β α )_{2/p} dlØ vseh 0 6 θ 6 t.

No togda neravenstvo (6.6) vleqet βt ¿ ‖∇Vt(a)‖^2 − ‖∇a‖^2 + α t∫ 0 (1 + ‖∇V_θ(a)‖^2)^{p/2}dθ ¿ ‖∇Vt(a)‖^2 − ‖∇a‖^2 + βt, i, sledovatel~no,

‖∇V_t(a)‖^2 6 ‖∇a‖^2 6 sup_{a∈B} ‖∇a‖_2.

Lemma 1.1 dokazana.

Rabota vypolnena pri qastiqnoæ podderßke INTAS, grant No. 94–1376, i RFFI, grant No. 96–01–00824.

Literatura

1. O. A. LadyßenskaØ, O nelineænyh problemah mehaniki sploxnyh sred. — Trudy Meßdunarodnogo kongressa matematikov (Moskva, 1996) (1968), 560–573, Moskva, Nauka.

2. O. A. LadyßenskaØ, Novye uravneniØ dlØ opisaniØ dvißeniØ vØzkih nesßimaemyh ßidkosteæ i global~naØ razreximost~ kraevyh zadaq dlØ nih. — Trudy Matem. Instituta im. V. A. Steklova 102 (1967), 85–104.

OB ATTRAKTORAH 293

3. O. A. LadyßenskaØ, O nekotoryh modifikaciØh uravneniæ Nav~e-Stoksa dlØ bol~xih gradientov skorosteæ. — Zap. nauqn. semin. LOMI 7 (1968), 126–154.

4. O. A. Ladyzhenskaya, G. A. Seregin, On global stability of the two-dimensional visco-plastic flows. — Jyväskyllä – St.-Petersburg Seminar on PDE’s and Numerical Methods, Ber. Univ. Jyväskyllaä Math. Inst. 56 (1993), 43–52.

5. O. A. Ladyzhenskaya, G. A. Seregin, On semigroups generated by initial boundary value problems describing two-dimensional visco-plastic flows. Nonlinear evolution equations. — Am. Math. Soc. Transl., Ser. 2 164 (1995), 99–123.

6. J. Málek, J. Nečas, M. Rokyta M. Råoužička, Weak and Measure-valued Solutions to Evolution Partial Differential Equations.

7. O. A. Ladyzhenskaya, Attractors for semigroups and evolution equations, Lenzioni Lincee. Cambridge, Cambridge Univ. Press, 1991.

8. O. A. LadyßenskaØ, Nekotorye dopolneniØ i utoqneniØ k moim publikaciØm po teorii attraktorov. — Zap. nauqn. semin. LOMI 182 (1990), 102–112.

9. O. A. LadyßenskaØ, V. A. Solonnikov, N. N. Ural~ceva, Lineænye i kvazilineænye uravneniØ paraboliqeskogo tipa. M, 1967.

10. O. A. LadyßenskaØ, Matematiqeskie voprosy dinamiki vØzkoæ nesßimaemoæ ßidkosti. I-oe izd.. M, 1959.

11. H. Gaevskiæ, K. Greger, K. Zaharias, Nelineænye operatornye uravneniØ i operatornye differencial~nye uravneniØ. M, Mir, 1978.

Seregin G. A. On attractors for equations describing the flow of generalized Newtonian fluids.

We consider initial-boundary value problems for equations ∂_tv + (∇v)v − div σ = g − ∇p, div v = 0, σ = ∂D ∂ε (ε(v)), v | |_{t=0} = a,

describing the 2D flow of generalized Newtonian fluids under periodical boundary conditions. It is supposed that D(ε) ∼ |ε|^p for |ε| ≫ 1 and 1 < p < 2. Under some additional restrictions imposed on the vectorvalued field g and the dissipative potential D existence of a global solution for initial data having the finite L_2-norm (‖a‖_2 < +∞) is proved. If ‖∇a‖_2 < +∞ and^3_2 6 p < 2, this solution is strong and unique. Strong solution exists and is unique for all 1 < p < 2. The last result allows to define a semigroup of solution operators and to prove that it is of class I and possesses of a compact minimal global B-attractor.

Postupilo 7 aprelØ 1997 g.

Sankt-Peterburgskoe otdelenie Matematiqeskogo instituta im.V. A. Stekova RAN