P. N. Bibikov, P. P. Kulix

OPERATORY DIRAKA NA KVANTOVO` GRUPPE SUq (2) I KVANTOVO` SFERE

Vvedenie. Operator Diraka, nesomnenno, ØvlØetsØ odnim iz

kl¸qevyh ponØtiæ v podhode A. Konna k nekommutativnoæ differencial~noæ geometrii [1]. Po fftoæ priqine, estestvenno popytat~sØ opredelit~ operator Diraka na kvantovyh gruppah i kvantovyh odnorodnyh prostranstvah kak naibolee razrabotannyh primerah kvantovyh mnogoobraziæ. Kak budet pokazano v nastoØweæ rabote, ffti dve zadaqi tesno svØzany meßdu soboæ.

Operator Diraka dlØ qastnogo sluqaØ kvantovoæ sfery uße predlagalsØ v rabote [5]. Osnovnym tehniqeskim priemom pri fftom ØvlØlos~ vloßenie kvantovoæ sfery v kvantovoe trehmernoe Evklidovo prostranstvo, kotoroe zatem ispol~zovalos~ dlØ togo, qtoby vvesti kvantovye proizvodnye. Odnako, polnaØ sistema sootnoxeniæ dlØ q-proizvodnyh i q-koordinat v [5] ne issledovana.

V predlagaemom v nastoØweæ stat~e podhode differencial~- nye struktury na SU_q (2) i kvantovoæ sfere vvodØtsØ soglasno pravomu SU_q (2) kodeæstvi¸, vsledstvie qego, v oboih sluqaØh vse postroeniØ praktiqeski identiqny drug drugu.

Ranee deformirovannye operatory Diraka dlØ deformirovannyh grupp Puankare i sootvetstvu¸wih q-prostranstv Minkovskogo izuqalis~ v celom rØde rabot (sm. ssylki v [14]). Nax kovariantnyæ podhod soglasuetsØ s predloßennym v [14].

Nedavno metody nekommutativnoæ geometrii byli ispol~zovany dlØ postroeniØ nekommutativnogo mnogoobraziØ na osnove obyqnoæ sfery i teorii predstavleniæ gruppy SU (2) [15]. Algebra funkciæ na dvumernoæ sfere approksimirovalas~ koneqnomernoæ SU (2)-kovariantnoæ algebroæ. Parametr regulØrizacii imel pri fftom harakter maksimal~nogo spina sootvetstvu- ¸wego predstavleniØ. V svØzi s fftim, neobhodimo zametit~, qto

Rabota vypolnena pri qastiqnoæ podderßke RFFI, grant 96-01-00851. 49

50 P. N. BIBIKOV, P. P. KULIX poskol~ku teoriØ predstavleniæ kvantovoæ algebry su_q (2) polnost~¸ analogiqna teorii predstavleniæ algebry su(2), to vse privodimye v [15] konstrukcii mogut byt~ obobweny na deformirovannyæ sluqaæ, v kotorom teoriØ soderßit dopolnitel~nye parametry deformacii.

Stat~Ø postroena sledu¸wim obrazom. V pervyh dvuh paragrafah privodØtsØ standartnye svedeniØ o kvantovoæ gruppe

SU_q (2), kvantovoæ sfere i kvantovoæ su_q (2) algebre. V tret~em

paragrafe na SU_q (2) i S^2_{qμ} opredelØetsØ algebra vektornyh poleæ. Nakonec, v qetvertom paragrafe privedena ØvnaØ konstrukciØ dlØ operatorov Diraka.

1. KvantovaØ gruppa SUq (2) i kvantovaØ sfera.

Pod algebroæ funkciæ na kvantovoæ gruppe SU_q (2) ponimaetsØ associativnaØ^∗-algebra F_q(G) = Fun(SU_q (2)) poroßdennaØ obrazu¸wimi a i b i sootnoxeniØmi [2], λ = q − 1q : ab = qba, ab^∗ = qb^∗a, bb^∗ = b^∗b, a^∗a − aa^∗ = 1 q λb^∗b, aa^∗ + b^∗b = 1_G (1)

gde q vewestvennyæ parametr po modul¸ men~xiæ edinicy. �ta sistema uravneniæ moßet byt~ takße zapisana v kompaktnoæ matriqnoæ forme:

^RT_1T_2 = T_1T_2 ^R,

det_qT = 1_G (2)

gde T_1 = T ⊗ I_2 i T_2 = I_2 ⊗ T , I_2 – ediniqnaØ 2 × 2 – matrica, a matrica generatorov T imeet vid: T = ( a b − 1q b^∗ a^∗ ) , (3)

i soglasno (1) ee q-determinant det_q A = aa^∗ +b^∗b = 1, a R-matrica ^R = q λ 1 1 q (4) udovletvorØet uravneni¸ ˚nga – Bakstera v forme gruppy kos:

(I_2 ⊗ ^R)( ^R ⊗ I_2)(I_2 ⊗ ^R) = ( ^R ⊗ I_2)(I_2 ⊗ ^R)( ^R ⊗ I_2) (5)

OPERATORY DIRAKA 51 i uslovi¸ Gekke

^R^2 = λ ^R + I_4, (6)

gde I_4 ediqnaØ 4 × 4 matrica.

Koumnoßenie, koedinica i antipod △T = T ⊗ T, (△T_{ik} = ∑ j T_{ij} ⊗ T_{jk}), (7) ε(T ) = I_2, (8)

S(T ) = ( a^∗ − 1q b b^∗ a ) (9) zada¸t na F_q(G) strukturu algebry Hopfa. Pri fftom vypolnØetsØ ves~ma poleznoe dlØ dal~neæxego sootnoxenie

S(T )T = T S(T ) = I_2 ⊗ 1_G (10)

Pod algebroæ funkciæ na kvantovoæ dvumernoæ sfere ponimaetsØ [3] associativnaØ^∗-algebra F_q(S) = Fun(S^2_{qμ}) poroßdennaØ generatoromi x_+ , x_− i x_3 i sootnoxeniØmi [N_q ] = (q^N − q^{−N} )/λ (λ = q − q^{−1}):

qx_3x_+ − 1 q x_+ x_3 = μx_+ ,

λx^2_3 + 1 [2]_q

(x_+x_− − x_−x_+) = μx_3, qx_−x_3 − 1 q x_3x_− = μx_−. (11)

x^2_3 + 1 [2]_q

(qx_−x_+ + 1 q x_+x_−) = r^2. (12)

x^∗_+ = x_−, x^∗_3 = x_3, (13)

gde r^2 – central~nyæ fflement algebry F_q(S). Pri pomowi matricy sostoØweæ iz generatorov M = ( 1 q x^3 x^− x_+ −qx_3 ) (14)

52 P. N. BIBIKOV, P. P. KULIX ffti sootnoxeniØ takße mogut byt~ zapisany v kompaktnom vide

[ ^R, (M_2 ^RM_2 + μqM_2)] = 0. (15) 1 [2]_q tr_qM^2 = r^2. (16)

M^† = M. (17)

gde q-sled, matricy M opredelen soglasno tr_qM = trDM , gde

D = diag(q, 1q ) i obladaet tem svoæstvom, qto [2]

tr_qS(T )M T = tr_qM. (18)

Uravnenie (15) takße moßet byt~ predstavleno kak uravnenie otraßeniØ [8, 9]

^RM 2^^RM 2 = M 2^^RM 2^^R, (19) gde M = μqI2 + λM . Pri fftom (16) perehodit v 1 [2]_q tr_qM^2 = (μ^2q^2 + λ^2r^2). (20)

Otmetim, qto M udovletvorØet takße uravneni¸ [9]

M^2 + μM = r^2I_2, (21)

kotoroe moßno takße prinØt~ za kompaktnu¸ matriqnu¸ zapis~ sistemy (11), (12).

Vse uravneniØ kvantovoæ sfery (15)–(17) i (19),(20) invariantny otnositel~no pravogo SU_q (2)-kodeæstviØ φ_R : F_q(S) →

F_q(S) ⊗ F_q(G):

φ_R(M ) = S(T )M T

(φ_R(M_{ij} ) = ∑ kl M kl ⊗ S(T )ik Tlj ) (22) Takim obrazom, F_q(S) ØvlØetsØ SU_q (2)-kovariantnoæ kvantovoæ algebroæ.

V predele obyqnoæ dvumernoæ sfery q = 1, μ = 0 uravnenie (12) daet:

x^2_1 + x^2 + x^2_3 = r^2 (23)

gde x_1 = 12 (x_+ + x_−) i x_2 = 12i (x_+ − x_−).

OPERATORY DIRAKA 53 Otmetim takße, qto pri q = 1, μ ≠ 0 uravneniØ (11) ime¸t vid opredelØ¸wih sootnoxeniæ algebry Li sl(2).

Kak na F_q(G), tak i na F_q(S) mogut byt~ opredeleny skalØrnye proizvedeniØ ⟨·, ·⟩_G i ⟨·, ·⟩_S [10, 11], u_G, v_G ∈ F_q(G), u_S , v_S ∈

F_q(S):

⟨u_G, v_G⟩_G = h_G(u^∗_Gv_G), (24) ⟨u_S , v_S⟩_S = h_S (u^∗_S v_S ), (25)

gde h_G – mera Haara na F_q(G) [10], t. e. lineænyæ poloßitel~nyæ funkcional h_G: F_q(G) → C , invariantnyæ otnositel~no koproizvedeniØ u_G ∈ F_q(G):

(Id ⊗ h_G)△u_G = (h_G ⊗ Id)△u_G = h_G(u_G)1_G, (26)

a h_S φ-invariantnaØ mera na F_q(S) [11], u_S ∈ F_q(S):

(h_S ⊗ Id)φ_R(u_S ) = h_S (u_S )1_G. (27)

2. KvantovaØ algebra suq(2).

Pod kvantovoæ universal~noæ obertyva¸weæ algebroæ su_q(2) ponimaetsØ^∗-algebra Hopfa, zadavaemaØ generatorami 1_U , X^+ ,

X^− i H i sootnoxeniØmi:

[H, X^±] = ±X^± , [X^+ , X^−] = sh(2hH) sh(h)

. (28)

△(1_U ) = 1_U ⊗ 1_U , △(H) = H ⊗ 1_U + 1_U ⊗ H, △(X^± ) = X^± ⊗ e^{−hH} + e^{hH} ⊗ X^±. (29)

ε(1_U ) = 1, ε(H) = ε(X^± ) = 0. (30)

S(1_U ) = 1_U , S(H) = −H, S(X^± ) = −e^{−hH} X^±e^{hH} . (31)

1^∗_U = 1_U , H^∗ = H, (X^± )^∗ = X^∓. (32)

Priqem h proizvol~nyæ poloßitel~nyæ vewestvennyæ parametr.

My, odnako, budem ispol~zovat~ drugu¸ realizaci¸ algebry

su_q (2), zadavaemu¸ generatorami e = X^− , f = X^+ , k = e^{−hH} i k^{−1} = e^{hH} . Poloßiv q = e^{−h}, my poluqim sistemu uravneniæ

ffkvivalentnu¸(28)–(32). kf = qfk, ek = qke, k^2 − k^{−2} = λ(fe − ef) (33)

54 P. N. BIBIKOV, P. P. KULIX △k = k ⊗ k, △k^{−1} = k^{−1} ⊗ k^{−1}, △e = e ⊗ k + k^{−1} ⊗ e, △f = f ⊗ k + k^{−1} ⊗ f. (34) ε(k) = ε(k^{−1}) = 1, ε(e) = ε(f) = 0 (35)

S(k) = k^{−1}, S(k^{−1} ) = k, S(e) = − 1 q e, S(f) = −qf. (36) S pomow~¸ matric iz generatorov

L^+ = ( k^{−1} λ√q f 0 k ) , L^− = ( k 0 −λ √ qe k^{−1} ) (37)

ffti uravneniØ takße mogut byt~ predstavleny v kompaktnoæ matriqnoæ zapisi [2]:

^RL^±_2 L^±_1 = L^±_2 L^±_1 ^R, ^RL^−_2 L^+_1 = L^−_2 L^+_1 ^R. (38)

△L^± = L^± ⊗ L^± . (39)

ε(L^±) = I_2. (40)

S(L^+ ) = ( k −λ √ qf 0 k^{−1} ) , S(L^− ) = ( k^{−1} 0 λ√ q e k ) . (41)

Pri fftom, kak i v F_q(G) sluqae, vypolnØ¸tsØ vaßnye sootnoxeniØ:

L^±SL^± = SL^± L^± = 1_U ⊗ I_2. (42)

Horoxo izvestno [2], qto fflementy algebry su_q(2) mogut byt~ predstavleny, kak lineænye funkcionaly na F_q(G). Imenno, suwestvuet sparivanie ⟨·, ·⟩: su_q (2) ⊗ F_q(G) → C udovletvorØ¸wee sootnoxeniØm u, u_1, u_2 ∈ su_q (2), v, v_1, v_2 ∈ F_q(G):

⟨u_1u_2, v⟩ = ⟨u_1 ⊗ u_2, △v⟩, (43a) ⟨u, v_1v_2⟩ = ⟨△u, v_1 ⊗ v_2⟩, (43b) ⟨u, S(v)⟩ = ⟨S(u), v⟩, (43v) ⟨1_U , v⟩ = ε(v), (43g) ⟨u, 1_G⟩ = ε(u). (43d)

OPERATORY DIRAKA 55 Na generatorah sparivanie opredeleno soglasno: ⟨k, T ⟩ = ( 1 √ q 0 0 √ q ) , ⟨k^{−1}, T ⟩ = ( √ q 0 0 1√q ) , ⟨e, T ⟩ = ( 0 0 1 0 ) , ⟨f, T ⟩ = ( 0 1 0 0 ) . (44)

Ili v kompaktnom vide [2]:

⟨L^±_1 , T_2⟩ = R^±, (45) gde R^+ = 1 √ q ^RP, (46) R^− = √ q ^R^{−1}P, (47)

P = 1 1 1 1 (48)

predstavlØet soboæ matricu perestanovki v C^2 ⊗ C^2 taku¸, qto dlØ vsØkoæ 2 × 2 matricy X: X_2 = PX_1P.

�lement

C_q = 1 q k^2 + qk^{−2} + λfe (49)

poroßdaet centr su_q(2).

V dal~neæxem suwestvennu¸ rol~ budet igrat~ zameqatel~- naØ podalgebra algebry su_q(2), poroßdennaØ matriceæ generatorov [6–9]:

L = L^+ S(L^− ) (50)

udovletvorØ¸wem sootnoxeni¸

^RL2^^RL2 = L2^^RL2^^R, (51)

invariantnomu otnositel~no pravogo SU_q (2)-kodeæstviØ:

φ_R(L) = S(T )LT (52)

56 P. N. BIBIKOV, P. P. KULIX i v silu qego, ØvlØ¸waØsØ SU_q (2)-kovariantnoæ kvantovoæ algebroæ. Iz Øvnogo vida L = k^{−2} + 1q λ^2fe 1√q λfk 1√ q λke k^2 (53)

sleduet qto

C_q = tr_q L (54)

i, sledovatel~no, v silu (18), fflement C_q invarianten otnositel~no ukazannogo kodeæstviØ:

φ_R(C_q ) = C_q ⊗ 1_G. (55)

Vvedem takße matricu L_q soglasno:

L =^1_{[2]q} CqI2 +^λ_q Lq. (56)

Imeem

L_q = ( 1 q l^{q3} l^{q−} l_{q+} −ql_{q3} ) , (57) gde l_{q+} = √ qke, l_{q3} = 1 [2]_q (qef − 1 q fe), l_{q−} = √ qfk. (58) Iz (51), (56) i (6) sleduet: [ ^R, (L_{q2} ^RL_{q2} + qC_q [2]_q

L_{q2} )] = 0 (59)

ili v Øvnoæ forme ql_{q3}l_{q+} − 1 q l_{q+} l_{q3} = 1 [2]_q C_ql_{q+} , λl^2_{q3} + 1 [2]_q

(l_{q+} l_{q−} − l_{q−} l_{q+} ) = 1 [2]_q C_ql_{q3}, ql_{q−} l_{q3} − 1 q l_{q3} l_{q−} = 1 [2]_q

C_ql_{q−}. (60)

Opredelim takße SU_q (2)-invariantnyæ operator Laplasa soglasno:

Δ_q = 1 [2]_q tr_qL^2_q . (61)

OPERATORY DIRAKA 57 PrØmoe vyqislenie daet:

Δ_q = l^2_{q3} + 1 [2]_q

(ql_{q−} l_{q+} + 1 q l_{q+} l_{q−} ), (62)

a takße s ispol~zovaniem (33):

Δ_q = 1 λ^2[2]^2_q

(C_q + [2]_q)(C_q − [2]_q). (63)

Sistema uravneniæ (60), (62) moßet byt~ zapisana v ffkvivalentnoæ forme:

L^2_q + C_q [2]_q

L_q = I_2 ⊗ Δ_q. (64)

Kak i v sluqae q = 1, neprivodimye predstavleniØ algebry

su_q (2) numeru¸tsØ znaqeniem spina l = 0,^1_2 , 1, ... i sootvetstvu¸-

wie formuly ime¸t vid [4]: k | l, m⟩ = q^{−m} | l, m⟩, e | l, m⟩ = √ [l − m]_q[l + m + 1]_q | l, m + 1⟩, f | l, m⟩ = √ [l + m]_q[l − m + 1]_q | l, m − 1⟩, (65)

a takße: l_{q+} | l, m⟩ = √ q^{−(2m+1)}[l − m]_q[l + m + 1]_q | l, m + 1⟩, l_{q3} | l, m⟩ = 1 [2]_q q^{−m}(q^{l+1}[l + m]_q − q^{−(l+1)} [l − m]_q) | l, m⟩, l_{q−} | l, m⟩ = √ q^{−(2m−1)}[l − m + 1]_q[l + m]_q | l, m − 1⟩ (66) i C_q | l, m⟩ = (q^{2l+1} + q^{−(2l+1)} ) | l, m⟩, (67) Δ_q | l, m⟩ = [l]_q2 [l + 1]_q2 | l, m⟩, (68)

gde kaßdyæ mul~tiplet | l, m⟩, m = −l, −l+1, ..., l obrazuet bazis sootvetstvu¸wego neprivodimogo predstavleniØ V_l.

3. SUq (2) i S^2_{qμ} kak kvantovye mnogoobraziØ.

OpisannaØ vyxe podalgebra algebry su_q (2) pozvolØet opredelit~ kvantovye algebry vektornyh poleæ na SU_q (2) i S^2_{qμ} Deæstvitel~no, F_q(G) i F_q(S), buduqi, soglasno (7) i (22), pravymi

58 P. N. BIBIKOV, P. P. KULIX SU_q (2)-komodulØmi, ØvlØ¸tsØ levymi su_q (2)-modulØmi. Imenno,

dlØ vsØkogo ψ ∈ su_q (2) fflementy ^ψ^G i ^ψ^S opredelennye soglasno, u ∈ F_q (G), v ∈ F_q(S): ^ψ^G(u) = (Id ⊗ ψ)△u, ^ψ^S (v) = (Id ⊗ ψ)φ_R(v) (69) deæstvu¸t kak lineænye operatory v F_q(G) i F_q(S). Poskol~- ku otobraßeniØ ψ → ^ψ^{G,S} ØvlØ¸tsØ gomomorfizmami [6, 7], to vse sootnoxeniØ (33), (38), (51) i (64) vypolnØ¸tsØ i dlØ ^k^{G,S} , ^k−1G,S, ^eG,S , ^f G,S , ^C_q, ^L±G,S i ^LG,S. My moßem rassmatrivat~ takße fflementy algebr F_q(G) i

F_q(S) kak operatory levogo umnoßeniØ. Togda, soglasno [6, 7],

ime¸t mesto perestanovoqnye sootnoxeniØ:

q^L^G_1 T2 = T2^^RL^G_2^^R. (70)

Analogiqnyæ rasqet v F_q(S) sluqae privodit k sootnoxeni¸:

^RL^S_2^^RM2 = M2^^RL^S_2^^R. (71)

Krome togo, neposredstvenno proverØetsØ, qto operator

K = λ^2tr_qM ^L + μ(1_S − ^C_q [2]_q

) (72)

kommutiruet kak s ^L, tak i s M i pri deæstvii na 1_S daet 0.

SovmestnaØ algebra, poroßdennaØ matricami generatorami

^L^G i T i sootnoxeniØmi (2), (63), (64) i (70) nazyvaetsØ al-

gebroæ funkciæ na kokasatel~nom rassloenii k SU_q (2) [6, 7]. My budem oboznaqat~ ee qerez F_q(T^∗G). Analogiqno sovmestu¸ algebru, poroßdennu¸ generatorami ^L^S i M i sootnoxeniØmi (15)– (17), (63), (64) i (71), a takße dopolnitel~nym sootnoxeniem

K = 0 (73)

my budem nazyvat~ algebroæ funkciæ na kokasatel~nom rassloenii k kvantovoæ sfere i oboznaqat~ F_q(T^∗S).

SkalØrnye proizvedeniØ ⟨·, ·⟩_{G,S} zada¸t ffrmitovo soprØßenie na F_q(T^∗ G) i F_q(T^∗S). DlØ T i M ono sovpvdaet s obyqnoæ invol¸cieæ T^† = S(T ) i M^† = M , (3), (9), (17) i, kak pokazano v priloßenii dlØ ^L^± imeet mesto formula:

(^L^±)^† = S(^L^∓ ) (74)

OPERATORY DIRAKA 59 (my opØt~ opustili indeksy ”G, S”), ili v Øvnom vide: ^k^∗ = ^k, ^e^∗ = ^f . (75) Krome togo,

^L^† =^^L,^^L^†_q =^^Lq,^^C^∗_q =^^Cq. (76)

Rassmotrim teper~ predel q → 1. Pust~ ^L^{G,S} = ( ^ l^{G,S}_3 ^l^{G,S}_− ^l^{G,S}_+ −^l^{G,S}_3 ) (77)

i ^C^{G,S} opredelØ¸t ^L^{G,S}_q i ^C_q pri q → 1. PrØmoe vyqislenie s ispol~zovaniem (69), (34), (43.b) i (44) daet:

^C^{G,S} = 2, (78)

^l^G_+ = a ∂ ∂b − b^∗ ∂ ∂a^∗ , ^l^G_3 = 1 2 (a ∂ ∂a + b^∗ ∂ ∂b^∗ − b ∂ ∂b − a^∗ ∂ ∂a^∗ , ^l^G_− = b ∂ ∂a − a^∗ ∂ ∂b^∗ , (79) a takße

^l^S_k = 1 i ε_{kmn}x_m ∂ ∂x_n (80)

gde ε_{kmn} obyqnyæ tenzor Levi-Qivita s ε_{123} = 1, a ^l^{G,S}_± =

l^{G,S}_1 ± i^l^{G,S}_2 . Operatory ^l^{G,S}_k udovletvorØ¸t, oqevidno, standart-

nym su(2)-kommutacionnym sootnoxeniØm: [^l^{G,S}_k , ^l^{G,S}_m ] = iε_{kmn}^l^{G,S}_n , a ^Δ^{G,S} q → 1 predel ^Δ^{G,S}_q daet sootvetstvu¸wiæ operator Kazimira:

^Δ = ^l^2_1 + ^l^2 + ^l^2_3 ,

(gde my opØt~ opustili indeksy ”G, S”).

4. Operatory Diraka na SUq (2) i S^2_{qμ}.

Perehodim teper~ neposredstvenno k postroeni¸ operatora Diraka. Poskol~ku vse formuly dalee budut imet~ odinakovyæ vid kak v SU_q (2), tak i v S^2_{qμ} sluqaØh, my budem opuskat~ indeksy ”G, S”.

60 P. N. BIBIKOV, P. P. KULIX

Zametim sperva, qto v sootvetstvii s (64) my moßem vzØt~ za opredelenie operatora Diraka operator ^L_q opredelennyæ soglasno (57). Oboznaqim ego za D_q.

D_q = ^L_q = ( 1 q l^{q3} l^{q−} l_{q+} −ql_{q3} ) (81)

Prostranstvo, v kotorom deæstvuet operator D_q, est~ C^2 ⊗ F_q(G) v SU_q (2)-sluqae i C^2 ⊗ F_q(S) v sluqae kvantovoæ sfery.

Uravnenie (64) daet:

D^2_q + ^C_q [2]_q

D_q = I_2 ⊗ Δ_q. (82)

Soglasno (57) D^∗_q = D_q i pri q = 1 sootvetstvu¸wiæ operator perehodit v [5] D = 3∑ i=1 σ_k ⊗ ^l_k, (83)

gde σ_k obyqnye matricy Pauli:

σ_1 = ( 0 1 1 0 ) , σ_2 = ( 0 −i i 0 ) , σ_3 = ( 1 0 0 −1 ) , a operatory ^l_k zadany soglasno (79) i (80).

UravneniØ (82) i (78) da¸t

D^2 + D = I_2 ⊗ Δ (84)

i, soglasno [13], my moßem interpretirovat~ D kak operator Diraka na SU (2) ili S^2 .

DlØ togo, qtoby opisat~ sootvetstvu¸wiæ spektr izuqim podrobnee strukturu D_q .

Pust~ π_2(su_q (2)) i π_{reg}(su_q(2)) dva predstavleniØ algebry

su_q (2), opredelennye soglasno, u ∈ su_q(2):

π_2(k) = ( 1 √ q 0 0 √ q ) , π_2(e) = ( 0 1 0 0 ) ,

π_2(k^{−1}) = ( √ q 0 0 1√q ) , π_2(f) = ( 0 0 1 0 ) (85)

OPERATORY DIRAKA 61 i π_{reg}(u) = ^u. (86)

Nam ponadobitsØ takße ih tenzornoe proizvedenie π_{tot}, opredelennoe soglasno:

π_{tot}(u) = (π_2 ⊗ π_{reg})(△u). (87)

Pust~ K = π_{tot}(k), K^{−1} = π_{tot}(k^{−1}), E = π_{tot}(e) i F = π_{tot}(f). PrØmym vyqisleniem poluqim: K = ( 1 √ q 0 0 √ q ) ⊗ ^k, K^{−1} = ( √ q 0 0 1√q ) ⊗ ^k^{−1},

E = ( 0 1 0 0 ) ⊗ ^k + ( √ q 0 0 1√q ) ⊗ ^e,

F = ( 0 0 1 0 ) ⊗ ^k + ( 1 √ q 0 0 √ q ) ⊗ ^f . (88) Operatory K, K^{−1}, E i F udovletvorØ¸t vsem sootnoxeniØm (33), a sootvetstvu¸wiæ central~nyæ fflement

C^{tot}_q = 1 q K^2 + qK^{−2} + λ^2F E (89)

legko vyraßaetsØ qerez ^C_q i D_q :

C^{tot}_q =

[2]_q2 [2]_q

I_2 ⊗ ^C_q + λ^2D_q . (90)

V silu central~nosti ^C_q i C^{tot}_q iz poslednego sootnoxeniØ sleduet, qto D_q takße kommutiruet s K, K^{−1}, E i F . My moßem rassmotret~, takim obrazom, rasxirennu¸ algebru A_q s generatorami K, K^{−1}, E, F i D_q. V sootvetstvii s (89), (90) I_2 ⊗ ^C_q takße leßit v A_q i, soglasno (82) i (63), vypolnØetsØ sootnoxenie:

D^2_q + ^C_q [2]_q

D_q = 1 λ^2[2]^2_q

I_2 ⊗ ( ^C_q + [2]_q)( ^C_q − [2]_q). (91)

62 P. N. BIBIKOV, P. P. KULIX My vvedem takße operatory

L_+ = π_{tot}(l_+ ) = √ qKE, L_3 = π_{tot}(l_3) = 1 [2]_q (qEF − 1 q F E), L_− = π_{tot}(l_− ) = √ qF K (92) ili v Øvnom vide:

L_+ = 1 [2]_q ( 0 1 0 0 ) ⊗ ( ^C_q − λ[2]_q^l_{q3}) + I_2 ⊗ ^l_{q+} ,

L_3 = 1 [2]^2_q ( q 0 0 − 1q ) ⊗ ^C_q + 2 [2]_q

I_2 ⊗ l_{q3} + λ [2]_q ( 0 ^l_{q−} ^l_{q+} 0 ) , L_− = 1 [2]_q ( 0 0 1 0 ) ⊗ ( ^C_q − λ[2]_q^l_{q3}) + I_2 ⊗ ^l_{q−} . (93)

My moßem rassmatrivat~ teper~ operatory L_+, L_3, L_−, ^C_q i D_q kak generatory bol~xoæ SU_q (2)-kovariantnoæ algebry B_q . VvodØ matriqnyæ generator

L^{tot} =^1_{[2]q} I2 ⊗ C^{tot}_q +^λ_q L^{tot}_q (94) gde L^{tot}_q = ( 1 q L^3 L^− L_+ −qL_3 ) (95)

my moßem zapisat~ kommutacionnye sootnoxeniØ v B_q , ^R^{tot} = ^R ⊗ I_2: ^R^{tot}L^{tot}_2 ^R^{tot}L^{tot}_2 = L^{tot}_2 ^R^{tot}L^{tot}_2 ^R^{tot}, (96)

Pravoe SU_q (2)-kodeæstvie zadaetsØ na B_q soglasno

φ_R(L^{tot}) = S(T )L^{tot}T, φ_R(D_q ) = D_q ⊗ 1_G. (97)

Spektr D_q legko moßet byt~ poluqen iz (82), (67) i (68). PrØmoe vyqislenie daet dve serii sobstvennyh znaqeniæ:

λ^+_l = [l]_q2 , λ^−_l = −[l + 1]_q2 . (98)

Sootvetstvu¸wie sobstvennye funkcii mogut byt~ poluqeny razloßeniem tenzornogo proizvedeniØ V 1_2 ⊗ V_l v prØmu¸ summu

OPERATORY DIRAKA 63 V_{l+} 1_2 ⊕ V_{l−} 1_2 : | l ± 1 2 , m⟩ = ∑ m1,m2 [_1

2 l l ±^1_2 m_1 m_2 m ] q | 1 2 , m_1⟩⊗ | l, m_2⟩, (99) gde veliqiny

[_1

2 l l ±^1_2 m_1 m_2 m ] q predstavlØ¸t soboæ kvantovye

koffficenty Klebxa–Gordana [16]. Vektory | l, m_2⟩ v (99) mogut byt~ vyraßeny qerez q-specfunkcii ispol~zuØ razloßeniØ

F_q(G) i F_q(S) na neprivodimye podprostranstva po otnoxeni¸

k deæstvi¸ su_q (2) [11, 12].

V sootvetstvii s (67) operator C^{tot}_q prinimaet na V_{l±} 1_2 znaqeniØ q^{2(l± 1}2^{)+1} + q^{−(2(l± 1}2^{)+1)}. Poskol~ku v naxem sluqae prostranstva V_{l±} 1_2 vloßeny v V 1_2 ⊗ V_l, I_2 ⊗ ^C_q prinimaet tam znaqeniØ

q^{2l+1} + q^{−(2l+1)}. Takim obrazom, uravnenie (90) daet: D_q | l ± 1 2 , m⟩ = λ^±_l | l ± 1 2 , m⟩. (100) Priloßenie.

Dokaßem sperva sledu¸wu¸ obwu¸ formulu

∗ ∘ ^L^±∘^∗ = (^L^∓)^t, (A.1)

gde^∗-ffrmitovo soprØßenie na F_q(G) ili F_q(S) a ”t” oboznaqaet obyqnu¸ matriqnu¸ transpozici¸. V F_q(G) sluqae (A.1) oznaqaet, qto, T^c = S(T )^t:

(^L^{±G}_1 (T^c_2 ))^c = (^L^{∓G}_1 )^t(T_2). (A.2)

Deæstvitel~no, iz (45) sleduet, qto ^L^{±G}_1 (T^c_2 ) = S ^L^{±G}_1 (T^t_2 ) i prØmoe vyqislenie na osnove standartnoæ tehniki [7] daet:

^L^{±G}_1 (T^c_2 ) = T^c_2 ((R^±)^{−1})^t2, (A.3)

gde ”t_2” oznaqaet transpozici¸ po vtoromu prostranstvu. PravaØ qast~ (A.2) ravna

^L^{±G}_1 (T^c_2 ) = T_2(R^∓)^t1 , (A.4)

gde ”t_1” oznaqaet transpozici¸ po pervomu prostranstvu. Vmeste uravneniØ (A.2), (A,3) i (A.4) da¸t:

(R^∓)^{t1} = ((R^±)^{−1})^{t2} (A.5)

64 P. N. BIBIKOV, P. P. KULIX ili (R^±)^{−1} = (R^∓)^t, (A.6)

qto, soglasno (47), privodit k prostomu sootnoxeni¸:

^R^t = ^R, (A.7)

kotoroe neposredstvenno proverØetsØ Øvnym vyraßeniem (4) dlØ ^R. V F_q(S) sluqae uravnenie (A.1) oznaqaet:

(^L^{±S} (M^t_2))^c = (^L^{∓S} )^t(M_2). (A.8)

DlØ togo, qtoby dokazat~ ffto ravenstvo, zametim, qto soglasno obwemu podhodu [7]:

^L^{±S}_1 (M_2) = (R^±)^{−1}M_2R^±. (A.9)

vmeste (A.8) i (A.9) da¸t sootnoxenie:

(R±)^{t2} M_2((R^±)^{−1})^{t1} M_2(R^∓)^{t1} , (A.10)

kotoroe snova okazyvaetsØ ffkvivalentno (A.6).

V komponentnoæ zapisi (A.1) oznaqaet: ∗ ∘ ^k∘^∗ = ^k^{−1},^∗ ∘ ^e∘^∗ = − 1 q ^f . (A.11)

Dokaßem teper~ neposredstvenno formulu (74). NesmotrØ na to, qto ona imeet obwiæ vid, my raspolagaem dokazatel~stvom tol~ko v qastnom su_q (2) sluqae. Dokazatel~stvo svoditsØ k posledovatel~nomu rassmotreni¸ sledu¸wih cepoqek formul i ispol~zovanii formul (A.1),(33), (43.a) i (69): ⟨x, ^k(y)⟩ = h(x^∗^k(y)) = h ∘ ^k(^k^{−1}(x^∗)y) = = h ∘ (Id ⊗ k)△(^k^{−1}(x^∗)y) = k(h ⊗ Id)△(^k^{−1}(x^∗)y) = = k(I)h(^k^{−1}(x^∗)y) = ⟨(^k^{−1}(x^∗))^∗ , y⟩ = ⟨^k(x), y⟩ ⟨x, ^e(y)⟩ = h(x^∗^e(y)) = h ∘ ^e(^k(x^∗)y) − h(^e^k(x^∗)^k(y)) = e ∘ (h ⊗ Id)△(^k(x^∗)y) − qh ∘ ^k(^e(x^∗)y) = = e(I)h(^k(x^∗)y) − qh ∘ (Id ⊗ k)△(^e(x^∗)y) = = −qk(h ⊗ Id)△(^e(x^∗)y) = −qh(^e(x^∗)y) = = −q⟨(^e(x^∗)^∗ ), y⟩ = ⟨ ^f (x), y⟩.

OPERATORY DIRAKA 65

Literatura

1. A. Connes,, Noncommutative geometry. N. Y., Acad. Press, 1994.

2. N. ı. Rexetihin, L. A. TahtadßØn, L. D. Faddeev,, Kvantovye gruppy Li i kvantovye algebry Li. — Algebra i Analiz 1 (1989), 178–206.

3. P. Podles,, Quantum spheres. — Lett. Math. Phys. 14 (1987), 193–202. 4. M. Jimbo,, A q-difference analogue of U (g) and the Yang-Baxter equation. — Lett. Math. Phys. 10 (1985), 63–69.

5. K. Ohta, H. Suzuki,, Dirac operators on quantum two spheres. — Mod. Phys.

Lett. A 141 (1994), 2325–2333.

6. A. Yu. Alekseev, L. D. Faddeev,, A toy model for conformal field theory. — Comm Math. Phys. 141 (1991), 413–422.

7. P. Shupp, P. Watts, B. Zumino,, Bicovariant quantum algebras and quantum Lie algebras. — Comm. Math. Phys. 157 (1993), 305–329.

8. P. P. Kulish, R. Sasaki,, Covariance properties of reflection equation algebras. — Progr. Theoret. Phys. 89 (1993), 741–761.

9. P. P. Kulix,, Kvantovye gruppy, q-oscillØtory i kovariantnye algebry. — Teor. matem. fizika 94 (1993), 193–199.

10. L. L. Vaksman, ˚. S. Soæbel~man,, Algebra funkciæ na kvantovoæ gruppe

SU (2). — Funkcional~nyæ analiz i priloßeniØ 22 (1988), 1–14. 11. M. Noumi, K. Mimachi,, Rogers’s q-ultraspherical polinomials on a quantum 2-sphere. — Duke Math. Journ. 63 (1991), 65–80.

12. T. Masuda, K. Mimachi, Y. Nakagami, M. Noumi, K.Ueno,, Representations of the quantum group SUq(2) and the little q-Jacobi polynomials. — Journ. of Funct. Anal. 99 (1991), 357–386.

13. N. Berline, E. Getzler, M. Vergne,, Heat Kernels and Dirac Operators. Berlin, Springer-Verlag, 1992.

14. J. A. de Azcarraga, P. P. Kulish, F. Rodenas,, Quantum groups and deformed special relativity. — Fortschr. der Phys. 44 (1996), 1–40.

15. H. Grosse, C. Klimcik, P. Presnajder,, Simple field theoretical models on noncommutative manifolds, CERN-TH/95-138, hep-th/9510177; hep-th/9510083; hep-th/9505175..

16. A. N. Kirillov and N. Yu. Reshetikhin,, Representations of the algebra Uq(sl(2)), q-orthogonal polinomials and invariants of links, LOMI E-9-88; Infinite-dimensi-onal Lie algebras and groups. Singapore, W. S., 1989.

Bibikov P. N., Kulish P. P. Dirac operators on quantum SU (2) group and quantum sphere.

Problems of definition of Dirac operators on the quantum group SU (2) and the quantum sphere S^2_{qμ} are discussed. In both two cases proposed ones have the similar SU_q (2)-invariant form and are strictly connected with corresponding Laplace operators. The spectrum of proposed operators also is calculated. Postupilo 1 fevralØ 1996 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN