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Abstract. The Moore—Gibson—Thompson theory was developed starting from a third order differential
equation, built in the context of some consideration related fluid mechanics. Subsequently the equation
was considered as a heat conduction equation because it has been obtained by considering a relaxation
parameter into the type III heat conduction. Since the advent of the Moore-Gibson—Thompson theory,
the number of dedicated studies to this theory has increased considerably. The Moore—Gibson—Thompson
equation modifies and defines equations for thermal conduction and mass diffusion that occur in solids.
In this paper we investigate a class of Moore—-Gibson—Thompson equation with nonlinear memory on
the Heisenberg group.The problem of nonexistence of global weak solutions in the Heisenberg group has
received specific attention in the recent years. In the present paper we use the method of test functions to
prove nonexistence of global weak solutions. The results obtained in this paper extend several contributions
and we focus on new nonexistence results which are due to the presence of the fractional Laplacian operator

of order Z.
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1. Introduction and Preliminaries

The main goal of this paper is concerned with the nonexistence of global weak solutions for
the following semi-linear Moore—-Gibson—Thompson equation with nonlinear mixed damping
term

gt + ug + (—Ag)"u — (—AH)%ut = /(t —5) Tu(s)|Pds (1.1)
0

subject to the following initial conditions

U(Ua 0) = UO(U)a Ut(ﬁ, 0) = ul(n)’ utt(n’ 0) = u2(77)’ ne RQn—H’ (1'2)
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where 0 < v < 1, 0 € (0,2], m > 1, p > 1 and Ay is the Kohn-Laplace operator on
the (2n 4 1)-dimensional Heisenberg group. The operator (—Apg)? accounts for anomalous
diffusion. In the paper by W. Chen and A. Palmieri [1], it is investigated the blow-up of the
solutions for the following semi linear Cauchy problem for MGT equation in the conservative
case with nonlinearity of derivative type

Bugs + ue — Au — BAuy = |uef?, € R", ¢t >0,
(U,Ut,Utt)(Q],O) = E(UO,Ul,UQ)(.YJ), WS Rna

where p > 1 and ¢ is a positive parameter describing the size of the initial data. More precisely,
they proved that there exists a positive constant £y such that for any € € (0, €] the solution u
blows up in finite time. Furthermore, the upper bound estimate for the lifespan

1 n—-1 1
T(e) < ce 7T 1<p< pai, (1),
—(p—1)
eCe P = pai, (n),

n

holds, where C' > 0 is an independent of € constant and pgy, (n) = +1 is the so called Glassey
exponent. The MGT was previously analyzed by several authors from a different point of view.
For instance, see the papers [1-4| and references therein for a variety of problems related to
this equations. Recently, T. Dao and A. Z. Fino in [5] have proved blow-up results to determine
the critical exponents for the following Cauchy problem for semi-linear structurally damped
wave model with nonlinear memory

t
u — Au+ p(=A)2uy = [(t— ) Vu(s)Pds, x€R", t>0,
0

u(z,0) = ug(x), ug(x,0) = ui(x),

where p > 0, o € (0,2) for some v € (0,1) and p > 1. Using a modified test function method,
if

24+ (1-7)(2-9)
max [n — 2+ (2 —4),0]’

R2n+1

<u1(3:) n (—A)%)uo(az) dz > 0,

p<p.=1+

it was shown that there is no global (in time) weak solution. The problem of nonexistence of
global solutions in the Heisenberg group has received specific attention in recent years. For
instance, see the papers [6-9| and references therein. For more details on Heisenberg groups
and partial differential equations in Heisenberg groups, we refer the reader to [7—11] and the
references therein.

Motivated by above papers, we investigate the problem (1.1), (1.2) for nonexistence of
global weak solutions by using the method of the test function. Our main result is as follows.

Theorem 1.1. Let 0 < 0 < 2, 6 = min(o,1) and n > 1. We assume that the initial data
(ug, uq,uz) € HO(R?"F1) x HQ(]RQ"H) x L2(R?"*1) satisfy the following relation

(w1 (n) + ua(n) + () Fuo(m) ) dy > 0. (1.3)
R2n+1
1 Q+2-5
-0
pgpc:(2_5)’y+Q_2m, (1.4)
or

1
p<—,
Y

then there exists no global nontrivial weak solution to (1.1)—(1.2).
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The paper is organized as follows. In the next section, we give some auxiliary results.
In Section 3 we prove our main result.

2. Auxiliary Results

For the sake of the reader, in this section we give some known facts about the Heisenberg
group H and the operator Apg.

The Heisenberg group H whose points will be denoted by n = (x,y, ), is the Lie group
(R27+1:6) with the non-commutative group operation o defined by

non' =(z+ay+y, T+ +2(@ y —a’"y)

foralln = (x,y,7), 7' = (2, y,7") € R" xR" xR, where - denotes the standard inner product
in R™. This group operation endows H with the structure of a Lie group. The Laplacian Ay
over H is obtained from the vector fields X; = 8%1' + 2yi%, Y, = aiyi - Qxia% and we have

n
AH:Z(X§+§Q?).
i=1
Observe that the vector field T' = % does not appear in the equality above. This fact
makes us presume a “loss of derivative” in the variable 7. The compensation comes from the
relation
[(X:,Y;] = —4T, 4,j€1,2,3,...,n.

Then the Heisenberg group H is a nilpotent Lie group of order 2. Explicit computation gives
the expression

n 82 32 32 32 32
A = 5.2 T 5a T4 — 4z, 4 (22 +2) — ).
. Zzl <a$12 - 8y,2 ey Ox; 0T . 0y, 0T + (xz + yz) 87’2)

A natural group of dilatations on H is given by
Ba(n) = (Az. Ay, A7), A >0,

whose Jacobian determinant is A9, where Q = 2n + 2 is the homogeneous dimension of H.
The operator Ay is a degenerate elliptic operator. It is invariant with respect to the left
translation of H and homogeneous with respect to the dilations éy. More precisely, we have

Ag(u(non)) = (Agu)(non’), Am(uocdy) =N (Agu)ody, n,1 €H.

The natural distance from 7 to the origin is introduced by Folland and Stein, see [10],

ol = [+ (z (@ +y3>)2

i=1

1
1

Now, we will collect some preliminary knowledge that will be used hereafter.
DEFINITION 2.1 [12]. A function f : [a,b] — R is said to be absolutely continuous if there
exists a Lebesgue summable function ¢ € LL'(a, b) such that
t
fO = 1@+ [els)ds, te fa
a

We denote by AC|0,T] the space of all functions which are absolutely continuous on [0, 7]
with 0 <T' < oo.
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DEFINITION 2.2 [12]. Let f € L'(0,T) with T > 0. The Riemann-Liouville left- and
right-sided fractional integrals of order o € (0,1) are defined by

18, f(t) = ﬁ /(t _ ) f(e)ds, >0, (2.1)
0
and .
Tirf () = g [ = 0@ ds, e <, (2.2)

respectively, where I' is the Euler gamma function.

DEFINITION 2.3 [12]. Let f € AC[0,T] with T" > 0. The Riemann-Liouville left- and
right-sided fractional derivatives of order € a € (0,1) are defined by

DGO = G100 = Fray o [ (=9 s, ¢>0, (2.3
0
d 1 d ’
t|Tf( )= dtItl'TO‘ (t ):—ma/(t—s)af(s)ds, t<T, (2.4)

respectively.
Proposition 2.1 [12|. Let T" > 0 and a € (0,1). The fractional integration by parts

formula . .
[ rovggwae= [ g5 s ae 2:5)
0 0

is valid for every f € t\T(Lp( T)) and g € I3, (L9(0,T)) such that % + % < 1+ « with

p,q > 1, where

olt

5 20,1) = { f = Igh, he17(0,7)}

and
ol (L7(0, 7)) = {f = I§,h, h € LY(0, T)}

Proposition 2.2 [13]. Let T > 0 and « € (0,1). Then, we have the following identities

oloef(t) = f(t), ae te(0,T) forall felL”(0,T) with 1<r<oo, (26)

and
(=L)D" Diipf = Dyt forall fe AC™H0,T], (2.7)
where
AC™ 0, T] = { £:00,7] — R, such that D™f ¢ AC[O,T]}
and D™ = 9 s the usual m times derivative.

Todtm
Lemma 2.1 [13]. Let T >0, 0 < o < 1 and m > 0. For all t € [0,T], we have

m-+a t ﬁ_ P(/B+1) —(m+a) 3 pramm
DtIF <1_T> _F(ﬁ—l—l—m—a)T i <1_T> ’ (28)
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Lemma 2.2 [5]. Let T'> 0,0 < a <1, m > 0 and p > 1. Then, we have

T
/¢ ~h
0

Before to proceed with the proof of our main result, we will give a definition for weak
solutions for (1.1)—(1.2).

DEFINITION 2.4. A function u € L ((0,T),LP(R*"*1)) N L' ((0,T), L?(R*"1)) is called
a local weak solution of (1.1)-(1.2) subject to the initial data (ug,u1,us) € H?(R?*"F1) x
H?(R?1) x L2(R?7+1) if the following equality

_b_
D)7 dt = ot T (2.9)

t|T

T
() 0/ ) / Bt )t / (100 + e + (-850 o) ol 0)
= [ twnln) + w0 dn+ [ oo, 0)d
R2n+1 R2n+1

_/T / u(n,t)apm(n,t)dndtJr/T / w(, ) r (n, t) diy dt

0 R2n+l 0 R2n+1

/ [ ulnt-tum ety dn e+ /T | utn-sm bt dn,

R2n+1 0 R2n+1

holds for any regular function
¢ e CH((0,T); H° (R*)) nC ((0,T); H* (R*)) nC? ((0,T]; L* (R**11)),

such that p(n,T) = 0, ¢;(n,T) = 0 and @ (n,T) = 0 for all n € R2"*1. The solution u is
called global if T' = 4o00.

3. Proof of the Main Result

Throughout this section, with C' we will denote a positive constant whose value may
change from line to line. The proof of our main result is based on a contradiction. Suppose
that u is a global weak solution to (1.1)—(1.2). Then u satisfies the following equation

T
a)/ / I ([u(n, )P )e(n, t) dn dt + / <U1(77)+U2(77) (—Am)2u )w(mO)dn

0 R2n+1 R2n+1
= [ (ol + w@ern. 0+ [ oo n,0)d
R2n+1 R2n+1
T (3.1)
= — w(n, t)ue(n, t) dndt + / / u(n, t)pu(n, t) dndt
0 R2n+1 0 R2n+1
T

- / / u(n, )(—Ag) ™o, ) dny i + / / u(n,t) (— ) Sy, ) dn .
0

R2n+l 0 R2n+l
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where o =1 — € (0, 1), for all test function ¢ such that ¢(n,T) = (0, T) = @u(n,T) =0
and for all T' >> 1. We define the following auxiliary functions

n B
ou) =0 (%) pln) = ontu, o) = (1-1) |
where ¢ is a non-negative smooth function such that

¢(x) = o)), #(0)=1, 0<o(r) <1, for r=>0. (3:2)

Moreover, ¢ is decreasing and ¢(r) — 0, as r — oo sufficiently fast. Then, we define the test
function as follows

e(n,t) = Dyjpo(n,t) = dr(n)Dyjr(¥(1))-
From (3.1), using (2.7) and (2.8), we have
T
v@ [ [ 1ut 08 Doty dndt = 17 [ (o) + w)onta) d

0 R2n+1 R2n+1

+OoT / (ul(n) +ua(n) + (—AH)%UO> ¢r(n)dn +CT—>~° / uo(n)@r(n) dn

R2n+1 R2n+1
T T

— [ [ sotsnmpip@eidnde - [ [ unnonmnDiitwe)dnds gy
0 0

R2n+l

_/ / u(777t)Da{T(ib(t))(—AH)m(pR(n) dn dt
0
T

" 0/ [ 005 (O (- 250)% Gl iy .

Using (2.5) and then (2.6), we arrive at

L +CT™¢ / (m(n) + ua(n) + (—AH)%UO) or(n)dn

R2n+1

ot [ unln) + w)ortn dn + 0T [ ualm)ntn) dy

R2n+1 R2n+1
T T

:CO/ | v ternpizewana—c [ [ un o @) da

R2n+1 0 R2n+1

(3.4)

T
e 0/ . / ) (i, 0) Dl (6(8)) (— D)™ () i

40 [ [ uln 0D (000)(~ D) (0rn) dndt = o/ (0) + B(0) + () + 9 (w),

0 R2n+1
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Here
/ / )P p(n, t) dn dt.
0 R2n+1

On the other hand, using Hoélder’s inequality with % + 1% = 1, where p’ is the conjugate of p,
we can proceed with the estimate for 7 (1)) as follows

0 R2n+1

C// u(n,0)l6r(n)| D (() | dn de
T
// )% (n.0)& 7 (0, )br(n (ng“ ¢(t))‘dndt

R2n+1
( / | ertnwien™ D3| dndt> .
0 R2n+1

At this stage, we pass to the scaled variables

-t
f== and 7= (& §,7
T an ,'7 ('1"? y?T)?

such that
A
T RYTR
Using Lemma 2.2, one has
1
o ()] < CI RY T7 270 (3.5)
Similarly, we obtain
T
: 2 _ P’
ewl<cn( [ [ ortn)™F )| wi)
0 {Inlz>R}
1
p v + 9 _om L —a
X [(=Aw)"¢r(n)|” dndt | < CIFRY™"Tv ™ (3.6)
where
T
I2=/ / u(n, £)[P@(n,t) dn dt.
0 {Inla>R}

Now, we can proceed with the estimate for Z()) and %£(¢) in the following manner

\@(zp)\gcﬁ( [ [ @)% oy Dl e

0 R2n+1
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and

0// (o) [ D 6(0)|

0 R2n+1
/ [ 1,016 0,05 (. 00n) | D (0000 e (39
0 R2n+1
cﬁ( / [ ontwn™F [ wn|” an dt) <CITRITY
0 R2n+1
Combining the estimates (3.5)—(3.8) into (3.4), one deduces that
I +CT™° / (ul(n) +ua(n) + (—AH)%UO) ¢r(n) dn
R2n+l

o [ ual) + wamon(ydn + €T [ wmentmdn  (39)

R2n+1 R2n+l

1 Q_ o 1 _ o Q 1 _o_ Q 1 _g_ L q_ a_
<CI? (Rp' Tv 4 RVTY 4 R/TV O‘)+CI§RF’ e

Hence, we get

0T [ () + ualn) + (-2 Fuo(n)) dr(rn) d

R2n+1
1 q 1 q
<CIPRVTV ™ (I + T-'R™7 + T=%) + CIy Rv 2" Tv (3.10)
vor e [ ) + wrm)ontndn - T [ uam)ontn dy
R2n+1 R2n+1

Because (1.3) holds and ¢gr(n) — 1, as R — oo, there exists a sufficiently large constant
Ro > 0 such that we have

(w1 n) + wan) + (~B) 3uo(n) ) Gr(n) dy > 0, (3.11)
R2n+1

/

for all R > Ry. It is clear that the inequality (1.4) is equivalent to 1 — ap’ + % - ZQP_? <0.
So, we have to consider the following two cases.

Case 1. If 1—ap'+%—% < 0, then we take R = =3 Hence, using (3.10) and (3.11),
we have that

2m

I 1 4 Q
L <CITY oy 2-s

+C (T —T7279) / uo(m) R (n) dn + CT 7% / u1(n)dr(n) dn

R2n+1 R2n+l

Thanks to the Young inequality for

1 1 gy Q __2m
a=Ir, b=Tv “T@ow 25
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we conclude that

_[1 CTl op +ﬁ*22pl?
Y G
+C (T -T2 / uo(n)r(n) dn + CT 1~ / ur(n)or(n)dn. (3.12)

R2n+l R2n+l

If1—oap + % — % < 0, then by letting T' — 400, we deduce that u = 0. By

invoking (3.10), we obtain

(win) + uz(n) + (=28) 5 uo(n) ) G (n) di

R2n+1

<oT! / ur(n)dr(n)dn+C (T~ -T2 / uo(n)r(n) dn

R2n+1 R2n+1

Hence, passing to the limit in the above inequality as T" — +o00, one obtains a contradiction
with (1.3).

Q 2p’
Case 2. If 1 —ap’ + 5% — =

== = 0, then using (3.12), we obtain

1 9 —1l-« —2—« e
L <S+C(T77=T7%9) / ug(n)¢r(n) dn+CT / ur(n)or(n) dn
p p R2n+1 R2n+1

Hence, it follows that I < C, as T' — 400. By the dominated convergence theorem, one has

400 T
lu(n, t)|P dndt = lim / / lu(n,t)|P@e(n,t)dndt = lim I <C,
T—+o0

T—4o00
0 R2n+1 0 R2n+1
which yields u € L? ((0,400) x R*"1). On the other hand, repeating the same calculations

1 1
as above with R = T'2-5 [ 2-5 where 1 < L < R is large enough such that when R — +oc0
we do not have L — +o00 at the same time, we arrive at the following inequality

1 _2(1-5) _Q _o—& 42
L <CI? (T~ 755 L™ ean ST e = S e AN = e AR

% *%JFLWE —1l—« —2—a —1l—«
+ I L C-ow' 2= 4+ O(T -T )/uo(n)¢R(n)dn+CT /m(n)qu(n)dn

R2n+l R2n+l
Applying the Young inequality for

2(1—5)

__Q
2= [, (2—&)19/’

IS
I
~

. b=T"
o—o _ _ Q 2
b=T 2-5], (275‘)p,+275"

S

Il

~
T 1 i

_4-35 __ @
, b=T 2-6 [ (@=&p

IS
|
~
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one concludes that

2(1—-5)p’ Q (4— 30)
lIlég(T_ o L3 -5 + T~ pL e

Q—2p

>+IPL (2— o')p’+2 5 +C(T—1 « T—Q—Oé)

x / up(n)pr(n) dn + CT~1-° / wr (m)ér(n) dn. (3.13)

R2n+l R2n+1

We have to distinguish the following two cases:
e If 0 € (0,1], then o = 6. Consequently, using the fact that u € LP ((O, +00) X R2"+1),
one has

o o )
Jim L= m o[ 0P dyde =0,
(Infa>T75 L 75}

Taking into account the inequality (3.13), by letting T — 400, it follows that

+o0

/ / u(n, )" dndt < C <L‘% L Lo5E > .

0 R2n+1

Applying similar arguments as in Case 1, one concludes the desired result.
e If o € (1,2], then 6 = 1. Due to the fact that u € L? ((0,+00) x R*"*1), we get

T
lim I, = lim / lu(n, t)|P@(n,t)dndt =0,

T—+00 T—+00
0 {Inu>TL1}

which implies, as T — 400,

+o0

/ / lu(n,t)|P dndt < CL™C.

0 R2n+1
Employing similar arguments as in Case 1, one obtains a contradiction with the fact that

(wr(n) + wa(n) + (~Aax) Fuo(m) ) dy > 0.

R2n+1

Case 3. If p < % Substituting R = log T in (3.1), we derive

0T [ () + uan) + (- Fuo(n)) ér(rn) d

R2n+1
1 Q 1. 1 Q_ _
<CIY (log(T))P’TPl’ (T2+T 'R +T7?) + CIJ (log(T)) ¥ T (3.14)

+O(T 17 =T7%°) / uo(n)¢r () dn + CT 7% / u1(n)dr(n) dn.

R2n+1 R2n+1
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Letting R — +o0 in the above inequality, we obtain

(1) + ua () + (=) Fuo(m) ) dy <0,

R2n+1

where we have used the fact that 1% — o < 0. This is the desired contradiction and this
completes the proof of our main result.

10.

11.

12.

13.
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Awnnoranusi. Teopusa Mypa — 'mbcona — Tommicona Obina paspaborana, HakunHasS ¢ AuddepeHITnaIbHO-
ro ypaBHEHUsI TPETbEro IMOpsijiKa, Ha OCHOBE HEKOTOPBIX COOOparKeHWil, CBA3aHHBIX C MEXAHWKON >KMJIKOCTH.
Brocnencrsun sT0o ypaBHEeHIE pacCMaTPUBAJIOCh KaK YPaBHEHHE TEIJIOIIPOBOIHOCTH, IIOCKOIBKY OHO OBLIO I10-
JIyY€HO IyTeM yd4eTa mapamMerpa pejakcaruu B remionposoguoctu tumna 11I. C MomenTa nosiBjienusi reopun
Mypa — T'mbcona — TomriicoHa 3HAYUTETHHO BO3POCJIO KOJUYECTBO HMCCJIEIOBAHUI, OCBAIEHHBIX 9TOH TEO0-
puu. Ypapuenue Mypa — ['mb6cona — TomrcoHa w3MeHsIET U OMpPENEssieT yPaBHEHUsI TEIJIONPOBOJIHOCTUA U
nuddy3un Macchl, BO3HUKAIOIINE B TBEPABIX TeJIax. B 9Toi# craTrbe MbI MCCaeayeM KJace ypaBuenunit Mypa —
T'ubcona — Tomricona ¢ HeMMHEHHON MaMsThIO Ha rpynme [eiizenbepra. [Ipobieme orcyTcTBUST TVIOOATBHBIX
cabbIxX perieHuit Ha rpyrre [eiiseHbepra B MOCIEHNIE MO/l IPUBJIEKAET BHUMAHKE KCCJieoBaTesneil. B Hacro-
smeit pabore MbI UCIIOIB3YEM METOJ, TECTOBBIX (DYHKIIMIA JJIsl JIOKA3ATEILCTBA OTCY TCTBUS TIIO0AJIBHBIX CJIabbIX
pemennii. [losrydueHHble pe3yIbTATH PACIIUPSIIOT HECKOJBKO MPEIIECTBYIONUX JOCTHKEHN, TpudeM 0coboe
BHUMaHUE yjesisieTcs: 3D@eKTy HeCyIecTBOBAHNs PeIleHnsi, 00yCJIOBJIEHHOMY HaJIM4ueM oreparopa Jlamaca
JPOOHOIO MOPSIJIKA.

KuroueBnbie ciioBa: ypasuenne Mypa — ['mbcona — Tommcona, HestoKaabHBIM orepaTop, rpymmna [eitzen-
Oepra, HeJIMHETHAST TAMSITh.
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