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Abstract. Conformal Ricci solitons are self similar solutions of the conformal Ricci flow equation. A new
class of n-dimensional almost contact manifold namely trans-Sasakian manifold was introduced by Oubina
in 1985 and further study about the local structures of trans-Sasakian manifolds was carried by several
authors. As a natural generalization of both Sasakian and Kenmotsu manifolds, the notion of trans-
Sasakian manifolds, which are closely related to the locally conformal Kahler manifolds introduced by
Oubina. This paper deals with the study of conformal Ricci solitons within the framework of indefinite
trans-Sasakian manifold. Further, we investigate the certain curvature tensor on indefinite trans-Sasakian
manifold. Also, we have proved some important results.
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1. Introduction

In 1982 Hamilton [3| discovered that the Ricci solitons move under the Ricci flow simply
by diffeomorphisms of the initial metric; that is, they are stationary points of the Ricci flow
given by

dg
5

In 2004 Fischer [4] introduced the concept of conformal Ricci flow which is a variation
of the classical Ricci flow equation. In Ricci flow equation the unit volume constraint plays
a important role but in conformal Ricci flow equation scalar curvature r is considered as
constraint.

—28. (1.1)
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where p is a scalar non-dynamical field and n is the dimension of the manifold.

In the year 2015, Basu and Bhattacharyya [1] introduced the notion of conformal Ricci

soliton equation as:
2
Lyg+2S = [2)\ - <p+ E)] g. (1.3)

In 1985 J. A. Oubina [5] introduced a new class of almost contact manifold namely trans-
Sasakian manifold.
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2. Preliminaries

A smooth manifold (M™, g) is said to be indefinite almost contact metric manifold, if there
exists a a (1,1) tensor field ¢, structure vector field £, a 1-form n and an indefinite metric g
such that (see [2]):

P’ X1 = —X1 +n(X1)E, 0 =0,n(pX1) =0, n(&) =1,9(£.8) =¢, (2.1)
n(X1) = eg(§, X1), g(v(X1),0(Y1)) = 9(X1,Y1) — en(X1)n(Y1), (2.2)
g((PXhYl) = _g(Xh(PYl)? g((leaXl) = 07 (23)

for all vector fields X1, Y7 on manifold M, where ¢ = £1 accordingly as £ is space like vector
field and rank ¢ is n — 1.
If
dn(X1,Y1) = g(X1, oY1), (2.4)

then M"(p,&,n,g) is called an indefinite contact metric manifold.
Indefinite almost contact metric manifold is called an indefinite trans-Sasakian manifold
if it is of the form

Vx, Y1 = a(g(X1, Y1)€ — en(Y1) X1) + B(g9(p X1, Y1)§ — en(Y1)pX1), (2.5)

for any X1Y; € I'(T M), where V is a metric connention of indefinite metric g, o and g are
smooth function on a manifold M™.
On using (2.1), (2.2), (2.3), (2.4) and (2.5), we get

Vx,§ =¢e[—apXy + B(X1 —nX1)¢], (2.6)
(Vxym) Y1 = —ag(eX1, Y1) + B[g(X1, Y1) — en(X1)n(Y1)]- (2.7)
The indefinite trans-Sasakian manifold M™, the following relation holds:
R(X1,Y1)¢ = (o = %) (n(Y1) X1 — n(X1)Y1) + 208 (n(Y1)pX1 — n(X1)p(Y1))
+e ()X — (X10)pY1 + (V18)9° X1 — (X18)¢* V1),
R(§,Y1)Z1 = (o = B%) (eg(Y1, Z1)& — n(Z1)Y1) + 203 (eg (oY1, 0 Z1)E + n(Z1) oY1) (2.9)
+e(Z1a)pYr +eg(Y1, pZ1)(grad o) — eg(@Yi, 0 Z1)(grad B) + e(Z18) (Y1 — n(Z1)€) ,
S(Z1,€) = ((n — 1) — B) — £(¢B)) n(Z1) — e(n — 2(Z1 ), (2.10)
S(6,€) = (n—1)(a® = B%) —e(n — 1)(€), (2.11)
Q€ =e(n —1)(a” = B7)§ — (§B)¢ + ep(grad a) — (n — 2)(grad ), (2.12)
where R is the Riemannian curvature tensor, S is the Ricci tensor and @ is the Ricci operator.

Then we have that S(X1,Y1) = ¢(QX1,Y1) (VX1,Yh € (T M)).
Now from equation 1.3, we have

(2.8)

S(X1,Y1) = A19(Xq, Y1) + Aan(X1)n(Y1), (2.13)
where A; = % (2)\ —(p+ %) —6,8), Ay =¢ef3
QX1 = A1 X1 + Aan(X1)E, (2.14)
S(X1,€) = Aan(Xa), (2.15)
where Ay = (eA; + A3)
Q¢ = A3, (2.16)

where Az = A1 + As.
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3. Conformal Ricci Soliton in an IndeﬁnitNe Trans-Sasakian
Manifold Satisfying R(¢, X;).C =0

Let a n-dimensional conformal Ricci soliton in an indefinite trans-Sasakian manifold
satisfying R(§, X1).C' = 0, where C is quasi conformal curvature tensor on a manifold M

and is defined by

C(X1,Y1)Z) = aR(X1,Y1)Z1 + b(S(Y1, Z1) X1 — S(X1, Z1)Y1 + 9(Y1, Z1)Q X,

000,200 - (557 (e +20) G0 20T gz,
where 7 is scalar curvature.
Substituting Z; = &, we get
C(X1,Y1)€ = aR(X1,Y1)E + b(S(Y1,€) X1 — S(X1,6)Y1 + 9(Y1,£)QX:
—9(X1,§)QY1) — <2n: 1) (% + 2b> (9(Y1,6) X1 — g(X1,§)Y1). 32
Using equation (2.2), (2.8), (2.13) and (2.14) in (3.2), we get
C(X1,Y1)¢ = As(n(Y1) X1 — n(X1)Y1), (3.3)

where A = <a(a2 — %)+ bAy +beA; —¢€ <2n’:|_1> (% + 2b)> . Taking inner product with Z;

equation (3.3) becomes
—n(C(X1,Y1), Z1) = Ase (n(Y1)g(X1, Z1) — n(X1)g(V1, Z1)) - (3.4)
We assume that R(¢, X1).C = 0, which implies that

R(¢,X1)(C(Y1, Z1)Z2) — C(R(E, X1)Y1, Z1) Zs

3.5
~C(Y1, R(§, X1)Z1)Z2 — C(Y1, Z1)R(E, X1) Z2 = 0, 3
for all vector fields X1,Y7, Z1, Z> on a manifold M.
Putting Zs = £ and using (2.9) in (3.5), we get
e(0” = B%)g(X1,C(Y1, Z1)€)€ — e(a” — B2)g(X1, Y1)C (€, Z1)¢
+(a® = Bn(Y1)C (X1, Z1)€ — e(a® — 5%)g(X1, Z1)C (Y1, €)¢ (3.6)
+(o® = B)n(21)C (Yl,Zl) — (@ = Bn(X1)C(Y, Z1)¢ '
+(a® = B*)C(Y1, Z1) X1 = 0,
Taking inner product with ¢ and using (2.2), (3.3), equation (3.6) reduces to
9(X1, C(Y1, 21)€) +0(C(¥1, Z1) X1) =0, (37)

provided (a? — 32) # 0.
Substituting Z; = £ and using (3.3) in (3.7), we obtain

Asg(X1,Y1) — Asen(X1)n(Y1) + n(C(¥1,€)X1) = 0. (3.8)
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Again substituting Y7 = £ in (3.1), we get

C(X1,8)Z1 = aR(X1,€)Z1 +b(S(&, Z1) X1 — S(X1, Z1)§ + 9(§, Z1)Q Xy

000,209 - (5:57) (& +2) be % —gxize,

r
2n +1

Taking inner product with ¢ and using (2.1), (2.2), (2.9), (2.10), (2.11), (2.12), equation (3.9)
reduces to

n(C(X1,§)Z1) = Aeg(X1, Z1) + Am(X1)n(Z1) — bS(X1, Z1), (3.10)

where

Ag = (—6@((12 — %) — be(Ay + As) + (271: 1) (% +20) e) ,

Ap = <a(a2 — )+ be(Ay + As + Ay) — <2n: 1> <% + 2b>>

replacing X; with Y7 and Z; with X in (3.10), we obtain
n(C(Y1,6)X1) = Aeg(X1, Y1) + Am(X1)n(Y1) — bS(X1, Y1) (3.11)
Substituting (3.11) in (3.8), we get
S(X1,Y1) = Asg(X1, Y1) + Agn(X1)n(Y1), (3.12)

where Ag = As + Ag, Ag = A7 — €As.
Hence we can state the following theorem

Theorem I}.l. A conformal Ricci soliton in an indefinite trans-Sasakian manifold satis-
fying R(&, X1)C = 0 is an n-FEinstein manifold.

4. Conformal Ricci Soliton in an Indefinite Trans-Sasakian

Manifold Satisfying R({, X1).S =0

Leta a n-dimensional conformal Ricci soliton in an indefinite trans-Sasakian manifold
satisfying R(&, X1).S = 0, which implies that

S(R(&, X1)Y1,Z1) + S(Y1,R(§,X1)Z1) = 0. (4.1)
Using (2.1), (2.2), (2.9) and (2.13) in (4.1), we get

Ay((@® = B*)eg(X1, Y1)n(Z1) — (o — B*)n(Y1)g(X1, Z1))
+ A1 ((0” — BPeg(X1, Z1)n(V1) — (o = B*)n(Z1)g(X1, Y1)

4.
+ Az(0? = B%)(9(X1,Y1)n(Z1) — en(X1)n(Y1)n(Z1) 2
+9(X1, Z1)n(Y1) — en(X1)n(Y1)n(Z1)) = 0.
Substituting Z; = £ and using (2.1), (2.2) in (4.2), we get
9(X1, Y1) = en(X1)n(Y1), (4.3)

provided As(a? — 32) # 0.
Hence, we state the following theorem

Theorem 4.1. A conformal Ricci soliton in an indefinite trans-Sasakian manifold satis-
fying R(§, X1)S = 0, then g(X1,Y1) = en(X1)n(Y1).
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5. Conformal Ricci Soliton in an Indefinite Trans-Sasakian
Manifold Satisfying R(¢, X1).P =0

Let a m-dimensional conformal Ricci soliton in an indefinite trans-Sasakian manifold
satisfying R(§, X1).P = 0, where P is projective curvature tensor on a manifold M and
is defined by

1
P(X1,Y1)Z1 = R(X1.Y)Z1 = 5= (S(Y1, Z1) X1 = S(X1, Z0)Y1) . (5.1)

We assume that R(§, X1).P = 0, which implies that

R(&, X1)(P(Y1, 21)22) — P(R(E, X1)Y1, 21) 22

_P(H’R(gaXl)Zl)ZQ - P(H,ZI)R(g’Xl)ZQ = 0’ (52)

for all vector fields X7, Y7, Z1 and Z5 on M.
Putting Z; = £ and using equation (2.9) in (5.2), we get

e9(X1, P(Y1,8)Z2)§ — n((P(Y1,€)Z2) X1) — e9(X1, Y1) P(§,€) Z2 + n(Y1) P(X1,8) Z2

—en(X1)P(Y1,8)Zy + P(Y1, X1)Z5 — eg(X1, Z2) P(Y1,£)€ + n(Z2) P(Y1,£) X1 = 0. >3

Substituting Y7 = £ in equation (5.1), we get

P(X1,8)Z1 = R(X1,8)Z1 — %(5(5, Z1) X1 — S(Xq, Z1)§), (5.4)

using equation (2.9) and (2.15) in (5.4), we get
P(X1,8) 71 = —s(a® = 8)9(X1, Z1)¢

+ (@28 - AL wzx + s,z (55)

n —
Replacing X; with Y7 and Z; with Z5 in (5.5), we get
P(Y1,8)Z = —e(a® — B*)g(V1, Z2)¢

A
+ <(a2 — B - - _41> n(Z2)Y1 + ﬁS(Yh Zs)E.

(5.6)

Now substituting Zs = £ and using (5.6) in (5.3), we get

A A A 1
€ <n _41> 9(X1,Y1)§ + 2—;77(Y1)X1 - 2—;77(X1)Y1 + mS(Xth)f =0. (5.7)

Taking inner product with ¢ and using (2.1), (2.2), equation (5.7) becomes
S(X1,Y1) = —A109(X1, Y1), (5.8)

where A9 = €¢A4 Hence we can state the following theorem

Theorem 5.1. A conformal Ricci soliton in an indefinite trans-Sasakian manifold satis-
fying R(&, X1)P = 0 is an Einstein manifold.
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6. Conformal Ricci Soliton in an Indeﬁnif:e Trans-Sasakian
Manifold Satisfying R(£, X;)P =0

Let a n-dimensional conformal Ricci soliton in an indefinite trans-Sasakian manifold
satisfying R(&, X1)P = 0, where P is pseudo projective curvature tensor on a manifold M
and is defined by

P(X1,Y1)Z1 = aR(X1,Y1)Z1 + b(S(Y1, Z1) X1 — S(X1,21)Y1)

., a (6.1)
- — Yi.27) X7 — g(Xq, Z1)Y7).
n(n—1>(g( 1, Z21) X1 — g(X1, Z1)1)
We assume that R(£, X;)P = 0, which implies that
R(¢, X1)(P(Y1, Z1)Z2) — P(R(&, X1)Y1, Z1) Z (6.2)

— P(Y1,R(¢,X1)Z1)Z2 — P(Y1, Z1)R(€, X1) Zo = 0,

for all vector field X7, Y7, Z1 and Z5 on M.
Putting Zs = £ and using (2.9) in (6.2), we get

Ap1g(X1, Y1) Z1 + Ar2g(X1, Z1)Y1 + P(Y1, Z1) X1 = 0, (6.3)
provided (a? — 3?) # 0 and where

A11:<a6—|—bA46—£< a —|—b>>, A12:<a€—bA4€—|—Z<L—|—b>>.
n\n—1 n\n—1

Substituting Z; = £ in (6.3), we get

A1g(X1, Y1) 4 A1ag(X1, Y1 + P(Y1,€) X, = 0. (6.4)
Taking inner product with ¢ and using (2.1), (2.2), equation (6.4) becomes
A149(X1, Y1) + An(X1)n(V1) + n(P(Y1,6)X:1) = 0, (6.5)
where Ay3 = €Ay, Ajq =cAj;r. In the view of (6.1) and (6.5) we have
S(X1,Y1) = A159(Xq, Y1) + Aien(Xa)n(Y1), (6.6)

where
A —alay — By) — £ (25 +)
be ’

As =

A13 + ae(a2 — 52) + bA4€ + % <L + b)

n—1
A =
16 be

Hence we can state the following theorem

Theorem 6.1. A conformal Ricci soliton in an indefinite trans-Sasakian manifold satis-
fying R(&, X1)P = 0 is an n-FEinstein manifold.
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Awnnoramusi. Koudopmubie comuToHbl PUuun sIBISIIOTCST aBTOMOJIEIBHBIMUA PEIIEHUSIMU KOH(MOPMHOTO
ypaBHeHUsT ToTOKa Puuaun. HoBblit Ki1acc n-MepHBIX MOYTH KOHTAKTHBIX MHOr006pa3uil, a MMEHHO TPaHCCaca-
KHEeBbI MHOrooOpa3us, 66wt BBesieH O6unoit B 1985 r. JlasbHeliiee nu3ydeHune JIOKaJIbHONU CTPYKTYPb TPAHCCACA~
KHEBBIX MHOIOOOpa3uii OBIJIO MPOBEIEHO HECKOJIBKUMY aBTOpaMu. T paHccacakneBbl MHONOOOpa3usl, sIBJISIOIIH-
ecsl eCTeCTBEHHBIM 0000IIEHEM KaK CACaKUEBBIX MHOT000pas3uii, Tak 1 MHOroobpasuit KeHMoIry, TECHO CBsI3aHbI
C JIOKAJIbHO KOH(OPMHBIMHU KEJIEPOBBIMU MHOT000pa3usMu. B HacTOsIel cTaThe N3y4aioTcss KOHPOPMHbBIE CO-
JINTOHBI PUYdm B KOHTEKCTE HEOTPEIEJEHHOTO TPAHCCACAKIEBA MHOTOOOpa3usi. Vccie1oBaH TeH30p KPUBU3HBL
Ha, HEOIPEeIeJIEHHOM TPAHCCAaCAKMEBOM MHOI00Opa3uu U JOKAa3aHbl HEKOTOPBIE BasKHbIE PE3Y/IBTATHI.

Kuro4deBbie cjioBa: HEONpeIe/IeHHOEe TPaHCCACAKUEBO MHOI00bpa3ne, MOTOK Pruadun, KOH(MOPMHBIA ITOTOK
Pugun.
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