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Abstract. We show that if X is a Stein space and, if 2 C X is exhaustable by a sequence Q1 C 2 C
... CQp C ... of open Stein subsets of X, then € is Stein. This generalizes a well-known result of Behnke
and Stein which is obtained for X = C™ and solves the union problem, one of the most classical questions
in Complex Analytic Geometry. When X has dimension 2, we prove that the same result follows if we
assume only that 2 CC X is a domain of holomorphy in a Stein normal space. It is known, however,
that if X is an arbitrary complex space which is exhaustable by an increasing sequence of open Stein
subsets X1 C Xo C --- C X, C ..., it does not follow in general that X is holomorphically-convex
or holomorphically-separate (even if X has no singularities). One can even obtain 2-dimensional complex
manifolds on which all holomorphic functions are constant.
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1. Introduction

Let X be a Stein space and D C X an open subset which is the union of an increasing

sequence of Stein open subsets of X.

Does it follow that D is necessarily Stein?
It is known from a classical theorem due to Behnke and Stein [1] that if Dy C Dy C -+ C

D,, C ... is an increasing sequence of Stein open sets in C”, then their union i>1 Dj is Stein.

In 1977, Markoe [2]| proved the following:

Let X be a reduced complex space which the union of an increasing sequence X1 C Xo C
- C X, C ... of Stein domains.

Then X is Stein if and only if the 1! cohomology group of X with values in the structure

sheaf O'x vanishes (H'(X, Ox) = 0).

Similarly, it is known (see [3]) that in an arbitrary complex space X an increasing union

of Stein spaces (X, )n>0 is itself Stein if H'(X, Ox) is separated.

It has been proved earlier by Fornaess in [4], |5] and [6] that, if an additional condition

is not imposed on H'(X, Oy), the space X is not necessarily holomorphically-convex or
holomorphically-separate.
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It was shown in [7] that if (D;);>1 is an increasing sequence of Stein domains in a normal
Stein space X, then D = i1 D; is a domain of holomorphy (i. e. for each x € 9D there is
f € O(D) which is not holomorphically extendable through z).

It was proved in [8] that if X is a complex space and (Dj);>1 is an increasing sequence
of Stein open subsets of X, then D = | J D; is 2-complete. We recall that a complex space X is
said to be g-complete if there exists an exhaustion function ¢ € C°°(X,R) which is g-convex
on the whole space X, that is every point x € X has an open neighborhood U isomorphic
to a closed analytic set in a domain D C C" such that the restriction ¢|y has an extension
b € C*°(D) whose Levi form L(gg, z) has at most ¢ — 1 negative or zero eingenvalues at any
point z of D.

Here we solve affirmatively the above problem in the general case. We show that if X
is a Stein space and, if € is an increasing sequence of Stein open subsets of X, then there
exists an increasing sequence (€2;,),>1 of open subsets of Q2 such that Q = J,., 2, and there
are continuous strictly psh functions ¢/ : !, —]0, 400[ with the following properties

(a) ¥ > 2"72 on Q) )\ Q) for every j > v+ 1.

(b) (¢),>1 is stationary on every compact subset of .

This implies that the function 9 : Q@ — R defined by ¢ = lim ! is a continuous strictly
psh exhaustion function on €.

2. The Union Problem

In order to solve the problem in dimension 2, it is sufficient to show

Theorem 1. Every domain of holomorphy D which is relatively compact in a 2-dimen-
sional normal Stein space X is Stein.

< By the theorem of Andreotti—Narasimhan [9] we have only to prove that D is locally
Stein and, we may of course assume that X is connected.

Let p € 9D N Sing(X), and choose a connected Stein open neighborhood U of p with
U N Sing(X) = {p} and such that U is biholomorphic to a closed analytic set in a domain M
in some CV. Let E be a complex affine subspace of CV of maximal dimension such that p is
an isolated point of ENU.

By a coordinate transformation, one can obtain that z;(p) = 0 for all ¢ € {1,2,--- ,N}
and we may assume that there is a connected Stein open neighborhood V' of p in M such that
UNVn{z(z) = z(z) =0} = {p}.

We may suppose that N >4 and, let £} =V N{z(z) = - = zy_1(x) =0}, Ex = {z €
Ey : z1(z) = 0}. Then A = (UNV)UE; is a Stein closed analytic set in V' as the union of
two closed analytic subsets of V.

Let ¢ : A — A be a normalization of A. Then & : A\¢é~!(p) — A\{p} is biholomorphic
and, clearly £ (AN Ey) = {z € A: z((x)) = -+ = zy_1(E(x)) = 0} is everywhere 1-
dimensional. Tt follows from a theorem of Simha [10] that A\¢é (A N Es) is Stein. Hence
A\Ey = £(A\¢ (AN Ey)) itself is Stein.

Since p € E5 is the unique singular point of A, then U NV N D is Stein, being a domain
of holomorphy in the Stein manifold A\FEs. >

Let now X be a Stein space of dimension n > 2 and 2 C X an open subset which is
the union of an increasing sequence €y C Qo C --- C Q, C ... of Stein open sets in X.
Let ¢, : Q, —]0,+00[ be a smooth strictly psh exhaustion function on €2, and let (d,),>1

be a sequence with d, < d,+1, and Supd, = +00. One may assume that if Q), = {z € Q,, :
¢u(x) < d,}, then Q, CC Q.
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Lemma 1. There exist for each v > 1 an exhaustion function p, € C*°(S,) which is
strictly psh in a neighborhood of <V, \ ! a locally finite covering (U,),>1 of Q by open

v—1s
sets U, C 0,1, and constants ¢, € R, v > 1, with the following properties:
(a) For each v > 1 there exists a function v, : €, ; —]0,400[ such that 1, |y, is strictly
psh and ¥, =,y on{x €U, : pp11(x) < e, } NU,_1.

(b) For every index v > 1, there exists €, > 0 such that
Q \Y, 5 C {x elU,:ppi1(z) < ey — EV}

and
{x elU,: ppr1(x) <cy +5,,} cU,_1.

<1 There exists a C'™ exhaustion function ¢, +1 on £,+1 which is strictly plurisubharmonic
in a neighborhood of €, \ Q) such that, if m,;1 = min@U“\Q/ Y41 and M, =
maxgy . P4, then my41 > My41.

In fact, we choose 6, € C§°(£2,4+1) with compact support in €41\, _; so that 0 < 0, <1

and 6,(z) = 1 when x € 41\ Q. Let £ be a point of 9,1 such that ¢,41(§) =
maxey ¢p+1. Then it is clear that

Prv+1 = ¢1/+1 + ¢V+1(€)9V

satisfies the requirements.
We now assume that Qy = @ and put

Uy =Qb, and U, = Q.1 \ ¥, 2) for v>2.

Then (U,),>1 is a locally finite covering of Q. Moreover, if we set

C:/ = my+1 = Inf {SOVJrl(:C)’ T e (WVJrl \ Q:/)}’

then
(@i \Wyn) C{z e Uy grar(a) <} € (QU\Tys) C Uy,

Furthermore, there exist ¢, > 0 and €, > 0 such that ¢, +¢, = ¢, and (W,,,l \W,,,g) -
{x elU,:ppi1(z) < ey — ey}.
Moreover, if the function 6, € C§° (Q,,H\Q’V_l) is chosen so that 8, =1 on

Ev

(Q;+1\Qly) U {.%' S WV\Q/V—l : Infﬂ/l)-{»l\QL ¢V+1 — E

< dvt1(r) < Infor, \or Pui1 + Mu+1},

then clearly we obtain {x el +% <ouqi(x) <cp + 6,,} C {0, = 1}. Therefore with
such a choice of 6, there exists for each v a function 1, : €, | —]0, +-00[ such that ¢, |y, is
strictly plurisubharmonic and, v, = 1,1 on {x ceU,:ppp1(z) <cp+ %5

In fact, if v = 1, then it is obvious that 11 = ¢2 has the required properties for Q1 = &,
since Uy = Q) and {x eUp:pa(x) <+ %1} is contained in 2.
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We now assume that v > 2 and, that v1,...,1,_1 have been constructed. Let x,(t) =

ay (t —cy— %”) where a, is a positive constant, and consider the function v, : €, ; —]0, +-00]

defined by

wu—l on {@V—f—l g Cy — Eu}a
¢I/ = max(i/),,,l, XV(SOVJrl)) on {CV —& < Put1 S ¢ + 51/})
Xv(Pv+1 + @v+1(§)) on {pvi1 = ¢ +e}

Since on U, = {:C eU,: goi1(z) < ¢+ %”} C U,—1 we have 9,1 > 0 > x,(¢y+1) and
y,—1 is strictly psh on U,_1, then 4, |yy = 9,_1|yy is strictly psh on U),. On the other hand,
the subset {c,, + & < o1 <o+ 5,,} C U,_1 is contained in {0, = 1}, which implies
that ¥, = max(v¥y_1, Xu(Pv+1 + dv+1(§))) on {c,, + % < g1 <o F ey}. Then clearly
the function v, is well-defined and satisfies the required conditions, if a, is taken so that
av%j > Max{ey, 1 1=c,+e, JNQY, Yy_1. >

Theorem 2. If X is a Stein space and ) an open subset of X which is an increasing
union of Stein open sets in X, then € is Stein.

< We shall prove that there exists for each v > 1 a continuous strictly psh function !/
in a neighborhood of €/, such that P >2v+on Q) \Q ) for every j > v+ 2 and (¢)),>1
is stationary on every compact set in Q.

In fact, let ¢!, be the function defined by

(P/ _ Py on Q:,Jrl\ﬁufla
v Yu on {x €Uy : pura(x) < cup1 —epg1} for p<w

Then, by Lemma 1, ¢/, is a continuous strictly plurisubharmonic function on €, ;.

Moreover, we have ¢, = ¢!, on {x € Uyt1 : put2(z) < cyp1 —epqr1} forall p <v—1.

Let now K be a compact set in Q and v > 2 such that K C Q/_;. Since ¢], = ¢,
on KNV, N\ 1) C{z € Upi1: @ui2(r) < cpuyr —epsa} forall p < v—1, then ¢, = ¢,
on K. This implies that the sequence (¢!,),>1 is stationary on every compact subset of .

Let now v > 1 be an arbitrary natural number. Then there exists a smooth function
), € C*(X) which is strictly plurisubharmonic in a neighborhood of (X\, ) U, such
that ¢}, > 2"+ in V,12\Q, 4 but ¢/, < 0 in €,

In fact, let h € C°°(X) be a strictly plurisubharmonic exhaustion function such that h < 0
in V,,, and let y, € C®°(X) be a smooth function with compact support in ., such that
Xr =1 1in €/,,. Then it is clear that

hV =h+ bI/XV7

where b, = minzeWVJrg\Q’H h(z), is a smooth exhaustion function on X which is
strictly plurisubharmonic in a neighborhood of (X\,;) U @/, such that if m] =
minyewuw\ﬁ,ﬁﬂ hy(y) and M}, = max, g7 hy(y), then m;, > M.

Let €/, > 0 be such that m/, > M/ + €/,. Then we can choose a sufficiently big constant
C, > 1 so that

U (@) = Cy (h(2) = M}, — €

is > 272 in (V,42\Q,,,4), ¥, < 0 in &, and strictly plurisubharmonic in a neighborhood
of (X\Q,,,)U,.
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If now we consider the following function defined in Lemma 1

VYu_1 on {%+1 <o —&l,
Yy = S max (Yo—1, Xv(pr+1))  on {c —e, <uy1 <o +e),
Xo (Pvt1 + dvt1(6)) on {QOVH owten}

and the fact that ¢, + ¢, = Inf {tpyﬂ( ), T € ( 1\ S, )} we find that

(Q/V-l—l\ﬁu) C {IE elU,: SOI,Jrl(;C) >c, +5V}

and, on the set (€2, ;\{,) we have

v =Y = Xu(Pvs1 + dvy1(§)) = ay <<py+1 —— —) > a,

We can therefore choose a, again big enough so that a,% > 1, on (W,,H\Q’V). Moreover,
by suitable choice of the constants a,, we can also achieve that ¢;, > v, on (Q:L 1\ Q) for
all u < v. In fact, since (QL\Q’L_l) C {x € Upqr : <pu+2(x)icu+1 — 5M+1}, then, for every
2< <y, @, =1, on (Q\YV,_1). If we set A, = (QL\_Q’HA) N{z € Uy : puri(z) <
Cy — zsu}, then v, = 1,1 on A,. Since in addition (Q’ \ Y, 1) - {x € Uu 1 : ‘Pu( ) =
cﬂ,l +5u*1}v then on the set A, we have @, = Yy =Yu—1 = Xu—1(0u) =

€ (Q W\, ). Ifx ¢ A, since & € U, then ¢, 11(z) > ¢\ — €, Because (Q M\Q,u—l)
{:c € Up—1: pu(x) = cyu1 + €u—1}, we obtain, if 41 (x) < e+ e,

@L(x) = ¢u(x) = max (@Z)ufl(@,xu(%ﬂ(ﬂf))) Z 1/)“,1(:6) = Xufl(@u(zﬂ)) > Qy— 17

€ .
Or (P/y(x) = %(96) > Xu(‘Pu-i—l)(x) > aMEM, if (Pu—l—l(x) Z ¢yt Ep.

So we may of course take the constants a, sufficiently large so that aufle“T*l > 1%_1 and
aph > P,_1 on (WM\Q:kl) for all 4 < v. Since only finitely many conditions are required
to get ¢, > ¢, on (Q ’+1\Q’) for 41 < v, it follows that the function v : Q;_; — R given
by ! = max(tpy,wy, ! 1y...,}) is obviously continuous and strictly plurisubharmonic
in €, ;. Also it is clear that for every j > v+ 1, ¢ >4}, > 2”72 on (2,5 \ ¥, 41).

Let now K C 2 be a compact subset and v > 2 such that K € Q/,_,. Since ¢/, > 0>/, on
/

Vy—y and ¢}, = ¢,_; on K, then max(y;,_1,¥),_1,%;,_g, -+ ,91) = max(@, ¥y, y,_q, -+, ¥1)
on K, which implies that the sequence (¢!)),>1 is stationary on every compact subset of €.

This proves that the limit ¢ of (1)) is a continuous strictly plurisubharmonic exhaustion
function on 2, which shows that €2 is Stein. >
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Awnnoranusi. B cratbe mokazano, uro eciim X — npocrpanctso CreitHa, a MHOKecTBO {2 C X mcuyeprnaemo
[10CJIEIOBATEBHOCTBIO OTKPBITHIX MHOXKecTB Creiina 01 C Qo C ... C Qp C ..., comepxkammuxcs B X, TO
) — rakxke MHOXKecTBO CreitHa. DTOT hbakT 06006IaeT XOPOIO U3BECTHBIN pe3ynbrar berke u Crelina,
nostydennbiii juist X = C”, u pemter npobiieMy 06beIMHEHUST — OJIUH U3 KJIACCUIECKUX BOITPOCOB KOMILJIEKC-
HOM aHAJIMTUYECKON reoMerpun. B ToM ciydae, korga X JIByMEPHO, JiJIsl CIIPABEJJIMBOCTU IIOJIYy Y€HHOTO
pe3yJbrara JOCTATOYHO HPEIION0KUTh, I4T0 2 CC X — 0061acTb roJJOMOPQHOCTH B HOPMAaJIBHOM IIPO-
crpancree Creiina. B To ke BpeMsi, ©3BECTHO, YTO IPOU3BOJILHOE KOMILJIEKCHOE IIPOCTPAHCTBO X, UcUep-
ImaeMoe BO3PAaCTAIOLIEH TOC/IeI0BATEIBHOCTHIO OTKPBIThIX MHOKecTB Creina X1 C Xo C --- C X, C ...,
HE SIBJISIETCs, BOODIIE TOBOPsi, TOJOMOP(MHO BBIMYKJIBIM UJIA TOJOMOPMHO oTaemMbiM (Jaxe ecaun X He
nMeeT CUHryJsIsipHOCTEed ). VIMeroTest faxe ByMepHbIE KOMIUIEKCHBIE MHOI0OOPAa3usl, Ha KOTOPBIX BCE TOJIO-
MopdHbIE (DYHKIIMU TOCTOSTHHBI.

Kimrouessie ciioBa: npocrpanctso CreiiHa, ¢-110JTHOE IIPOCTPAHCTBO, ¢-BbIILyKJias MYHKIMsI, CTPOrO ILIIO-
pucybrapMoHUYecKue (OyHKIIUH.
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