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Abstract. The Tosha-degree of an edge « in a graph I' without multiple edges, denoted by T'(«), is the
number of edges adjacent to « in T', with self-loops counted twice. A signed graph (marked graph) is an
ordered pair ¥ = (I',0) (2 = (T, u)), where I' = (V, E) is a graph called the underlying graph of ¥ and
oc:E - {+ -} (un:V > {+,-}) is a function. In this paper, we define the Tosha-degree equivalence signed
graph of a given signed graph and offer a switching equivalence characterization of signed graphs that are
switching equivalent to Tosha-degree equivalence signed graphs and k™" iterated Tosha-degree equivalence
signed graphs. It is shown that for any signed graph ¥, its Tosha-degree equivalence signed graph T'(X)
is balanced and we offer a structural characterization of Tosha-degree equivalence signed graphs.
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1. Introduction

A graph is an ordered pair I' = (V, E'), where V is a set of vertices of I' and F is a collection
of pairs of vertices of I', called edges of I'. For standard terminology and notion in graph theory,
we refer the reader to the text-book of Harary [1]. All graphs considered in the paper are finite,
simple and connected. The non-standard will be given in this paper as and when required.

In [2], we defined the Tosha-degree of an edge in a graph and Tosha-degree equivalence
graph of a graph as follows:

Let a be an edge in a graph I'. The Tosha-degree of a, denoted by T'(«), is the number
of edges adjacent to « in I', with self-loops counted twice. For any edge « in a graph T,
T(a) 2 0.

Let I' = (V,E) be a graph and |E| = m. We define a relation ¥ on E as follows: for
a,b €eFE,

ax e T(a)=T(8).

It is easy to see that % is an equivalence relation on E. Let Eq, Es, ..., E} be the partition of E
in to disjoint classes by the relation &. Let |E;| = m;, 1 < i < k so that my+mo+...+m; = m.
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The equivalence class graph on E defined by % is called Tosha-degree equivalence graph of T’
and is denoted by T'(T").

A signed graph is an ordered pair ¥ = (I',0), where I' = (V, E) is a graph called the
underlying graph of ¥ and o : E — {+,—} is a function. A marking of ¥ is a function
w: V(D) - {+,-}.

A signed graph ¥ = (I", o) is balanced if every cycle in ¥ has an even number of negative
edges (see [3]). Equivalently, a signed graph is balanced if product of signs of the edges on every
cycle of ¥ is positive.

The following are the fundamental results about balance, the second being a more advanced
form of the first. Note that in a bipartition of a set, V' =V} U V4, the disjoint subsets may be
empty.

Theorem 1.1. A signed graph Y. is balanced if and only if either of the following equivalent
conditions is satisfied:

(i) Its vertex set has a bipartition V = Vi U V4 such that every positive edge joins vertices
in V; or in V,, and every negative edge joins a vertex in V; and a vertex in V, (Harary [3]).

(ii) There exists a marking p of its vertices such that each edge uv in T satisfies o(uv) =
p(u)p(v). (Sampathkumar [4]).

Two signed graphs ¥ and Y, are signed isomorphic (written ¥ = ¥5) if there is a one-
to-one correspondence between their vertex sets which preserve adjacency as well as sign.

Given a marking p of a signed graph ¥ = (T',0), switching ¥ with respect to p is the
operation of changing the sign of every edge uv of ¥ by u(u)o(uv)u(v). The signed graph
obtained in this way is denoted by 3,(X) and is called the p-switched signed graph or just
switched signed graph.

A signed graph ¥ = (T, o) switches to a signed graph X5 = (I',¢') (or that ¥1 and ¥,
are switching equivalent) written X, ~ X5, whenever there exists a marking p of X1 such that
¥,(X1) = Xy. Note that 3y ~ 3y implies that T' = I, since the definition of switching does
not involve change of adjacencies in the underlying graphs of the respective signed graphs.
Infact, the idea of switching a signed graph was introduced by Abelson and Rosenberg [5]
in connection with structural analysis of marking p of a signed graph 3.

Two signed graphs £; = (I',0) and Xy = (I', o) are said to be eycle isomorphic (see [6])
if there exists an isomorphism ¢ : I' — I' such that the sign of every cycle Z in 3 equals to
the sign of ¢(Z) in Xs. The following result is known [6]:

Theorem 1.2 (T. Zaslavsky [6]). Two signed graphs ¥, and ¥y with the same underlying
graph are switching equivalent if, and only if, they are cycle isomorphic.

One of the important operations on signed graphs involves changing signs of their edges.
The negation of a signed graph X, denoted 7n(X), is obtained by negating the sign of every
edge of ¥, i.e., by changing the sign of every edge to its opposite [7].

2. Tosha-Degree Equivalence Signed Graph of a Graph

In [2], we have defined the Tosha-degree equivalence graph of a graph which is motivated
to extend this notion to signed graphs as follows: The Tosha-degree equivalence signed graph of
a signed graph ¥ = (T, o) as a signed graph T(X) = (T(T'),¢'), where T(T') is the underlying
graph of T'(X) is the Tosha-degree equivalence graph of I, where for any edge ejeq in T(X),
o'(e1e2) = o(eq )o(es). Hence, we shall call a given signed graph ¥ as Tosha-degree equivalence
signed gm,ph if it is isomorphic to the Tosha-degree equivalence signed graph T (E') of some
sigraph 3.
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The following result indicates the limitations of the notion of Tosha-degree equivalence
signed graphs as introduced above, since the entire class of unbalanced signed graphs is
forbidden to be Tosha-degree equivalence signed graphs.

Theorem 2.1. For any signed graph ¥ = (I',0), its Tosha-degree equivalence signed
graph T(Z) = (T(T'),¢') is balanced.

d Let E]+ be the set of vertices of Tosha-degree equivalence signed graph T'(X) each of
which corresponds to a positive edge in ¥ and E; be the set of vertices of Tosha-degree
equivalence signed graph T'(X) each of which corresponds to a negative edge in X. Let e;e;
be any negative edge in T'(X). By the definition of T'(X), the edges e; and e; of3 are not of
the same sign and hence as vertices of T'(X) they cannot lie in the same part of the partition
{E;,EJ_} On the other hand, if the edge e;e; is any positive edge of T'(X) then, by the
definition of T'(X) the edges e; and e; of ¥ are of the same sign and hence as vertices of T'(X)
they must both lie in exactly one of the parts of the partition {E;,EJ_} of the vertex set
of T(X). Thus, every negative edge of T'(X) has its ends in different parts of this partition
whereas no positive edge of T'(X) has this property. Therefore, by the well known Partition
Criterion for Balance of by Theorem 1.1, it follows that T'(X) must be balanced. >

For any positive integer k, the k™ iterated Tosha-degree equivalence signed graph, Tk(Z)
of ¥ is defined as follows:

() =%, TE)=T(T"(D)).

Corollary 2.2. For any signed graph S = (G,0) and for any positive integer k, Tk(E)
is balanced.

Theorem 2.3. For any two signed graphs ¥, and ¥, with the same underlying graph,
their Tosha-degree equivalence signed graphs are switching equivalent.

4 Suppose X = (I, ) and £y = (I, 0') be two signed graphs with T' = T"'. By Theorem 2.1,
T(X1) and T(X5) are balanced and hence, the result follows from Theorem 1.2. >

In [2], we have characterize the graphs such that I' = T'(T).

Theorem 2.4. Let T' be a connected graph with m edges. Then T' = T(T") if and only
ifI' = K.

In view of the above result, we now characterize those signed graphs that are switching
equivalent to their Tosha-degree equivalence signed graphs.

Theorem 2.5. For any connceted signed graph ¥ = (I, o) with m edges. Then ¥ ~ T(X)
if and only if ¥ is balanced signed graph and I" = K3.

4 Suppose ¥ ~ T(X). This implies, T(I') = T" and hence by Theorem 2.4 we see that T’
is isomorphic to complete graph K3. Now, if ¥ is signed graph in which underlying graph I'
is isomorphic to K3, Theorem 2.1 implies that T'(X) is balanced and hence if ¥ is unbalanced
its Tosha-degree equivalence signed graph T'(X) being balanced cannot be switching equivalent
to S in accordance with Theorem 1.2. Therefore, 3 must be balanced.

Conversely, suppose that 3 is balanced and T" is isomorphic to K3. Then, by Theorem 2.1,
T(X) is balanced, the result follows from Theorem 1.2. >

By the definition of Tosha-degree of an edge in a graph, Tosha-degree equivalence graph
of a graph and Theorem 2.4, we have the following result:

Theorem 2.6. Let I' be a connected graph with m edges. Then T = T"(T") if and only if
I'= Kg.
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In view of the above result, we now characterize those signed graphs that are switching
equivalent to their k" iterated Tosha-degree equivalence signed graphs.

Theorem 2.7. For any connceted signed graph ¥ = (T, ) with m edges. Then £ ~ T"(X)
if and only if ¥ is balanced signed graph and I = K3.

For a signed graph X = (T, o), the T'(X) is balanced (Theorem 2.1). We now examine, the
conditions under which negation n of T'(X) is balanced.

Theorem 2.8. Let ¥ = (I',0) be a signed graph. If T(T') is bipartite then n(T(X)) is
balanced.

< Since, by Theorem 2.1, T'(X) is balanced, if each cycle C' in T'(X) contains even number
of negative edges. Also, since T'(I') is bipartite, all cycles have even length; thus, the number
of positive edges on any cycle C' in T(X) is also even. Hence n(7T'(X2)) is balanced. >

Theorem 2.5 and 2.7 provides easy solutions to two other signed graph switching
equivalence relations, which are given in the following results:

Corollary 2.9. For any signed graph ¥ = (T',0), n(X) ~ T(X) if and only if ¥
is an unbalanced signed graph and I" = K3.

Corollary 2.10. For any signed graph ¥ = (T',0), n(X) ~ T(n(X)) if and only if ¥
is an unbalanced signed graph and I" = K3.

Corollary 2.11. For any signed graph ¥ = (T',o0), n(X) ~ Tk(E) if and only if ¥
is an unbalanced signed graph and I' = K3.

Corollary 2.12. For any signed graph ¥ = (T',0), n(X) ~ Tk(n(E)) if and only if ¥
is an unbalanced signed graph and I' = K3.

2.1. Characterization of Tosha-Degree Equivalence Signed Graphs. The following
result characterize signed graphs which are Tosha-degree equivalence signed graphs.

Theorem 2.13. A signed graph ¥ = (I',0) is a Tosha-degree equivalence signed graph
if and only if ¥ is balanced signed graph and its underlying graph I' is a Tosha-degree
equivalence graph.

< Suppose that 3 is balanced and I' is a Tosha-degree equivalence graph. Then there exists
a graph I'' such that T(I'") = I. Since ¥ is balanced, by Theorem 1.1, there exists a marking
w of T' such that each edge uv in ¥ satisfies o(uv) = p(u)u(v). Now consider the signed graph
¥' = (I'",0'), where for any edge e in ", o' (¢) is the marking of the corresponding vertex in .
Then clearly, T(E') = ¥.. Hence X is a Tosha-degree equivalence signed graph.

Conversely, suppose that X = (I',0) is a Tosha-degree equivalence signed graph. Then
there exists a signed graph ¥ = (F',U') such that T(E') = ». Hence T is the Tosha-degree
equivalence graph and by Theorem 2.1, ¥ is balanced. >
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Annoranusi. Crenens Toma pebpa o B rpade I' 6e3 kpaTHBIX pedep, obosnadaemas T (a), — 3TO ¥IHUCIO
pebep, cMexkHBIX ¢ @ B [, mpudem meTnm CIMTAOTCS JBaXKIbl. 3HAKOBBIA rpad (momedennsrii rpad) — 310
ymnopsinouennag napa 2 = (I o) (2 = (T, u)), rme T' = (V, E) — rpad, naseiBaembiii 6a30BbiM rpadom X u
c:E - {+, -} (n:V > {+,-}), asnaerca dynkumeii. B manmoii crarhe ompemensieTca 3HaKOBbI rpad SKBU-
BasieHTHOCTH crenedu Toma 3aJaHHOro 3HaKOBOro rpada v MpejjaraeTcs XapaKTePUCTUKA SKBUBAICHTHOCTH
[0 TIEPEKIIYEHUIO 3HAKOBBIX IPad)OB, KOTOPHIE MMEPEKIIYAIOTCH SKBUBAJIEHTHO 3HAKOBBIM rpadamM SKBUBa-
slenTHOCTH cTerenn Toma u k-oif nrepanun 3HaAKOBHIX rpadoB skBuBaseHTHOCTH cTerenn Torma. Takxke Gblia
u3ydyeHa CTPYKTYPHasd XapaKTEPUCTUKA 3HAKOBBIX Ipad OB KBUBAJIEHTHOCTH CTereHu Tomia.

KuroueBble cjioBa: 3HaKOBBIN rpad, basmamc, peopo crenenn Tomra, 3HAKOBBIN rpad SKBUBAJIEHTHOCTHA
crerrenn Toma, oTpUraHue.
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