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Àííîòàöèÿ. Â 1935 ã. �îí Íåéìàí óñòàíîâèë, ÷òî ïðåäåëüíûé ñïåêòð ñàìîñîïðÿæåííîãî êàðëå-

ìàíîâñêîãî èíòåãðàëüíîãî îïåðàòîðà â L2 ñîäåðæèò 0. Ýòîò ðåçóëüòàò áûë îáîáùåí àâòîðîì íà

íåñàìîñîïðÿæåííûå îïåðàòîðû: ïðåäåëüíûé ñïåêòð îïåðàòîðà, ñîïðÿæåííîãî ê êàðëåìàíîâñêîìó

èíòåãðàëüíîìó îïåðàòîðó, ñîäåðæèò 0. Áóäåì ãîâîðèòü, ÷òî ïëîòíî îïðåäåëåííûé â L2 ëèíåéíûé

îïåðàòîð A óäîâëåòâîðÿåò îáîáùåííîìó óñëîâèþ �îí Íåéìàíà, åñëè 0 ïðèíàäëåæèò ïðåäåëüíîìó

ñïåêòðó ñîïðÿæåííîãî îïåðàòîðà A
∗

. Îáîçíà÷èì ÷åðåç B0 êëàññ âñåõ ëèíåéíûõ îïåðàòîðîâ â L2,

óäîâëåòâîðÿþùèõ îáîáùåííîìó óñëîâèþ �îí Íåéìàíà. Àâòîðîì áûëî äîêàçàíî, ÷òî êàæäûé îïðå-

äåëåííûé íà L2 îãðàíè÷åííûé èíòåãðàëüíûé îïåðàòîð ïðèíàäëåæèò êëàññó B0. Âîçíèêàåò âîïðîñ:

âåðíî ëè àíàëîãè÷íîå óòâåðæäåíèå äëÿ ëþáîãî íåîãðàíè÷åííîãî ïëîòíî îïðåäåëåííîãî â L2 èí-

òåãðàëüíîãî îïåðàòîðà? Â ñòàòüå äàåòñÿ îòðèöàòåëüíûé îòâåò íà ýòîò âîïðîñ è óñòàíàâëèâàåòñÿ

äîñòàòî÷íîå óñëîâèå ïðèíàäëåæíîñòè ïëîòíî îïðåäåëåííîãî â L2 èíòåãðàëüíîãî îïåðàòîðà ñ êâàçè-

ñèììåòðè÷íûì ÿäðîì êëàññó B0.

Êëþ÷åâûå ñëîâà: çàìûêàåìûé îïåðàòîð, èíòåãðàëüíûé îïåðàòîð, ÿäðî èíòåãðàëüíîãî îïåðàòîðà,

ïðåäåëüíûé ñïåêòð, ëèíåéíîå èíòåãðàëüíîå óðàâíåíèå 1-ãî èëè 2-ãî ðîäà.
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Ïóñòü (X,µ) � ïðîñòðàíñòâî ñ ïîëîæèòåëüíîé ìåðîé µ, L0 := L0(X,µ) � ñîâî-

êóïíîñòü âñåõ µ-èçìåðèìûõ µ-ïî÷òè âñþäó êîíå÷íûõ �óíêöèé íà X ñ îáû÷íûì îòîæ-

äåñòâëåíèåì �óíêöèé, îòëè÷àþùèõñÿ îäíà îò äðóãîé ëèøü íà ìíîæåñòâàõ µ-ìåðû íóëü,

L2 := L2(X,µ) � ïðîñòðàíñòâî âñåõ �óíêöèé èç L0 ñ ñóììèðóåìûì êâàäðàòîì. ×åðåç

‖ · ‖ è (·, ·) îáîçíà÷èì íîðìó è ñêàëÿðíîå ïðîèçâåäåíèå â L2.

Ìåðà µ íàçûâàåòñÿ σ-êîíå÷íîé, åñëè ñóùåñòâóþò ìíîæåñòâà Xn ⊂ X, µXn < ∞,

n = 1, 2, . . ., òàêèå, ÷òî X =
⋃

∞

n=1
Xn. Àòîìîì ìåðû µ íàçûâàåòñÿ ìíîæåñòâî ïîëîæè-

òåëüíîé ìåðû, íåïðåäñòàâèìîå â âèäå îáúåäèíåíèÿ äâóõ íåïåðåñåêàþùèõñÿ ìíîæåñòâ

ñ ïîëîæèòåëüíûìè ìåðàìè. Áóäåì ãîâîðèòü, ÷òî ìåðà µ íå ÿâëÿåòñÿ ÷èñòî àòîìè÷å-

ñêîé, åñëè â X èìååòñÿ ìíîæåñòâî ïîëîæèòåëüíîé ìåðû, íå ñîäåðæàùåå àòîìîâ ìåðû µ.
Âñþäó äàëåå ïðåäïîëàãàåòñÿ, ÷òî ìåðà µ íå ÿâëÿåòñÿ ÷èñòî àòîìè÷åñêîé è σ-êîíå÷íà.
Ýòèì óñëîâèÿì óäîâëåòâîðÿåò ìåðà Ëåáåãà èçìåðèìûõ ïî Ëåáåãó ìíîæåñòâ åâêëèäîâà

ïðîñòðàíñòâà èëè âåùåñòâåííîé ÷èñëîâîé ïðÿìîé.
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Ëèíåéíûé îïåðàòîð T : DT ⊂ L2 → L0 íàçûâàåòñÿ èíòåãðàëüíûì, åñëè íàéäåòñÿ

îïðåäåëåííàÿ íà X×X (µ×µ)-èçìåðèìàÿ (µ×µ)-ïî÷òè âñþäó êîíå÷íàÿ �óíêöèÿ K(x, y)
òàêàÿ, ÷òî äëÿ ëþáîãî f ∈ DT

Tf(x) =

∫

K(x, y)f(y) dµ(y) (1)

äëÿ µ-ïî÷òè âñåõ x ∈ X. Èíòåãðàë â (1) ïîíèìàåòñÿ â ëåáåãîâîì ñìûñëå. Ôóíêöèÿ K(x, y)
íàçûâàåòñÿ ÿäðîì èíòåãðàëüíîãî îïåðàòîðà T . Áóäåì ãîâîðèòü, ÷òî ÿäðî ïîðîæäàåò èí-

òåãðàëüíûé îïåðàòîð ïî �îðìóëå (1).

Îïðåäåëåíèå. Íóëü ïðèíàäëåæèò ïðåäåëüíîìó ñïåêòðó σC(H) îïåðàòîðà H : DH ⊂
L2 → L2, åñëè ñóùåñòâóåò îðòîíîðìèðîâàííàÿ ïîñëåäîâàòåëüíîñòü {fn} ⊂ DH òàêàÿ, ÷òî

‖Hfn‖ → 0 ïðè n → ∞.

Åñëè T : L2 → L2 � îãðàíè÷åííûé èíòåãðàëüíûé îïåðàòîð, òî 0 ∈ σC(T
∗), ãäå T ∗

�

ñîïðÿæåííûé ê T îïåðàòîð [1, ñ. 754; 2, òåîðåìà III. 2.6℄. Äðóãîå äîêàçàòåëüñòâî ýòîãî

ðåçóëüòàòà äàíî â êíèãå Õàëìîøà è Ñàíäåðà [3, òåîðåìà 15.1℄.

Âîçíèêàåò âîïðîñ: áóäåò ëè èìåòü ìåñòî âêëþ÷åíèå 0 ∈ σC(T
∗), åñëè T � ïðîèçâîëü-

íûé íåîãðàíè÷åííûé èíòåãðàëüíûé ïëîòíî îïðåäåëåííûé çàìûêàåìûé îïåðàòîð â L2?

Îòðèöàòåëüíûé îòâåò íà ýòîò âîïðîñ äàåò ñëåäóþùèé

Ïðèìåð. Ïóñòü T0 : L∞(0, 1) ⊂ L2(0, 1) → L2(0, 1) � ëèíåéíûé îïåðàòîð, îïðåäåëÿå-

ìûé ðàâåíñòâîì

T0f =

∞
∑

n=1

nwn

1
∫

0

f
χEn√
mEn

dy, f ∈ L∞(0, 1),

ãäå {wn} � îðòîíîðìèðîâàííûé áàçèñ Óîëøà, χEn
� õàðàêòåðèñòè÷åñêàÿ �óíêöèÿ ìíî-

æåñòâà En ⊂ (0, 1), {En} � ïîñëåäîâàòåëüíîñòü ïîïàðíî íå ïåðåñåêàþùèõñÿ ìíîæåñòâ,

óäîâëåòâîðÿþùèõ óñëîâèþ

∑

∞

n=1
n
√
mEn < ∞, çäåñü m � ìåðà Ëåáåãà. Òîãäà T0 � çà-

ìûêàåìûé èíòåãðàëüíûé îïåðàòîð ñ ÿäðîì

K0(x, y) =
∞
∑

n=1

nwn(x)
χEn

(y)√
mEn

,

íî 0 /∈ σC(T
∗).

Äåéñòâèòåëüíî, äëÿ ëþáîé �óíêöèè f èç L∞(0, 1)

1
∫

0

T0fwj dx =

1
∫

0

fj
χEj

√

mEj

dy, j = 1, 2, . . .

Ñëåäîâàòåëüíî, T ∗

0
îïðåäåëåí íà {wn}, ïîýòîìó T ∗

0
ïëîòíî îïðåäåëåí è T0 èìååò çàìû-

êàíèå � îïåðàòîð T ∗∗

0
. Äàëåå, äëÿ ëþáîé �óíêöèè f èç L∞(0, 1) è âñåõ x ∈ (0, 1)

1
∫

0

|K0(x, y)||f(y)| dy 6

∞
∑

n=1

n‖f‖∞
√

mEn < ∞,

ãäå ‖ · ‖∞ � íîðìà â L∞(0, 1), òàê ÷òî T0 � çàìûêàåìûé èíòåãðàëüíûé îïåðàòîð. Ïðè

ýòîì äëÿ ëþáîé �óíêöèè g ∈ DT ∗

0

‖T ∗

0
g‖2 =

∥

∥

∥

∥

∥

∞
∑

n=1

n
χEn

(y)√
mEn

1
∫

0

gwn dx

∥

∥

∥

∥

∥

2

=
∞
∑

n=1

n2

∣

∣

∣

∣

∣

1
∫

0

gwn dx

∣

∣

∣

∣

∣

2

>

∞
∑

n=1

∣

∣

∣

∣

∣

1
∫

0

gwn dx

∣

∣

∣

∣

∣

2

= ‖g‖2.

Ñëåäîâàòåëüíî, 0 /∈ σC(T
∗).
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Îáîçíà÷èì ÷åðåç B0 êëàññ âñåõ ëèíåéíûõ îïåðàòîðîâ H â L2, äëÿ êîòîðûõ 0 ∈
σC(H

∗). �àçëè÷íûå óñëîâèÿ ïðèíàäëåæíîñòè îïåðàòîðîâ êëàññó B0 äàíû â [4℄. Íèæå

óñòàíàâëèâàåòñÿ åùå îäíî òàêîå óñëîâèå.

Íàçîâåì ÿäðî K(x, y) êâàçèñèììåòðè÷íûì, åñëè

|K(x, y)| = |K(y, x)| äëÿ (µ× µ)-ïî÷òè âñåõ (x, y) ∈ X ×X. (2)

Óñëîâèþ (2) óäîâëåòâîðÿþò âñå ýðìèòîâû, êîñîýðìèòîâû, ñèììåòðè÷íûå è êîñîñèì-

ìåòðè÷íûå ÿäðà.

Òåîðåìà 1. Ïóñòü T : DT ⊂ L2 → L2 � íåîãðàíè÷åííûé ïëîòíî îïðåäåëåííûé

çàìûêàåìûé èíòåãðàëüíûé îïåðàòîð ñ êâàçèñèììåòðè÷íûì ÿäðîì K(x, y). Åñëè ñóùå-

ñòâóåò âåùåñòâåííàÿ íåîòðèöàòåëüíàÿ �óíêöèÿ a ∈ L0, ïîëîæèòåëüíàÿ íà ìíîæåñòâå

ïîëîæèòåëüíîé ìåðû, íå ñîäåðæàùåì àòîìîâ ìåðû µ, è óäîâëåòâîðÿþùàÿ óñëîâèþ

∫

|K(u, v)|a(v) dµ(v) ∈ L2,

òî 0 ∈ σC(T
∗).

⊳ Âûáåðåì α > 0 òàê, ÷òîáû ìíîæåñòâî E = {x ∈ X : a(x) > α} ñîäåðæàëî ïîäìíî-
æåñòâî e, 0 < µe < ∞, áåç àòîìîâ ìåðû µ. Ïóñòü ϕ ∈ L0 è suppϕ := {x ∈ X : |ϕ(x)| 6= 0}.
Îáîçíà÷èì ÷åðåç χe õàðàêòåðèñòè÷åñêóþ �óíêöèþ ìíîæåñòâà e. Äëÿ ëþáîãî f ∈ L2 è

ëþáîãî h ∈ L∞ ñ supph ⊆ e èìååì, îáîçíà÷èâ ÷åðåç ‖ · ‖∞ íîðìó â L∞:

∣

∣

∣

∣

∫ ∫

K(x, y)f(y) dµ(y)h(x) dµ(x)

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ ∫

K(x, y)f(y) dµ(y)χe(x)h(x) dµ(x)

∣

∣

∣

∣

6

∫
∣

∣

∣

∣

∫

χe(x)K(x, y)f(y)dµ(y)

∣

∣

∣

∣

|h(x)| dµ(x) 6
∫ ∫

χe(x)|K(x, y)||f(y)| dµ(y)|h(x)| dµ(x)

6 ‖h‖∞
∫ ∫

e

|K(x, y)| dµ(x)|f(y)| dµ(y) = ‖h‖∞
∫ ∫

e

|K(y, x)| dµ(x)|f(y)| dµ(y)

6
1

α
‖h‖∞

∫ ∫

e

|K(y, x)|a(x) dµ(x)|f(y)| dµ(y) 6 1

α
‖h‖∞‖λe‖‖f‖, (3)

ãäå

λe(y) :=

∫

e

|K(y, x)|a(x) dµ(x).

Èç (3) âûòåêàåò, ÷òî äëÿ ëþáîãî f ∈ DT

|(Tf, h)| 6 1

α
‖h‖∞‖λe‖‖f‖,

ïîýòîìó h ∈ DT ∗
.

Ïîëîæèì â (3) h = χe. Òîãäà èç (3) ñëåäóåò äëÿ ëþáîãî f ∈ L2

∫
∣

∣

∣

∣

∫

χe(x)K(x, y)f(y) dµ(y)

∣

∣

∣

∣

dµ(x) 6
1

α
‖λe‖‖f‖.

Òàêèì îáðàçîì, ÿäðî χe(x)K(x, y) ïîðîæäàåò äåéñòâóþùèé èç L2 â L1(e, µ) îãðàíè-
÷åííûé èíòåãðàëüíûé îïåðàòîð τ ñ íîðìîé, íå ïðåâîñõîäÿùåé 1

α
‖λe‖.
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Ïóñòü {em} � ïîñëåäîâàòåëüíîñòü ìíîæåñòâ èç e, óäîâëåòâîðÿþùèõ óñëîâèþ

0 < µem → 0 ïðèm → ∞. Ïîëîæèì â (3) h = χem è îáîçíà÷èì ÷åðåç PF îïåðàòîð óìíîæå-

íèÿ íà χF : PF f = χF f , f ∈ L2. Èç (3) ïîäîáíî ïðåäûäóùåìó ñëåäóåò, ÷òî èíòåãðàëüíûé

îïåðàòîð Pemτ ñ ÿäðîì χem(x)K(x, y) äåéñòâóåò èç L2 â L1(e, µ), îãðàíè÷åí è åãî íîðìà

íå ïðåâîñõîäèò

1

α
‖λem‖, ãäå

λem(y) :=

∫

em

|K(y, x)|a(x) dµ(x).

Ïóñòü X0 = {y ∈ X : λe(y) < ∞)}. Òîãäà äëÿ ëþáîãî y ∈ X0 è ëþáîãî m λ2
em(y) 6

λ2
e(y) è äëÿ ëþáîãî y ∈ X0 λ

2
em(y) → 0 ïðèm → ∞. Ñëåäîâàòåëüíî, ‖λem‖2 =

∫

λ2
emdµ → 0

ïðè m → ∞ è ‖Pemτ‖ 6
1

α
‖λem‖ → 0 ïðè m → ∞. Îòñþäà èç [5, òåîðåìà I.2.9℄ îïåðàòîð

τ : L2 → L1(e, µ) âïîëíå íåïðåðûâåí.
Ïóñòü D = {f ∈ L2 : f ∈ DT , ‖f‖ 6 1}. Ìíîæåñòâî PeTD = τD îòíîñèòåëüíî

êîìïàêòíî â L1(e, µ). Âîçüìåì ðàâíîìåðíî îãðàíè÷åííóþ îðòîíîðìèðîâàííóþ ñèñòåìó

�óíêöèé hn 
 supphn ⊆ e, n = 1, 2, . . . Â êà÷åñòâå {hn} ìîæíî âûáðàòü îðòîíîðìèðî-

âàííóþ ñèñòåìó îáîáùåííûõ �óíêöèé �àäåìàõåðà rn,e (èõ îïðåäåëåíèå ñì., íàïðèìåð,

â [5, ãë. I, � 1℄). Èìååì {hn} ⊂ DT ∗
è â ñèëó îòíîñèòåëüíîé êîìïàêòíîñòè ìíîæåñòâà

PeTD â L1(e, µ)

‖T ∗hn‖ = sup
ϕ∈D

|(T ∗hn, ϕ)| = sup
ϕ∈D

|(hn, Tϕ)| = sup
ϕ∈D

|(χehn, Tϕ)| = sup
ϕ∈D

|(hn, χeTϕ)| → 0

ïðè n → ∞, òàê êàê ïî ëåììå �èìàíà � Ëåáåãà [3, ñ. 125℄ |
∫

hnf dµ| → 0 ïðè n → ∞ äëÿ

ëþáîãî f ∈ L1, îòêóäà

sup
f∈F

∣

∣

∣

∣

∫

hnf dµ

∣

∣

∣

∣

→ 0 ïðè n → ∞

äëÿ ëþáîãî îòíîñèòåëüíî êîìïàêòíîãî ìíîæåñòâà F â L1 (è, â ÷àñòíîñòè, äëÿ F = PeTD)
âñëåäñòâèå ðàâíîìåðíîé îãðàíè÷åííîñòè {hn} è ñóùåñòâîâàíèÿ êîíå÷íîé ε-ñåòè äëÿ F
äëÿ ëþáîãî ε > 0. Ñëåäîâàòåëüíî, 0 ∈ σC(T

∗). ⊲

Ñëåäñòâèå. Ïóñòü T : DT ⊂ L2 → L2 � íåîãðàíè÷åííûé ïëîòíî îïðåäåëåííûé

çàìûêàåìûé èíòåãðàëüíûé îïåðàòîð ñ âåùåñòâåííûì íåîòðèöàòåëüíûì ñèììåòðè÷íûì

ÿäðîì. Åñëè â DT ñóùåñòâóåò âåùåñòâåííàÿ íåîòðèöàòåëüíàÿ �óíêöèÿ, ïîëîæèòåëüíàÿ

íà ìíîæåñòâå ïîëîæèòåëüíîé ìåðû, íå ñîäåðæàùåì àòîìîâ ìåðû µ, òî 0 ∈ σC(T
∗).

Çàìå÷àíèå 1. Âêëþ÷åíèå 0 ∈ σC(T
∗) ïîçâîëÿåò ñóùåñòâåííî óëó÷øèòü ñâîéñòâà

ÿäðà èíòåãðàëüíîãî îïåðàòîðà T ñ ïîìîùüþ ïåðåõîäà ê óíèòàðíî ýêâèâàëåíòíîìó èí-

òåãðàëüíîìó îïåðàòîðó: â [5, òåîðåìà IV. 3.7℄ äîêàçàíî, ÷òî åñëè L2 � ñåïàðàáåëüíîå

ïðîñòðàíñòâî, òî èç 0 ∈ σC(T
∗) ñëåäóåò, ÷òî ìîæíî ïîñòðîèòü óíèòàðíûé îïåðàòîð

U : L2 → L2 òàêîé, ÷òî UTU−1
� èíòåãðàëüíûé îïåðàòîð ñ ÿäðîì M(x, y), óäîâëå-

òâîðÿþùèì óñëîâèþ Êàðëåìàíà

∫

|M(x, y)|2dµ(y) < ∞

äëÿ µ-ïî÷òè âñåõ x ∈ X è óñëîâèþ Àõèåçåðà: ñóùåñòâóåò ïîëîæèòåëüíàÿ �óíêöèÿ b ∈ L0

òàêàÿ, ÷òî |M(x, y)| 6 b(x)b(y) äëÿ (µ × µ)-ïî÷òè âñåõ (x, y) ∈ X ×X.

Çàìå÷àíèå 2. Ïóñòü L2 � ñåïàðàáåëüíîå ïðîñòðàíñòâî. Òîãäà èíòåãðàëüíîå óðàâíå-

íèå

αz(x)− λTz(x) = f(x), f(x) ∈ L2,
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ãäå T � èíòåãðàëüíûé îïåðàòîð, óäîâëåòâîðÿþùèé óñëîâèÿì òåîðåìû 1, ìîæåò áûòü

ñâåäåíî ÿâíûì ëèíåéíûì íåïðåðûâíûì îáðàòèìûì ïðåîáðàçîâàíèåì ïðè α = 0 ê ýêâè-
âàëåíòíîìó èíòåãðàëüíîìó óðàâíåíèþ Ôðåäãîëüìà 1-ãî ðîäà â L2 ñ ÿäåðíûì îïåðàòîðîì,

à ïðè α 6= 0 ê ýêâèâàëåíòíîìó èíòåãðàëüíîìó óðàâíåíèþ 2-ãî ðîäà â L2 ñ êâàçèâûðîæ-

äåííûì êàðëåìàíîâñêèì ÿäðîì

N(x, y) =

∞
∑

n=1

χgn(x)√
µgn

fn,λ(y), (4)

ãäå {gn} � ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü ïîïàðíî íå ïåðåñåêàþùèõñÿ ìíîæåñòâ èçX
ñ êîíå÷íûìè ïîëîæèòåëüíûìè ìåðàìè, {fn,λ} ⊂ L2.

Ýòî óòâåðæäåíèå íåïîñðåäñòâåííî ñëåäóåò èç ïîñòðîåíèé ñòàòüè [6℄, òàê êàê â íèõ

èñïîëüçîâàëîñü ëèøü âêëþ÷åíèå 0 ∈ σC(T
∗). Çàìåòèì åùå, ÷òî â [7℄ ïðåäëîæåíû äâà

ïðèáëèæ¼ííûõ ìåòîäà ðåøåíèÿ èíòåãðàëüíûõ óðàâíåíèé 2-ãî ðîäà â L2 ñ ÿäðàìè (4).
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Abstra
t. In 1935 von Neumann established that a limit spe
trum of self-adjoint Carleman integral

operator in L2 
ontains 0. This result was generalized by the author on nonself-adjoint operators: the limit

spe
trum of the adjoint of Carleman integral operator 
ontains 0. Say that a densely de�ned in L2 linear
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operator A satis�es the generalized von Neumann 
ondition if 0 belongs to the limit spe
trum of adjoint

operator A
∗

. Denote by B0 the 
lass of all linear operators in L2 satisfying a generalized von Neumann


ondition. The author proved that ea
h bounded integral operator, de�ned on L2, belongs to B0. Thus, the

question arises: is an analogous assertion true for all unbounded densely de�ned in L2 integral operators? In

this note, we give a negative answer on this question and we establish a su�
ient 
ondition guaranteeing that

a densely de�ned in L2 unbounded integral operator with quasisymmetri
 lie in B0.

Key words: 
losable operator, integral operator, kerner of integral operator, limit spe
trum, linear integral

equation of the �rst or se
ond kind.
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