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Àííîòàöèÿ. Â ðàáîòå èçó÷àåòñÿ �óíêöèîíàëüíî-äè��åðåíöèàëüíûé îïåðàòîð âîñüìîãî ïîðÿä-

êà ñ ñóììèðóåìûì ïîòåíöèàëîì. �ðàíè÷íûå óñëîâèÿ ÿâëÿþòñÿ ðàçäåëåííûìè. Ôóíêöèîíàëüíî-

äè��åðåíöèàëüíûå îïåðàòîðû òàêîãî ðîäà âîçíèêàþò ïðè èçó÷åíèè êîëåáàíèé áàëîê è ìîñòîâ, ñî-

ñòàâëåííûõ èç ìàòåðèàëîâ ðàçëè÷íîé ïëîòíîñòè. ×òîáû ðåøèòü �óíêöèîíàëüíî-äè��åðåíöèàëüíîå

óðàâíåíèå, çàäàþùåå äè��åðåíöèàëüíûé îïåðàòîð, ïðèìåíÿåòñÿ ìåòîä âàðèàöèè ïîñòîÿííûõ. �å-

øåíèå èñõîäíîãî �óíêöèîíàëüíî-äè��åðåíöèàëüíîãî óðàâíåíèÿ ñâåäåíî ê ðåøåíèþ èíòåãðàëüíîãî

óðàâíåíèÿ Âîëüòåððû. Ïîëó÷èâøååñÿ èíòåãðàëüíîå óðàâíåíèå Âîëüòåððû ðåøàåòñÿ ìåòîäîì ïîñëå-

äîâàòåëüíûõ ïðèáëèæåíèé Ïèêàðà. Â ðåçóëüòàòå èññëåäîâàíèÿ èíòåãðàëüíîãî óðàâíåíèÿ ïîëó÷åíû

àñèìïòîòè÷åñêèå �îðìóëû è îöåíêè äëÿ ðåøåíèé �óíêöèîíàëüíî-äè��åðåíöèàëüíîãî óðàâíåíèÿ,

çàäàþùåãî äè��åðåíöèàëüíûé îïåðàòîð. Ïðè áîëüøèõ çíà÷åíèÿõ ñïåêòðàëüíîãî ïàðàìåòðà âû-

âåäåíà àñèìïòîòèêà ðåøåíèé äè��åðåíöèàëüíîãî óðàâíåíèÿ, îïðåäåëÿþùåãî äè��åðåíöèàëüíûé

îïåðàòîð. Àíàëîãè÷íî àñèìïòîòè÷åñêèì îöåíêàì ðåøåíèé äè��åðåíöèàëüíîãî îïåðàòîðà âòîðîãî

ïîðÿäêà ñ ãëàäêèìè è êóñî÷íî-ãëàäêèìè êîý��èöèåíòàìè óñòàíàâëèâàþòñÿ àñèìïòîòè÷åñêèå îöåí-

êè ðåøåíèé èñõîäíîãî �óíêöèîíàëüíî-äè��åðåíöèàëüíîãî óðàâíåíèÿ. Ïîëó÷åííûå àñèìïòîòè÷å-

ñêèå �îðìóëû ïðèìåíÿþòñÿ äëÿ èçó÷åíèÿ ãðàíè÷íûõ óñëîâèé. Â ðåçóëüòàòå ïðèõîäèì ê èçó÷åíèþ

êîðíåé �óíêöèè, ïðåäñòàâëåííîé â âèäå îïðåäåëèòåëÿ âîñüìîãî ïîðÿäêà. ×òîáû íàéòè êîðíè ýòîé

�óíêöèè, íåîáõîäèìî èçó÷èòü èíäèêàòîðíóþ äèàãðàììó. Êîðíè óðàâíåíèÿ íà ñîáñòâåííûå çíà÷åíèÿ

íàõîäÿòñÿ â âîñüìè ñåêòîðàõ áåñêîíå÷íî ìàëîãî ðàñòâîðà, îïðåäåëÿåìûõ èíäèêàòîðíîé äèàãðàì-

ìîé. Èçó÷åíû ïîâåäåíèå êîðíåé ýòîãî óðàâíåíèÿ â êàæäîì èç ñåêòîðîâ èíäèêàòîðíîé äèàãðàììû è

àñèìïòîòèêà ñîáñòâåííûõ çíà÷åíèé èññëåäóåìîãî äè��åðåíöèàëüíîãî îïåðàòîðà.

Êëþ÷åâûå ñëîâà: �óíêöèîíàëüíî-äè��åðåíöèàëüíûé îïåðàòîð, êðàåâàÿ çàäà÷à, ñóììèðóåìûé

ïîòåíöèàë, ãðàíè÷íûå óñëîâèÿ, ñïåêòðàëüíûé ïàðàìåòð, èíäèêàòîðíàÿ äèàãðàììà, àñèìïòîòèêà ñîá-

ñòâåííûõ çíà÷åíèé.
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1. Ïîñòàíîâêà çàäà÷è

Èññëåäóåì �óíêöèîíàëüíî-äè��åðåíöèàëüíûé îïåðàòîð (ÔÄÎ), çàäàâàåìûé óðàâ-

íåíèåì

y(8)(x) + q(x)y(x) = λa8y(x) + αr(x)y(b), 0 6 x 6 π, 0 < b < π, a > 0, (1)
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ãäå λ ∈ C � ñïåêòðàëüíûé ïàðàìåòð, α ∈ C, ñ ðàçäåëåííûìè ãðàíè÷íûìè óñëîâèÿìè

y(m1)(0) = y(m2)(0) = · · · = y(m6)(0) = y(n1)(π) = y(n2)(π) = 0, (2)

m1 < m2 < · · · < m6, n1 < n2; mk, n1, n2 ∈ {0, 1, 2, . . . , 7}.
Â óðàâíåíèè (1) q(x) � ïîòåíöèàë, ρ(x) = a8 > 0 � âåñîâàÿ �óíêöèÿ. Ìû ïðåäïîëà-

ãàåì, ÷òî q(x) è r(x) � ñóììèðóåìûå �óíêöèè íà îòðåçêå [0;π]:

q(x) ∈ L1[0;π] ⇔
(

x
∫

0

q(t)dt

)′

x

= q(x) ïî÷òè äëÿ âñåõ çíà÷åíèé x íà [0;π];

r(x) ∈ L1[0;π] ⇔
(

x
∫

0

r(t)dt

)′

x

= r(x) ïî÷òè äëÿ âñåõ çíà÷åíèé x íà [0;π].

(3)

2. Èñòîðè÷åñêèé îáçîð

Ñïåêòðàëüíûå ñâîéñòâà îáûêíîâåííûõ äè��åðåíöèàëüíûõ îïåðàòîðîâ â ñëó÷àå äî-

ñòàòî÷íî ãëàäêèõ êîý��èöèåíòîâ èçó÷àþòñÿ óæå äîñòàòî÷íî äàâíî. Â ìîíîãðà�èè [1,

ãë. 2℄ èçó÷åíî àñèìïòîòè÷åñêîå ïîâåäåíèå ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ �óíêöèé

äè��åðåíöèàëüíûõ îïåðàòîðîâ ñ ãëàäêèìè, íåñêîëüêî ðàç äè��åðåíöèðóåìûìè êîý�-

�èöèåíòàìè. Òàì æå îïèñàíà ìåòîäèêà íàõîæäåíèÿ àñèìïòîòèêè ðåøåíèé äè��åðåí-

öèàëüíûõ óðàâíåíèé, çàäàþùèõ äè��åðåíöèàëüíûé îïåðàòîð ñ ãëàäêèìè êîý��èöèåí-

òàìè, ïðè áîëüøèõ çíà÷åíèÿõ ñïåêòðàëüíîãî ïàðàìåòðà. Ïîëüçóÿñü òàêîé àñèìïòîòè-

êîé ðåøåíèé, â ðàáîòå [2℄ áûëè íàéäåíû àñèìïòîòè÷åñêèå �îðìóëû äëÿ êîðíåé îäíîãî

êëàññà öåëûõ �óíêöèé, êîòîðûå âîçíèêàþò â ñëó÷àå èçó÷åíèÿ îáûêíîâåííûõ äè��å-

ðåíöèàëüíûõ îïåðàòîðîâ ñ ðåãóëÿðíûìè ãðàíè÷íûìè óñëîâèÿìè ñ äîñòàòî÷íî ãëàäêèìè

êîý��èöèåíòàìè.

Ñ ïîìîùüþ àñèìïòîòè÷åñêèõ �îðìóë, íàéäåííûõ â ðàáîòå [2℄, â ðàáîòàõ [3℄ è [4℄

áûëè íàéäåíû �îðìóëû äëÿ âû÷èñëåíèÿ ðåãóëÿðèçîâàííûõ ñëåäîâ äè��åðåíöèàëüíûõ

îïåðàòîðîâ âûñøèõ ïîðÿäêîâ ñ äîñòàòî÷íî ãëàäêèìè êîý��èöèåíòàìè.

Â ðàáîòå [5℄ àâòîð ïðîäåìîíñòðèðîâàë ìåòîäèêó íàõîæäåíèÿ �îðìóë ðåãóëÿðèçîâàí-

íûõ ñëåäîâ äëÿ äè��åðåíöèàëüíûõ îïåðàòîðîâ âòîðîãî ïîðÿäêà ñ ðàçðûâíûìè êîý��è-

öèåíòàìè. Ñïåêòðàëüíûå ñâîéñòâà äè��åðåíöèàëüíûõ îïåðàòîðîâ ñ êóñî÷íî-ãëàäêèìè

êîý��èöèåíòàìè èçó÷àëèñü àâòîðîì â ðàáîòå [6℄, à â ðàáîòå [7℄ áûë èçó÷åí äè��åðåí-

öèàëüíûé îïåðàòîð ñ êóñî÷íî-ãëàäêîé âåñîâîé �óíêöèåé.

Â ðàáîòàõ [8, 9℄ áûëà èçó÷åíà êðàåâàÿ çàäà÷à äëÿ �óíêöèîíàëüíî-äè��åðåíöèàëü-

íîãî îïåðàòîðà âòîðîãî ïîðÿäêà ñ ãëàäêèì ïîòåíöèàëîì, áûëè âû÷èñëåíû �îðìóëû ðåãó-

ëÿðèçîâàííûõ ñëåäîâ òàêîãî îïåðàòîðà. Â ðàáîòå [10℄ àâòîðîì áûëè âû÷èñëåíû �îðìóëû

ðåãóëÿðèçîâàííûõ ñëåäîâ äëÿ �óíêöèîíàëüíî-äè��åðåíöèàëüíûõ îïåðàòîðîâ âòîðîãî

ïîðÿäêà ñ êóñî÷íî-ãëàäêèì ïîòåíöèàëîì.

Â ðàáîòå [11℄ áûë ñîâåðøåí áîëüøîé ïðîãðåññ â èçó÷åíèè äè��åðåíöèàëüíûõ îïåðà-

òîðîâ ñ íåãëàäêèìè êîý��èöèåíòàìè, áûë èçó÷åí îïåðàòîð âòîðîãî ïîðÿäêà ñ ñóììèðóå-

ìûì ïîòåíöèàëîì, íàéäåíû àñèìïòîòèêè ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ �óíêöèé

îïåðàòîðà Øòóðìà � Ëèóâèëëÿ íà îòðåçêå. Â ðàáîòàõ [12, 13℄ áûëè èçó÷åíû îïåðàòîðû

âòîðîãî ïîðÿäêà, ó êîòîðûõ ïîòåíöèàë ÿâëÿåòñÿ δ-�óíêöèåé.

Â ðàáîòàõ [14�17℄ àâòîð ïðîäåìîíñòðèðîâàë íîâóþ ìåòîäèêó èçó÷åíèÿ äè��åðåíöè-

àëüíûõ îïåðàòîðîâ ïîðÿäêà âûøå âòîðîãî ñ ñóììèðóåìûìè êîý��èöèåíòàìè. Çàìåòèì,
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÷òî ìåòîäèêà ðàáîòû [11℄ íå ïåðåíîñèòñÿ íà îïåðàòîðû, ó êîòîðûõ ïîðÿäîê ðàâåí ÷åòû-

ðåì èëè âûøå. Îòìåòèì òàêæå, ÷òî ñëîæíîñòü èçó÷åíèÿ äè��åðåíöèàëüíûõ îïåðàòîðîâ

âîçðàñòàåò ñ óâåëè÷åíèåì ïîðÿäêà äè��åðåíöèàëüíûõ óðàâíåíèé, çàäàþùèõ äè��åðåí-

öèàëüíûé îïåðàòîð.

�ðàíè÷íûå óñëîâèÿ (2) ïîêàçûâàþò, ÷òî ìû èçó÷àåì ñðàçó öåëîå ñåìåéñòâî �óíêöè-

îíàëüíî-äè��åðåíöèàëüíûõ îïåðàòîðîâ âîñüìîãî ïîðÿäêà ñ ñóììèðóåìûìè êîý��èöè-

åíòàìè. Ôóíêöèîíàëüíî-äè��åðåíöèàëüíûå îïåðàòîðû (òàê íàçûâàåìûå íàãðóæåííûå

îïåðàòîðû) ïîðÿäêà âûøå âòîðîãî ðàíåå �àêòè÷åñêè íå èçó÷àëèñü (äàæå â ñëó÷àå ãëàä-

êèõ êîý��èöèåíòîâ).

3. Àñèìïòîòèêà ðåøåíèé âñïîìîãàòåëüíîãî óðàâíåíèÿ ïðè λ→ ∞

�àññìîòðèì âñïîìîãàòåëüíîå äè��åðåíöèàëüíîå óðàâíåíèå, ïîëó÷àþùååñÿ èç (1) ïðè

α = 0 (èëè ïðè r(x) ≡ 0):

y(8)(x) + q(x)y(x) = λa8y(x), 0 6 x 6 π, a > 0. (4)

Îáîçíà÷èì λ = s8, s = 8
√
λ, ïðè÷åì äëÿ êîððåêòíîñòè äàëüíåéøèõ âûêëàäîê

âûáåðåì îñíîâíóþ âåòâü àðè�ìåòè÷åñêîãî êîðíÿ, äëÿ êîòîðîé

8
√
1 = +1. Ïóñòü wk

(k = 1, 2, . . . , 8) � ðàçëè÷íûå êîðíè âîñüìîé ñòåïåíè èç åäèíèöû:

w8
k = 1, wk = e

2πi
8

(k−1), k = 1, 2, . . . , 8; w1 = 1;

w2 = e
2πi
8 = cos

(

2π

8

)

+ i sin

(

2π

8

)

=

√
2

2
+ i

√
2

2
= z 6= 0,

w3 = e
4πi
8 = i = z2; . . . ;wm = zm−1, m = 1, 2, . . . , 8.

(5)

×èñëà wk (k = 1, 2, . . . , 8) èç (5) äåëÿò åäèíè÷íóþ îêðóæíîñòü íà âîñåìü ðàâíûõ

÷àñòåé. Äëÿ íèõ ñïðàâåäëèâû ñëåäóþùèå ñîîòíîøåíèÿ:

8
∑

k=1

wmk = 0, m = 1, 2, . . . , 7;

8
∑

k=1

wmk = 8, m = 0, m = 8. (6)

Ìåòîäàìè ðàáîò [14�16℄ óñòàíàâëèâàåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Îáùåå ðåøåíèå äè��åðåíöèàëüíîãî óðàâíåíèÿ (4) èìååò ñëåäóþùèé

âèä:

y(x, s) =
8

∑

k=1

Ckyk(x, s); y(m)(x, s) =
8

∑

k=1

Cky
(m)
k (x, s), m = 1, 2, . . . , 7, (7)

ãäå Ck (k = 1, 2, . . . , 8) � ïðîèçâîëüíûå ïîñòîÿííûå, ïðè ýòîì ïðè áîëüøèõ çíà÷åíèÿõ

ñïåêòðàëüíîãî ïàðàìåòðà λ äëÿ �óíäàìåíòàëüíîé ñèñòåìû {yk(x, s)}8k=1 ñïðàâåäëèâû
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ñëåäóþùèå àñèìïòîòè÷åñêèå �îðìóëû è îöåíêè:

yk(x, s) = eawksx − A7k(x, s)

8a7s7
+O

(

e| Im s|ax

s14

)

, k = 1, 2, . . . , 8, (8)

y
(m)
k (x, s) = (as)m

{

wmk e
awksx − Am7k(x, s)

8a7s7
+O

(

e| Im s|ax

s14

)}

, (9)

k = 1, 2, . . . , 8; m = 1, 2, . . . , 7;

A7k(x, s) = waw1sx
e

x
∫

0

q(t)ea(wk−w1)stdtak1 + w2e
aw2sx

x
∫

0

q(t)ea(wk−w2)stdtak2

+ · · ·+ w8e
aw8sx

x
∫

0

q(t)ea(wk−w8)stdtak8, k = 1, 2, . . . , 8, (10)

Am7k(x, s) =

8
∑

n=1

wnw
m
n e

awnsx

x
∫

0

q(t)ea(wk−wn)stdtakn, m = 1, 2, . . . , 7. (11)

Ïðè âûâîäå �îðìóë (8)�(11) ìû òðåáîâàëè âûïîëíåíèÿ ñëåäóþùèõ íà÷àëüíûõ óñëî-

âèé:

A7k(0, s) = 0; Am7k(0, s) = 0; yk(0, s) = 1; y
(m)
k (0, s) = (as)mwmk ,

k = 1, 2, . . . , 8; m = 1, 2, . . . , 7.
(12)

4. �åøåíèå �óíêöèîíàëüíî-äè��åðåíöèàëüíîãî óðàâíåíèÿ (1)

Îáîçíà÷èì ÷åðåç ∆0(x, s) îïðåäåëèòåëü Âðîíñêîãî �óíäàìåíòàëüíîé ñèñòåìû ðåøå-

íèé {yk(x, s)}8k=1 âñïîìîãàòåëüíîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ (4):

∆0(x, s) = detWr[y1(x, s), y2(x, s), . . . , y8(x, s)]

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

y1(x, s) y2(x, s) . . . y7(x, s) y8(x, s)
y′1(x, s) y′2(x, s) . . . y′7(x, s) y′8(x, s)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

y
(6)
1 (x, s) y

(6)
2 (x, s) . . . y

(6)
7 (x, s) y

(6)
8 (x, s)

y
(7)
1 (x, s) y

(7)
2 (x, s) . . . y

(7)
7 (x, s) y

(7)
8 (x, s)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

. (13)

Èç îáùåé òåîðèè äè��åðåíöèàëüíûõ óðàâíåíèé ñëåäóåò, ÷òî îïðåäåëèòåëü Âðîíñêîãî

∆0(x, s) íå çàâèñèò îò ïàðàìåòðà x:

∆0(x, s) = ∆0(s) = ∆0(0; s). (14)

Èñïîëüçóÿ �îðìóëû (8)�(12), íàõîäèì

∆0(x, s) = ∆0(0, s) = ∆0(s)

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 1 . . . 1 1
(as)w1 (as)w2 . . . (as)w7 (as)w8

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(as)6w6
1 (as)6w6

2 . . . (as)6w6
7 (as)6w6

8

(as)7w7
1 (as)7w7

2 . . . (as)7w7
7 (as)7w7

8

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= ∆00(as)
28, (15)
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ãäå ∆00 � îïðåäåëèòåëü Âàíäåðìîíäà ÷èñåë w1, w2, . . . , w8:

∆00 = detWandermond′s(w1, w2, . . . , w8) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 1 . . . 1 1
w1 w2 . . . w7 w8

w6
1 w6

2 . . . w6
7 w6

8

w7
1 w7

2 . . . w7
7 w7

8

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
∏

k>m

k,m=1,2,...,8

(wk − wm) = ∆00 6= 0. (16)

�àçëîæèâ îïðåäåëèòåëü ∆0(x, s) èç (13) ïî ïîñëåäíåé ñòðîêå, ïîëó÷èì

∆0(x, s) = −y1(x, s)D81(x, s)+y2(x, s)D82−· · ·−y7(x, s)D87(x, s)+y8(x, s)D88(x, s), (17)

ãäå D8k(x, s) (k = 1, 2, . . . , 8) � àëãåáðàè÷åñêèå ìèíîðû ê ýëåìåíòàì âîñüìîé ñòðîêè è

k-ãî ñòîëáöà îïðåäåëèòåëÿ ∆0(x, s) èç (13):

D81(x, s) =

∣

∣

∣

∣

∣

∣

∣

∣

y2(x, s) . . . y7(x, s) y8(x, s)
y′2(x, s) . . . y′7(x, s) y′8(x, s)
. . . . . . . . . . . . . . . . . . . . . . . . .

y
(6)
2 (x, s) . . . y

(6)
7 (x, s) y

(6)
8 (x, s)

∣

∣

∣

∣

∣

∣

∣

∣

,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .,

D88(x, s) =

∣

∣

∣

∣

∣

∣

∣

∣

y1(x, s) y2(x, s) . . . y7(x, s)
y′1(x, s) y′2(x, s) . . . y′7(x, s)
. . . . . . . . . . . . . . . . . . . . . . . . .

y
(6)
1 (x, s) y

(6)
2 (x, s) . . . y

(6)
7 (x, s)

∣

∣

∣

∣

∣

∣

∣

∣

.

(18)

Ïåðåïèøåì óðàâíåíèå (1) â âèäå y(8)(x)+ q(x)y(x)−λa8y(x) = αr(x)y(b) è ðåøèì åãî

ìåòîäîì âàðèàöèè ïîñòîÿííûõ: áóäåì èñêàòü ðåøåíèå â âèäå y =
∑8

k=1Ck(x, s)yk(x, s),
ãäå Ck(x, s)�íåèçâåñòíûå �óíêöèè, yk(x, s) (k = 1, 2, . . . , 8)�ëèíåéíî-íåçàâèñèìûå ðå-

øåíèÿ âñïîìîãàòåëüíîãî óðàâíåíèÿ (4). Â ðåçóëüòàòå äîêàæåì ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. �åøåíèå y(x, s) �óíêöèîíàëüíî-äè��åðåíöèàëüíîãî óðàâíåíèÿ (1) ïðåä-
ñòàâëÿåòñÿ â âèäå

y(x, s) =

8
∑

k=1

Ckyk(x, s) +
αy(b, s)

∆0(s)
H8(x, s), (19)

ãäå Ck (k = 1, 2, . . . , 8) � ïðîèçâîëüíûå ïîñòîÿííûå, {yk(x, s)}8k=1 � �óíäàìåíòàëüíàÿ

ñèñòåìà ðåøåíèé óðàâíåíèÿ (4), îïðåäåëÿåìàÿ �îðìóëàìè (7)�(12),

H8(x, s) =

8
∑

k=1

(−1)kyk(x, s)

x
∫

0

r(t)D8k(t, s) dtrk. (20)

Ïðè ýòîì â ñèëó ñâîéñòâ ñóììèðóåìîñòè (3), ñâîéñòâ îïðåäåëèòåëåé è �îðìóë (6)

ïîëó÷àåì

y(m)(x, s) =
8

∑

k=1

Cky
(m)
k (x, s) +

αy(b, s)

∆0(s)
H

(m)
8 (x, s), m = 1, 2, . . . , 7, (21)

H(m)(x, s) =
8

∑

k=1

(−1)ky
(m)
k (x, s)

x
∫

0

r(t)D8k(t, s)dtrk, m = 1, 2, . . . , 7, (22)
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âåëè÷èíà ∆0(s) îïðåäåëåíà �îðìóëàìè (14)�(16).

Ñïðàâåäëèâîñòü �îðìóë (19)�(22) ìîæíî ïåðåïðîâåðèòü íåïîñðåäñòâåííîé ïîäñòà-

íîâêîé ýòèõ �îðìóë â óðàâíåíèå (1).

Ïîäñòàâëÿÿ x = b â óðàâíåíèå (19), (20), íàõîäèì

y(b, s) =

8
∑

k=1

Ckyk(b, s) +
αy(b, s)

∆0(s)
H8(b, s), ∆0(s) 6= 0,

îòêóäà ïîëó÷àåì

y(b, s) =

∑8
k=1Ckyk(b, s)

ψ8(b, s)
, ψ8(b, s) = 1− α

∆0(s)
H8)b, s) 6= 0. (23)

Ïîñòàâèì y(b, s) èç (23) â (19), ñäåëàåì íåîáõîäèìûå ïðåîáðàçîâàíèÿ, ïðèäåì ê âû-

âîäó î ñïðàâåäëèâîñòè ñëåäóþùåãî óòâåðæäåíèÿ.

Òåîðåìà 3. Îáùåå ðåøåíèå �óíêöèîíàëüíî-äè��åðåíöèàëüíîãî óðàâíåíèÿ (1) èìå-

åò ñëåäóþùèé âèä:

y(x, s) =

8
∑

k=1

Ckhk(x, s); y(m)(x, s) =

8
∑

k=1

Ckh
(m)
k (x, s), m = 1, 2, . . . , 7, (24)

Ck (k = 1, 2, . . . , 8) � ïðîèçâîëüíûå ïîñòîÿííûå,

hk(x, s) = yk(x, s) +
α

∆0(s)

yk(b, s)

ψ8(b, s)
H8(x, s), k = 1, 2, . . . , 8, (25)

h
(m)
k (x, s) = y

(m)
k (x, s) +

α

∆0(s)

yk(b, s)

ψ8(b, s)
H

(m)
8 (x, s), (26)

k = 1, 2, . . . , 8, m = 1, 2, . . . , 7,

�óíêöèè yk(x, s), y
(m)
k (x, s) îïðåäåëåíû �îðìóëàìè (7)�(12), H8(x, s), H

(m)
8 (x, s) îïðåäå-

ëåíû â (20)�(22), ψ8(b, s) îïðåäåëåíà â (23).

Ïðè ýòîì ñïðàâåäëèâû ñëåäóþùèå íà÷àëüíûå óñëîâèÿ:

H8(0, s) = 0; H
(m)
8 (0, s) = 0; hk(0, s) = yk(0, s) = 1;

h
(m)
k (0, s) = y

(m)
k (0, s) = (as)mwmk , k = 1, 2, . . . , 8; m = 1, 2, . . . , 7.

(27)

Ôîðìóëû (24)�(27) ïîçâîëÿþò èçó÷àòü ãðàíè÷íûå óñëîâèÿ (2).
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5. Èçó÷åíèå ãðàíè÷íûõ óñëîâèé (2)

Ïîäñòàâëÿÿ �îðìóëû (24)�(27) â ãðàíè÷íûå óñëîâèÿ (2), èìååì

y(mp)(0, s) = 0 ⇔
8

∑

k=1

Ckh
(mp)
k (0, s) = 0 ⇔

8
∑

k=1

Cky
(mp)
k (0, s) = 0

⇔
8

∑

k=1

Ck(as)
mpw

mp

k = 0, p = 1, 2, . . . , 6; (28)

y(nj)(π, s) = 0 ⇔
8

∑

k=1

Ckh
(nj)
k (π, s) = 0, j = 1, j = 2. (29)

Ñèñòåìà (28), (29) � ñèñòåìà èç âîñüìè óðàâíåíèé ñ âîñåìüþ íåèçâåñòíûìè

C1, C2, . . . , C8. Ýòà ñèñòåìà èìååò íåíóëåâûå ðåøåíèÿ òîëüêî â òîì ñëó÷àå, êîãäà åå îïðå-

äåëèòåëü ðàâåí íóëþ. Ïîýòîìó âåðíî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 4. Óðàâíåíèå íà ñîáñòâåííûå çíà÷åíèÿ ÔÄÎ (1)�(3) èìååò âèä

f(s) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

y
(m1)
1 (0, s) y

(m1)
2 (0, s) . . . y

(m1)
7 (0, s) y

(m1)
8 (0, s)

y
(m2)
1 (0, s) y

(m2)
2 (0, s) . . . y

(m2)
7 (0, s) y

(m2)
8 (0, s)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

y
(m6)
1 (0, s) y

(m6)
2 (0, s) . . . y

(m6)
7 (0, s) y

(m6)
8 (0, s)

h
(n1)
1 (π, s) h

(n1)
2 (π, s) . . . h

(n1)
7 (π, s) h

(n1)
8 (π, s)

h
(n2)
1 (π, s) h

(n2)
2 (π, s) . . . h

(n2)
7 (π, s) h

(n2)
8 (π, s)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

. (30)

Ó÷èòûâàÿ íà÷àëüíûå óñëîâèÿ (27), ïåðåïèøåì óðàâíåíèå (30) â ñëåäóþùåì âèäå:

f(s) = (as)m1(as)m2(. . . )(as)m6

×

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

wm1
1 wm1

2 . . . wm1
7 wm1

8

wm2
1 wm2

2 . . . wm2
7 wm2

8

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

wm6
1 wm6

2 . . . wm6
7 wm6

8

h
(n1)
1 (π, s) h

(n1)
2 (π, s) . . . h

(n1)
7 (π, s) h

(n1)
8 (π, s)

h
(n2)
1 (π, s) h

(n2)
2 (π, s) . . . h

(n2)
7 (π, s) h

(n2)
8 (π, s)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0. (31)

�àçëîæèâ îïðåäåëèòåëü f(s) èç �îðìóëû (31) ïî ïîñëåäíèì äâóì ñòðî÷êàì, ïîëó÷èì

f(s) = H12W345678 +H23W145678 −H34W125678 + · · · +H78W123456

+H18W234567 −H13W245678 +H14W235678 = · · · = 0,
(32)

Hmk =

∣

∣

∣

∣

∣

h
(n1)
m (π, s) h

(n1)
k (π, s)

h
(n2)
m (π, s) h

(n2)
k (π, s)

∣

∣

∣

∣

∣

, m, k = 1, 2, . . . , 8; (33)

Wj1,j2,j3,j4,j5,j6 (jk = 1, 2, . . . , 8; k = 1, 2, . . . , 6) � àëãåáðàè÷åñêèå ìèíîðû ê ýëåìåíòó Hmk

â îïðåäåëèòåëå f(s) èç (31), jn 6= m, jn 6= k, çíàê ¾+¿ â �îðìóëå (32) ñòàâèòñÿ â òîì

ñëó÷àå, åñëè ïåðåñòàíîâêà (m,k, j1, j2, j3, j4, j5, j6) ÷åòíàÿ, çíàê ¾−¿ � åñëè ïåðåñòàíîâêà

íå÷åòíàÿ.
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Àëãåáðàè÷åñêèå ìèíîðû Wj1,j2,j3,j4,j5,j6 áëàãîäàðÿ óäîáíûì îáîçíà÷åíèÿì ëåãêî âû-

÷èñëÿþòñÿ:

W123456 =

∣

∣

∣

∣

∣

∣

∣

∣

wm1
1 wm1

2 . . . wm1
6

wm2
1 wm2

2 . . . wm2
6

. . . . . . . . . . . . . . . .

wm6
1 wm6

2 . . . wm6
6

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

1m1 zm1 . . . z5m1

1m2 zm2 . . . z5m2

. . . . . . . . . . . . . . .

1m6 zm6 . . . z5m6

∣

∣

∣

∣

∣

∣

∣

∣

=
∏

k>n;
k,n=1,2,...,6

(zmk − zmn) =W6 6= 0, (34)

òàê êàê îïðåäåëèòåëü W123456 ïðåäñòàâëÿåò ñîáîé îïðåäåëèòåëü Âàíäåðìîíäà ÷èñåë

zm1 , zm2 , . . . , zm6
.

Äàëåå èìååì

W234567 =

∣

∣

∣

∣

∣

∣

∣

∣

wm1
2 wm1

3 . . . wm1
7

wm2
2 wm2

3 . . . wm2
7

. . . . . . . . . . . . . . . .

wm6
2 wm6

3 . . . wm6
7

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

zm1 z2m1 . . . z6m1

zm2 z2m2 . . . z6m2

. . . . . . . . . . . . . . . .

zm6 z2m6 . . . z6m6

∣

∣

∣

∣

∣

∣

∣

∣

= zm1zm2(. . . )zm6W123456 = zM6W6, M6 =

6
∑

k=1

mk. (35)

Àíàëîãè÷íûì îáðàçîì âûâîäèì

W345678 = z2M6W6; W145678 = (−1)z3M6W6; W125678 = z4M6W6;

W123678 = (−1)z5M6W6; W123478 = z6M6W6;

W123458 = (−1)z7M6W6; W123456 = z8M6W6 =W6.

(36)

Ïîäñòàâèì �îðìóëû (34)�(36) â óðàâíåíèå (33), ïîäåëèì íà z2M6W6 6= 0, ïîëó÷èì

f(s) =

∣

∣

∣

∣

∣

h
(n1)
1 (π, s) h

(n1)
2 (π, s)

h
(n2)
1 (π, s) h

(n2)
2 (π, s)

∣

∣

∣

∣

∣

−
∣

∣

∣

∣

∣

h
(n1)
2 (π, s) h

(n1)
3 (π, s)

h
(n2)
2 (π, s) h

(n2)
3 (π, s)

∣

∣

∣

∣

∣

zM6 + z2M6

∣

∣

∣

∣

∣

h
(n1)
3 (π, s) h

(n1)
4 (π, s)

h
(n2)
3 (π, s) h

(n2)
4 (π, s)

∣

∣

∣

∣

∣

− . . .

= {φ12 − φ23z
M6 + φ34z

2M6 − . . . }(as)n1(as)n2 = 0, (37)

ïðè ýòîì êàæäûé èç îïðåäåëèòåëåé φmk ìîæíî âûïèñàòü áîëåå ïîäðîáíî ñ ïîìîùüþ

�îðìóë (25), (26):

φ12 =

∣

∣

∣

∣

∣

∣

∣

h
(n1)
1 (π,s)
(as)n1

h
(n1)
2 (π,s)
(as)n1

h
(n2)
1 (π,s)
(as)n2

h
(n2)
2 (π,s)
(as)n2

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

u11 u12
u21 u22

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

y
(n1)
1 (π,s)
(as)n1

+ α
∆0(s)

y1(b,s)
ψ8(b,s)

H
(n1)
8 (π,s)
(as)n1

y
(n1)
2 (π,s)
(as)n1

+ α
∆0(s)

y2(b,s)
ψ8(b,s)

H
(n1)
8 (π,s)
(as)n1

y
(n2)
1 (π,s)
(as)n2

+ α
∆0(s)

y1(b,s)
ψ8(b,s)

H
(n2)
8 (π,s)
(as)n2

y
(n2)
2 (π,s)
(as)n2

+ α
∆0(s)

y2(b,s)
ψ8(b,s)

H
(n2)
8 (π,s)
(as)n2

∣

∣

∣

∣

∣

∣

∣

,

(38)
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φ23 =

∣

∣

∣

∣

∣

∣

∣

h
(n1)
2 (π,s)
(as)n1

h
(n1)
3 (π,s)
(as)n1

h
(n2)
2 (π,s)
(as)n2

h
(n2)
3 (π,s)
(as)n2

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

u12 u13
u22 u23

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

y
(n1)
2 (π,s)
(as)n1

+ α
∆0(s)

y2(b,s)
ψ8(b,s)

H
(n1)
8 (π,s)
(as)n1

y
(n1)
3 (π,s)
(as)n1

+ α
∆0(s)

y3(b,s)
ψ8(b,s)

H
(n1)
8 (π,s)
(as)n1

y
(n2)
2 (π,s)
(as)n2

+ α
∆0(s)

y2(b,s)
ψ8(b,s)

H
(n2)
8 (π,s)
(as)n2

y
(n2)
3 (π,s)
(as)n2

+ α
∆0(s)

y3(b,s)
ψ8(b,s)

H
(n2)
8 (π,s)
(as)n2

∣

∣

∣

∣

∣

∣

∣

, . . .

(39)

Ïîäñòàâëÿÿ �îðìóëû (8)�(11) è (17)�(22) â (38), (39), âèäèì, ÷òî îïðåäåëèòåëè φ12,

φ13 ïðåäñòàâëÿþò ñîáîé êâàçèïîëèíîìû. Òàêèì îáðàçîì, �óíêöèÿ f(s) èç (37) òàêæå
ïðåäñòàâëÿåò ñîáîé êâàçèïîëèíîì.

Äëÿ íàõîæäåíèÿ êîðíåé óðàâíåíèÿ (37) íåîáõîäèìî èçó÷èòü òàê íàçûâàåìóþ èíäè-

êàòîðíóþ äèàãðàììó ýòîãî óðàâíåíèÿ (ñì. [18, ãë. 12℄), ò. å. âûïóêëóþ îáîëî÷êó ïîêà-

çàòåëåé ýêñïîíåíò, âõîäÿùèõ â ýòî óðàâíåíèå. �àñêëàäûâàÿ îïðåäåëèòåëè φ12, φ13, . . .

ïî ñòîëáöàì, ïðèìåíÿÿ �îðìóëû (8)�(11), âèäèì, ÷òî â îïðåäåëèòåëü φ12 âõîäÿò ýêñ-

ïîíåíòû ea(w1+w2)sπ
, â îïðåäåëèòåëü φ23 âõîäÿò ýêñïîíåíòû ea(w2+w3)sπ, . . . , â îïðå-

äåëèòåëü φmk � ýêñïîíåíòû ea(wm+wk)sπ
. Çíà÷èò, èíäèêàòîðíàÿ äèàãðàììà óðàâíå-

íèÿ (37)�(39) èìååò ñëåäóþùèé âèä:

�èñ. 1.

Íà ðèñ. 1 âíóòðåííÿÿ åäèíè÷íàÿ îêðóæíîñòü äåëèòñÿ ÷èñëàìè wk (k = 1, 2, . . . , 8)
èç (5) íà âîñåìü ðàâíûõ ÷àñòåé, äëÿ âòîðîé îêðóæíîñòè ââåäåíû îáîçíà÷åíèÿ wkm =
wk + wm (k,m = 1, 2, . . . , 8). Íà íàðóæíþþ îêðóæíîñòü (èíäèêàòîðíóþ äèàãðàììó) ïî-

ïàäàþò òîëüêî òî÷êè w1 + w2, w2 + w3, w3 + w4, . . . , w7 + w8, w8 + w9 = w8 + w1, òî÷êè

wk +wm, (m− k) > 2 ïîïàäàþò âíóòðü èíäèêàòîðíîé äèàãðàììû è íà àñèìïòîòèêó êîð-

íåé óðàâíåíèÿ (37)�(39) íå âëèÿþò. Êîðíè óðàâíåíèÿ (37)�(39) ìîãóò íàõîäèòüñÿ òîëüêî

â âîñüìè çàøòðèõîâàííûõ ñåêòîðàõ ðèñ. 1, áåñêîíå÷íî ìàëîãî ðàñòâîðà, áèññåêòðèñû êî-

òîðûõ ÿâëÿþòñÿ ñåðåäèííûìè ïåðïåíäèêóëÿðàìè ê ñòîðîíàì ïðàâèëüíîãî âîñüìèóãîëü-

íèêà w12w23w34 . . . w78w81w12.
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6. Óðàâíåíèå íà ñîáñòâåííûå çíà÷åíèÿ ÔÄÎ (1)�(3) â ñåêòîðå 1)

èíäèêàòîðíîé äèàãðàììû

Äëÿ òîãî, ÷òîáû èçó÷èòü êîðíè óðàâíåíèÿ (37)�(39) â ñåêòîðå 1) èíäèêàòîðíîé äèà-

ãðàììû íà ðèñ. 1, íàäî îñòàâèòü òîëüêî ýêñïîíåíòû ñ ïîêàçàòåëÿìè w̄81 = w12 = w1+w2

è w̄78 = w23 = w2 + w3, ò. å. ýêñïîíåíòû ea(w1+w2)sπ
è ea(w2+w3)sπ

. Ïîýòîìó ñïðàâåäëèâî

óòâåðæäåíèå.

Òåîðåìà 5. Óðàâíåíèå íà ñîáñòâåííûå çíà÷åíèÿ ÔÄÎ (1)�(3) â ñåêòîðå 1) èíäèêà-

òîðíîé äèàãðàììû íà ðèñ. 1 èìååò ñëåäóþùèé âèä:

g1(s) =

∣

∣

∣

∣

u11 u12
u21 u22

∣

∣

∣

∣

−
∣

∣

∣

∣

u12 u13
u22 u23

∣

∣

∣

∣

zM6 = 0, (40)

ïðè÷åì âî âñåõ àñèìïòîòè÷åñêèõ �îðìóëàõ íåîáõîäèìî îñòàâèòü òîëüêî ýêñïîíåíòû ñ ïî-

êàçàòåëÿìè w1 + w2, w2 + w3, âåëè÷èíû umk îïðåäåëåíû â (38), (39).

Èçó÷èì ñíà÷àëà àñèìïòîòè÷åñêîå ïîâåäåíèå �óíêöèé D8k(x, s) (k = 1, 2, . . . , 8)
èç (17), (18).

Ïðèìåíÿÿ �îðìóëû (8)�(12) è ñâîéñòâà îïðåäåëèòåëåé, èç (18) èìååì

D81(x, s) =

v2 − A72(x,s)
R7

+ . . . . . . v7 − A77(x,s)
R7

+ . . . v8 − A78(x,s)
R7

+ . . .

w2v2 − A1
72(x,s)
R7

+ . . . . . . w7v7 − A1
77(x,s)
R7

+ . . . w8v8 − A1
78(x,s)
R7

+ . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

w6
2v2 −

A6
72(x,s)
R7

+ . . . . . . w6
7v7 −

A6
77(x,s)
R7

+ . . . w6
8v8 −

A6
78(x,s)
R7

+ . . .

×(as)(as)2(. . . )(as)6 = (as)21
[

D81,0(x, s)−
D81,7(x, s)

8a7s7
+O

(

1

s14

)]

,

(41)

ãäå ââåäåíû îáîçíà÷åíèÿ vk = eawksx (k = 1, 2, . . . , 8), R7 = 8a7s7, ¾+ . . . ¿ =¾+O( 1
s14

)¿,

D81,0(x, s) =

∣

∣

∣

∣

∣

∣

∣

∣

v2 . . . v7 v8
w2v2 . . . w7v7 w8v8
. . . . . . . . . . . . . . . . .

w6
2v2 . . . w6

7v7 w6
8v8

∣

∣

∣

∣

∣

∣

∣

∣

=
8
∏

k=2

vkδ81, (42)

ïðè ýòîì â ñèëó �îðìóë (5), (6) èìååì

8
∏

k=2

vk =

8
∏

k=2

eawksx = exp(a(w2 +w3 + · · ·+ w8)sx) = e−aw1sx, (43)

δ81 � àëãåáðàè÷åñêèé ìèíîð ê ýëåìåíòó âîñüìîé ñòðîêè è ïåðâîãî ñòîëáöà îïðåäåëèòå-

ëÿ ∆00 èç (16):

δ81 =

∣

∣

∣

∣

∣

∣

∣

∣

1 . . . 1 1
w2 . . . w7 w8

. . . . . . . . . . . .

w6
2 . . . w6

7 w6
8

∣

∣

∣

∣

∣

∣

∣

∣

. (44)

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
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Ëåììà 1. Ìàòðèöà δkn (k, n = 1, 2, . . . , 8) àëãåáðàè÷åñêèõ ìèíîðîâ ê ýëåìåíòàì bkn
(k, n = 1, 2, . . . , 8) îïðåäåëèòåëÿ ∆00 èç (16) èìååò ñëåäóþùèé âèä:

(δkn) =

















δ11 δ12 δ13 . . . δ17 δ18
δ21 δ22 δ23 . . . δ27 δ28
δ31 δ32 δ33 . . . δ37 δ38
. . . . . . . . . . . . . . . . . . . .

δ71 δ72 δ73 . . . δ77 δ78
δ81 δ82 δ83 . . . δ87 δ88

















=
∆00

8



















1 −1 1 . . . 1 −1

−w−1
1 w−1

2 −w−1
3 . . . −w−1

7 w−1
8

w−2
1 −w−2

2 w−2
3 . . . w−2

7 −w−2
8

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

w−6
1 −w−6

2 w−6
3 . . . w−6

7 −w−6
8

−w−7
1 w−7

2 −w−7
3 . . . −w−7

7 w−7
8



















(45)

Â ñïðàâåäëèâîñòè ëåììû ìîæíî óáåäèòüñÿ, ðàñêëàäûâàÿ îïðåäåëèòåëü ∆00 èç (16)

ïî ñòðî÷êàì èëè ïî ñòîëáöàì, èñïîëüçóÿ �îðìóëû (45).

Ñòðîãîå äîêàçàòåëüñòâî ëåììû ïðèâåäåíî àâòîðîì â ðàáîòå [19℄.

Ñ ó÷åòîì (43)�(45), �îðìóëà (42) ïðèìåò âèä

D81,0(x, s) =
8
∏

k=2

vkδ81 = e−aw1sx(−w−7
1 ) = (−1)w1e

−aw1sx, (46)

òàê êàê w8
1 = w8

k (k = 1, 2, . . . , 8), ïðè ýòîì â �îðìóëå (41) èìååì

D81,7(x, s) =

∣

∣

∣

∣

∣

∣

∣

∣

A72(x, s) v3 . . . v8
A1

72(x, s) w3v3 . . . w8v8
. . . . . . . . . . . . . . . . . . . .

A6
72(x, s) w6

3v3 . . . w6
8v8

∣

∣

∣

∣

∣

∣

∣

∣

+ · · ·+

∣

∣

∣

∣

∣

∣

∣

∣

v2 . . . v7 A78(x, s)
w2v2 . . . w2v7 A1

78(x, s)
. . . . . . . . . . . . . . . . . . . .

w6
2v2 . . . w6

2v7 A6
78(x, s)

∣

∣

∣

∣

∣

∣

∣

∣

. (47)

Àíàëîãè÷íî �îðìóëàì (41)�(47) ìîæíî âû÷èñëèòü îïðåäåëèòåëè D8k(x, s) (k =
1, 2, . . . , 8) èç (17)�(18):

D8k(x, s) = (as)21
[

D8k,0(x, s)−
D8k,7(x, s)

8a7s7
+O

(

1

s14

)]

, k = 1, 2, . . . , 8, (48)

D8k,0(x, s) = (−1)kwke
−awksx, k = 1, 2, . . . , 8, (49)

ïðè ýòîì âåëè÷èíû D8k,7(x, s) âûïèñûâàþòñÿ â âèäå ñóììû îïðåäåëèòåëåé àíàëîãè÷íî

âåëè÷èíå D81,7(x, s) èç (47).
Èñïîëüçóÿ �îðìóëû (7)�(12), (42)�(50), (23)�(27), (37), (39), âåêòîðû-ñòîëáöû

(u1k;u2k)
∗ (k = 1, 2, 3) èç �îðìóëû (40) ïðèâåäåì ê ñëåäóþùåìó âèäó:

(

u11

u21

)

=





wn1
1 eaw1sπ − A

n1
71 (π,s)
8a7s7

+ αeaw1sb

8a7s7
R(π; s;n1)

wn2
1 eaw1sπ − A

n2
71 (π,s)
8a7s7

+ αeaw1sb

8a7s7
R(π; s;n2)



 , (50)

R(π; s;n, k) =

8
∑

m=1

wmw
nk
m eawmsx

x
∫

0

r(t)e−awmstdtrm, k = 1, 2; (51)
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(

u12

u22

)

=





wn1
2 eaw2sπ − A

n1
72 (π,s)
8a7s7

+ αeaw2sb

8a7s7
R(π; s;n1)

wn2
2 eaw2sπ − A

n2
72 (π,s)
8a7s7

+ αeaw2sb

8a7s7
R(π; s;n2)



 , (52)

(

u13

u23

)

=





wn1
3 eaw3sπ − A

n1
73 (π,s)
8a7s7 + αeaw3sb

8a7s7 R(π; s;n1)

wn2
3 eaw3sπ − A

n2
73 (π,s)
8a7s7 + αeaw3sb

8a7s7 R(π; s;n2)



 , (53)

ïðè÷åì äëÿ ñåêòîðà 1) â âåëè÷èíàõ A
nk

7m(π, s) èç (10), (11) è R(π; s;nk) (k = 1, 2; m =
1, 2, 3) èç (51) íåîáõîäèìî îñòàâëÿòü òîëüêî ýêñïîíåíòû eaw1sπ

, eaw2sπ
è eaw3sπ

.

Ïðèìåíÿÿ �îðìóëû (50)�(53), óðàâíåíèå (40) ìîæíî ïåðåïèñàòü â ñëåäóþùåì âèäå:

g1(s) = g1,0(s)−
g1,7,1(s)

8a7s7
+
g1,7,2(s)

8a7s7
+O

(

1

s14

)

= 0, (54)

g1,0(s) =

∣

∣

∣

∣

∣

wn1
1 eaw1sπ wn1

2 eaw2sπ

wn2
1 eaw1sπ wn2

2 eaw2sπ

∣

∣

∣

∣

∣

−
∣

∣

∣

∣

∣

wn1
2 eaw2sπ wn1

3 eaw3sπ

wn2
2 eaw2sπ wn2

3 eaw3sπ

∣

∣

∣

∣

∣

zM6 , (55)

g1,7,1(s) =

∣

∣

∣

∣

∣

An1
71 (π, s) wn1

2 eaw2sπ

An2
71 (π, s) wn2

2 eaw2sπ

∣

∣

∣

∣

∣

1

+

∣

∣

∣

∣

∣

wn1
1 eaw2sπ An1

72 (π, s)

wn2
1 eaw2sπ An2

72 (π, s)

∣

∣

∣

∣

∣

2

−
∣

∣

∣

∣

∣

An1
72 (π, s) wn1

3 eaw3sπ

An2
72 (π, s) wn2

3 eaw3sπ

∣

∣

∣

∣

∣

3

zM6 −
∣

∣

∣

∣

∣

wn1
2 eaw2sπ An1

73 (π, s)

wn2
2 eaw2sπ An2

73 (π, s)

∣

∣

∣

∣

∣

4

zM6 , (56)

g1,7,2(s) =

∣

∣

∣

∣

∣

αeaw1sbR(π; s;n1) wn1
2 eaw2sπ

αeaw1sbR(π; s;n2) wn2
2 eaw2sπ

∣

∣

∣

∣

∣

5

+

∣

∣

∣

∣

∣

wn1
1 eaw1sπ αeaw2sbR(π; s;n1)

wn2
1 eaw1sπ αeaw2sbR(π; s;n2)

∣

∣

∣

∣

∣

6

−
∣

∣

∣

∣

∣

αeaw2sbR(π; s;n1) wn1
3 eaw3sπ

αeaw2sbR(π; s;n2) wn2
3 eaw3sπ

∣

∣

∣

∣

∣

7

zM6 −
∣

∣

∣

∣

∣

wn1
2 eaw2sπ αeaw3sbR(π; s;n1)

wn2
2 eaw2sπ αeaw3sbR(π; s;n2)

∣

∣

∣

∣

∣

8

zM6 . (57)

Ïðèìåíÿÿ ñâîéñòâà îïðåäåëèòåëåé, �óíêöèþ g1,0(s) èç (55) ïðèâåäåì ê âèäó

g1,0(s) =

∣

∣

∣

∣

∣

wn1
1 wn1

2

wn2
1 wn2

2

∣

∣

∣

∣

∣

ea(w1+w2)sπ −
∣

∣

∣

∣

∣

wn1
2 wn1

3

wn2
2 wn2

3

∣

∣

∣

∣

∣

ea(w2+w3)sπzM6 , (58)

ïðè ýòîì áëàãîäàðÿ �îðìóëàì (5) èìååì

∣

∣

∣

∣

∣

wn1
1 wn1

2

wn2
1 wn2

2

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

1n1 zn1

1n2 zn2

∣

∣

∣

∣

∣

= zn2 − zn1 = E2;

∣

∣

∣

∣

∣

wn1
2 wn1

3

wn2
2 wn2

3

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

zn1 z2n1

zn2 z2n2

∣

∣

∣

∣

∣

= zn1zn2E2 = zN2E2, N2 = n1 + n2.

(59)

Âû÷èñëèì îïðåäåëèòåëü | . . . |1 èç (56), ïðèìåíÿÿ �îðìóëû (10), (11), (59) è ñâîéñòâà
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îïðåäåëèòåëåé

| . . . |1=

∣

∣

∣

∣

∣

∣

∣

∣

w1w
n1
1 v1

(

π
∫

0

. . .

)

a11

+ w2w
n1
2 v2

(

π
∫

0

. . .

)

a12

+ w3w
n1
3 v3

(

π
∫

0

. . .

)

a13

wn1
2

w1w
n2
1 v1

(

π
∫

0

. . .

)

a11

+ w2w
n2
2 v2

(

π
∫

0

. . .

)

a12

+ w3w
n2
3 v3

(

π
∫

0

. . .

)

a13

wn2
2

∣

∣

∣

∣

∣

∣

∣

∣

eaw2sπ

= eaw2sπ







w1v1

(

π
∫

0

. . .

)

a11

∣

∣

∣

∣

∣

wn1
1 wn1

2

wn2
1 wn2

2

∣

∣

∣

∣

∣

+w2v2

(

π
∫

0

. . .

)

a12

∣

∣

∣

∣

∣

wn1
2 wn1

2

wn2
2 wn2

2

∣

∣

∣

∣

∣

+ w3v3

(

π
∫

0

. . .

)

a13

∣

∣

∣

∣

∣

wn1
3 wn1

2

wn2
3 wn2

2

∣

∣

∣

∣

∣







(60)
= w1E2e

a(w1+w2)sπ

(

π
∫

0

. . .

)

a11

−w3E2z
N2ea(w2+w3)sπ

(

π
∫

0

. . .

)

a13

,

(60)

ãäå áûëè ââåäåíû îáîçíà÷åíèÿ vk = eawksπ (k = 1, 2, . . . , 8).

Àíàëîãè÷íûì îáðàçîì âûâîäÿòñÿ �îðìóëû äëÿ îïðåäåëèòåëåé | . . . |2, | . . . |3 è | . . . |4
èç (56):

| . . . |2 = eaw1sπ

∣

∣

∣

∣

∣

∣

∣

∣

wn1
1 w1w

n1
1 v1

(

π
∫

0

. . .

)

a21

+ w2w
n1
2 v2

(

π
∫

0

. . .

)

a22

+ w3w
n1
3 v3

(

π
∫

0

. . .

)

a23

wn2
1 w1w

n2
1 v1

(

π
∫

0

. . .

)

a21

+ w2w
n2
2 v2

(

π
∫

0

. . .

)

a22

+ w3w
n2
3 v3

(

π
∫

0

. . .

)

a23

∣

∣

∣

∣

∣

∣

∣

∣

= w2E2e
a(w1+w2)sπ

π
∫

0

q(t)dta22;

(61)

| . . . |3 = w2E2z
N2ea(w2+w3)sπ

(

π
∫

0

. . .

)

a22

;

| . . . |4 = −w1E2e
a(w1+w2)sπ

(

π
∫

0

. . .

)

a31

+w3E2z
N2ea(w2+w3)sπ

(

π
∫

0

. . .

)

a33

.

(62)

Äàëåå âû÷èñëÿåì îïðåäåëèòåëè | . . . |m (m = 5, 6, 7, 8) èç (57):

| . . . |5 = α

∣

∣

∣

∣

∣

∣

∣

∣

w1w
n1
1 v1

(

π
∫

0

. . .

)

r1

+ w2w
n1
2 v2

(

π
∫

0

. . .

)

r2

+ w3w
n1
3 v3

(

π
∫

0

. . .

)

r3

wn1
2

w1w
n2
1 v1

(

π
∫

0

. . .

)

r1

+ w2w
n2
2 v2

(

π
∫

0

. . .

)

r2

+ w3w
n2
3 v3

(

π
∫

0

. . .

)

r3

wn2
2

∣

∣

∣

∣

∣

∣

∣

∣

× eaw1sbeaw2sπ = w1E2αe
aw1sbea(w1+w2)sπ

(

π
∫

0

. . .

)

r1

−αw3E2z
N2eaw1bsea(w2+w3)sπ

(

π
∫

0

. . .

)

r3

;

(63)
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| . . . |6 = α

∣

∣

∣

∣

∣

∣

∣

∣

wn1
1 w1w

n1
1 v1

(

π
∫

0

. . .

)

r1

+ w2w
n1
2 v2

(

π
∫

0

. . .

)

r2

+w3w
n1
3 v3

(

π
∫

0

. . .

)

r3

wn2
1 w1w

n2
1 v1

(

π
∫

0

. . .

)

r1

+ w2w
n2
2 v2

(

π
∫

0

. . .

)

r2

+w3w
n2
3 v3

(

π
∫

0

. . .

)

r3

∣

∣

∣

∣

∣

∣

∣

∣

×eaw2sbeaw2sπ = αw2E2e
aw2sbea(w1+w2)sπ

π
∫

0

q(t)dtr2;

(64)

| . . . |7 = w2E2z
N2αeaw2sbea(w2+w3)sπ

(

π
∫

0

. . .

)

r2

;

| . . . |8 = (−α)w1E2e
aw3sbea(w1+w2)sπ

(

π
∫

0

. . .

)

r1

+ αw3E2z
N2eaw3sbea(w2+w3)sπ

(

π
∫

0

. . .

)

r3

.

(65)

Ïîäñòàâëÿÿ �îðìóëû (60)�(65) â óðàâíåíèå (54)�(59) è ïîäåëèâ íà E2e
a(w2+w3)sπ 6= 0,

ïðèâåäåì åãî ê ñëåäóþùåìó âèäó:

g1(s) =
[

ea(w1−w3)sπ − zM6zN2

]

− 1

8a7s7
[

θ1(s) + θ2(s)
]

+
α

8a7s7
θ3(s) +O

(

1

s14

)

= 0, (66)

θ1(s) = w1e
a(w1−w3)sπ

(

π
∫

0

. . .

)

a11

+w2e
a(w1−w3)sπ

(

π
∫

0

. . .

)

a22

−w2z
M6zN2

(

π
∫

0

. . .

)

a22

−w3z
M6zN2

(

π
∫

0

. . .

)

a33

;

(

π
∫

0

. . .

)

ann

(10)
=

(

π
∫

0

. . .

)

a11

=

π
∫

0

q(t)dta11, k = 1, 2, . . . , 8; (67)

θ2(s) = w1z
M6ea(w1−w3)sπ

(

π
∫

0

. . .

)

a31

− w3z
N2

(

π
∫

0

. . .

)

a13

;

(

π
∫

0

. . .

)

a13

(10)
=

π
∫

0

q(t)ea(w1−w3)stdta13;

(

π
∫

0

. . .

)

a31

(10)
=

π
∫

0

q(t)ea(w3−w1)stdta31;

(68)

θ3(s) = w1e
aw1sbea(w1−w3)sπ

(

π
∫

0

. . .

)

r1

− w3z
N2eaw1sb

(

π
∫

0

. . .

)

r3

+w2e
aw2sbea(w1−w2)sπ

(

π
∫

0

. . .

)

r2

− w2z
M6zN2

(

π
∫

0

. . .

)

r2

+w1z
M6eaw3sbea(w1−w3)sπ

(

π
∫

0

. . .

)

r1

− w3z
M6zN2eaw3sb

(

π
∫

0

. . .

)

r3

;
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(

π
∫

0

. . .

)

rk

(52)
=

π
∫

0

r(t)e−awkstdtrk, k = 1, 2, . . . , 8. (69)

7. Àñèìïòîòèêà ñîáñòâåííûõ çíà÷åíèé ÔÄÎ (1)�(3)

â ñåêòîðå 1) èíäèêàòîðíîé äèàãðàììû

Îñíîâíîå ïðèáëèæåíèå óðàâíåíèÿ (66)�(69) èìååò ñëåäóþùèé âèä:

ea(w1−w3)sπ = zM6zN2 = e2πike
2πi
8
M6e

2πi
8
N2 ⇔ sk,1,îñí =

2ik̃

a(w1 − w3)
,

k̃ = k +
M6

8
+
N2

8
, M6 =

6
∑

k=1

mk, N2 = n1 + n2, k ∈ N.

(70)

Ôîðìóëà äëÿ sk,1,îñí èç (70) ïîìîãàåò âûïèñàòü �îðìóëó äëÿ íàõîæäåíèÿ êîðíåé

êâàçèïîëèíîìà âèäà (66)�(69) (ñì. [20, 21℄).

Òåîðåìà 6. Àñèìïòîòèêà ñîáñòâåííûõ çíà÷åíèé ÔÄÎ (1)�(3) â ñåêòîðå 1) èíäèêà-

òîðíîé äèàãðàììû íà ðèñ. 1 èìååò ñëåäóþùèé âèä:

sk,1 =
2i

a(w1 − w3)

[

k̃ +
d7k,1

k̃7
+O

(

1

k̃14

)]

, k ∈ N, (71)

ãäå âåëè÷èíà k̃ îïðåäåëåíà �îðìóëîé (70).

⊳ Äëÿ äîêàçàòåëüñòâà òåîðåìû 6 íåîáõîäèìî äîêàçàòü, ÷òî âåëè÷èíû d7k,1 èç (71)

íàõîäÿòñÿ åäèíñòâåííûì îáðàçîì, ïîïóòíî ìû ïðèâåäåì ÿâíûå �îðìóëû äëÿ èõ âû÷èñ-

ëåíèÿ.

Ïî �îðìóëàì Ìàêëîðåíà èìååì

ea(w1−w3)sπ
∣

∣

sk,1

(71)
= exp

[

a(w1 − w3)π
2i

a(w1 − w3)

(

k̃ +
d7k,1

k̃7
+O

(

1

k̃14

))]

= zM6zN2

[

1 +
2πid7k,1

k̃7
+O

(

1

k̃14

)]

, (72)

1

s7

∣

∣

∣

∣

sk,1

(72)
=

a7(w1 − w3)
7

27i7
1

k̃7

(

1 +O

(

1

k̃8

))

. (73)

Ïîäñòàâëÿÿ �îðìóëû (71)�(73) â óðàâíåíèÿ (66)�(69), ïîëó÷àåì

[

zM6zN2 + zM6zN2
2πid7k,1

k̃7
+O

(

1

k̃14

)

− zM6zN2

]

− a7(w1 − w3)
7i

27i7i

1

k̃7

(

O

(

1

k̃8

))

×
{

θ1(s)
∣

∣

sk,1
+ θ2(s)

∣

∣

sk,1
− αθ3(s)

∣

∣

sk,1

}

+O

(

1

k̃14

)

= 0,

(74)

θ1(s)
∣

∣

sk,1
= w1z

M6zN2

(

π
∫

0

. . .

)

a11

+ w2z
M6zN2

(

π
∫

0

. . .

)

a22

−w2z
M6zN2

(

π
∫

0

. . .

)

a22

− w3z
M6zN2

(

π
∫

0

. . .

)

a33

+O

(

1

k̃14

)

= (w1 −w3)z
M6zN2

π
∫

0

q(t)dta11;

(75)
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θ2(s)

∣

∣

∣

∣

sk,1

= zM6zN2

[

w1z
M6

(

π
∫

0

. . .

)

a31

− w3z
−M6

(

π
∫

0

. . .

)

a13

]∣

∣

∣

∣

∣

sk,1

= (−1)zM6zN2e
2πi
8

[

e
2πi
8 e−

2πi
8
M6

π
∫

0

q(t) exp

[

a(w1 −w3)
2ik̃t

a(w1 − w3)
+O

(

1

k̃7

)]

]

dta13

−e− 2πi
8 e

2πi
8
M6

π
∫

0

q(t)

[

e−2ik̃t +O

(

1

k̃7

)]

dta31

= (−2i)zM6zN2e
2πi
8

π
∫

0

q(t) sin

[

2k̃t− 2π

8
M6 +

2π

8

]

dtb1;

(76)

θ3(s)
∣

∣

sk,1

(70),(73)
= zM6zN2







w1e
aw1sb

(

π
∫

0

. . .

)

r1

− w3z
−M6eaw1sb

(

π
∫

0

. . .

)

r3

+ w2e
aw2sb

(

π
∫

0

. . .

)

r2

− w2e
aw2sb

(

π
∫

0

. . .

)

r2

+ w1z
M6eaw3sb

(

π
∫

0

. . .

)

r1

− w3

(

π
∫

0

. . .

)

r1

− w3e
aw3sb

(

π
∫

0

. . .

)

r3

+O

(

1

k̃7

)







= zM6zN2 [θ31(s) + θ32(s)]

∣

∣

∣

∣

sk,1

,

(77)

θ31(s) = w1z
M6eaw3sb

π
∫

0

r(t)e−aw1stdtr1 − w3z
−M6eaw1sb

π
∫

0

r(t)e−aw3stdtr3, (78)

θ32(s) = w1e
aw1sb

π
∫

0

r(t)e−aw1stdtr1 −w3e
aw3sb

π
∫

0

r(t)e−aw3stdtr3. (79)

Ïðè ýòîì èç �îðìóë (78) è (70) ïîëó÷àåì

θ31(s)
∣

∣

sk,1îñí
= e

2πi
8

[

e−
2πi
8 e

2πi
8
M6 exp

(

w1 + w3

w1 − w3
ik̃b

)

exp

(

− w1 − w3

w1 − w3
ik̃b

)

×
π
∫

0

r(t) exp

(

− w1 + w3

w1 − w3
ik̃t

)

exp

(

− w1 − w3

w1 − w3
ik̃t

)

dtr1

− e−
2πi
8 e

2πi
8
M6 exp

(

w1 + w3

w1 − w3
ik̃b

)

exp

(

w1 − w3

w1 − w3
ik̃b

)

×
π
∫

0

r(t) exp

(

− w1 + w3

w1 − w3
ik̃t

)

exp

(

w1 −w3

w1 −w3
ik̃t

)

dtr3

]

.

(80)

Èç �îðìóë (5) ïîëó÷àåì

w1 + w3

w1 − w3
=

1 + e
4πi
8

1− e
4πi
8

i =
e

2πi
8 (e−

2πi
8 + e

2πi
8 )

e
2πi
8 (e−

2πi
8 − e

2πi
8 )

i = − ctg

(

2π

8

)

. (81)
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Ïîäñòàâëÿÿ (81) â �îðìóëó (80), âûâîäèì

θ31(s)
∣

∣

sk,1îñí
= e

2πi
8 e− ctg(π

4
)k̃b

π
∫

0

r(t)ectg(
π
4
)k̃b(−1)

[

exp

(

ik̃t+
2π

8
− 2π

8
M6 + ik̃b

)

− exp

(

− ik̃t− 2π

8
+

2π

8
M6 − ik̃b

)]

dt

= (−2i)e
2πi
8 e−k̃b

π
∫

0

r(t)ek̃t sin

[

ik̃t+ ik̃b+
π

4
− πM6

4

]

dtb2.

(82)

Àíàëîãè÷íûì îáðàçîì èç �îðìóë (5), (79) è (70) âûâîäèì

θ32(s)
∣

∣

sk,1îñí
= (−2i)e

2πi
8 e−k̃b

π
∫

0

r(t)ek̃t sin

[

k̃t− k̃b+
π

4

]

dtb3. (83)

Ïîäñòàâëÿÿ �îðìóëû (75)�(83) â óðàâíåíèå (74), âèäèì, ÷òî êîý��èöèåíòû ïðè k̃0

ñîêðàùàþòñÿ, à ïðèðàâíèâàÿ êîý��èöèåíòû ïðè

1
k̃7
, íàõîäèì

d7k,1 =
(w1 − w2)

8i

2πi8 · 27i8

{

θ1(s)
∣

∣

sk,1îñí

w1 − w3
+
θ2(s)

∣

∣

sk,1îñí

w1 − w3

− α

w1 − w3

[

θ31(s)
∣

∣

sk,1îñí
+ θ32(s)

∣

∣

sk,1îñí

]

}

, k ∈ N. (84)

Èç �îðìóëû (5) ïîëó÷àåì

w1 − w3 = 1− e
4πi
8 = e

2πi
8

(

e−
2πi
8 − e

2πi
8

)

= (−2i)e
2πi
8 sin

(

2π

8

)

. (85)

Ñ ïîìîùüþ �îðìóë (75)�(83) è (85) èç (84) íàõîäèì

d7k,1 =
(w1 − w3)

8

8π28

{

(

π
∫

0

. . .

)

a11

+
(−2i)e

2πi
8

w1 − w3

(

π
∫

0

. . .

)

b1

− α

w1 − w3
(−2i)e

2πi
8 e−k̃b

×
π
∫

0

r(t)ek̃t
[

sin

(

k̃t− k̃b+
π

4

)

− sin

(

k̃t+ k̃b+
π

4
− πM6

4

)]

dt

}

. (86)

Ïðèìåíÿÿ �îðìóëû

sinα− sin β = 2 sin

(

α− β

2

)

cos

(

α+ β

2

)

,
2ie

2πi
8

w1 − w3
=

2ie
2πi
8

(−2i)e
2πi
8 sin(2π8 )

= − 1

sin(π4 )
,

èç (86) âûâîäèì

d7k,1 =
(sin(π4 ))

8

8π

{ π
∫

0

q(t)dta11 +
1

sin(π4 )

π
∫

0

q(t) sin

[

2k̃t+
π

4
− πM6

4

]

dtb1

− 2α

sin(π4 )
e−k̃b sin

(

k̃b− πM6

8

)

π
∫

0

r(t)ek̃t cos

[

k̃t+
π

4
− πM6

8

]

dtb4

}

,

k̃ = k +
M6

8
+
N2

8
, k ∈ N.

(87)
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Ôîðìóëà (87) ïîêàçûâàåò, ÷òî êîý��èöèåíòû d7k,1 �îðìóëû (71) íàõîäÿòñÿ åäèí-

ñòâåííûì îáðàçîì, òåì ñàìûì òåîðåìà 6 äîêàçàíà. ⊲

Àíàëîãè÷íûì îáðàçîì èçó÷àþòñÿ ñåêòîðà 2)�8) èíäèêàòîðíîé äèàãðàììû íà ðèñ. 1.

Òåîðåìà 7. Àñèìïòîòèêà ñîáñòâåííûõ çíà÷åíèé ÔÄÎ (1)�(3) â ñåêòîðàõ 2)�8) èíäè-

êàòîðíîé äèàãðàììû ïðåäñòàâëÿåòñÿ â ñëåäóþùåì âèäå:

sk,2 = sk,1e
2πi
8 ; sk,3 = sk,2e

2πi
8 = sk,1e

4πi
8 ; . . . ; sk,m = sk,m−1e

2πi
8 = sk,1e

2πi
8

(m−1),

λk,m = (sk,m)
8, m = 1, 2, . . . , 8,

ïðè ýòîì sk,1 îïðåäåëåíû �îðìóëàìè (70), (71), (87).
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Abstra
t. The paper deals with a fun
tional-di�erential operator of the eighth order with a summable

potential. The boundary 
onditions are separated. Fun
tional-di�erential operators of this kind arise in the

study of vibrations of beams and bridges made up of materials of di�erent density. To solve the fun
tional-

di�erential equation that de�nes a di�erential operator, the method of variation of 
onstants is applied.

The solution of the initial fun
tional-di�erential equation is redu
ed to the solution of the Volterra integral

equation. The resulting Volterra integral equation is solved by Pi
ard's method of su

essive approximations.

As a result of the investigation of the integral equation, asymptoti
 formulas and estimates for the solutions

of the fun
tional-di�erential equation that de�nes the di�erential operator are obtained. For large values of

the spe
tral parameter, the asymptoti
s of the solutions of the di�erential equation de�ning the di�erential

operator is derived. Similar to the asymptoti
 estimates of solutions of the di�erential operator of the se
ond

order with smooth and pie
ewise smooth 
oe�
ients, asymptoti
 estimates of solutions of the initial fun
tional

di�erential equation are established. The obtained asymptoti
 formulas are used to study the boundary


onditions. As a result, we 
ome to the study of the roots of a fun
tion represented as a determinant of

the eighth order. To �nd the roots of this fun
tion, it is ne
essary to study the indi
ator diagram. The roots

of the eigenvalue equation are in eight se
tors of an in�nitesimal solution, de�ned by the indi
ator diagram.

The behavior of the roots of this equation in ea
h of the se
tors of the indi
ator diagram and the asymptoti
s

of the eigenvalues of the di�erential operator under study are studied.

Key words: fun
tional-di�erential operator, boundary value problem, summable potential, boundary


onditions, spe
tral parameter, indi
ator diagram, asymptoti
s of the eigenvalues.
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