
Âëàäèêàâêàçñêèé ìàòåìàòè÷åñêèé æóðíàë

2018, Òîì 20, Âûïóñê 4, Ñ. 67�75

ÓÄÊ 517.983

DOI 10.23671/VNC.2018.4.23389

Î ×ÀÑÒÍÎÌ �ÅØÅÍÈÈ ÍÅÎÄÍÎ�ÎÄÍÎ�Î Ó�ÀÂÍÅÍÈß ÑÂÅ�ÒÊÈ

Â Ï�ÎÑÒ�ÀÍÑÒÂÀÕ ÓËÜÒ�ÀÄÈÔÔÅ�ÅÍÖÈ�ÓÅÌÛÕ ÔÓÍÊÖÈÉ

Ä. À. Ïîëÿêîâà

1,2

1
Þæíûé �åäåðàëüíûé óíèâåðñèòåò,

�îññèÿ, 344090, �îñòîâ-íà-Äîíó, óë. Ìèëü÷àêîâà, 8 à;

2
Þæíûé ìàòåìàòè÷åñêèé èíñòèòóò � �èëèàë ÂÍÖ �ÀÍ,

�îññèÿ, 362027, Âëàäèêàâêàç, óë. Ìàðêóñà, 22

E-mail: forsites1�mail.ru

Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàþòñÿ ïðîñòðàíñòâà óëüòðàäè��åðåíöèðóåìûõ �óíêöèé Áåðëèí-

ãà íîðìàëüíîãî òèïà íà ÷èñëîâîé ïðÿìîé, çàäàâàåìûå âåñàìè îïðåäåëåííîãî âèäà. Óêàçàííûå ïðî-

ñòðàíñòâà ïðåäñòàâëÿþò ñîáîé îáîáùåííûå ïðîåêòèâíûå àíàëîãè èçâåñòíûõ êëàññîâ Æåâðå. Â äàí-

íûõ ïðîñòðàíñòâàõ èññëåäóåòñÿ íåîäíîðîäíîå óðàâíåíèå ñâåðòêè (äè��åðåíöèàëüíîå óðàâíåíèå áåñ-

êîíå÷íîãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè), îïðåäåëÿåìîå ñèìâîëîì, èìåþùèì òîëüêî ïðî-

ñòûå íóëè è óäîâëåòâîðÿþùèì åñòåñòâåííûì îãðàíè÷åíèÿì ðîñòà. Ïî íóëÿì ñèìâîëà â ÿâíîì âèäå

ñòðîèòñÿ ñèììåòðè÷íàÿ ïîñëåäîâàòåëüíîñòü òî÷åê äåéñòâèòåëüíîé îñè, â êîòîðûõ ìîäóëü ñèìâîëà

èìååò ïîäõîäÿùóþ îöåíêó ñíèçó. Ïîñòðîåííàÿ ïîñëåäîâàòåëüíîñòü ïîðîæäàåò àáñîëþòíî ïðåäñòàâ-

ëÿþùóþ ñèñòåìó ýêñïîíåíò ñ ìíèìûìè ïîêàçàòåëÿìè â ðàññìàòðèâàåìîì ïðîñòðàíñòâå. Ýòî ïîç-

âîëÿåò ðàçëîæèòü ïðàâóþ ÷àñòü èññëåäóåìîãî óðàâíåíèÿ â àáñîëþòíî ñõîäÿùèéñÿ ðÿä ïî óêàçàí-

íîé ñèñòåìå è âûïèñàòü ÷àñòíîå ðåøåíèå óðàâíåíèÿ òàêæå â âèäå àáñîëþòíî ñõîäÿùåãîñÿ ðÿäà,

êîý��èöèåíòû êîòîðîãî, åñòåñòâåííî, îïðåäåëÿþòñÿ ïðàâîé ÷àñòüþ óðàâíåíèÿ. Â ýòîì çàêëþ÷àåò-

ñÿ îñíîâíîé ðåçóëüòàò ðàáîòû. Äîêàçàòåëüñòâî ñóùåñòâåííûì îáðàçîì îïèðàåòñÿ íà àíàëîãè÷íûå

ðåçóëüòàòû, ïîëó÷åííûå ðàíåå â ñëó÷àå ïðîñòðàíñòâ íà êîíå÷íîì èíòåðâàëå, à òàêæå íà ñâîéñòâî

óñòîé÷èâîñòè ñëàáî äîñòàòî÷íûõ ìíîæåñòâ è àáñîëþòíî ïðåäñòàâëÿþùèõ ñèñòåì. Â ðàáîòå ïðèâî-

äÿòñÿ êîíêðåòíûå ïðèìåðû ïîñòðîåíèÿ íóæíîé ïîñëåäîâàòåëüíîñòè òî÷åê.

Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâî óëüòðàäè��åðåíöèðóåìûõ �óíêöèé, íåîäíîðîäíîå óðàâíåíèå

ñâåðòêè.
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1. Ââåäåíèå

Ïóñòü ω � âåñîâàÿ �óíêöèÿ, ϕ∗
ω � ñîïðÿæåííàÿ ïî Þíãó ñ ϕω(x) = ω(ex). Ïðî-

ñòðàíñòâîì óëüòðàäè��åðåíöèðóåìûõ �óíêöèé (ÓÄÔ) Áåðëèíãà íîðìàëüíîãî òèïà íà

÷èñëîâîé ïðÿìîé, çàäàâàåìûì âåñîì ω, íàçûâàåòñÿ ñëåäóþùåå ïðîñòðàíñòâî áåñêîíå÷íî
äè��åðåíöèðóåìûõ êîìïëåêñíîçíà÷íûõ �óíêöèé íà R:

E
1
(ω)(R) =

{
f ∈ C∞(R) : |f |ω,q,l = sup

j∈N0

sup
|x|6l

|f (j)(x)|

exp qϕ∗
ω(j/q)

<∞ (∀ q ∈ (0, 1), ∀ l ∈ (0,∞))

}
.
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Ïðîñòðàíñòâà ÓÄÔ íîðìàëüíîãî òèïà (êàê íà ÷èñëîâîé ïðÿìîé, òàê è íà êîíå÷-

íîì èíòåðâàëå) äîñòàòî÷íî àêòèâíî èçó÷àþòñÿ â ïîñëåäíèå 10�15 ëåò. Îäíèì èç îñíîâ-

íûõ íàïðàâëåíèé ÿâëÿåòñÿ èññëåäîâàíèå óðàâíåíèé ñâåðòêè â óêàçàííûõ ïðîñòðàíñòâàõ.

Â ÷àñòíîñòè, â E
1
(ω)(R) ê íàñòîÿùåìó âðåìåíè ïîëíîñòüþ èçó÷åíà (ñì. [1℄) çàäà÷à î ðàç-

ðåøèìîñòè íåîäíîðîäíîãî óðàâíåíèÿ ñâåðòêè

Tµf = g. (1)

Çäåñü Tµ � îïåðàòîð ñâåðòêè, äåéñòâóþùèé ëèíåéíî è íåïðåðûâíî â E
1
(ω)(R); µ � åãî

ñèìâîë, ò. å. öåëàÿ �óíêöèÿ, óäîâëåòâîðÿþùàÿ îïðåäåëåííûì óñëîâèÿì ðîñòà. Çàòåì

â ðàáîòå [2℄ ðàññìàòðèâàëñÿ âîïðîñ î ÷àñòíîì ðåøåíèè óðàâíåíèÿ (1) îïðåäåëåííîãî âè-

äà. Èìåííî, ïî ñèìâîëó µ óðàâíåíèÿ (1) ñòðîèëàñü ïîñëåäîâàòåëüíîñòü òî÷åê (νj)
∞
j=1

äåéñòâèòåëüíîé è ìíèìîé îñè òàê, ÷òîáû ñèñòåìà

{
e−iνjx : j ∈ N

}
áûëà àáñîëþòíî

ïðåäñòàâëÿþùåé ñèñòåìîé (ÀÏÑ) â E
1
(ω)(R) è ÷òîáû äëÿ |µ(νj)|, j ∈ N, âûïîëíÿëèñü ïîä-

õîäÿùèå îöåíêè ñíèçó. Ýòî ïîçâîëèëî óñòàíîâèòü, ÷òî åñëè ïðàâàÿ ÷àñòü g óðàâíåíèÿ (1)
ðàçëîæåíà â àáñîëþòíî ñõîäÿùèéñÿ ðÿä

∑∞
j=1 gje

−iνjx
, òî �óíêöèÿ

f =

∞∑

j=1

gj
µ(νj)

e−iνjx
(2)

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1) â ïðîñòðàíñòâå E
1
(ω)(R). Åñòåñòâåííûì íåäîñòàòêîì

ðåçóëüòàòîâ ðàáîòû [2℄ ìîæíî ñ÷èòàòü òî, ÷òî ñèñòåìà òî÷åê (νj)
∞
j=1 ñòðîèòñÿ íåêîí-

ñòðóêòèâíî. Âûçâàíî ýòî òåì, ÷òî â [2℄ ðàññìàòðèâàåòñÿ ñëó÷àé ïðîèçâîëüíîãî âåñà ω.
Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ âàæíûé ñ òî÷êè çðåíèÿ ïðèëîæåíèé ñëó÷àé âå-

ñîâ ω(t) = tρ(t), ãäå ρ(t) → ρ ∈ (0, 1) � íåêîòîðûé óòî÷íåííûé ïîðÿäîê. Ñîîòâåòñòâóþùèå

ïðîñòðàíñòâà E
1
(ω)(R) ïðåäñòàâëÿþò ñîáîé îáîáùåííûå ïðîåêòèâíûå àíàëîãè èçâåñòíûõ

êëàññîâ Æåâðå. Èçâåñòíî, ÷òî â ýòèõ ïðîñòðàíñòâàõ âñå óðàâíåíèÿ ñâåðòêè ïðåäñòàâëÿþò

ñîáîé äè��åðåíöèàëüíûå óðàâíåíèÿ áåñêîíå÷íîãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåí-

òàìè

∞∑

k=0

akf
(k) = g. (3)

Îñíîâíîé ðåçóëüòàò ðàáîòû çàêëþ÷àåòñÿ â ÿâíîì ïîñòðîåíèè ïîñëåäîâàòåëüíî-

ñòè (νj)
∞
j=1, êîòîðàÿ ïîçâîëÿåò âûïèñàòü ÷àñòíîå ðåøåíèå óðàâíåíèÿ (3) â âèäå (2). Çà-

ìåòèì, ÷òî òî÷êè νj âûáèðàþòñÿ ñèììåòðè÷íî íà äåéñòâèòåëüíîé îñè. Äîêàçàòåëüñòâî

áàçèðóåòñÿ íà àíàëîãè÷íûõ ðåçóëüòàòàõ èç [3℄, ïîëó÷åííûõ äëÿ ñëó÷àÿ êîíå÷íîãî èí-

òåðâàëà, à òàêæå íà ñâîéñòâå óñòîé÷èâîñòè ñëàáî äîñòàòî÷íûõ ìíîæåñòâ (ÑÄÌ) è ÀÏÑ

èç [4℄.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Â íàñòîÿùåì ïàðàãðà�å ñîäåðæàòñÿ âñå íåîáõîäèìûå ñâåäåíèÿ î ðàññìàòðèâàåìûõ

ïðîñòðàíñòâàõ è îïåðàòîðàõ ñâåðòêè â íèõ. Êðîìå òîãî, ïðèâîäÿòñÿ íåêîòîðûå ïîíÿòèÿ

è �àêòû èç òåîðèè ÑÄÌ è ÀÏÑ, íóæíûå äëÿ äàëüíåéøåãî.

Íà÷íåì ñ áîëåå ïîäðîáíîãî îïðåäåëåíèÿ èññëåäóåìûõ ïðîñòðàíñòâ. Íàïîìíèì, ÷òî

íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïðîñòðàíñòâàì E
1
(ω)(R) ÓÄÔ Áåðëèíãà íîðìàëüíîãî òèïà

íà ÷èñëîâîé ïðÿìîé, ïîðîæäàåìûì âåñàìè ω(t) = tρ(t), ρ(t) → ρ ∈ (0, 1) � íåêîòîðûé

óòî÷íåííûé ïîðÿäîê. Îäíàêî äëÿ óäîáñòâà èçëîæåíèÿ ìû ââåäåì ïðîñòðàíñòâà â ñëó÷àå

ïðîèçâîëüíîãî âåñà ω è íà ïðîèçâîëüíîì èíòåðâàëå.
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Èòàê, ïóñòü ω � íåêâàçèàíàëèòè÷åñêàÿ âåñîâàÿ �óíêöèÿ, ò. å. íåïðåðûâíàÿ íåîò-

ðèöàòåëüíàÿ íåóáûâàþùàÿ �óíêöèÿ íà [0,∞), îáëàäàþùàÿ îïðåäåëåííûìè ñâîéñòâà-

ìè (ñì. [3℄). Ïîëîæèì ω(z) := ω(|z|), z ∈ C; ϕω(x) := ω(ex), x > 0; ϕ∗
ω(y) = sup{xy−ϕω(x) :

x > 0}, y > 0. Äëÿ çàäàííîé âåëè÷èíû 0 < a 6 ∞ îïðåäåëèì ïðîñòðàíñòâî ÓÄÔ Áåð-

ëèíãà íîðìàëüíîãî òèïà íà èíòåðâàëå I = (−a, a) (êîòîðûé ìîæåò áûòü êàê êîíå÷íûì,
òàê è áåñêîíå÷íûì):

E
1
(ω)(I) =

{
f ∈ C∞(I) : |f |ω,q,l <∞

(
∀ q ∈ (0, 1), ∀ l ∈ (0, a)

)}
.

Âåëè÷èíà |f |ω,q,l áûëà îïðåäåëåíà âî ââåäåíèè. Ïðîñòðàíñòâî E
1
(ω)(I) íàäåëÿåòñÿ åñòå-

ñòâåííîé òîïîëîãèåé, çàäàâàåìîé íàáîðîì ïðåäíîðì {| · |ω,q,l : q ∈ (0, 1), l ∈ (0, a)},
è ÿâëÿåòñÿ ñ íåé (FS)-ïðîñòðàíñòâîì (ñì. [5℄).

Ñèëüíîå ñîïðÿæåííîå ïðîñòðàíñòâî

(
E

1
(ω)(I)

)′
β
ïîñðåäñòâîì ïðåîáðàçîâàíèÿ Ôóðüå �

Ëàïëàñà �óíêöèîíàëîâ

F : ϕ ∈
(
E

1
(ω)(I)

)′
7→ ϕ̂(z) := ϕx(e

−ixz), z ∈ C,

ðåàëèçóåòñÿ (ñì. [6℄) â âèäå ñëåäóþùåãî âåñîâîãî ïðîñòðàíñòâà öåëûõ �óíêöèé:

H1
(ω),I =

⋃

q∈(0,1)

⋃

l∈(0,a)

Hω,q,l,

ãäå

Hω,q,l =

{
f ∈ H(C) : ‖f‖ω,q,l = sup

z∈C

|f(z)|

exp
(
qω(z) + l| Im z|

)
}
<∞.

Ïðîñòðàíñòâî H1
(ω),I íàäåëÿåòñÿ åñòåñòâåííîé èíäóêòèâíîé òîïîëîãèåé è îòíîñèòñÿ

ê êëàññó (DFS)-ïðîñòðàíñòâ (ñì. [5℄).

Îïåðàòîð ñâåðòêè Tµ â ïðîñòðàíñòâå E
1
(ω)(I) îïðåäåëÿåòñÿ êàê ñîïðÿæåííûé ê îïå-

ðàòîðó óìíîæåíèÿ Λµ : f 7→ µf , äåéñòâóþùåìó â ïðîñòðàíñòâå H1
(ω),I . Ñèìâîë µ ïðåä-

ñòàâëÿåò ñîáîé öåëóþ �óíêöèþ, ÿâëÿþùóþñÿ ìóëüòèïëèêàòîðîì ïðîñòðàíñòâà H1
(ω),I .

Â îáùåì ñëó÷àå äåéñòâèå îïåðàòîðà Tµ íà �óíêöèè èç E
1
(ω)(I) îïðåäåëÿåòñÿ ðàâåíñòâîì

(Tµf)(x) := 〈ψµ, f(x+ ·)〉, x ∈ I, f ∈ E
1
(ω)(I).

Çäåñü ψµ := F−1(µ) ∈
(
E

1
(ω)(I)

)′
.

Èçâåñòíî (ñì. [3℄ è áèáèîãðà�èþ òàì), ÷òî åñëè öåëàÿ �óíêöèÿ µ(z) =
∑∞

k=0 ak(−i)
kzk

ÿâëÿåòñÿ ñèëüíûì ìóëüòèïëèêàòîðîì ïðîñòðàíñòâà H1
(ω),I , ò. å. óäîâëåòâîðÿåò óñëîâèþ

sup
z∈C

|µ(z)|

eεω(z)
<∞ (∀ ε > 0),

òî îïåðàòîð Tµ ïðåäñòàâëÿåò ñîáîé äè��åðåíöèàëüíûé îïåðàòîð áåñêîíå÷íîãî ïîðÿäêà
ñ ïîñòîÿííûìè êîý��èöèåíòàìè: Tµf =

∑∞
k=0 akf

(k)
, f ∈ E

1
(ω)(I).

Â çàêëþ÷åíèå ïàðàãðà�à ïðèâåäåì íåîáõîäèìûå ñâåäåíèÿ, êàñàþùèåñÿ ÑÄÌ, ÀÏÑ è

ñâÿçè ìåæäó íèìè. Â ñîîòâåòñòâèè ñ [7℄, ïîñëåäîâàòåëüíîñòü (xj)
∞
j=1 ýëåìåíòîâ ëîêàëüíî

âûïóêëîãî ïðîñòðàíñòâà E íàçûâàåòñÿ ÀÏÑ â E, åñëè ëþáîé ýëåìåíò x ∈ E ðàñêëàäû-

âàåòñÿ â àáñîëþòíî ñõîäÿùèéñÿ ðÿä x =
∑∞

j=1 cjxj .
Äàëåå, ïóñòü çàäàíû íîðìèðîâàííûå ïðîñòðàíñòâà öåëûõ �óíêöèé

Hk =

{
f ∈ H(CN ) : ‖f‖k = sup

z∈CN

|f(z)|

expϕk(z)
<∞

}
, k ∈ N,
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ãäå 0 < ϕk 6 ϕk+1 < ∞, k ∈ N, � íåêîòîðûå çàäàííûå �óíêöèè. Òîãäà ìîæíî ââåñòè

ïðîñòðàíñòâî H = ∪∞
k=1Hk è íàäåëèòü åãî òîïîëîãèåé èíäóêòèâíîãî ïðåäåëà indkHk.

Ìíîæåñòâî S ⊂ C
N
íàçûâàåòñÿ ñëàáî äîñòàòî÷íûì äëÿ H (ñì. [8℄), åñëè èñõîäíàÿ òî-

ïîëîãèÿ indkHk ñîâïàäàåò ñ òîïîëîãèåé indkHk;S èíäóêòèâíîãî ïðåäåëà ïîëóíîðìèðî-

âàííûõ ïðîñòðàíñòâ

Hk;S =

{
f ∈ H(CN ) : ‖f‖k = sup

z∈S

|f(z)|

expϕk(z)
<∞

}
, k ∈ N.

�åçóëüòàò î ñâÿçè ÀÏÑ è ÑÄÌ ñîäåðæèòñÿ, íàïðèìåð, â [9, òåîðåìà K℄.

3. Îñíîâíîé ðåçóëüòàò

Èòàê, ìû áóäåì èññëåäîâàòü íåîäíîðîäíîå óðàâíåíèå ñâåðòêè Tµf = g â ïðîñòðàí-
ñòâå E

1
(ω)(R), çàäàâàåìîì âåñîì ω(t) = tρ(t), ρ(t) → ρ ∈ (0, 1) � íåêîòîðûé óòî÷íåííûé

ïîðÿäîê. Ïîëîæèì ρ(z) := ρ(|z|), z ∈ C. Íàïîìíèì, ÷òî â ñîîòâåòñòâèè ñ ââåäåííûìè

âûøå îáîçíà÷åíèÿìè,

(
E

1
(ω)(R)

)′
β
≃ H1

(ω),R.

Áóäåì ïðåäïîëàãàòü, ÷òî ñèìâîë µ(z) =
∑∞

k=0 ak(−i)
kzk ðàññìàòðèâàåìîãî óðàâíåíèÿ

çàäàí ñâîèìè ïðîñòûìè íóëÿìè:

µ(z) =
∞∏

s=1

(
1−

z

λs

)
, |λs| ↑ ∞ ,

ïðè÷åì ïîñëåäîâàòåëüíîñòü íóëåé óäîâëåòâîðÿåò óñëîâèþ

lim
s→∞

s

|λs|ρ(λs)
= 0. (4)

�àâåíñòâî (4) îáåñïå÷èâàåò òî, ÷òî µ èìååò íóëåâîé òèï ïðè ïîðÿäêå ρ(r), à çíà÷èò, ÿâ-
ëÿåòñÿ ñèëüíûì ìóëüòèïëèêàòîðîì ïðîñòðàíñòâà H1

(ω),R. Ñîîòâåòñòâåííî, èññëåäóåìîå

óðàâíåíèå ñâåðòêè ïðåäñòàâëÿåò ñîáîé äè��åðåíöèàëüíîå óðàâíåíèå áåñêîíå÷íîãî ïî-

ðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè (3).

Áóäåì òàêæå ñ÷èòàòü, ÷òî ïîñëåäîâàòåëüíîñòü (λs) îáðàçóåò R-ìíîæåñòâî (ñì. [10℄):
òî÷êè λs ðàñïîëîæåíû âíóòðè óãëîâ ñ îáùåé âåðøèíîé â íà÷àëå êîîðäèíàò, íå èìåþùèõ

äðóãèõ îáùèõ òî÷åê, ïðè÷åì åñëè ïåðåíóìåðîâàòü òî÷êè ìíîæåñòâà (λs) âíóòðè ëþáîãî
èç ýòèõ óãëîâ â ïîðÿäêå âîçðàñòàíèÿ èõ ìîäóëåé, òî äëÿ òî÷åê, ïîïàâøèõ âíóòðü îäíîãî

óãëà,

|λs+1| − |λs| > d|λs|
1−ρ(λs), s ∈ N, d > 0. (5)

Ïðè ýòîì µ áóäåò èìåòü âïîëíå ðåãóëÿðíûé ðîñò ïðè ïîðÿäêå ρ(r), òàê ÷òî âíå íåêîòîðîãî
èñêëþ÷èòåëüíîãî ìíîæåñòâà êðóæêîâ Cs = {z : |z − λs| < rs}, s ∈ N, áóäåò âûïîëíÿòüñÿ

àñèìïòîòè÷åñêîå ðàâåíñòâî

lim
z→∞

ln |µ(z)|

|z|ρ(z)
= 0. (6)

Çàìåòèì, ÷òî â ðàññìàòðèâàåìîì ñëó÷àå â êà÷åñòâå ðàäèóñîâ rs èñêëþ÷èòåëüíûõ êðóæ-
êîâ ìîæíî âçÿòü ëþáîå �èêñèðîâàííîå ÷èñëî γ > 0 (ñì. [11, çàìå÷àíèå ïîñëå òåîðå-

ìû 1.2.6℄). Â ñèëó [1, òåîðåìà 2℄, äàííîå óñëîâèå îáåñïå÷èâàåò òî, ÷òî óðàâíåíèå (3)

ðàçðåøèìî â ïðîñòðàíñòâå E
1
(ω)(R) ïðè ëþáîé ïðàâîé ÷àñòè g ∈ E

1
(ω)(R).

Íà îñíîâàíèè ïåðå÷èñëåííûõ ñâîéñòâ �óíêöèè µ ïîñòðîèì âîçðàñòàþùóþ ïîñëå-

äîâàòåëüíîñòü (νj)
∞
j=1 ïîëîæèòåëüíûõ ÷èñåë, êîòîðàÿ áóäåò ïîðîæäàòü â ïðîñòðàíñòâå

E
1
(ω)(R) ÀÏÑ ýêñïîíåíò

{
e∓iνjx

}∞

j=1
.



Î ÷àñòíîì ðåøåíèè íåîäíîðîäíîãî óðàâíåíèÿ ñâåðòêè 71

Ïðè êàæäîì p ∈ N âîçüìåì ÷èñëî γ(p) òàê, ÷òîáû âûïîëíÿëèñü ñëåäóþùèå óñëî-

âèÿ: γ(p) < 1
4·2p ; γ

(p+1) < γ(p); èñêëþ÷èòåëüíûå êðóæêè C
(p)
s =

{
z : |z − λs| < γ(p)

}
,

s = 1, 2, . . ., âíå êîòîðûõ âûïîëíÿåòñÿ ðàâåíñòâî (6), ïîïàðíî íå ïåðåñåêàþòñÿ. �àññìîò-
ðèì �óíêöèþ sin 2pz è åå ïîëîæèòåëüíûå íóëè

πn
2p , n ∈ N. �àçîáüåì èõ íà äâå âîçðàñ-

òàþùèå ïîñëåäîâàòåëüíîñòè ξ
(p)
1 , ξ

(p)
2 , . . . è η

(p)
1 , η

(p)
2 , . . . ïî ïðàâèëó: òî÷êè ±η

(p)
j íå ïîïà-

äàþò â èñêëþ÷èòåëüíûå êðóæêè C
(p)
s , à ξ

(p)
j èëè −ξ

(p)
j ïîïàäàþò â C

(p)
s . Áóäåì ñ÷èòàòü,

÷òî òî÷åê ξ
(p)
j áåñêîíå÷íî ìíîãî, ïîñêîëüêó ýòî íàèáîëåå ñëîæíàÿ ñèòóàöèÿ. Ïîëîæèì

K
(p)
j,± =

{
z : |z ∓ ξ

(p)
j | < γ(p)

}
, j ∈ N.

Äàëåå, íà îñíîâàíèè òåîðåìû 1.2.3 èç [11℄ âûäåëèì èç ïîñëåäîâàòåëüíîñòè(
π

2·2p + πn
2p

)∞
n=1

ïîäïîñëåäîâàòåëüíîñòü (ζ
(p)
k )∞k=1 òàêóþ, ÷òî ±ζ

(p)
k /∈

⋃
sC

(p)
s , äëÿ êîòîðîé

lim
k→∞

k
(
ζ
(p)
k

)ρ(ζ
(p)
k

)
=

1

π
tg
πρ

2
;

ζ
(p)
k+1 − ζ

(p)
k > dp

(
ζ
(p)
k

)1−ρ(ζ
(p)
k

)
, k ∈ N, dp > 0.

Ïðè ýòîì ζ
(p)
k /∈

⋃
jK

(p)
j,±, k ∈ N.

Ïîñòðîåííûå ïîñëåäîâàòåëüíîñòè

(
η
(p)
k

)∞
k=1

è

(
ζ
(p)
k

)∞
k=1

îáúåäèíÿåì â îäíó âîçðàñòàþ-

ùóþ ïîñëåäîâàòåëüíîñòü

(
ν
(p)
j

)∞
j=1

. Ïðè ýòîì ñèñòåìà

{
1, e∓iν

(p)
j x

}∞

j=1
áóäåò ÀÏÑ â ïðî-

ñòðàíñòâå E
1
(ω)(I

(p)), ãäå I(p) = (−2p, 2p) (áîëåå ïîäðîáíî îá ýòîì ñì. íèæå â äîêàçàòåëü-

ñòâå ëåììû 1). Êðîìå òîãî, âñå òî÷êè ±ν
(p)
j ëåæàò âíå èñêëþ÷èòåëüíûõ êðóæêîâ C

(p)
s .

Îòìåòèì íåêîòîðûå î÷åâèäíûå ñâîéñòâà ïîñëåäîâàòåëüíîñòåé

(
ν
(p)
j

)∞
j=1

, p ∈ N. Âî-

ïåðâûõ, ïîíÿòíî, ÷òî

(
ν
(p)
j

)∞
j=1

⊂
(
ν
(p+1)
j

)∞
j=1

, p ∈ N. Äàëåå, åñëè îáîçíà÷èòü ÷åðåç n(p)(r),

r > 0, êîëè÷åñòâî ýëåìåíòîâ ïîñëåäîâàòåëüíîñòè
(
ν
(p)
j

)∞
j=1

íà ïðîìåæóòêå (0, r], òî

lim sup
r→∞

n(p)(r)

r
<∞, p ∈ N.

Äåéñòâèòåëüíî, íà ëþáîì ïîëóèíòåðâàëå äëèíîé π êîëè÷åñòâî ýëåìåíòîâ ïîñëåäîâàòåëü-

íîñòè

(
ν
(p)
j

)∞
j=1

íå ïðåâûøàåò 2p+1
. Ñëåäîâàòåëüíî, åñëè lπ < r 6 (l + 1)π, l ∈ N, òî

n(p)(r) 6 (l + 1)2p+1 6
(
r
π
+ 1

)
2p+1

. Òàêèì îáðàçîì, lim supr→∞
n(p)(r)

r
6

2p+1

π
<∞.

Ñäåëàåì åùå îäíî ïîëåçíîå çàìå÷àíèå. Ïîíÿòíî, ÷òî åñëè íóëè λs ñèìâîëà µ(z) îò-
ãðàíè÷åíû îò äåéñòâèòåëüíîé îñè, ò. å. åñëè

| Im λs| > δ0, s > s0, (7)

òî ïðè êàæäîì p ∈ N â êà÷åñòâå òî÷åê η
(p)
k ìîæíî âçÿòü η

(p)
k = πk

2p , k ∈ N.

Ïåðåéäåì, íàêîíåö, ê ïîñòðîåíèþ èñêîìîé ïîñëåäîâàòåëüíîñòè (νj)
∞
j=1. Âîçüìåì

ýëåìåíòû ïîñëåäîâàòåëüíîñòè

(
ν
(1)
j

)∞
j=1

, ëåæàùèå íà ïðîìåæóòêå (0, l1π] (íàòóðàëü-

íûå ÷èñëà l1 < l2 < . . . áóäóò âûáðàíû íèæå). Çàíóìåðóåì èõ ïî âîçðàñòàíèþ:

ν1, . . . , νj1 . Çàòåì âûáåðåì ýëåìåíòû ïîñëåäîâàòåëüíîñòè

(
ν
(2)
j

)∞
j=1

, ïîïàäàþùèå íà ïðî-

ìåæóòîê

(
l1π, (l1 + l2)π

]
, è îáîçíà÷èì èõ νj1+1, . . . , νj2 . Äàëåå, ïóñòü νj2+1, . . . , νj3 � çà-

íóìåðîâàííûå ïî âîçðàñòàíèþ ýëåìåíòû ïîñëåäîâàòåëüíîñòè

(
ν
(3)
j

)∞
j=1

èç ïðîìåæóòêà
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(
(l1 + l2)π, (l1 + l2 + l3)π

]
. Ïðîäîëæàÿ ýòîò ïðîöåññ äàëåå, ïîëó÷èì âîçðàñòàþùóþ ïî-

ñëåäîâàòåëüíîñòü (νj)
∞
j=1 ïîëîæèòåëüíûõ ÷èñåë. Ïðè ýòîì ïî ïîñòðîåíèþ êàæäàÿ ïî-

ñëåäîâàòåëüíîñòü

(
ν
(p)
j

)∞
j=1

, p ∈ N, çà èñêëþ÷åíèåì êîíå÷íîãî ÷èñëà ýëåìåíòîâ áóäåò

ïîäïîñëåäîâàòåëüíîñòüþ ïîñëåäîâàòåëüíîñòè (νj)
∞
j=1. Êðîìå òîãî, âñå òî÷êè ±νj áóäóò

íàõîäèòüñÿ âíå èñêëþ÷èòåëüíûõ êðóæêîâ �óíêöèè µ. Ñëåäîâàòåëüíî, äëÿ êàæäîãî ε > 0
íàéäåòñÿ íîìåð j(ε) ∈ N òàêîé, ÷òî

|µ(±νj)| > exp
{
− εν

ρ(νj)
j

}
, j > j(ε). (8)

Îòìåòèì åùå îäíî ïîëåçíîå ñâîéñòâî ïîñëåäîâàòåëüíîñòè (νj)
∞
j=1. Èìåííî, îöåíèì

âåëè÷èíó n(r) � êîëè÷åñòâî ýëåìåíòîâ ïîñëåäîâàòåëüíîñòè (νj)
∞
j=1 íà ïðîìåæóòêå (0, r].

Çà�èêñèðóåì r > l1π è íàéäåì p ∈ N òàêîå, ÷òî

∑p−1
j=1 ljπ < r 6

∑p
j=1 ljπ. Òîãäà n(r) 6∑p

j=1 lj ·2
j+1 6 p · ll ·2

p+1
. Ïðè ýòîì r >

∑p−1
j=1 ljπ > lp−1 ·π > lp−1. Èñõîäÿ èç ïîëó÷åííûõ

îöåíîê, ÷èñëà lp ïîäáåðåì òàê, ÷òîáû

lim
r→∞

n(r)

r1+ε
= 0 (∀ ε > 0). (9)

Âîçüìåì, íàïðèìåð, lp = 2p
2
. Òîãäà

n(r)

r1+ε
6
p · 2p

2
· 2p+1

2(1+ε)(p−1)2
= p · 2−εp2+3p+2pε−ε → 0, p→ ∞,

òàê ÷òî óñëîâèå (9) âûïîëíåíî.

Ïðåæäå ÷åì ïåðåõîäèòü ê îñíîâíûì ðåçóëüòàòàì ðàáîòû, ïðèâåäåì êîíêðåòíûé ïðè-

ìåð ïîñòðîåíèÿ ïîñëåäîâàòåëüíîñòè (νj)
∞
j=1.

Ïðèìåð 1.Ïóñòü ω(t) = t
1
2
. Íóëè (λs)

∞
s=1 ñèìâîëà µ(z) =

∏∞
s=1

(
1− z

λs

)
óäîâëåòâîðÿþò

óñëîâèÿì (5), (6) è (7). Òîãäà ìîæíî âçÿòü

η
(p)
k =

πk

2p
, ζ

(p)
k =

π

2 · 2p
+
π[2pπk2]

2p
, k ∈ N, p ∈ N.

Çäåñü, êàê îáû÷íî, ÷åðåç [x] îáîçíà÷åíà öåëàÿ ÷àñòü ÷èñëà x. Ïîñëå ýòîãî ïîñëåäîâàòåëü-

íîñòü (νj)
∞
j=1 ñòðîèòñÿ èç òî÷åê η

(p)
k è ζ

(p)
k , k ∈ N, p ∈ N, óêàçàííûì âûøå ñïîñîáîì.

Äîêàæåì ñëåäóþùóþ îñíîâíóþ ëåììó.

Ëåììà 1. Ñèñòåìà ýêñïîíåíò

{
e∓iνjx

}∞

j=1
ÿâëÿåòñÿ ÀÏÑ â ïðîñòðàíñòâå E

1
(ω)(R), à

ìíîæåñòâî S = {±νj : j ∈ N} ñëàáî äîñòàòî÷íî äëÿ H1
(ω),R.

⊳ Äîêàçàòåëüñòâî áàçèðóåòñÿ íà àíàëîãè÷íîì ðåçóëüòàòå èç [3℄, ãäå áûëî �àêòè÷åñêè

ïîêàçàíî, ÷òî ïðè êàæäîì p ∈ N ñèñòåìà

{
1, e∓iν

(p)
j x

}∞

j=1
ÿâëÿåòñÿ ÀÏÑ â ïðîñòðàíñòâå

E
1
(ω)(I

(p)), ãäå I(p) =
(
− 2p, 2p). Äëÿ ýòîãî â óêàçàííîé ðàáîòå ïðîâåðÿëîñü èçâåñòíîå

äîñòàòî÷íîå óñëîâèå ÀÏÑ èç [12, òåîðåìà 3℄. Èìåííî, ïðè �èêñèðîâàííîì p ∈ N áûëà

ïîñòðîåíà öåëàÿ �óíêöèÿ L(z) = L1(z) · L2(z), ãäå

L1(z) = 2pz
∞∏

k=1

(
1−

z2
(
η
(p)
k

)2
)
, L2(z) =

∞∏

k=1

(
1−

z2
(
ζ
(p)
k

)2
)
,

îáëàäàþùàÿ îïðåäåëåííûìè ñâîéñòâàìè (ñì. [3, � 6; ñâîéñòâà (A), (B) è (Γ)℄). Èç ýòîãî

â [3℄ áûë ñäåëàí îøèáî÷íûé, ïî âñåé âåðîÿòíîñòè, âûâîä î òîì, ÷òî ñèñòåìà

{
e−iν

(p)
j x

}∞

j=1
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ÿâëÿåòñÿ ÀÏÑ â E
1
(ω)(I

(p)). Îáóñëîâëåíî ýòî íåòî÷íîñòüþ â äîñòàòî÷íîé ÷àñòè òåîðåìû 3

èç [12℄. Èìåííî, ó �óíêöèè L(z) ïîìèìî òî÷åê, �èãóðèðóþùèõ â ïîêàçàòåëÿõ ýêñïî-

íåíò, äðóãèõ íóëåé áûòü íå äîëæíî. Ïîñêîëüêó ïîñòðîåííàÿ â [3℄ �óíêöèÿ L(z) èìååò

íóëè â òî÷êàõ 0,±ν
(p)
j (äðóãèõ íóëåé ó íåå íåò), òî ìîæíî ãàðàíòèðîâàòü, ÷òî ñèñòåìà

{
1, e∓iν

(p)
j x

}∞

j=1
áóäåò ÀÏÑ â E

1
(ω)(I

(p)), p ∈ N.

Ñäåëàåì åùå îäíî ïîëåçíîå çàìå÷àíèå, êàñàþùååñÿ ðåçóëüòàòîâ èç [3℄. Íåòðóäíî âè-

äåòü, ÷òî ñâîéñòâà (A), (B) è (Γ) �óíêöèè L(z) èíâàðèàíòû îòíîñèòåëüíî äåëåíèÿ íà

ìíîãî÷ëåí. Äðóãèìè ñëîâàìè, åñëè ýòèìè ñâîéñòâàìè îáëàäàåò �óíêöèÿ L(z), òî èìè

æå áóäåò îáëàäàòü è �óíêöèÿ L̃(z) = L(z)
P (z) , P (z) � ìíîãî÷ëåí (åñòåñòâåííî, ïðè óñëîâèè,

÷òî L̃(z) � öåëàÿ �óíêöèÿ). Ýòî îçíà÷àåò, ÷òî åñëè èç ñèñòåìû

{
1, e∓iν

(p)
j x

}∞

j=1
îòáðîñèòü

ëþáîå êîíå÷íîå ÷èñëî ýëåìåíòîâ, òî îíà îñòàíåòñÿ ÀÏÑ â E
1
(ω)(I

(p)).
Ó÷èòûâàÿ òîëüêî ÷òî ñäåëàííîå çàìå÷àíèå è òîò �àêò, ÷òî êàæäàÿ ïîñëåäîâàòåëü-

íîñòü

(
ν
(p)
j

)∞
j=1

, p ∈ N, íà÷èíàÿ ñ íåêîòîðîãî íîìåðà, ÿâëÿåòñÿ ïîäïîñëåäîâàòåëüíîñòüþ

ïîñëåäîâàòåëüíîñòè (νj)
∞
j=1, äåëàåì âûâîä, ÷òî ñèñòåìà

{
e∓iνjx

}∞

j=1
áóäåò ÀÏÑ â êàæ-

äîì ïðîñòðàíñòâå E
1
(ω)(I

(p)), p ∈ N. Ñëåäîâàòåëüíî, â ñèëó [9, òåîðåìà K℄, ìíîæåñòâî

S = {±νj : j ∈ N} ÿâëÿåòñÿ ÑÄÌ äëÿ êàæäîãî ïðîñòðàíñòâà H1
(ω),I(p)

, p ∈ N.

Íà îñíîâàíèè ñâîéñòâà óñòîé÷èâîñòè ÑÄÌ (ñì. [4, òåîðåìà 2℄) çàêëþ÷àåì, ÷òî ìíîæå-

ñòâî S ñëàáî äîñòàòî÷íî äëÿ H1
(ω),R. Äåéñòâèòåëüíî, êàê íåòðóäíî âèäåòü, åñëè ïîëîæèòü

â òåîðåìå 2 èç [4℄

hk(z) = qk
(
ω(z) + | Im z|

)
, z ∈ C, 0 < qk ↑ 1;

bm(z) =
(
2m − 2m−1

)
| Im z|, z ∈ C, m ∈ N;

òî âñå óñëîâèÿ óêàçàííîé òåîðåìû áóäóò âûïîëíåíû (äàæå â ñëó÷àå ïðîèçâîëüíîãî âå-

ñà ω; è, â ÷àñòíîñòè, äëÿ ω(t) = tρ(t)). Çàìåòèì, ÷òî ïðè ýòîì íåîáõîäèìî âîñïîëüçîâàòüñÿ
èçâåñòíûìè ñâîéñòâàìè âåñîâûõ �óíêöèé (ñì., íàïðèìåð, [3, ñâîéñòâî (γ)℄ è [6, íåðàâåí-
ñòâî (5)℄).

Â çàêëþ÷åíèå ñíîâà ïðèìåíÿåì òåîðåìó K èç [9℄ è ïîëó÷àåì, ÷òî ñèñòåìà

{
e∓iνjx

}∞

j=1

ÿâëÿåòñÿ ÀÏÑ â ïðîñòðàíñòâå E
1
(ω)(R). Òåì ñàìûì ëåììà äîêàçàíà. ⊲

Ëåììà 1 ïîçâîëÿåò ðàçëîæèòü ïðàâóþ ÷àñòü óðàâíåíèÿ (3) â àáñîëþòíî ñõîäÿùèéñÿ

ðÿä ïî ñèñòåìå

{
e∓iνjx

}∞

j=1
è íàéòè ÷àñòíîå ðåøåíèå äàííîãî óðàâíåíèÿ òàêæå â âèäå

ðÿäà ïî óêàçàííîé ñèñòåìå. Â ýòîì çàêëþ÷àåòñÿ îñíîâíîé ðåçóëüòàò ðàáîòû, êîòîðûé

ïðåäñòàâëåí â ñëåäóþùåé òåîðåìå.

Òåîðåìà 1. Ïóñòü ñèìâîë µ(z) óðàâíåíèÿ (3) óäîâëåòâîðÿåò ïåðå÷èñëåííûì óñëîâè-

ÿì; (νj)
∞
j=1 � ïîñòðîåííàÿ ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë. Ïðåäïîëîæèì, ÷òî

ïðàâàÿ ÷àñòü óðàâíåíèÿ (3) ðàçëîæåíà â àáñîëþòíî ñõîäÿùèéñÿ ðÿä g =
∑∞

j=1 g
+
j e

−iνjx+∑∞
j=1 g

−
j e

iνjx
. Òîãäà �óíêöèÿ

f(x) =
∞∑

j=1

g+j
µ(νj)

e−iνjx +
∞∑

j=1

g−j
µ(−νj)

eiνjx

ÿâëÿåòñÿ ÷àñòíûì ðåøåíèåì óðàâíåíèÿ (3) â ïðîñòðàíñòâå E
1
(ω)(R) (ïîñëåäíèé ðÿä ñõî-

äèòñÿ àáñîëþòíî â E
1
(ω)(R)).

⊳ Äîêàçàòåëüñòâî äàííîãî ðåçóëüòàòà áàçèðóåòñÿ íà íåðàâåíñòâå (8), à òàêæå íà îöåí-

êàõ íîðì

∣∣e∓iνjx
∣∣
ω,q,l

, q ∈ (0, 1), l ∈ (0,∞), èç [6, ëåììà 3℄. Â öåëîì îíî ïðàêòè÷åñêè

äîñëîâíî ïîâòîðÿåò äîêàçàòåëüñòâî òåîðåìû 1 èç [3℄, ïîýòîìó çäåñü ìû åãî îïóñêàåì. ⊲
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Abstra
t. We 
onsider the Beurling spa
es of ultradi�erentiable fun
tions of mean type on the real axis

determined by spe
ial weight fun
tions. These spa
es are the general proje
tive analogs of the well-known

Gevrey 
lasses. In these spa
es we investigate a nonhomogeneous 
onvolution equation (di�erential equation
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of in�nite order with 
onstant 
oe�
ients) generated by the symbol whi
h has only simple zeros and satis�es

some natural growth estimates. Given the zeros of a symbol, a symmetri
 sequen
e of real numbers is expli
itly


onstru
ted, in ea
h of whi
h the module of the symbol has a suitable lower estimate. This sequen
e determines

a system of exponentials with imaginary indexes whi
h is absolutely representing in the 
orresponding spa
e.

This allows us to represent the right-hand side of the equation as an absolutely 
onvergent series with respe
t

to this system. Then we establish a parti
ular solution of the equation under 
onsidering as an absolutely


onvergent series with respe
t to this system, too. The 
oe�
ients of the series are naturally determined by

the right-hand side of the equation. The proof is essentially based on the analogous results whi
h were earlier

obtained in the 
ase of spa
es on �nite interval. We also use the stability property of weakly su�
ient sets and

absolutely representing systems. Some 
on
rete examples of 
onstru
ting the desired sequen
es are also given

in the paper.

Key words: spa
e of ultradi�erentiable fun
tions, nonhomogeneous 
onvolution equation.
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