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Let H be a separable infinite-dimensional complex Hilbert space, let £ (H) be the C*-algebra of bounded
linear operators acting in H, and let J# (H) be the two-sided ideal of compact linear operators in .2 (H).
Let (E,|| - ||g) be a symmetric sequence space, and let €5 = {x € H () : {sn(x)}5z, € E} be the
proper two-sided ideal in #(H), where {s,(x)}nZ; are the singular values of a compact operator z. It is

known that €% is a Banach symmetric ideal with respect to the norm ||z||¢, = |[{sn(z)}nz1lE.
A symmetric ideal €z is said to have a unique symmetric structure if € = €, that is £ = F, modulo
norm equivalence, whenever (%g, || - || ) is isomorphic to another symmetric ideal (€F, || - ||¢;)- At the

Kent international conference on Banach space theory and its applications (Kent, Ohio, August 1979),
A. Pelczynsky posted the following problem:

(P) Does every symmetric ideal have a unique symmetric structure?

This problem has positive solution for Schatten ideals %, 1 < p < oo (J. Arazy and J. Lindenstrauss,
1975). For arbitrary symmetric ideals problem (P) has not yet been solved. We consider a version of
problem (P) replacing an isomorphism U : (&, || - |l¢g) — (€F,]| - |¢») by a positive linear surjective
isometry. We show that if F' is a strongly symmetric sequence space, then every positive linear surjective
isometry U : (€&, || ||¢z) = (€F, ||'||%) is of the form U(z) = u*zu, x € €g, where u € £ (H) is a unitary
or antiunitary operator. Using this description of positive linear surjective isometries, it is established that
existence of such an isometry U : €5 — %F implies that (E, || - ||g) = (F, || - || 7).
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1. Introduction

Let (co, ||-]|oo) be a Banach lattice of all sequences a = {&,}5°; of real numbers convergent

to zero, where ||a|loc = sup, ey [&n] (N is the set of natural numbers). If a = {£,}7°; € co, then
a non-increasing rearrangement a* = {£'} of a sequence a is a sequence {|{,|} in decreasing
order.

A non-zero linear subspace E' C ¢g with a Banach norm || -|| g is called symmetric sequence

space, if the conditions b € E, a € ¢y, a* < b*, imply that a € E and |ja||g < ||b]|&-

Let H be a complex separable infinite-dimensional Hilbert space and let £ (H) be an C*-

algebra of all bounded linear operators acting in H. We denote by J# (H) (respectively, .# (H))
the two-sided ideal in Z(H) of all compact (respectively, finite rank) linear operators. It is
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well known that % () C & C & () for any proper two-sided ideal .# in Z(H) (see, for
example, |10, Proposition 2.1]).

If (E,||-||g) is a symmetric sequence space, then the set €5 := {x € H () : {sn(x)}72, €
E} is a proper two-sided ideal in .Z(H), where {s,(z)}°2 are the singular values of x (i.e. the
cigenvalues of (z*z)'/? in decreasing order) [10, Theorem 2.5]. In addition, (g, | - |l4,) is
a Banach space with respect to the norm ||z||¢, = |[{sn(z)}22;|lg [14, Ch. 3, § 3.5]. In this
case we say that (€, || - ||¢,) is a symmetric ideal (cf. [12, Ch. III}).

It is said that (€&, || - ||¢,) to have a unique symmetric structure, if whenever (¢, || - ||)
is isomorphic to another symmetric ideal (¢, || - ||¢, ), then necessarily, g = €r, i.e. E=F,
with equivalent norms.

In Kent Conference (International Conference on Banach Space Theory and its Applica-
tions, Kent, Ohio, August 1979), A. Pelczynsky raised the following problem:

(P): Does every symmetric ideal have a unique symmetric structure?

In [3] it is proved that symmetric ideals €, = %,, 1 < p < 00, have unique symmetric
structure. In addition, J. Arazy proved (see [4, Corollary 5.9]) the following

Theorem 1. If a symmetric sequence space E does not contain a subspace isomorphic to cg
and a space E does not contain a complemented subspace isomorphic to ly, then (¢g, || - ||%y)
has a unique symmetric structure.

Using the Theorem 1 it is easy to prove that for the Lorentz ideals the problem (P) is solved
positively for ¢ # 2 (see Section 2 below). If ¢ = 2, then answer is also positive (O. Sadovskaya
and F. Sukochev (unpublished)). At the same time, for arbitrary ideals the problem (P) has
not yet been solved.

In this paper we consider the version of problem (P) (we call the problem (PT)) in the
case when isomorphism U : (€, || |l¢z) — (€F, | - |l ) is replaced by positive linear bijective
isometry. We solve the problem (P7) in the class of strongly symmetric ideals of compact
operators.

2. Preliminaries
Let p,q € [1;00), and let

lpg = {a ={&tnti € HaHp,q :<§:(f;)q (n% —(n— 1)%>>% < oo}

n=1

be the Lorentz sequence space. It is known that (I, 4, || - [|p,q) is a symmetric sequence space
(1 < ¢ <p<o0),in addition,

lpp =1lp = {{fn}?zozl C cos [{&n}llpp = [{&n}lp = <Z ’fn’p> "< OO} .
n=1

If 1 <p<q<oo,then ||-|,4is a complete quasinorm on the vector lattice [, ;; moreover,
on I, there exists a norm || - ||, 4), which equivalent to the quasinorm || - [, 4, such that
(Ip.g> I - ll(p,q)) 18 & symmetric sequence space [5, Ch. 4, § 4].

The following important property of the Lorentz sequence space is proved in the paper [7].

Theorem 2. If 1 < p < 00, 1 < ¢ < 00, then every infinite-dimensional closed subspace
in l, 4 has a closed subspace that is isomorphic to l.

Consider the Lorentz symmetric ideal in .Z(H) defined by the equality
Cpg=A{z € H(H) : {sn(x)}nl € lpq},
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equipped with the norm ||z, = |[{sn(2)}|p,q, 1 < ¢ < p < o0 (respectively, ||z|pq =
[{sn (@) }Hlp,g), i 1 <p < q <o)

Using Theorems 1 and 2, we can give a positive solution of the problem (P) for symmetric
ideal (Cpg, || - [lp.q), @ # 2-

Theorem 3. Let 1 < p,q < 00, ¢ # 2. If (Cpq, | - |lp,q) is isomorphic to symmetric ideal
(€¢E,| - ll¢y), then Cp 4 = 6k, i. e. E =1, ,, with equivalent norms.

<1 It is known that the Lorentz sequences space (Ip.q; || - |p,q) (respectively, (Ipq; || - |(p.g)))
is reflexive if 1 < p,q < oo. And the conjugate space (I, 4)* is isomorphic to [, s, where
1<rs<oo, % +% =1, % +% = 1 (see, for example, |5, Ch. 4, § 4, Theorem 4.7]). By Theo-
rems 5.6, 5.11 [11] we have that the Lorentz symmetric ideal (Cpq, || - |lp.q), 1 < p,q < 00, is
reflexive too, in addition, the conjugate space (Cj, 4)* is isomorphic to Cy. 5, where 1 < r, s < oo,
and %—l—% =1, %—l—% = 1. Consequently, (Cpq, || - [Ipq), 1 < p,q < o0, does not contain
a subspace isomorphic to cy. Using now Theorems 1, 2, and the inequality g # 2, we have
a positive solution of the problem (P). >

Let S, , denote the closed subspace of C,, consisting of all block diagonal matrices
x = diag {x}}72, with z} a k x k-matrix for all k. By Corollary 5.8 [4] in the case when
Sp,q 1s not isomorphic to Cp,, the Banach symmetric ideal (), has a unique symmetric
structure. In an unpublished paper of O. Sadovskaya and F. Sukochev it is proved that S,
it is not embedded in Banach spaces C), 4, in particular, S, ; is not isomorphic to C, 4 for all
1 < p,q < co. Therefore, in the case ¢ = 2, the Theorem 3 is true too.

Since the Banach spaces (I, 4, || - [|p,q) and (L, || - ||r,s) are isomorphic if and only if p = r,
g = s (see [10]), Theorem 3 implies the following isomorphic classification of Banach symmetric
ideal (Cpg | - llp.q)-

Corollary 1. Let 1 < p,q,r,s < co. The Banach spaces (Cpq, || - |lp.q) and (Cys, || -
are isomorphic if and only if p =1, ¢ = s.

r,s)

It should be noted that the Banach space C32 = (5 is a separable Hilbert space and it
is isomorphic to ly = la 9, in particular, Cy has local unconditional structure. For all other
variants of the values of the parameters p, ¢ the Lorentz symmetric ideal (C, 4, || - ||p,4) has not
local unconditional structure [13]. Since a Banach lattice has a locally unconditional structure,
it follows that spaces [, , and C,, are not isomorphic, if 1 < p,q < oo, p # 1 and ¢ # 2,

or p # 2.
Define in J# (H) (respectively, in ¢y) the Hardy—Littlewood—Polya partial order x << y

(respectively, {302 << {n}ply), if

k k k k
Z sn(z) < Z sn(y) (respectively, Zf; < Zn,ﬁ) VEkeN.
n=1 n=1

n=1 n=1

It is clear that z <<y < {s,(2)}22; << {sn(y)}>2,.

The Hardy—Littlewood—Polya partial order has the following important property

Proposition 1 |9, Proposition 2.1|. If x,y € # (H), x = z*, y > 0, and —y < = < y,
then x << y.

A symmetric ideal (a symmetric sequence space) (¢, | - ||«,) (respectively, (E, | - ||g)) is
called a strongly symmetric ideal (respectively, a strongly symmetric sequences space) if the
condition z << y, x,y € € (respectively, a << b, a,b € E) implies that |z|, < ||y|%p
(respectively, |lallg < ||b||g). It is clear that a symmetric ideal (€%, | - ||¢,) is a strongly
symmetric ideal if and only if a symmetric sequence space (E, |- ||g)) is a strongly symmetric
sequence space.
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The Proposition 1 implies the following.

Corollary 2. Let (¢, || - |l¢,) be a strongly symmetric ideal. If x,y € €, y >0, 2* = x
and —y < x <y, then |[z(l¢, < |lylle,-

3. Description of positive isometries of symmetric ideals
In this section we give a description of positive linear bijective isometry U : (€&, ||-||¢) —

(€¢F,| - ||#), when €F is a strongly symmetric ideal.
The following Proposition establishes positivity of the inverse mapping of positive surjec-

tive isometry.

Proposition 2. Let (¢, || - |l¢,) be a symmetric ideal and let (¢F,| - ||,) be a strongly
symmetric ideal. Let U: €y — % be a positive linear surjective isometry. Then an isomet-
ry U1 is also positive.

< Let x € ¢ and U(x) > 0. Since U is a positive surjective mapping it follows that
U(y*) = U(y)* for all y € €. Hence x* = x. Let x4 and x_ be a positive and negative
parts of an operator x. It is clear that z,z_ € €p. If x; = 0, then U(z) < 0. Consequently,
U(x) = 0, which implies x = 0.

Let now x4 # 0. Set y; = U(zy) and yo = U(z_). We have that

y1 20,5220 and y=y —y2=U(x)>0.

In addition,

yi+y2 =U(lz]) and |U(lzDller = ] llen = 2/l
Using mathematical induction, we show that
24+ kzlep = 1 + ky2lle, < llzllep (1)

for all k € N. If k£ = 1, then the inequality (1) is obvious. Suppose that it is true for k = n.
Then

—(y1 +ny2) < (y1 —y2) —ny2 =y1 — (n+ 1)y2 < y1 + nyo.

By Proposition 1 we have that y; — (n + 1)y2 << y1 + nya. Since (€F, || - [|4,) is a strongly
symmetric ideal it follows that (see Corollary 2)

lyr — (n 4+ Dy2lle, < llyr + ny2lle, < llzllg,-

Thus
ly1 + (n+ D2l = o4 + (n+ Dol = x4 — (n+ D[l
= oy —(n+ Dz |lep = llyr — (n+ Dy
Therefore the inequality (1) holds for all £ € N. Since

Gp S Hx”‘KE

Kla_llgy <oy + ke_llep < |zl forall k€N,

it follows that ||z_||¢, = 0, that is x > 0. >

REMARK 1. The proof of Proposition 2 is analogous to the proof of Theorem 1 in [1],
where the positivity of the inverse mapping for isometries of Banach lattices is established.

Theorem 4. Let (¢g,| - ||¢,) be a symmetric ideal and let (¢F,| - ||4,) be a strongly
symmetric ideal. Let U: €5 — %r be a positive linear surjective isometry. Then U(p)
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(respectively, U~'(e)) is an one-dimensional projection for any one-dimensional projection
p € F(H) (respectively, e € % (H)).

< Suppose that U(p) = y is not a rank 1 operator. Since y > 0, y € € it follows that there
exist pairwise orthogonal one-dimensional projections ¢1,q2 € #(H) and positive numbers
A1, A2 such that 0 < A\1q1 + A2¢2 < y. By Proposition 2 we have that

0<U Mg + Aage) < U Hy) =p.

If U=!(q;) = 4, then 0 < \;z; < p, i = 1,2. Since p is an one-dimensional projection, it follows
that A;x; = y;p for some 7; > 0. Consequently, ¢; = U(z;) = U(%p) = %y, 1= 1,2, which is
impossible, because q1q2 = 0.
Therefore, U(p) = A\g for some one-dimensional projection ¢ and positive number \.
Now using the inequalities

1= pllgy = IU@)ller = Maller = A,

we have that A = 1. Consequently, U(p) = q.

Similarly U~!(e) is an one-dimensional projection for any one-dimensional projection
ec F(H). >

Corollary 3. Let (€%, ||-|l¢g), (€7, ||-|l¢x) and U: € — €r be the same as in Theorem 4.
Then U(% (H)) = % (H).

A linear bijective mapping ¢: ZL(H) — Z(H) is called an Jordan isomorphism,
if p(z%) = (o(z))? and p(z*) = (p(z))* for all z € L(H). If ¢: L(H) — L(H) is an
Jordan isomorphism, then there exists an unitary or an antiunitary operator u € .Z(H) such
that p(x) = u*zu for all x € L (H) (see, for example, [6, Ch. 3, § 3.2.1]).

Let H be a k-dimensional complex Hilbert space. In this case Z(H) = J(H).
If (E,]|-|lg) C co is a symmetric sequence space, then the set

Cpk) ={xe X (H): {s1(x),...,sx(x),0,...} € E} = Z(H)
is a k-dimensional simmetric space with respect to the norm

[ llg k) = [{s1(2), - s sk(2), 0, Hl&-

Using the description of all positive linear surjective isometries of strongly symmetric
spaces E(M,7) in the case a finite von Neumann algebra M and a finite trace 7 |8, Theo-
rem 3.1], we have the following

Theorem 5. Let (E, ||-||g) C co be a symmetric sequence space with a strongly symmetric
norm. Let U: (€g(k), | - l4pm)) = (€e(k), | - ll4, @) be a positive linear surjective isometry.
Then there exists an Jordan isomorphism ¢: £ (H) — £ (H) such that U(x) = p(z) for all
x € 6p(k) = Z(H). In particular, U(z)U(y) = U(y)U(x) if and only if xy = yx.

The following Theorem gives a description of positive linear bijective isometries
U: (€|l ll¢g) = (€r,| - ll¢n), when €F is a strongly symmetric ideal.

Theorem 6 (cf. 2, 16]). Let (¢g,| - ||#y) be a symmetric ideal and (€F,| - ||l¢)
be a strongly symmetric ideal. Let U: € — 6r be a positive linear surjective isometry.
Then there exists an unitary or antiunitary operator u € £ (H) such that U(x) = u*zu for
all x € €x.

< By Proposition 2 we have that an inverse isometry U~! is also a positive map.
Let p,e,q,f € Z#(H) be an one-dimensional projections such that U(p) = ¢, U(e) = f
(see Theorem 4). If p- e = 0, then by Theorem 5 we have that ¢ - f = 0.
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Let {pn}F_, C Z(H) be a pairwise orthogonal one-dimensional projections and z =
22:1)%?" e Z(H), \p, eR,n=1,...,k Since U(py,) - U(pm) =0, n#m, n,m=1,...k,
k k
U(z*)=U (Z Aim) => ANU(pn) = Ulx)”
n=1 n=1

it follows that

and
k

k
tr(Ux) =Y Antr(U(pn)) = Y _ An = tr(x).
n=1 n=1
Therefore U(x?) = U(x)? and tr(U(z)) = tr(x) for all 2* = =z € Z(H). In addition,
U is a bijection of the set &?(H) of all one-dimensional projections.
Ifpe,q, fe P(H)and U(p) =q, U(e) = f, then

2tr(pe) = tr(pe) + tr(ep) =tr (p+e)> —p—e)tr (U ((p+e)?)) —2
=tr (U ((p+e)?)) —2=1tr((g+ f)?) —2=2tr(qf).

Consequently, tr(pe) = tr(U(p)U(e)) for all p,e € &(H). Now using Theorem 3.2.8 [6, Ch. 3,
§ 3.2] we get that there exists an unitary or antiunitary operator u such that U(p) = u*pu for
all pe Z(H). Thus U(z) = v*zu for all x € F(H).

Let 0 < z € €y and 0 < z,, € . (H) be such a sequence that z,, 1 x. Since U: €5 — g is
an order isomorphism (see Proposition 2) it follows that u*z,u = U(z,,) T U(z). Consequently,
U(z) = v*zu for all x € €g. >

4. Pelchinsky problem with respect positive isometries

Consider now the following version of problem (P):

(P1): Let (€r,||l4y) and (€F, |- ||l¢p) are symmetric ideals and let there exists a positive
isometry U : (€, || - |l¢p) = (€F, | - ||¢p)- Is it true that then (E,| - ||g) = (F,|| - |F)?

Below we give a solution of the problem (P%) for the class of strongly symmetric ideals
of compact operators.

Theorem 7. Let (¢g,| - ||«,) be a symmetric ideal and let (€¢F,| - ||¢,) be a strongly
symmetric ideal. Let U: €5 — € be a positive linear surjective isometry. Then (E, ||-||g) =
(- 1)

<1 By Theorem 6 there exists an unitary or an antiunitary operator u € .Z(H) such that
U(z) = v*zu for all z € €. Fix an orthonormal basis {1, }°° ; in a separable Hilbert space H.
Let p, € Z(H), pn(¥n) = ¥n, n € N. Consider real subspace Gg = {z =Y 7 | &upn : &n € R,
x € €} in the space (€, || - ||p). It is clear that {£,}22, € F and ||z|¢, = [|[{&{:}|E for all
r = &pn € Gg. Consequently, the correspondence Gg > x <> {§,} € E identifies the
Banach spaces (Gg, | - |l¢,) and (E, || - |g)-

Since u is an unitary or antiunitary operator it follows that v, = u*y,u, n € N, is an
orthonormal basis in a Hilbert space H. Let ¢, € Z(H), qn(vn) = vn, n € N. Set Gp =
{2 =307t : m € R, x € €p}. It is clear that the correspondence Gp 3 z > {n,} € F
identifies the Banach spaces (Gr, | - ||¢,) and (F,| - ||F). Since Grp = u*Gru we get that
(B, I8) = (B 1| ). o
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EJIMHCTBEHHOCTH CUMMETPUYHON CTPYKTYPHI
B UJEAJIAX KOMITAKTHBIX OITEPATOPOB

Awvmunos B. P., Ynaun B. 1.

IIycte H — cenapabenpaoe 6eCKOHETHOMEPHOE KOMILIEKCHOE TUIb0EPTOBO pocTpancTeo, . (H) — C*-an-
refpa OrpaHUYEHHBIX JIMHEHHBIX 0NepaTopoB, Aeiictyomux B H, 7 (H) — neycroponnuit unean 8 £ (H)

BCEX KOMIIAKTHBIX OmepaTopos. Ilycrs (E, || - ||g) — cuMMeTpndHOe IpOCTPAHCTBO MOC/IE0BATEIBHOCTENH,
Ce = {x € H(H) : {sn(z)}721 € E} — coberBennstit asycroponnuit unean B 2 (H), NOpoX (eHHbIL
(E,||-|lg), toe {sn(x)}n: cHHTyIspHBIE YMC/Ia KOMIIAKTHOTO OMepaTopa z. I3BecTHO, 4T0 45 — GaHAXOB

CUMMEeTPUYHBIH U7ea OTHOCUTEIBHO HOPMEL ||Z]|¢y = [[{sn(z)}nl1|lE-
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ToBOpST, 9TO CUMMETPUYHBIA Ueal €5 UMeeT eJUHCTBEHHYI0 CUMMETPUYHYIO CTPYKTYDY, €CJIU HAJTNINE
unzomopbusma us (6z, || - ||¢) Ha Apyroit cummerpuynsiit unean (6r, || - |4, ) 06a3aTe/bHO BleYeT PaBeH-
CTBO 6 = €r, 1. e. E = F, ¢ TOYHOCTHIO [0 9KBUBAJIEHTHBIX HOpM. Ha mMexayHapomHoil kKoudepeHmu
10 Teopuu GaHAXOBBIX MPOCTpancTB n ux npunoxkennii (Kent, Ohio, August 1979), A. Ilespbuamuckuii mo-
CTaBUJI CJEAYIOILYIO IpObIeMy:

(P): Kaxx/piii 1 CHMMETPUHHBIN U1€AJI IMEET €MHCTBEHHYI0 CAMMETPUIHYIO CTPYKTYDY?

Drta mpobrema TOyYnIa TOJOKATENbHOE pemenne B pabore J. Arazy m J. Lindenstrauss (1975) mna
nneanos [larrena %p, 1 < p < co. B cay9ae mpom3BONBHBIX CHMMETPUIHBIX Heanos mpobiaema (P)
710 cux mop He pemeHa. Mbl paccmarpusaeM BapuaHT npobsembl (P), 3amenas mammawme mzomopdusma
U : (€&, lleg) — (€F,]| - |l¢r) Ha cymecTBOBaHUE MOJOKUTEIHHON JMHENHON CIOPBEKTUBHON W30-
merpun. Mbl OKa3bIBaeM, YTO B CIydae CTPOr0 CHMMETPUYHOIO [IPOCTPAHCTBA MOC/eA0BaTeIbHOCTEN F,
Kaxk/1asi 0JIOXKUTeIbHAast IuHeliHas clopbexrusHas usomerpust U : (Cg, | - ||l¢z) — (6F, || - ||¢p) umeer
cnenyromuii Bux: U(z) = u*zu qus Beex ¢ € €, tae u € £ (H) ecTb yHUTAPHBIH WX aHTHYHATAPHBII
orteparop. Vcnob3yst 310 onmcaHue MOJIOKUTEIbHBIX JIMHEHHBIX CIOPbHEKTHUBHBIX U30METPHil, JTOKa3bIBa-
eTcst, 9TO HasIMune Takoit usomerpun U : € — Gr Baeder pasenctso (E, | - ||g) = (F,| - ||F)-

KuarodyeBrbie ciioBa: CHMMETPUYHBIN W/1€a71 KOMIIAKTHBIX OMEPATOPOB, €IUHCTBEHHOCTh CAUMMETPHIHOMN
CTPYKTYPBI, IOJIO)KATEeIbHAaA N30MeTPHS.



