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noC,pkCQqsr�tvu	w#x
y,z|{�}�~��v�����

ξ �F�����|���������4�v�����|����������� ~ ��� � � ~�~ ��������� ~�� ����� ~ �������1� z�� ����� � � � ������� ~�� ������� LS(M) ���K���
M � ~ ��������� ~ �v���O�,�|  �H~ � ~ ����� � ��������¡ ~�¢�~�� ��� ��� � �\~ ���|���|��� �\� � ~ � ~ � � � ��£
¤a¥	¦�§'¨�©�ª6¨¬«�¥	­�©�®#¯Q~ ��������� ~ �v�����,�|  �H~ � ~ �v����� ~ �������W� z�� ����� � �D �������� ~�� ���#�������4�v�����|����������� ~ ������������|���������4�v�����|����������� ~ ������� ξ �F�����|���Q�����4�v�����|����������� ~ �����������|� � ��� z � ~�} ���D  � ����� £

l±°�²�³�´ A µ·¶2¸�¹�º�³�º�»H¼�½¾¼�²�²�º�¿	ÀH¼�³�À	Á�¶H¼�½¾¼�Â2Ã�¸�Ä�»H¼'ÅÆ]�Ç	Ç2À	³�À	Á�¶2º�¸�ÈÉÂ2À	¶2¸�Ê	¶2º�¸�ËOº�³�º�Ä�»H¼�Ì!¸�¶	À2¸
D : A → A ¶H¼�Í�Î1Á#¼�¸�³�²�½ÐÏ�Ñ�Ñ�Ò2ÓÔÒHÕ�Ö2×ÙØÚÈÜÛ2Ò2ÖHÝ�Þ2Ö2×ÙØ\ËÆÑ�ÒHß�ßQÝ�àAÝ�Ö2á2Ò�à�â�Õ�Ï�Ö2ÒHÝ�ØMã�¸�²�Â2À D(xy) =
D(x)y + xD(y) ä	»	À�Á�²�¸�å x, y ∈ A. eM¼�ÌÔÇ2Î1Ê�æ�ÂH¸�ç,¸�¶	³ a ∈ A º�ä	»2¸�ÇH¸�Â2½	¸�³ÆÂ2À	¶2¸�Ê	¶2º�¸Ô¼�²�²�º�¿	ÀH¼�I
³�À	Á�¶2º�¸MÇ2À2èMèM¸�»2¸�¶	¿	À	»2º�Á#¼�¶	À2¸ Da Áé¼�Â2Ã�¸�Ä�»2¸ A ä2º=ä	»H¼�Á�À'Â2° Da(x) = ax− xa = [a, x], x ∈ A.
SVÀ2èMèM¸�»2¸�¶	¿	À	»2º�Á#¼�¶	À	½êÁ�À'Ç�¼ Da ¶H¼�Í�Î1Á#¼�ë\³�²�½jÕ�Ö2ì�ÓaàAÝ�Ö2Ö2Ò�ØOÒHÅ]�Ç	Ç2À	³�À	Á�¶2º�¸±ÈÉÂ2À	¶2¸�Ê	¶2º�¸�Ë�º�³�º�Ä�»H¼�Ì!¸�¶	À2¸ L : A→ A ¶H¼�Í�Î1Á#¼�¸�³�²�½kÏ�Ñ�Ñ�Ò2ÓÔÒHÕ�Ö2×ÙØíÈÜÛ2Ò2ÖHÝ�Þ2Ö2×ÙØ\Ë
Û2ÒHÝ�Õ�×ÙØîÑ�ÒHß�ßQÝ�àAÝ�Ö2á2Ò�à�â�Õ�Ï�Ö2ÒHÝ�ØMãA¸�²�Â2À L([x, y]) = [L(x), y] + [x,L(y)] Ç	Â2½oÁ�²�¸�å x, y ∈ A ãDÃ�ÇH¸
[x, y] µ_¹�º�ç,ç4°�³�¼�³�º�»�æ�ÂH¸�ç,¸�¶	³�º�Á x ã y ã'³�Å2¸�Å [x, y] = xy − yx Å

]�Ç	Ç2À	³�À	Á�¶2º�¸±ÈÉÂ2À	¶2¸�Ê	¶2º�¸�Ë�º�³�º�Ä�»H¼�Ì!¸�¶	À2¸ L : A→ A ¶H¼�Í�Î1Á#¼�¸�³�²�½kÏ�Ñ�Ñ�Ò2ÓÔÒHÕ�Ö2×ÙØíÈÜÛ2Ò2ÖHÝ�Þ2Ö2×ÙØ\Ë
ξ ïðÛ2ÒHÝ�Õ�×ÙØñÑ�ÒHß�ßQÝ�àAÝ�Ö2á2Ò�à�â�Õ�Ï�Ö2ÒHÝ�ØMãH¸�²�Â2À L([x, y]ξ) = [L(x), y]ξ + [x,L(y)]ξ Ç	Â2½êÁ�²�¸�å x, y ∈ A ãÃ�ÇH¸ [x, y]ξ = xy − ξyx ã ξ ∈ C ã C µ_ä2º�ÂH¸O¹�º�ç4ä'ÂH¸�¹�²�¶	Î6å�ò	À2²�¸�ÂÙÅ

[\Ä�º�Í�¶H¼�ò	À2çóò2¸�»2¸�Í Z(A) ¿2¸�¶	³�» A. ]�Ç	Ç2À	³�À	Á�¶2º�¸ôÈÉÂ2À	¶2¸�Ê	¶2º�¸�Ë\º�³�º�Ä�»H¼�Ì!¸�¶	À2¸ E : A → Z(A)
¶H¼�Í�Î1Á#¼�¸�³�²�½�Ï�Ñ�Ñ�Ò2ÓÔÒHÕ�Ö2×ÙØ?ÈÜÛ2Ò2ÖHÝ�Þ2Ö2×ÙØ\Ëaõ�ÛHÝ�Ñ�â�Øö²�ºÔÍ�¶H¼�ò2¸�¶	À	½	ç4ÀêÁ Z(A) ã	¸�²�Â2À E(xy) = E(yx)
Ç	Â2½÷Á�²�¸�å x, y ∈ A.

d±º�»2º�øÔºaÀ	Í�Á�¸�²�³�¶2º	ã�ò	³�º�Â2ë±Ä�º�¸QÂ2À2¸�Á�º�Ç2À2èMèM¸�»2¸�¶	¿	À	»2º�Á#¼�¶	À2¸ L ¶H¼ C∗ I|¼�Â2Ã�¸�Ä�»2¸ A ¸�Ç2À	¶2²�³�Á�¸�¶'I
¶	Î�çùº�Ä�»H¼�Í�º�çúä	»2¸�ÇH²�³�¼�Á�Â2½	¸�³�²�½oÁÆÁ�À'ÇH¸ L = D + E ãHÃ�ÇH¸ D µÚÈÜ¼�²�²�º�¿	ÀH¼�³�À	Á�¶2º�¸�Ë1Ç2À2èMèM¸�»2¸�¶	¿	À'I
»2º�Á#¼�¶	À2¸\À E µk¿2¸�¶	³�»2º�Í�¶H¼�ò	¶	Î1Ê�²�ÂH¸�Ç÷¶H¼ A û ü�ý�Å,mv¼�¹�º�¸\ä	»2¸�ÇH²�³�¼�Á�ÂH¸�¶	À2¸±Â2À2¸�Á�º�Ã�ºVÇ2À2èMèM¸�»2¸�¶	¿	À'I
»2º�Á#¼�¶	À	½ L ¶H¼�Í�Î1Á#¼�ë\³÷õ�ÓÔÏ�Ö2Ñ�Ï�à�ÓÔÖ2â�Þ�ß,â�à�ØOâ�Þ÷Ç	Â2½ L Å,Pù²�Â2°�òH¼�¸�ã'¹�º�Ã�Ç�¼ A ½'Á�Â2½	¸�³�²�½ê¼�Â2Ã�¸�Ä�»2º�Ê
èMº�¶þYO¸�Ê2çQ¼�¶H¼'ãQ²�³�¼�¶'Ç�¼�»	³�¶H¼�½ÿèMº�»2çQ¼÷Â2À2¸�Á�º�Ã�º�Ç2À2èMèM¸�»2¸�¶	¿	À	»2º�Á#¼�¶	À	½ L : A → A À2ç,¸�¸�³oÁ�À'Ç
L = Da + E Ç	Â2½ê¶2¸�¹�º�³�º�»2º�Ã�º a ∈ A û ��ý�Å1l±»2º�Ä�ÂH¸�çQ¼Æº=ä	»2¸�ÇH²�³�¼�Á�ÂH¸�¶	À	À�Á�²�½'¹�º�Ã�ºÆÂ2À2¸�Á�º�Ã�º=Ç2À2è±I
èM¸�»2¸�¶	¿	À	»2º�Á#¼�¶	À	½�Áô²�³�¼�¶'Ç�¼�»	³�¶2º�Ê¬èMº�»2ç,¸MÇ	Â2½�²�Â2°�òH¼�½ S(M) I|¼�Â2Ã�¸�Ä�»�À	Í�ç,¸�»	À2ç4Î6åoº�ä2¸�»H¼�³�º�»2º�Á
Ä�Î6Â�¼Ô»H¼�²�²�ç,º�³�»2¸�¶H¼=Áêû ��ý�Å

i�Î ÁWÇ�¼�¶	¶2º�Ê�»H¼�Ä�º�³�¸MÀ	Í�°�òH¼�¸�çúÄ�º�ÂH¸�¸!º�Ä��!À	Ê�Á�º�ä	»2º�²MÁÆæ�³�º�ç ¶H¼�ä	»H¼�Á�ÂH¸�¶	À	À�ã�³�ÅH¸�Å�À	Í�°�òH¼�¸�ç
ξ IÜÂ2À2¸�Á�ÎgÇ2À2èMèM¸�»2¸�¶	¿	À	»2º�Á#¼�¶	À	½o¶H¼ô¼�Â2Ã�¸�Ä�»H¼�å�ÂHº�¹'¼�Â2´�¶2º÷À	Í�ç,¸�»	À2ç4Î6å�º�ä2¸�»H¼�³�º�»2º�Á LS(M) ãDÃ�ÇH¸
¼�Â2Ã�¸�Ä�»H¼=èMº�¶êYO¸�Ê2çQ¼�¶H¼ M ¶2¸M²�º�ÇH¸�»#ÌWÀ	³éä	»#½	ç4Î6å�¼�Ä�¸�ÂH¸�Á�Î6åê²�Â�¼�Ã�¼�¸�ç4Î6åDÅ

l±°�²�³�´ H µgÃ�À'Â2´�Ä�¸�»	³�º�Á�ºMä	»2º�²�³�»H¼�¶2²�³�Á�ºV¶H¼�ÇÆä2º�ÂH¸�ç�¹�º�ç4ä'ÂH¸�¹�²�¶	Î6åéò	À2²�¸�Â C ã B(H) µ ∗ I|¼�Â	I
Ã�¸�Ä�»H¼OÁ�²�¸�å=º�Ã�»H¼�¶	À	ò2¸�¶	¶	Î6åWÂ2À	¶2¸�Ê	¶	Î6åÆº�ä2¸�»H¼�³�º�»2º�Á2ã#ÇH¸�Ê2²�³�Á�°�ë��!À'åWÁ H ã M µ ä2º�Ç�¼�Â2Ã�¸�Ä�»H¼VèMº�¶
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YO¸�Ê2çQ¼�¶H¼÷Á B(H) ã P(M) = {p ∈ M : p2 = p = p∗} µ »2¸�øÔ¸�³�¹'¼ôÁ�²�¸�å�ä	»2º�¸�¹	³�º�»2º�Á�À	Í M À
Pfin(M) µ_¸�¸±ä2º�Ç2»2¸�øÔ¸�³�¹'¼WÁ�²�¸�åé¹�º�¶2¸�ò	¶	Î6å÷ä	»2º�¸�¹	³�º�»2º�ÁÆÀ	Í P(M). �O¸�»2¸�Í Z(M) º�Ä�º�Í�¶H¼�ò	À2ç
¿2¸�¶	³�»�¼�Â2Ã�¸�Ä�»	Î M ã2¼!ò2¸�»2¸�Í 1 µñ¸�Ç2À	¶	À	ò	¶	Î1Ê�º�ä2¸�»H¼�³�º�»�À	Í M Å

JOÀ	¶2¸�Ê	¶2º�¸éä2º�Ç2ä	»2º�²�³�»H¼�¶2²�³�Á�º D Á H ¶H¼�Í�Î1Á#¼�¸�³�²�½���à�Ò2õ�â�Ý�Ñ�Ò2ÖHÝ�Ö2Ö2×ÙØ��¬Ï�Û���Ý���àAÝôß,â�Ö��VÝ�Þ2ï
ØOÏ�Ö2Ï M Èðº�Ä�º�Í�¶H¼�ò2¸�¶	À2¸�� D ηM Ë�ãÙ¸�²�Â2À u(D) ⊆ D Ç	Â2½oÂ2ë±Ä�º�Ã�º÷°�¶	À	³�¼�»	¶2º�Ã�º�º�ä2¸�»H¼�³�º�»H¼ u À	Í
¹�º�ç,ç4°�³�¼�¶	³�¼ M ′ = {y ∈ B(H) : xy = yx (∀x ∈M)} ¼�Â2Ã�¸�Ä�»	Î`èMº�¶êYO¸�Ê2çQ¼�¶H¼ M.

JOÀ	¶2¸�Ê	¶2º�¸=ä2º�Ç2ä	»2º�²�³�»H¼�¶2²�³�Á�º D Á H ¶H¼�Í�Î1Á#¼�¸�³�²�½ õ�Ò�Û���Ö2â ��Û2â�ÓÔÖ2×ÙØ Õ H â�ÓÔÖ2â�õ�Ò2ÓWÝ�Û���Ö2â
Ï�Û���Ý���à�×¬ß,â�Ö!�VÝ�Þ�ØOÏ�Ö2Ï M ã�¸�²�Â2À D ηM À!²�° �Ô¸�²�³�Á�°�¸�³\³�¼�¹'¼�½!ä2º�²�ÂH¸�ÇHº�Á#¼�³�¸�Â2´�¶2º�²�³�´Oä	»2º�¸�¹	³�º�»2º�Á
{pn}∞n=1 ⊂ P(M), ò	³�º pn ↑ 1, pn(H) ⊂ D À p⊥n := 1 − pn ∈ Pfin(M) Ç	Â2½êÂ2ë±Ä�º�Ã�º n ∈ N,
Ã�ÇH¸ N µñç4¶2º�Ì!¸�²�³�Á�ºÆÁ�²�¸�åô¶H¼�³�°�»H¼�Â2´�¶	Î6åêò	À2²�¸�ÂÙÅ

JOÀ	¶2¸�Ê	¶	Î1Ê`º�ä2¸�»H¼�³�º�» x, ÇH¸�Ê2²�³�Á�°�ë��!À	ÊÐÁ H ã±²oä'ÂHº�³�¶2º�Ê`º�Ä�Â�¼�²�³�´�ë º�ä	»2¸�ÇH¸�ÂH¸�¶	À	½ D(x)
¶H¼�Í�Î1Á#¼�¸�³�²�½"��à�Ò2õ�â�Ý�Ñ�Ò2ÖHÝ�Ö2Ö2×ÙØ#�ôÏ�Û���Ý���àAÝ!ß,â�Ö$�VÝ�Þ�ØOÏ�Ö2Ï M ãH¸�²�Â2À D(x) η M À ux(ξ) = xu(ξ)
Ç	Â2½ôÁ�²�¸�å ξ ∈ D(x) ÀôÂ2ë±Ä�º�Ã�ºW°�¶	À	³�¼�»	¶2º�Ã�ºÆº�ä2¸�»H¼�³�º�»H¼ u ∈M ′ Å

hD¼�ç4¹	¶	°�³�Î1ÊÆÂ2À	¶2¸�Ê	¶	Î1Êéº�ä2¸�»H¼�³�º�» x, ä	»	À2²�º�¸�Ç2À	¶2¸�¶	¶	Î1Êô¹ M ã�¶H¼�Í�Î1Á#¼�¸�³�²�½�Ò&%�ØMÝ�à�Ò�ØO×ÙØ â�ÓÔï
Ö2â�õ�Ò2ÓWÝ�Û���Ö2â=Ï�Û���Ý���à�×íß,â�Ö'�VÝ�Þ�ØOÏ�Ö2Ï M ãA¸�²�Â2À D(x) ²�À'Â2´�¶2ºÆä'ÂHº�³�¶2ºéÁ H Åai�¶2º�Ì!¸�²�³�Á�º S(M)
Á�²�¸�åùº�ä2¸�»H¼�³�º�»2º�Á2ãaÀ	Í�ç,¸�»	À2ç4Î6åóº�³�¶2º�²�À	³�¸�Â2´�¶2º M ã1½'Á�Â2½	¸�³�²�½ ∗ I|¼�Â2Ã�¸�Ä�»2º�ÊÐ²�¸�Ç2À	¶	À	¿2¸�Ê 1 ¶H¼�Ç
ä2º�ÂH¸�ç C º�³�¶2º�²�À	³�¸�Â2´�¶2ºÿº�ä2¸�»H¼�¿	À	Êí²�À'Â2´�¶2º�Ã�ºþ²�ÂHº�Ì!¸�¶	À	½Dã\²�À'Â2´�¶2º�Ã�º¾°'ç4¶2º�Ì!¸�¶	À	½óÀúä2¸�»2¸�å#º�Ç�¼
¹=²�º�ä	»#½'Ì!¸�¶	¶2º�ç4°=º�ä2¸�»H¼�³�º�»	°�È °'ç4¶2º�Ì!¸�¶	À2¸�¶H¼±²�¹'¼�Â2½'»	Îùº�ä	»2¸�ÇH¸�Â2½	¸�³�²�½Æº�Ä�Î1ò	¶	Î�ç¬º�Ä�»H¼�Í�º�ç1ã#ä	»	À
æ�³�º�ç ²�ò	À	³�¼�¸�³�²�½DãHò	³�º 0 · x = 0 Ë\û)(�*�ý�Å

hD¼�ç4¹	¶	°�³�Î1ÊêÂ2À	¶2¸�Ê	¶	Î1Ê�º�ä2¸�»H¼�³�º�» x ã'ä	»	À2²�º�¸�Ç2À	¶2¸�¶	¶	Î1Ê�¹ M ã'¶H¼�Í�Î1Á#¼�¸�³�²�½oÛ2â+��Ï�Û���Ö2â=Ò&%�ØMÝ�ï
à�Ò�ØO×ÙØ_â�ÓÔÖ2â�õ�Ò2ÓWÝ�Û���Ö2â=Ï�Û���Ý���à�×Ðß,â�Ö'�VÝ�Þ�ØOÏ�Ö2Ï M ãA¸�²�Â2À�²�° �Ô¸�²�³�Á�°�¸�³ô³�¼�¹'¼�½oä2º�²�ÂH¸�ÇHº�Á#¼�³�¸�Â2´�I
¶2º�²�³�´ {zn}∞n=1 ¿2¸�¶	³�»H¼�Â2´�¶	Î6å�ä	»2º�¸�¹	³�º�»2º�ÁôÀ	Í M ãHò	³�º zn ↑ 1 À xzn ∈ S(M) Ç	Â2½êÁ�²�¸�å n ∈ N Å
i�¶2º�Ì!¸�²�³�Á�º LS(M) Á�²�¸�å�ÂHº�¹'¼�Â2´�¶2ºêÀ	Í�ç,¸�»	À2ç4Î6å�º�³�¶2º�²�À	³�¸�Â2´�¶2º M º�ä2¸�»H¼�³�º�»2º�Áê³�¼�¹	Ì!¸=º�Ä�»H¼�I
Í�°�¸�³ ∗ I|¼�Â2Ã�¸�Ä�»	°÷²M¸�Ç2À	¶	À	¿2¸�Ê 1 º�³�¶2º�²�À	³�¸�Â2´�¶2ºÆº�ä2¸�»H¼�¿	À	Ê�²�À'Â2´�¶2º�Ã�º=²�ÂHº�Ì!¸�¶	À	½Dã�²�À'Â2´�¶2º�Ã�º=°'ç4¶2º�I
Ì!¸�¶	À	½¾À¾ä2¸�»2¸�å#º�Ç�¼�¹þ²�º�ä	»#½'Ì!¸�¶	¶2º�ç4°ÿº�ä2¸�»H¼�³�º�»	°�ã,ä	»	À¾æ�³�º�ç S(M) À M ¸�²�³�´ ∗ IKä2º�Ç�¼�Â2Ã�¸�Ä�»	Î
Á LS(M) û � ãvÃ�ÂÙÅ-,.,�ã § � Å ��ý�ÅêZO¸�¶	³�» Z(LS(M)) Á ∗ I|¼�Â2Ã�¸�Ä�»2¸ LS(M) ²�º�Á�äH¼�Ç�¼�¸�³o² ∗ I|¼�Â2Ã�¸�Ä�»2º�Ê
S(Z(M)) ã�ÀÿÁ¬²�Â2°�òH¼�¸÷¹�º�Ã�Ç�¼ M µ èV¼�¹	³�º�»�ã,Â2À2Ä�º M µÚ¹�º�¶2¸�ò	¶H¼�½ù¼�Â2Ã�¸�Ä�»H¼�èMº�¶ YO¸�Ê2çQ¼�¶H¼'ã
Á�²�¸�Ã�Ç�¼WÁ�¸�»	¶2ºW»H¼�Á�¸�¶2²�³�Á�º LS(M) = S(M).

NQ²�Â2À M µk¹�º�ç,ç4°�³�¼�³�À	Á�¶H¼�½�¼�Â2Ã�¸�Ä�»H¼ÔèMº�¶ôYO¸�Ê2çQ¼�¶H¼'ã	³�ºW¼�Â2Ã�¸�Ä�»H¼ LS(M) ³�¼�¹	Ì!¸O¹�º�ç,ç4°�³�¼�I
³�À	Á�¶H¼=û � ã�Ã�ÂÙÅ/,.,�ã § � Å � ý�ã�À=ä2º�æ�³�º�ç4°ÔÇ	Â2½ÔÂ2ë±Ä�º�Ê=ä2º�Ç�¼�Â2Ã�¸�Ä�»	Î A Á LS(M) À2ç,¸�¸�ç1ã#ò	³�º Z(A) = A.0 ÂH¸�ÇHº�Á#¼�³�¸�Â2´�¶2º	ã#ÁOæ�³�º�ç¬²�Â2°�òH¼�¸�ã�¹'Â�¼�²�²6Â2À2¸�Á�Î6åÔÇ2À2èMèM¸�»2¸�¶	¿	À	»2º�Á#¼�¶	À	Ê=¶H¼ A ²�º�Á�äH¼�Ç�¼�¸�³V²6¹'Â�¼�²�I
²�º�ç Z(A) IKÍ�¶H¼�ò	¶	Î6å�²�ÂH¸�ÇHº�Á=¶H¼ A.

l±°�²�³�´ M µ ¼�Â2Ã�¸�Ä�»H¼÷èMº�¶�YO¸�Ê2çQ¼�¶H¼÷²!¿2¸�¶	³�»2º�ç Z = Z(M) À M ¶2¸ÔÀ2ç,¸�¸�³÷ä	»#½	ç4Î6åj¼�Ä�¸�I
ÂH¸�Á�Î6åÐ²�Â�¼�Ã�¼�¸�ç4Î6åDÅ P æ�³�º�çî²�Â2°�òH¼�¸�Á M ²�° �Ô¸�²�³�Á�°�¸�³ú³�¼�¹�º�Ê ¶2¸�¶	°�ÂH¸�Á�º�Ê ä	»2º�¸�¹	³�º�» p ã\ò	³�º
z(p) = z(1 − p) ã�Ã�ÇH¸ z(p) µ ¿2¸�¶	³�»H¼�Â2´�¶	Î1Êù¶2º�²�À	³�¸�Â2´¬Ç	Â2½ p û 12ã
243.576�8:9�; ü'Å)(�Å <�ý�ÅúX4¼�²�²�ç,º�³�I
»	À2çÿä	»2º�À	Í�Á�º�Â2´�¶	°�ëgÀ'ÇH¸�¼�Â2´�¶	°�ë ∗ IKä2º�Ç�¼�Â2Ã�¸�Ä�»	° A Á LS(M) ã'Ç	Â2½ô¹�º�³�º�»2º�Ê M ⊂ A Å

lOº�ÂHº�ÌWÀ2ç p1 = p ã p2 = 1− p À Sij = piApj = {pixpj : x ∈ A} ã i, j = 1, 2 Å�^±²�¶2º	ã	ò	³�º Sij¸�²�³�´=ä2º�Ç�¼�Â2Ã�¸�Ä�»H¼WÁ A Å,L±ÍM»H¼�Á�¸�¶2²�³�Á#¼
x = (p+ (1− p))x(p+ (1− p)) = p1xp1 + p1xp2 + p2xp1 + p2xp2

²�ÂH¸�Ç2°�¸�³ A =
∑

i,j=1,2 piApj . e±»2º�ç,¸1³�º�Ã�º	ã�Ç	Â2½ x ∈ Sik ã y ∈ Slj À2ç,¸�¸�ç1ã�ò	³�º xy = 0 ã#¸�²�Â2À k 6= l
À xy = (pixpk)(plypj) ∈ Sij ã'³�ÅH¸�Å SikSlj ⊂ Sij Ç	Â2½÷Á�²�¸�å i, j, k, l = 1, 2. [a³�ç,¸�³�À2ç ³�¼�¹	Ì!¸�ãHò	³�º
À	ÍOÁ�¹'Â2ë\ò2¸�¶	À	½ M ⊂ A ²�ÂH¸�Ç2°�¸�³�ã2ò	³�º piMpj ⊂ Sij Ç	Â2½ôÂ2ë±Ä�Î6å i, j = 1, 2.

SMÂ2½_¹'¼�ÌÔÇHº�Ã�º x ∈ A ò2¸�»2¸�Í z(x) º�Ä�º�Í�¶H¼�ò	À2çT¿2¸�¶	³�»H¼�Â2´�¶	Î1Ê ¶2º�²�À	³�¸�Â2´ Ç	Â2½ x ã÷³�ÅW¸�Å
z(x) := 1− sup{z ∈P(Z(M)) : zx = 0} ÅOY±À	Ì!¸Ô»H¼�²�²�ç,º�³�»	À2ç ξ IÜÂ2À2¸�Á�ºéÇ2À2èMèM¸�»2¸�¶	¿	À	»2º�Á#¼�¶	À2¸
¶H¼W¼�Â2Ã�¸�Ä�»H¼�å÷ÂHº�¹'¼�Â2´�¶2º=À	Í�ç,¸�»	À2ç4Î6å�º�ä2¸�»H¼�³�º�»2º�Á2ã2Ã�ÇH¸ ξ 6= 1 Å=�w?>@>\uÿ@HC 3 0#"���
'�|���	�	
�/ó"���
'��$A����
��

pL(1)(1 − p) = (1− p)L(1)p = 0



�
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 #"�����
�� 5��þ5
�

(1− p)L(p)(1− p) = pL(1− p)p = 0.

C mv¼�¹ê¹'¼�¹ p(1− p) = 0, ³�º [L(p),1− p]ξ + [p, L(1− p)]ξ = 0) Å�mv¼�¹	À2ç º�Ä�»H¼�Í�º�ç1ã
L(p)(1− p)− ξ(1− p)L(p) + pL(1− p)− ξL(1− p)p = 0, È (�Ë

²�ÂH¸�ÇHº�Á#¼�³�¸�Â2´�¶2º	ã (1− p)p = 0 ã [L(1− p), p]ξ + [1− p, L(p)]ξ = 0 ã	³�Å2¸�Å
L(1− p)p− ξpL(1− p) + (1− p)L(p)− ξL(p)(1− p) = 0. È � Ë

� ç4¶2º�ÌÔ¼�½ê»H¼�Á�¸�¶2²�³�Á�º�È (�Ë6²�ÂH¸�Á#¼ÔÀê²�ä	»H¼�Á#¼W¶H¼ p À 1− p ²�º�º�³�Á�¸�³�²�³�Á�¸�¶	¶2º	ãHÀ2ç,¸�¸�ç
pL(p)(1− p) + pL(1− p)(1− p) = 0,

À÷ä2º�æ�³�º�ç4° pL(1)(1− p) = 0 Å � ç4¶2º�ÌÔ¼�½÷»H¼�Á�¸�¶2²�³�Á�º�È � Ë�²�ÂH¸�Á#¼!À÷²�ä	»H¼�Á#¼!¶H¼ 1− p À p ²�º�º�³�Á�¸�³�I
²�³�Á�¸�¶	¶2º	ã2À2ç,¸�¸�ç

(1− p)L(1− p)p+ (1− p)L(p)p = 0,

Àêä2º�æ�³�º�ç4° (1− p)L(1)p = 0 Å � ç4¶2º�ÌÔ¼�½ê»H¼�Á�¸�¶2²�³�Á�º�È (�Ë6²Oº�Ä�¸�À'åê²�³�º�»2º�¶ê¶H¼ 1− p ã'À2ç,¸�¸�ç
(1− p)L(p)(1− p)− ξ(1− p)L(p)(1− p) = 0,

Àêä2º�æ�³�º�ç4° (1− p)L(p)(1 − p) = 0.
� ç4¶2º�ÌÔ¼�½ê»H¼�Á�¸�¶2²�³�Á�º�È � Ë�²Mº�Ä�¸�À'å÷²�³�º�»2º�¶	Î ¶H¼ p ã'À2ç,¸�¸�ç

pL(1− p)p− ξpL(1− p)p = 0,

Àêä2º�æ�³�º�ç4° pL(1− p)p = 0. B

[aä	»2¸�ÇH¸�Â2À2ç º�³�º�Ä�»H¼�Ì!¸�¶	À2¸ δ : LS(M) → LS(M) ²�ÂH¸�Ç2°�ë��!À2ç`º�Ä�»H¼�Í�º�ç � δ(x) = L(x) +
ax − xa Ç	Â2½êÁ�²�¸�å x ∈ LS(M) ãHÃ�ÇH¸ a = pL(p)(1 − p) − (1 − p)L(p)p Åa^±²�¶2º	ã�ò	³�º δ ½'Á�Â2½	¸�³�²�½
¼�Ç	Ç2À	³�À	Á�¶	Î�çÐº�³�º�Ä�»H¼�Ì!¸�¶	À2¸�çíÀ [δ(x), y]ξ + [x, δ(y)]ξ = δ([x, y]) Ç	Â2½�Á�²�¸�å x, y ∈ LS(M) ãAÃ�ÇH¸
xy = 0 Å,e±»2º�ç,¸a³�º�Ã�º	ã�²�º�Ã�Â�¼�²�¶2ºVÂH¸�ç,ç,¸!(�À2ç,¸�¸�ç pδ(1)(1− p) = (1− p)δ(1)p = (1− p)δ(p)(1−
p) = pδ(1− p)p = 0 Å

mv¼�¹	À2çúº�Ä�»H¼�Í�º�ç1ã
δ(p) = L(p) + bp− pb = pL(p)p = pδ(p)p− p(bp− pb)p = pδ(p)p, È���Ë

δ(1 − p) = L(1− p) + b(1− p)− (1− p)b = (1− p)L(1− p)(1− p)
= (1− p)(1− p)(1− p)− (1− p)(b(1 − p)− (1− p)b)(1− p)
= (1− p)δ(1 − p)(1− p).

È 1�Ë

=�w?>@>\uþGAC�;W���
i = 1, 2

��0#"���
'�|���	�	
 -
δ(Sii) ⊆ Sii

5
C l±°�²�³�´ x11 ∈ S11 Å,mv¼�¹ê¹'¼�¹ x11(1− p) = 0 ã	³�º [δ(x11),1− p]ξ + [x11, δ(1− p)]ξ = 0 Å,L±Í

æ�³�º�Ã�ºW»H¼�Á�¸�¶2²�³�Á#¼WÀ¾È 1�Ë�À2ç,¸�¸�ç
δ(x11)(1− p)− ξ(1− p)δ(x11) = 0. È���Ë

� ç4¶2º�ÌÔ¼�½ê»H¼�Á�¸�¶2²�³�Á�º�È 1�Ë6²�ÂH¸�Á#¼Ô¶H¼ p ã'ä2º�Â2°�òH¼�¸�ç
pδ(x11)(1− p) = 0. ÈÜü�Ë
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� ç4¶2º�ÌÔ¼�½ô»H¼�Á�¸�¶2²�³�Á�º÷È 1�Ë�²\º�Ä�¸�À'åé²�³�º�»2º�¶÷¶H¼ 1− p ã#ä2º�Â2°�òH¼�¸�ç (1− ξ)(1− p)δ(x11)(1− p) = 0 ã
º�³�¹	°�Ç�¼W²�ÂH¸�Ç2°�¸�³

(1− p)δ(x11)(1− p) = 0, È � Ë
ä2º�²�¹�º�Â2´�¹	° ξ 6= 1 Å 0 Ç2»	°�Ã�º�Êj²�³�º�»2º�¶	ÎMã (1 − p)x11 = 0 ã�Àjç4ÎöÀ2ç,¸�¸�ç [δ(1 − p), x11]ξ + [1 −
p, δ(x11)] = 0 Å,mv¼�¹	À2çúº�Ä�»H¼�Í�º�ç1ã (1− p)δ(x11)− ξδ(x11)(1− p) = 0.

� ç4¶2º�ÌÔ¼�½÷æ�³�ºW»H¼�Á�¸�¶2²�³�Á�º
¶H¼ p ã'À2ç,¸�¸�ç

(1− p)δ(x11)p = 0. È���Ë
L±ÍÔ»H¼�Á�¸�¶2²�³�ÁjÈÜü�Ë��AÈ���Ëaä2º�Â2°�òH¼�¸�ç δ(x11) ∈ S11 ÅOlOº�æ�³�º�ç4° δ(S11) ⊆ S11 Å 0 Â2°�òH¼�Ê δ(S22) ⊆ S22»H¼�²�²�çQ¼�³�»	À	Á#¼�¸�³�²�½o¼�¶H¼�ÂHº�Ã�À	ò	¶2º	Å B=�w?>@>\u��DC

δ(1) ∈ Z(LS(M))
�
δ(pi)xij = xijδ(pj)

�����ô��� ��/


xij ∈ Sij

*
i 6= j = 1, 2

5
C l±°�²�³�´ x12 ∈ S12 ÅQmv¼�¹ê¹'¼�¹ x12p1 = 0 ã	³�ºÔÀ2ç,¸�¸�ç
δ(−ξx12) = [δ(x12), p1]ξ + [x12, δ(p1)]ξ = δ(x12)p1 − ξp1δ(x12) + x12δ(p1)− ξδ(p1)x12. È <�Ë

mv¼�¹ê¹'¼�¹ p2x12 = 0, ³�º
δ(−ξx12) = [δ(p2), x12]ξ + [p2, δ(x12)]ξ = δ(p2)x12 − ξx12δ(p2) + p2δ(x12)− ξδ(x12)p2. È (�*�Ë
L±ÍO»H¼�Á�¸�¶2²�³�ÁoÈ <�Ë�ÀjÈ (�*�Ë�ä2º�Â2°�òH¼�¸�ç
δ(x12)p1 − ξp1δ(x12)p1 + x12δ(p1)− ξδ(p1)x12

= δ(p2)x12 − ξx12δ(p2) + p2δ(x12)− ξδ(x12)p2. È (�(�Ë
l±»	À ξ 6= 0 ã�°'ç4¶2º�ÌÔ¼�½=»H¼�Á�¸�¶2²�³�Á�ºÆÈ (�(�Ë4²�ÂH¸�Á#¼±ÀÆ²�ä	»H¼�Á#¼±¶H¼ p1 À p2 ã�²�º�Ã�Â�¼�²�¶2ºV»H¼�Á�¸�¶2²�³�Á#¼�çùÈ���ËÀ`È 1�Ë!À2ç,¸�¸�ç δ(p1)x12 = p1δ(p1)p1x12 = x12p2δ(p2)p2 = x12δ(p2). l±»	À ξ = 0 ã�À2²�ä2º�Â2´�Í�°�½

»H¼�Á�¸�¶2²�³�Á�º (p1 + x12)(x12 − p2) = (x12 − p2)(p1 + x12) = 0 ã	À2ç,¸�¸�ç
(δ(p1) + δ(x12))(x12 − p2) + (p1 + x12)(δ(x12)− δ(p2)) = 0

À
(δ(x12)− δ(p2))(p1 + x12) + (x12 − p2)(δ(p1) + δ(x12)) = 0,

º�³�¹	°�Ç�¼Ôä2º�Â2°�òH¼�¸�ç
δ(p1)x12 + δ(x12)x12 − δ(x12)p2 + p1δ(x12) + x12δ(x12)− x12δ(p2) = 0

À
δ(x12)p1 + δ(x12)x12 + x12δ(x12)− p2δ(x12) = 0.

L±Í�ä2º�²�ÂH¸�Ç2¶	À'å=»H¼�Á�¸�¶2²�³�ÁÔ²�ÂH¸�Ç2°�¸�³ δ(p1)x12 = x12δ(p2) Å�SÔ¼�ÂH¸�¸�ã#°�ò	À	³�Î1Á#¼�½=»H¼�Á�¸�¶2²�³�Á#¼ÆÈ���Ë4À�È 1�Ë�ãÀ2ç,¸�¸�ç p1δ(p1)p1x12 = x12p2δ(p2)p2. mv¼�¹	À2çúº�Ä�»H¼�Í�º�ç1ã2Í�¼�¹'Â2ë\òH¼�¸�ç1ã	ò	³�º
δ(p1)x12 = p1δ(p1)p1x12 = x12p2δ(p2)p2 = x12δ(p2)

Ç	Â2½ Á�²�¸�å x12 ∈ S12 ÅÐhD¼�ç,¸�³�À2ç1ã�ò	³�º p1δ(p2)p1 = p2δ(p1)p2 = 0 Å`[a³�²�ë6Ç�¼ p1δ(1)p1x12 =
x12p2δ(1)p2 ã'À÷ä2º�æ�³�º�ç4°

δ(1)x12 = (p1δ(1)p1 + p2δ(1)p2)x12 = x12(p2δ(1)p2 + p1δ(1)p1) = x12δ(1) È ( � Ë
Ç	Â2½ôÁ�²�¸�å x12 ∈ S12 Å,]a¶H¼�ÂHº�Ã�À	ò	¶2ºÆç,º�ÌW¶2º=ä2º�¹'¼�Í�¼�³�´2ã2ò	³�º

δ(p2)x21 = x21δ(p1), δ(1)x21 = x21δ(1), x21 ∈ S21. È (
��Ë
mÙ¸�ä2¸�»	´ÆÀ	ÍO»H¼�Á�¸�¶2²�³�ÁoÈ ( � Ë�ãÙÈ (
��Ë�À2ç,¸�¸�ç δ(1) ∈ Z(LS(M)) Å B
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xij ∈ Sij (1 6 i 6= j 6 2)

���A�|�2 ����!�A�� A��
'�|"	�V�Ù��$	�������	
��	
����A��$A��$	/��
1)
�����	�

ξ 6= −1 * � - δ(xij) ∈ Sij;
2)
�����	�

ξ = −1 * � - p1δ(xij)p1 = p2δ(xij)p2 = 0
�
δ(xij)xij + xijδ(xij) = 0.

C SMÂ2½ÔÂ2ë±Ä�º�Ã�º x12 ∈ S12 Á�¸�»	¶2ºM»H¼�Á�¸�¶2²�³�Á�ºôÈ (�(�Ë�Å � ç4¶2º�ÌÔ¼�½Ææ�³�ºO»H¼�Á�¸�¶2²�³�Á�º!²�º�Ä�¸�À'å=²�³�º�»2º�¶¶H¼ p1 À p2 ²�º�º�³�Á�¸�³�²�³�Á�¸�¶	¶2ºôÀ�ä	»	À	¶	À2çQ¼�½�Á�º=Á�¶	À2çQ¼�¶	À2¸�ãAò	³�º ξ 6= 1, ¼W³�¼�¹	Ì!¸ÔÀ�»H¼�Á�¸�¶2²�³�Á#¼oÈ���Ë�ã
È 1�Ë�ã'ÂH¸�Ã�¹�º=Á�À'ÇH¸�³�´2ã	ò	³�º

p1δ(x12)p1 = p2δ(xij)p2 = 0. È (�1�Ë
lOº�Â2¶2º�¸�ÇHº�¹'¼�Í�¼�³�¸�Â2´�²�³�Á�ºO°�³�Á�¸�»#ÌÔÇH¸�¶	À	½ (�Ë�²�ÂH¸�Ç2°�¸�³OÀ	Í�»H¼�Á�¸�¶2²�³�Á#¼ p2δ(x12)p1 = 0 Å4X4¼�²�²�ç,º�³�»	À2ç
Ç2Á#¼W²�Â2°�òH¼�½DÅ� Û2ì
	�Ï�Þ (�Å ξ = 0 Å

SMÂ2½ôÂ2ë±Ä�º�Ã�º x12 À2ç,¸�¸�ç x12p1 = 0, ä2º�æ�³�º�ç4°
δ(x12)p1 = x12δ(p1) = 0. È ( ��Ë

� ç4¶2º�ÌÔ¼�½o»H¼�Á�¸�¶2²�³�Á�ºjÈ ( ��Ëa²�ÂH¸�Á#¼Æ¶H¼ p2 ã�ä2º�Â2°�ò	À2ç p2δ(x12)p1 = 0 ÅMmv¼�¹	À2çóº�Ä�»H¼�Í�º�ç1ãDÀ2ç,¸�½
Á�Á�À'Ç2°ôæ�³�ºW»H¼�Á�¸�¶2²�³�Á�º=À÷»H¼�Á�¸�¶2²�³�Á�º�È (�1�Ë�ã	À2ç,¸�¸�ç δ(x12) = p1δ(x12)p2 ∈ S12 Å

� Û2ì
	�Ï�Þ � Å ξ 6= 0,−1 Å
l±°�²�³�´ x12, y12 ∈ S12 ÅQmv¼�¹�¹'¼�¹ (y12 − p2)(p1 + x12) = 0 ã	³�ºW²�º�Ã�Â�¼�²�¶2ºÆ»H¼�Á�¸�¶2²�³�Á#¼�ç`È���Ë�ãÙÈ 1�Ë

À2ç,¸�¸�ç
δ(−ξx12 + ξx12) = δ([y12 − p2, p1 + x12]ξ) = [δ(y12 − p2), p1 + x12]ξ

+ [y12 − p2, δ(p1 + x12)]ξ = δ(y12)p1 + δ(y12)x12 − ξp1δ(y12)− ξx12δ(y12)
+ ξx12δ(p2) + y12δ(x12)− p2δ(x12)− ξδ(p1)y12 − ξδ(x12)y12 + ξδ(x12)p2.

È (�ü�Ë

� ç4¶2º�ÌÔ¼�½ê»H¼�Á�¸�¶2²�³�Á�º�È (�ü�Ë6²Oº�Ä�¸�À'åê²�³�º�»2º�¶ê¶H¼ p2 À÷ä	»	À2ç,¸�¶	½'½ê»H¼�Á�¸�¶2²�³�Á�º�È (�1�Ë�ã	ä2º�Â2°�òH¼�¸�ç
p2δ(y12)p1x12 = ξp2δ(x12)p1y12 (∀x12, y12 ∈ S12). È ( � Ë

� ç4¶2º�ÌÔ¼�½ê»H¼�Á�¸�¶2²�³�Á�º�È <�Ë�¶H¼ p2 À p1 ²�ÂH¸�Á#¼ÔÀ�²�ä	»H¼�Á#¼W²�º�º�³�Á�¸�³�²�³�Á�¸�¶	¶2º	ãHÀ2ç,¸�¸�ç
p2δ(x12)p1 = p2δ(−ξx12)p1 (∀x12 ∈ S12). È (
��Ë

L±ÍM»H¼�Á�¸�¶2²�³�ÁoÈ ( � Ë�À¾È (
��Ë�À2ç,¸�¸�ç
−p2δ(y12)p1x12 = p2δ(ξy12)p1x12 = ξp2δ(x12)p1(ξy12) = ξ2p2δ(x12)p1y12

Ç	Â2½÷Á�²�¸�å x12, y12 ∈ S12 Å,mv¼�¹	À2çúº�Ä�»H¼�Í�º�ç1ã2À	ÍO»H¼�Á�¸�¶2²�³�Á#¼�È ( � Ë�Á�Î1³�¸�¹'¼�¸�³�ãHò	³�º
p2δ(x12)p1y12 = 0 (∀x12, y12 ∈ S12). È (�<�Ë

]a¶H¼�ÂHº�Ã�À	ò	¶2º	ã,°'ç4¶2º�ÌÔ¼�½¾»H¼�Á�¸�¶2²�³�Á�ºÿÈ (�ü�ËO¶H¼ p1 ²Æº�Ä�¸�À'å¾²�³�º�»2º�¶¾ÀjÀ2²�ä2º�Â2´�Í�°�½¾»H¼�Á�¸�¶2²�³�Á#¼þÈ (�1�ËÀ¾È (
��Ë�ã	ä2º�Â2°�òH¼�¸�ç
y12p2δ(x12)p1 = 0 (∀x12 ∈ S12). È � *�Ë

mv¼�¹	Ì!¸oÍ�¼�ç,¸�³�À2ç1ã�ò	³�º p2δ(x12)p1y21 = y21p2δ(x12)p1 = 0 Ç	Â2½úÁ�²�¸�å y12 ∈ S12 Å`mÙº�Ã�Ç�¼jÀ	Í»H¼�Á�¸�¶2²�³�Á÷È (�<�Ë�ãDÈ � *�Ë,²�ÂH¸�Ç2°�¸�³�ã�ò	³�º p2δ(x12)p1 ∈ Z(LS(M)), ÀÆä2º�æ�³�º�ç4° p2δ(x12)p1 = 0 Å,mv¼�¹	À2ç
º�Ä�»H¼�Í�º�ç1ã	ÇHº�¹'¼�Í�¼�¶2º=°�³�Á�¸�»#ÌÔÇH¸�¶	À2¸ (�Ë�Å

SMÂ2½ÆÇHº�¹'¼�Í�¼�³�¸�Â2´�²�³�Á#¼W°�³�Á�¸�»#ÌÔÇH¸�¶	À	½ � ËQÍ�¼�ç,¸�³�À2ç1ã'ò	³�ºÔä	»	À ξ = −1 À2ç,¸�¸�³Wç,¸�²�³�ºÔ»H¼�Á�¸�¶2²�³�Á�º
xy = 0⇒ δ(xy+yx) = δ(x)y+xδ(y)+δ(y)x+yδ(x) Å,mv¼�¹!¹'¼�¹ x12 ∈ S12 ã (p1+x12)(x12−p2) =
0 ã�³�º δ(p1+x12)(x12−p2)+(x12−p2)δ(p1+x12)+δ(x12−p2)(p1+x12)+(p1+x12)δ(x12−p2) = 0 Å



ξ � �	�A��
�/ù�������M�|"Ù��$��	�#" - 
���$	���ê$��W�������	��"���
ê� - �	������$ - �2
����|"��2�4/

 - 0A�|"���� - " - 
 �&(

[a³�²�ë6Ç�¼'ãHÀ2²�ä2º�Â2´�Í�°�½�»H¼�Á�¸�¶2²�³�Á�ºoÈ (�(�Ë�ãHÍ�¼�¹'Â2ë\òH¼�¸�ç1ãHò	³�º δ(x12)x12 + x12δ(x12) = 0 Å � ò	À	³�Î1Á#¼�½
æ�³�ºWÀ÷»H¼�Á�¸�¶2²�³�Á�º�È (�1�Ë�ã	ä2º�Â2°�òH¼�¸�ç È � Ë�Å B=�w?>@>\u¾>AC �O��� �V�!������� - ���A�|�2 ����!�A�6 A��
'�|"	�V�Ù��$	��� �

1)
�����	�

ξ 6= 0,−1 * � - δ(ξxy) = ξδ(x)y + ξxδ(y)
�����÷
'��� 


x, y ∈ LS(M) �

2)
�����	�

ξ = 0
* � - �� �Æ������
� 2���o���	���A���	
�$ - �Ô�������M�|"Ù��$��	�#" - 
���$	�A�

ϕ
����� - � * ��� -

δ(x) =
ϕ(x) + δ(1)x

�����÷
'��� 

x ∈ LS(M) �

3)
�����	�

ξ = −1 * � - δ(x2) = δ(x)x+ xδ(x)
�����ô
'��� 


x ∈ LS(M)
* � 5 � 5

δ
�������é���	���A���	
�$ - �

� - "#����$ - 
 - �������M�|"Ù��$��	�#" - 
���$	�A� 5
C
� Û2ì
	�Ï�Þ (�Å ξ 6= 0,−1 Å

Pùæ�³�º�ç ²�Â2°�òH¼�¸±ÇHº�¹'¼�Ì!¸�ç1ãHò	³�º δ(ξxy) = ξδ(x)y + ξxδ(y) Ç	Â2½ôÁ�²�¸�å x, y ∈ LS(M) Å
(�Å δ(ξxiiyij) = ξδ(xii)yij + ξxiiδ(yij) Ç	Â2½oÁ�²�¸�å xii, yij ∈ Sij ã 1 6 i 6= j 6 2 ÅWYM¼ô²�¼�ç,º�ç

ÇH¸�ÂH¸!Ç	Â2½oÁ�²�¸�å xii ∈ Sii ã yij ∈ Sij À2ç,¸�¸�ç yijxii = 0.
0 º�Ã�Â�¼�²�¶2º÷ÂH¸�ç,ç,¸ � À�°�³�Á�¸�»#ÌÔÇH¸�¶	À	ë (�Ë

ÂH¸�ç,ç4Î 1=À2ç,¸�¸�ç
−δ(ξxiiyij) = δ([yij , xii]ξ)

= δ(yij)xii − ξxiiδ(yij) + yijδ(xii)− ξδ(xii)yij = −ξxiiδ(yij)− ξδ(xii)yij ,

³�Å�¸�Å δ(ξxiiyij) = ξxiiδ(yij)+ξδ(xii)yij Ç	Â2½WÁ�²�¸�å xii ∈ Sii À yij ∈ Sij Åv]a¶H¼�ÂHº�Ã�À	ò	¶	Î�ç¾º�Ä�»H¼�Í�º�çç,º�ÌW¶2º=ä2º�Â2°�ò	À	³�´2ã	ò	³�º� Å δ(ξxijyjj) = ξxijδ(yjj) + ξδ(xij)yjj Ç	Â2½÷Á�²�¸�å xij ∈ Sij À yjj ∈ Sjj ã 1 6 i 6= j 6 2 �
�'Å δ(ξxiiyii = ξδ(xii)yii) + ξxiiδ(yii) Ç	Â2½÷Á�²�¸�å xii, yii ∈ Sii ã i = 1, 2.
l±°�²�³�´ i 6= j. SMÂ2½éÂ2ë±Ä�Î6å xii, yii ∈ Sii ã i = 1, 2, À sij ∈ Sij ã2²�º�Ã�Â�¼�²�¶2º=ä�Å (Oä2º�Â2°�ò	À2ç

δ(ξxiiyiisij) = ξδ(xii)yiisij + ξxiiyiiδ(sij).

0 Ç2»	°�Ã�º�Ê�²�³�º�»2º�¶	ÎMã
δ(ξxiiyiisij) = ξδ(xii)yiisijξxiiδ(yiisij) = ξδ(xii)yiisij + ξ2xiiδ(ξ

−1yii)sij + ξxiiyiiδ(sij).

0 º�ä2º�²�³�¼�Á�Â2½'½êä2º�²�ÂH¸�Ç2¶	À2¸OÇ2Á#¼Ô»H¼�Á�¸�¶2²�³�Á#¼'ã2ä2º�Â2°�òH¼�¸�ç
(
δ(xiiyii)− δ(xii)yii − ξxiiδ(ξ−1yii)

)
sij = 0.

0 ÂH¸�ÇHº�Á#¼�³�¸�Â2´�¶2º	ã (
δ(ξxiiyii)− ξδ(xii)yii − ξxiiδ(yii)

)
sij = 0 È � (�Ë

Ç	Â2½ôÁ�²�¸�å sij ∈ Sij ÅQ]a¶H¼�ÂHº�Ã�À	ò	¶2ºÔÇ	Â2½÷Á�²�¸�å sji ∈ Sij À2ç,¸�¸�ç
sji

(
δ(ξxiiyii)− ξδ(xii)yii − ξxiiδ(yii)

)
= 0. È ��� Ë

mv¼�¹	Ì!¸V²�º�Ã�Â�¼�²�¶2ºWÂH¸�ç,ç,¸ � À2ç,¸�¸�ç
sij

(
δ(ξxiiyii)− ξδ(xii)yii − ξxiiδ(yii)

)
=
(
δ(ξxiiyii)− ξδ(xii)yii − ξxiiδ(yii)

)
sji = 0.

L±ÍÆ»H¼�Á�¸�¶2²�³�ÁÿÈ � (�Ë±ÀóÈ ��� ËOÁ�Î1³�¸�¹'¼�¸�³ δ(ξxiiyii) − ξδ(xii)yii − ξxiiδ(yii) ∈ Z(LS(M)) ã,º�³�¹	°�Ç�¼
ä2º�Â2°�òH¼�¸�ç δ(ξxiiyii)− ξδ(xii)yii − ξxiiδ(yii) = 0 Å
12Å δ(ξxijyji) = ξδ(xij)yji + ξxijδ(yji) Ç	Â2½÷Á�²�¸�å xij ∈ Sij ã yji ∈ Sji ã 1 6 i 6= j 6 2.
SMÂ2½�Â2ë±Ä�Î6å xij ∈ Sij ã yji ∈ Sji ã i 6= j, (xijyji − xij − yji + pj) = 0 ÅW[a³�²�ë6Ç�¼'ã�²�º�Ã�Â�¼�²�¶2º

º�ä	»2¸�ÇH¸�ÂH¸�¶	À	ë −δ ã	À2ç,¸�¸�ç
δ(xijyji − ξxij − ξyjixijyji − ξyjixij) = δ

(
[xijyji − xij − yji + pj , pi + yji]ξ

)
= 0.



�
�

�
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�� 5��þ5

mv¼�¹	À2çúº�Ä�»H¼�Í�º�ç1ãH²�º�Ã�Â�¼�²�¶2ºWÂH¸�ç,ç,¸ � À÷°�³�Á�¸�»#ÌÔÇH¸�¶	À	ë�(�ËQÂH¸�ç,ç4Î 1WÀ2ç,¸�¸�ç
δ(ξxijyji)− δ(ξxij)− δ(ξyjixij) = δ(xij)yji + δ(yji)pi − δ(pj)yji − ξδ(xij)

− ξyjiδ(xij)− xijyjiδ(pi) + xijδ(yji) + yjiδ(pi)− pjδ(yji)− ξδ(pi)xij − ξδ(yji)xij .
� ç4¶2º�ÌÔ¼�½?æ�³�º »H¼�Á�¸�¶2²�³�Á�º`²ùº�Ä�¸�À'åk²�³�º�»2º�¶?¶H¼ pj Àkä	»	À2ç,¸�¶	½'½öÂH¸�ç,ç4Î � À 12ã=ä2º�Â2°�òH¼�¸�ç
δ(ξyjixij) = ξδ(yji)xij + ξyjiδ(xij).mÙ¸�ä2¸�»	´¬Ç	Â2½þä	»2º�À	Í�Á�º�Â2´�¶	Î6å x, y ∈ LS(M) ²�º�Ã�Â�¼�²�¶2º¬ä	ä�Å ( �/1�Àù¼�Ç	Ç2À	³�À	Á�¶2º�²�³�À δ À2ç,¸�¸�ç
δ(ξxy) = ξδ(x)y + ξxδ(y) Ç	Â2½íÁ�²�¸�å x, y ∈ LS(M) Åîmv¼�¹	À2çîº�Ä�»H¼�Í�º�ç1ã±Á À	³�º�Ã�¸�ä2º�Â2°�ò	À2ç
°�³�Á�¸�»#ÌÔÇH¸�¶	À2¸ (�ËQÂH¸�ç,ç4Î �'Å� Û2ì
	�Ï�Þ � Åñl±°�²�³�´ δ °�ÇHº�Á�ÂH¸�³�Á�º�»#½	¸�³ù°�²�ÂHº�Á�À	ë � ¸�²�Â2À xy = 0 ã\³�º δ(x)y + xδ(y) = 0 Å
lOº�¹'¼�Ì!¸�ç1ãHò	³�º

δ(xy) = δ(x)y + xδ(y) − δ(1)xy
Ç	Â2½ÿÁ�²�¸�å x, y ∈ LS(M) Åúl±°�²�³�´ 1 6 i 6= j 6 2 Å 0 º�Ã�Â�¼�²�¶2º¬ÂH¸�ç,ç,¸ � À °�³�Á�¸�»#ÌÔÇH¸�¶	À	ë (�Ë
ÂH¸�ç,ç4Î 1WÀ2ç,¸�¸�ç (xii + xiiyij)(pj − yij) = 0 Å�[a³�²�ë6Ç�¼

δ(xiiyij) = δ(xii)yij + xiiδ(yij)− xiiyijδ(pj) È � ��Ë
Ç	Â2½÷Á�²�¸�å xii ∈ Sii À yij ∈ Sij ÅQL±ÍO»H¼�Á�¸�¶2²�³�Á#¼ (pi − xij)(yjj + xijyjj) = 0 Á�Î1³�¸�¹'¼�¸�³

δ(xijyjj) = δ(xij)yjj + xijδ(yjj)− δ(pi)xijyjj È � 1�Ë
Ç	Â2½ Á�²�¸�å xij ∈ Sij À yjj ∈ Sjj ÅùmÙº�Ã�Ç�¼j²�º�Ã�Â�¼�²�¶2º¬ÂH¸�ç,ç,¸ �oÀú»H¼�Á�¸�¶2²�³�Á�° È � ��Ë�ã�»H¼�²�²�°�ÌÔÇ�¼�½¼�¶H¼�ÂHº�Ã�À	ò	¶2º=ä�Å1�Ô²�Â2°�òH¼�½ (�ã'À2ç,¸�¸�ç

δ(xiiyii) = δ(xii)yii + xiiδ(yii)− xiiyiiδ(pi) È � ��Ë
Ç	Â2½êÁ�²�¸�å xii, yii ∈ Sii Å6mÙ¸�ä2¸�»	´2ãHÀ2²�ä2º�Â2´�Í�°�½�»H¼�Á�¸�¶2²�³�Á�º (xij + xijyji)(pi − yji) = 0 ã	ÂH¸�ç,ç4° � À
°�³�Á�¸�»#ÌÔÇH¸�¶	À2¸ (�ËQÂH¸�ç,ç4Î 12ã	À2ç,¸�¸�ç

δ(xijyji) = δ(xij)yji + xijδ(yji)− xijyjiδ(pi) È � ü�Ë
Ç	Â2½jÁ�²�¸�å xij ∈ Sij À yji ∈ Sji Å�]a¶H¼�ÂHº�Ã�À	ò	¶2º�Ç	Â2½þ¼�Ç	Ç2À	³�À	Á�¶2º�Ã�º δ ã,²�º�ä2º�²�³�¼�Á�Â2½'½þ»H¼�Á�¸�¶2²�³�Á#¼È � ��Ë��AÈ � ü�Ë�ã1ä2º�Â2°�ò	À2ç δ(xy) = δ(x)y + xδ(y) − δ(

@
)xy Ç	Â2½ÿÁ�²�¸�å x, y ∈ LS(M) ÅómÙ¸�ä2¸�»	´ ϕ

º�ä	»2¸�ÇH¸�Â2À2ç`²�ÂH¸�Ç2°�ë��!À2ç º�Ä�»H¼�Í�º�ç � ϕ(x) = δ(x) − δ( @ )x ÅêhD¼�ç,¸�³�À2ç1ãvò	³�º δ( @ ) ∈ Z(LS(M)).
mv¼�¹	À2çúº�Ä�»H¼�Í�º�ç1ã2À2ç,¸�¸�ç

ϕ(xy) = δ(xy) − δ( @ )xy = δ(x)y + xδ(y)− 2δ(
@
)xy

= (ϕ(x) + δ(
@
)x)y + x(ϕ(y) + δ(

@
)y)− 2δ(

@
)xy = ϕ(x)y + xϕ(y)

Ç	Â2½÷Á�²�¸�å x, y ∈ LS(M). lOº�æ�³�º�ç4° δ ½'Á�Â2½	¸�³�²�½�¼�Ç	Ç2À	³�À	Á�¶	Î�çÿÇ2À2èMèM¸�»2¸�¶	¿	À	»2º�Á#¼�¶	À2¸�ç À δ(x) =
ϕ(x) + δ(1)x Ç	Â2½÷Á�²�¸�å x Å� Û2ì
	�Ï�Þ �'Å ξ = −1 Å

Pùæ�³�º�ç ²�Â2°�òH¼�¸ δ °�ÇHº�Á�ÂH¸�³�Á�º�»#½	¸�³é°�²�ÂHº�Á�À	ë
xy = 0⇒ δ(yx) = δ(x)y + xδ(y) + δ(y)x+ yδ(x).

lOº�¹'¼�Ì!¸�ç1ãHò	³�º δ µ_Ê2º�»�Ç�¼�¶2º�ÁÆÃ�º�ç,º�ç,º�»2èOÀ	Í�ç1ã2°�ÇHº�Á�ÂH¸�³�Á�º�»#½'ë��!À	Ê�°�²�ÂHº�Á�À	ëîÈ���Ë�Å
l±°�²�³�´ 1 6 i 6= j 6 2. SMÂ2½jÂ2ë±Ä�Î6å xii ∈ Sii À yij ∈ Sij À2ç,¸�¸�ç yijxii = 0 Å 0 º�Ã�Â�¼�²�¶2º

ÂH¸�ç,ç,¸ � À÷°�³�Á�¸�»#ÌÔÇH¸�¶	À	ë � Ë�ÂH¸�ç,ç4Î 1WÀ2ç,¸�¸�ç
δ(xiiyij) = δ(xii)yij + xiiδ(yij) + δ(yij)xii È ��� Ë



ξ � �	�A��
�/ù�������M�|"Ù��$��	�#" - 
���$	���ê$��W�������	��"���
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 ���

Ç	Â2½ôÁ�²�¸�å xij ∈ Sij À yjj ∈ Sjj, ä2º�²�¹�º�Â2´�¹	° yjjxij = 0 Å 0 º�Ã�Â�¼�²�¶2ºWÂH¸�ç,ç,¸ � À÷°�³�Á�¸�»#ÌÔÇH¸�¶	À	ë � Ë
ÂH¸�ç,ç4Î 1=À2ç,¸�¸�ç

δ(xijyjj) = δ(xij)yjj + xijδ(yjj) + yjjδ(xij) È � ��Ë
Ç	Â2½!Á�²�¸�å xii, yii ∈ Sii. 0 º�Ã�Â�¼�²�¶2ºOÂH¸�ç,ç,¸ �aÀÔ»H¼�Á�¸�¶2²�³�Á�°êÈ ��� Ë4¼�¶H¼�ÂHº�Ã�À	ò	¶2ºOä�Å��\²�Â2°�òH¼�½ (�ã�ç,º�ÌW¶2ºä2º�¹'¼�Í�¼�³�´2ã2ò	³�º

δ(xiiyii) = δ(xii)yii + xiiδ(yii). È � <�Ë
SMÂ2½ôÂ2ë±Ä�Î6å xij ∈ Sij À yji ∈ Sji À2ç,¸�¸�ç (xijxji + xij + xji + pj)(pi − xij − xji + xjixij) = 0.0 º�Ã�Â�¼�²�¶2ºWÂH¸�ç,ç,¸ � À÷°�³�Á�¸�»#ÌÔÇH¸�¶	À	ë È � Ë�ÂH¸�ç,ç4Î 1Wä2º�Â2°�òH¼�¸�ç

δ(xijxji) = δ(xij)xji + xijδ(xji), δ(xjixij) = δ(xji)xij + xjiδ(xij). È���*�Ë
mÙ¸�ä2¸�»	´2ã4¹�º�ç,Ä�À	¶	À	»	°�½¾»H¼�Á�¸�¶2²�³�Á#¼¾È ��� Ë��AÈ���*�Ë�ã4ä2º�Â2°�òH¼�¸�ç δ(x2) = δ(x)x + xδ(x) Ç	Â2½¬Á�²�¸�å x ∈
LS(M) ã	³�Å2¸�Å δ µ_Ê2º�»�Ç�¼�¶2º�Á�º=Ç2À2èMèM¸�»2¸�¶	¿	À	»2º�Á#¼�¶	À2¸�Å B=�w?>@>\u�EDC��6���	�

ξ 6= 0,−1 * � - �� �Æ������
� 2���!���	���A���	
�$ - �6�������M�|"Ù��$��	�#" - 
���$	�A� ϕ *  �� - 
��A� ���
 - "�� ���Æ����"���
'��$A����
� 
ϕ(ξ � ) = ξδ( � ) * ����� - � * ��� - δ(x) = ϕ(x) + δ( � )x �����é
'��� 
 x � 
÷�#������$ - ������ * �����="�� �	� - $�������$	/

ê� - �40	�A���2��$	/



ξ, δ
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�$	/�� 5

C
0 º�Ã�Â�¼�²�¶2º¾°�³�Á�¸�»#ÌÔÇH¸�¶	À	ë (�Ë!ÂH¸�ç,ç4Î ��À2ç,¸�¸�ç δ(ξxy) = ξ(δ(x)y + xδ(y) Ç	Â2½ÿÂ2ë±Ä�Î6å

x, y ∈ LS(M) Å?P òH¼�²�³�¶2º�²�³�À�ãaÇ	Â2½ùÂ2ë±Ä�Î6å x ã y ãaÃ�ÇH¸ xy = 0 ãaÀ2ç,¸�¸�ç ξ(δ(x)y + xδ(y) =
δ(ξxy) = δ(0) = 0 Åémv¼�¹	À2ç`º�Ä�»H¼�Í�º�ç1ã δ(x)y + xδ(y) = 0 Ç	Â2½�Â2ë±Ä�Î6å x ã y ã�Ã�ÇH¸ xy = 0 ³�¼�¹�ã
ò	³�º δ °�ÇHº�Á�ÂH¸�³�Á�º�»#½	¸�³!°�²�ÂHº�Á�À	ë ξ = 0 Å4mÙº�Ã�Ç�¼V²�º�Ã�Â�¼�²�¶2ºM°�³�Á�¸�»#ÌÔÇH¸�¶	À	ë � ËÙÂH¸�ç,ç4Î �±²�° �Ô¸�²�³�Á�°�¸�³
¼�Ç	Ç2À	³�À	Á�¶2º�¸6Ç2À2èMèM¸�»2¸�¶	¿	À	»2º�Á#¼�¶	À2¸ ϕ ³�¼�¹�º�¸�ã�ò	³�º δ(x) = ϕ(x)+δ(

@
)x Ç	Â2½!Á�²�¸�å x Åve±»2º�ç,¸6³�º�Ã�º	ã

δ(ξ
@
) = ξδ(

@
)
@
+ ξ

@
δ(
@
) ãH³�¼�¹�¹'¼�¹ δ(ξ @ ) ∈ Z(LS(M)) À ϕ(ξ @ ) = ξδ(

@
) ²�º�Ã�Â�¼�²�¶2ºéÂH¸�ç,ç,¸ �'Å

lOº�²�¹�º�Â2´�¹	° δ µ ¼�Ç	Ç2À	³�À	Á�¶2º�¸WÇ	Â2½oÂ2ë±Ä�º�Ã�º÷¹�º�ç4ä'ÂH¸�¹�²�¶2º�Ã�º�»H¼�¿	À2º�¶H¼�Â2´�¶2º�Ã�º�ò	À2²�Â�¼ r À�Â2ë±Ä�º�Ã�º
x ∈ LS(M) ãA³�ºÆÀ2ç,¸�¸�ç δ(rx) = rδ(x) Å±mv¼�¹o¹'¼�¹ 0 = −ϕ( @ ) = ϕ(i2

@
) = ϕ(i

@
)i
@
+ i
@
ϕ(i
@
) =

2iϕ(i
@
) ã4³�º ϕ(i @ ) = 0, δ(i

@
) = iδ(

@
) ãvÇ	Â2½¬Â2ë±Ä�º�Ã�º�¹�º�ç4ä'ÂH¸�¹�²�¶2º�Ã�º�»H¼�¿	À2º�¶H¼�Â2´�¶2º�Ã�º�ò	À2²�Â�¼ i Å

mv¼�¹	À2çþº�Ä�»H¼�Í�º�ç1ã'¸�²�Â2À ξ µö»H¼�¿	À2º�¶H¼�Â2´�¶2º�¸\¹�º�ç4ä'ÂH¸�¹�²�¶2º�¸Oò	À2²�ÂHº	ã�³�º xiδ( @ ) = δ(xi
@
) = 2xiδ(

@
) Å

[a³�²�ë6Ç�¼ δ( @ ) = 0 ã	³�¼�¹ê¹'¼�¹ δ = ϕ ½'Á�Â2½	¸�³�²�½�¼�Ç	Ç2À	³�À	Á�¶	Î�ç Ç2À2èMèM¸�»2¸�¶	¿	À	»2º�Á#¼�¶	À2¸�ç1Å B
��w��Htvw?>\u_@HC��a 2�����

LS(M) � �������	��"���� - �	������$ - �2
����|"��2�4/

 - 0A�|"���� - " - 
 * ���Ù�
M

$A�
� - �Ù�|"	�W�A�¬0#"��	� - � - �������A��
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ξ 6= 1
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+�- �����
L([x, y]ξ) = [L(x), y]ξ + [x,L(y)]ξ
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x, y ∈ LS(M)
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xy = 0
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L(1) ∈ Z(LS(M))
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ϕ
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L(x) = ϕ(x) +
L(1)x

�����ô
'��� 

x ∈ LS(M) �

3)
0#"��
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xy = 0⇒ L([x, y]ξ) = [L(x), y]ξ + [x,L(y)]ξ .

l±°�²�³�´=°�³�Á�¸�»#ÌÔÇH¸�¶	À2¸ (�Ë�Á�Î1ä2º�Â2¶	½	¸�³�²�½DÅ�mÙº�Ã�Ç�¼ÔÇ	Â2½éÂ2ë±Ä�Î6å x ã y ã xy = 0, À2ç,¸�¸�ç
L([x, y]ξ) = −L(ξyx) = −(ϕ(ξyx) + ξL(1)yx) = −(ϕ(ξ1)yx + ξϕ(yx) + ξL(1)yx)

= −(ξϕ(y)x+ ξyϕ(x) + 2ξL(1)yx) = ϕ(x)y + xϕ(y) + 2L(1)xy

−(ξϕ(y)x+ ξyϕ(x) + 2ξL(1)yx) = [L(x), y]ξ + [x,L(y)]ξ .
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L :
LS(M) → LS(M) � ���	���A���	
�$ - � - � - ��"����=��$	�A�ó�

L([x, y]ξ) = [L(x), y]ξ + [x,L(y)]ξ
*

ξ 6= 0, 1,−1, �����ô
'��� 
 x, y ∈ LS(M)
* ���Ù�

xy = 0.+�- �����
L = Da
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x ∈ LS(M)
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Da � 
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