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Dopmynupyercst 3a1a49a 00 OMICAHNY KJIACCA JIOKAIHHO BBIILYKJIBIX IIPOCTPAHCTB, COMEPIKAIMNX HE3AMKHY-
ThIe aPXUMeIO0BbI KOHYCHL. V3araiorcst pe3yabTarsl, IOy IeHHbIe Ha IIYTH K PELIeHUI0 9TOH 3aatu.

KurodeBbie cjioBa: apXMMeIOBO YIOPSI0UEHHOE BEKTOPHOE MPOCTPAHCTBO, JIOKAJIBHO BBITTYKJIOE TTPO-
CTPAHCTBO, ciabas TOMOJIOTHS, KOHYC, KJIUH.

1. BBeneunune

[MoammoxkecTBO K BEKTOPHOTO MPOCTPAHCTBA HAJ R Ha3bIBaeTCd kaunom, eciun K # O,
K+K C Ku MK C K gnascex 0 < A € R. Konwycom naspiBator kjawd K, yI0BIeTBOPSIONTTI
yenosuio K N (—K) = {0}. WueiMu cioBamMu, KJIUH — 9TO HEIYCTOE MHOYKECTBO, 3aMKHYTOE
OTHOCHUTEHHO JIMHEHHBIX KOMOWHAIM Ax1 + - - - + ATy C TTOJTOKUTETBHBIMIA KO3(MDDUITHEH-
TAMA Af, ..., Ap, & KOHYC — 3TO KJIMH, KOTOPBI MOXKET COJep:KaTh BEKTOPHI T U —IT JIUIIb
B caydae © = 0.

[TousiTve KOHyCa TECHO B3AUMOCBSIZAHO C TMOHSITHEM YNnopAadoueHH020 GEKMOPHO20 NPO-
CMPaHCcMEa — BEIECTBEHHOTO BEKTOPHOTO TPOCTPAHCTBA X, CHAOKEHHOTO TAKUM OTHOIIIE-
HUEM TOpsiaka <, 910 1 Jo0biX £,y,2 € X n 0 < A e R max < ycreagyer x + 2 <y + 2
u Ax < Ay. A umenno, ecin (X, <) — yHOpsagI0UeHHOE BEKTOPHOE MPOCTPAHCTBO, TO MHO-
xecreo X := {x € X : z > 0} amnsgercsa konycom; u naobopor: ecim K C X — KoHyC 1
r<gyecy—ze K (r,y € X), ro (X,<g) — ynopsaoueHHOE BEKTOPHOE MPOCTPAHCTBO
u X = K (cm., manpuwmep, [1, 3.2; 2]).

YropsmoueHHoe BeKTOpHOE TPOCTPaHcTBO (X, <) HA3BIBAIOT aPTuMedo6vLM TIPU BBITIOJ-
HEHUU CJIEIYIOIIETO YCAOBUS:

ecm/Ix,yGX,yZOHxé%y;mﬂBceanN,Toxgo.

DT0 ycaoBue 00eCrmednBaeT AOMYCTUMOCTh MEepexofa K Npeely B JWHEHHBIX HepaBeHCTBaX
¢ pUKCUPOBAHHBIME BEKTOPAMU U TIepeMeHHbIME Koddb durmentamu (cm. [2, 1.11-12]). B wacr-

HOCTH, eC/JIH TPOCTPAHCTBO X apXUMeI0BO, T1,...,Tn € X T, AMm®1 + -+ + ApmTn = 0 g
Bcex m € N u st kaxzoro wngekca ¢ € {1,...,n} cymecrsyer npegen \; = lim A, € R,
m—0o0

TO Mx1 + -+ Apxy = 0.
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Konyc K C X HasbIBaOT aprumedosvim, €CIV apXUMEI0BO COOTBETCTBYIOIIEE YIIOPSII0-
YeHHOe BeKTOpHOe mpocTpaHcTBO (X, <f ). Komyc 3aBemoMo apXumesnoB, eCou OH 3aMKHYT
B KaKO-T1MO0 BEKTOPHON TOTIOJIOTHN. (B 3TOM CjIy4ae IIepexo K IIpeJesly B JIUHCUHBIX Hepa-
BEHCTBAX JIOMYCTUM 6e3 KaKux-au00 orpanudennii.) O6paTHoe yTBep:KIeHue, BOOOIIE TOBODS,
HEBEPHO: apXMMEI0B KOHYC B TOIIOJIOTMIECKOM BEKTOPHOM IIPOCTPAHCTBE HE 00s3aH OBITH 3a-
MKHYTBIM. [IpocTBIM mpuMepoM HE3aMKHYTOTO apXUMeI0BA KOHYCA CIYKUT MHOXKECTBO

st (N)={z: N> R": (3m eN)(Vn > m) z(n) =0}

B JII060M 13 Kyraccudeckux 6anaxoBbix mpocrpancts fP(N), 1 < p < oc.

3BecTHO, 9TO B XaycaopdOBOM TOMOJIOTHIECKOM BEKTOPHOM MPOCTPAHCTBE BCAKUIT apXu-
M€/IOB KOHYC, NUMEIONIHil HEIlyCTYI0 BHYTPEHHOCTH, 3aMKHYT (cM. [2, 2.4]). Kpome Toro, apxu-
MeJIOBOCTH KOHYCA ¥ €ro 3aMKHYTOCTh PABHOCUJIBHBI B KOHeUHOMepHOM ciaydae (cm. 3.1 (f)).
I[O HEJaBHETO BPEMEHU 3TUM Ha.6.}’[f0,£l;eHI/IeM (ba.KTI/ILIeCKI/I NCYepHbIBa/JINCh CBEJCHUA O KJIaC-
ce TPOCTPAHCTB, B KOTOPBIX CYIIECTBYIOT HE3AMKHYTbIE apXHMeIOBbI KOHYChI. Ha JTaHHBbIH
MOMEHT BOITPOC 06 NCYEPIBIBAIOIIEM OIMMCAHUN TaKUX TPOCTPAHCTB TMO-TIPEZKHEMY OTKDPBIT.
Huxke MBI MpuBegIeM HEKOTOpbIE WJEH W Pe3yJbTAaThl, BO3HUKIINE Ha IMyTH K PEIIEHUIO dTOMH
3a/1a91 B KJIaCCe JIOKAJIbHO BBIMTYKJIBIX TTPOCTPAHCTB.

2. Tepmuubl 1 0003HaAYEHUSA

[Tycts X — Bemecreerroe BekTOpHOE pocTpancTeo u S C X. CumBosom core S 0bo3HaA-
qaeTcs Sapo MHOXKecTBa S, a cumBosiamu lin S, cone S u aff § — coorBercTBeHHO JMHEHHAL,
KoHIUIecKas u apdurHas 060109Ku S:

coreS={reX: (VyeX)Fe>0)z+0,elyC S}

linS =4 > Nzi:neN, a1, 2, €S, A, A €R P U{0};
cone S = Z)\ﬂz‘inGN, T, %0 €8, Ay A €RT S U{0};

aff S = Z)\ix@': neN, z1,...,2, €85, A,..., \p ER, Z)‘izl
i=1 P

BamerumM, 4To cone .S — HaMMEHBIIUl 110 BKIIOYEHUIO KAUH B X, cojepsKalnii S.

2.1. Ilycrr B — BprrykJjoe nogmuoxectso X . Torga

(1) coneB={ z: ze B, A>0}U{0};

(2) eciin A — acppunnoe moanpocrpancreo X, 0 ¢ A u B C A, o ANcone B = B;
B wacrtHocrn, ecin 0 ¢ aff B, To aff B N cone B = B;

(3) ecsm 0 ¢ B, To kmH cone B aBageTcsa KOHycoM.

TepMUH «OAMPOCTPAHCTBO» MO YMOTYAHUIO O3HAYAET «BEKTOPHOE MOIMPOCTPAHCTBOY.
IIpamvimu 1 AY“aMU HA3BLIBAIOTCS MHOMKeCTBa, Buga  + Ry n x + R1y, rme y # 0.

st npoussoabaoro Muoxkecrsa I cumbosiom s(I) 0603Ha9aeTcst BEKTOPHOE TPOCTPAHCTBO
Beex dyukuumit x: [ — R, a cumBosioM sg, (1) — ero BEKTOPHOE MOANPOCTPAHCTBO, COCTOSIIIIEE
u3 dyukimit x € s(I) ¢ koneunsim Hocurenem suppx = {i € I : x(i) # 0}. Apxumenoss
konycel {x € s(I): (Vi € I) z(i) = 0} u sT(I) N sgn() 0603HATAIOTCS COOTBETCTBYIOMIUMHE

cuvposiavu s (1) u sgn(f). Mg rakxke ncnosnb3yem cokpamenus: S := $(N) u Sgy, := s, (N).
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Cumpostom X7 0603HAMAETCS TPOCTPAHCTBO BCEX JIMHEHHBIX (DYHKIMOHAIOB HA BEKTOD-
HOM TIPOCTPaHCTBE X, 8 CUMBOJIOM X' — IMPOCTPAHCTBO BCEX HENPEPLIBHBIX JUHEHHBIX (hyHK-
[IMOHAJIOB HA TOMOJOTUIECKOM BEKTOPHOM TIPOCTPAHCTBE X .
Besikoe KoHEYHOMEPHOE BEKTOPHOE MPOCTPAHCTBO 110 YMOJTYAHUIO HAJIETACTCSI CTAHIAPT-
HO#T (eMHCTBEHHOI) Xaycmopd OBOH BEKTOPHOI TOMOIOTHE.
[Tof A0KaAbHO 6VNYKABIM NPOCMPAHCMEOM TIOHUMAETCI BEIIECTBEHHOE BEKTOPHOE MPO-
CTPAHCTBO, CHAOXKEHHOe XayCaopdOBOil JOKAJBHO BBIMTYKJ/I0NW BEKTOPHOI TOMOJIOTHEI .
[TockoIbKy B PaccMaTpuBaeMOM KPyTe BOTPOCOB BarKHAs POJIb OTBOJUTCS CHJILHEHTIed
JIOKAJTBHO BBIMYKJIOW TOMOJOIWH, MBI HAIIOMHUM HECKOJBKO €€ SKBUBAJEHTHBIX OIMMCAHUIL
(cMm., nanpumep, [1, 3]).
2.2. Cuexyrormimre cBOHCTBA TOHNOJOIHH T HA BEIIECTBEHHOM BEKTOPHOM IPOCTpaHCTBe X
DaBHOCHJIBHBI:
(a) T — cuabHeNAsT JIOKAJIBHO BBIITYKJIAsl TOIIOJIOTHS HA X ;
(b) muO)€CTBO U C X siBiIsiercsi T-OKpeCTHOCThIO TOYKH & € X Torjga u TOJBKO TOI/A,
rorga x € core C C U 19 HEKOTOPOro BBIITYKI0ro MHOXKecTBa C'

(¢c) T — JOKaJIBHO BBIITYKJIAsT TOMOJIOTHSI, B KOTOPOH BHYTDEHHOCTEH JIIOOOTO BBILYKJIOTO
MHOKECTBA COBIAJAET C €r0 sIPOM;

(d) 7 — J0KaJIBHO BBIITYK/Iast TOMOJIOTHsI, B KOTOPOH HEIPEPBIBHBI BCE IIOJYHOPMBI;

(e) T — rakas Tomomorns Makkm na X, uro (X, 1) = X7.

3. ApxumMes0BbI MHO2KECTBA

N3 texunaecknx cooOparkenwuit ymo0HO 0600MUTh TOHATHE aPXUMEI0BA KOHYCA HA CJIydail
MPOU3BOJIBHBIX BBIMYKJIBIX MHOXKECTB. Brimyk/oe mogMuO)KecTBO C' BEIECTBEHHOTO BEKTOP-
HOTO TIPOCTpaHcTBa X HA30BEM aPIUMedO8biM TIPU BBHITOJTHEHUH CIEAYIONEro yCIOBWS:

eCﬂH$,y€XI/I.Z‘—l-%yEC,D;JIHBceXTLGN,TO.%'EC.

Cornacho [2, 1.11] B cayuae, korga C' siBIsieTCst KOHYCOM, MOCJIE/IHEE OIIPEIeIeHNe PABHOCHIb-
HO IIpUBeIeHHOMY B § 1.

3.1. Cuenyromme cBoiicTBa BHIITYKI0r0 MHOKecTBa C' C X paBHOCHJIBHBI:

(a) mmoxecrBo C' apXHMenI0BO;

b) mrst m06pix x,y € X ne >0 uz x+ (0,e]y C C caenyer z € C;

c) X\ C = core(X \C);

d) mepecewenne C' ¢ mo6oii npsvoii B X 3aMKHYTO;

nepeceuenne C ¢ TIOOBIM TOAIPOCTPAHCTBOM X DPA3MEPHOCTH < 2 3aMKHYTO;
nepeceuerne C ¢ TIOOBIM KOHEUHOMEDPHBIM TTOIMPOCTPAHCTBOM X 3aMKHYTO;

g) C cekBeHnMaILHO 3aMKHYTO B HEKOTOPOIT XaycopgoBoii BeKTopHOT Tonogsorun Ha X ;

(h) C cexBenmmaspHO 3aMKHYTO B CHIbHEHIIEH JTOKAIBHO BBIMYKJIOH Tomosorad Ha X .

< Mmnmkamuu (a)<=(b)<=(c)<=(d)<=(e)«<=(f)<=(g)<(h) oueBnambL.

Yro6s! mokazarh (a)=-(f), paccMOTpUM TPOU3BOJIBLHOE KOHETHOMEPHOE TOIPOCTPAHCTBO
Xo C X wu monoxkum Cy := C' N Xg. Moxkuo cunrars, aro 0 € Cy. Ilockonsky B moj-
npocrpasctee lin Cy C Xg MHOXKECTBO () UMEET HEMYCTYI0 BHYTPEHHOCTD, K Cj TPUMEHUMBI
paccy»K/ieHunsi, IpuBeeHHbe B [2, 2.4], n3 KOTOPHIX Cieyer, 4To apxumMesoBo MHOKecTBO ()
3aMKHYTO B (KOHeIHOMEpHOM) moanpocrpancTse lin Cp, a 3uaunt, u B X.

[Mokaxkem, uro (f)=-(h). [lycrs 7 — cuibHElMIas JTOKAILHO BBIMYKJIasd TOMOJIOTUSA Ha X .
Baaromapst (f) mocrarouno mokazaTh, WTo JmHeNHAas 0600UKa JIIOOOIH cxofgdmeiics B T 1mo-
CJIEJIOBATEJILHOCTH Ty, — & UMEeT KOHEYHYIO Pa3MepHOCTh. B mporuBHOM ciiydae u3 (T )neN
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MOYKHO ObIJI0 OBl M3BJIEYL TaKyIO MOANOCAEI0BATENBLHOCT (Yn )neN, 9To = ¢ lin{y, : n € N},
U TOTJIA CXOJAUMOCTH Y, — T B T HPOTHBOpEYNsa Obl HAJIUYHNIO HempepbiBHOrO (cM. 2.2 (e))
auHeitHoro dynkunonana, pasaoro 0 va {y, : n € N} n 1 B rouke z. >

N3 3.1 ¢ 09eBUAHOCTHIO BBITEKAIOT C/IEAYIOIINE CBOWCTBA, apXUMEIOBBIX MHOYKECTB.

3.2. (1) Eciim C' — BBIIYKJI0€ TOJMHOMKECTBO KAKOTO-JTHOO BEKTOPHOIO MOIPOCTPAHCTBA
Xo C X, ro apxumenosocts C B X paBHOCHIbHA apxumenoBocta C' B X.

(2) Ecim X m'Y — BemecrtBeHHbIe BEKTOpHBIE mpocTpancTBa, T: X — Y — jnuneiinas
uabekius, y € Y n C — apxumenoso Bbinykioe mnojgmuoxkecrso X, to T(C) + y siasiercst
apXUMEJIOBBIM BBITYKJIBIM TIOJAMHOXKECTBOM Y .

(3) Besikoe appurBOE TOAIPOCTPAHCTBO APXHUMETOBO.

(4) Ilepeceuenmne J060ro ceMeiicTBa apXHUMEJOBBIX MHOYKECTB APXHMEJIOBO.

3.3. Ecawm muoxectBo E C X smwueitno HezaBucumo, 1o cone E — apxumenoB kKoHyC B X .

<1 JIoCTaTOYHO 3aMEeTUTD, YTO CTaHAPTHBI JUHEHHBINH n30MopdusM sg,(E) <> lin E oTob-
pakaeT apXuMesioB Kouyc si (E) Ha cone E, n npusneus 3.2 (1), (2). >

3.4. Ilycrs B — Brimykioe nogvuoxkecrso X, 0 ¢ aff B. Muoxecrso cone B sipisiercs
apXuMeJIOBBIM KOHYCOM TOI/Ia U TOJIBKO Torja, Korja B apxmvmenoBo m He COTEPKHUT JIydeH.

< Heobrodumocmo. U3 apxumenooctu muo)kecTs cone B u aff B (cum. 3.2 (3)) BeiTekaer
apxnmesoBocTh ux repecedenuss B (cm. 2.1(2)). Homycrum, uro B COAep:KUT KaKOi-1160
aya x + RTy, rme y # 0. Torga %:c +y = %(:c + ny) € cone B mig Becex n € N, orky/aa
B cuity apxmmenoBoctu cone B cieayer y € cone B. Tlockosbky y # 0, Haiigercss Takoe
qucgao A > 0, aro Ay € B (em. 2.1(1)). Takwum obpazom, x,\y,x + Ay € B, a 3Ha4wur,
0=z+ Ay — (x + \y) € aff B Bonpeku yciosuio.

Jlocmamounocms. Cormacuo 2.1 (3) kmun K := cone B spisgercsa konycoM. OCHOBBIBasICh
ma 3.1 (f), paccMoTpuM TPOU3BOIBHOE KOHETHOMEPHOE NOANPOCTPAHCTBO X9 C X M TTOKaXKeM,
uro mepeceuenne Ko := K N Xy 3amrayTo B Xo. Kak jgerko Buaers, Ky = cone By, T71e
By := BN Xy. IlockoabKy B KOHETHOMEPHOM IMIPOCTPAHCTBE X( BBIMYKJI0E MHOYXKECTBO By
apXMMeI0OBO U He COJEPXKUT JIydeil, OHO 3aMKHYTO u orpanndeHo B Xo. Kpome toro, 0 ¢ By.
s [4, 11.3.4] caenyer, uro Ky = cone By — 3aMKHyTHIil KOHyC B X(. >

4. He3aMKHYyTBbIE apxXuMe10BbI KOHYCHI

Nzoxkenre nMeIOMuxcst Ha TaHHBI MOMEHT CBEeIeHUI O HE3AMKHYTHIX apXUMEIOBBIX KO-
HyCaX MBI TIPEJIBAPUM YKA3aHUEM OJTHOTO U3 MPOCTBIX CIOCOOOB MX TOCTPOESHMUS.

4.1. Ilyctp Y — moampocTpaHCTBO TOHIOJIOTHIECKOTO BEKTOPHOTO IIPOCTPaHCTBa X,
C C Y — mesamruyToe B Y apXmMeIoBO BBITYKJIO€ MHOYKECTBO, He coJeprKariee JIyder,
nz e X\Y. Torga cone(C + z) — He3aMKHYTBIII apxuMeq0B KOHYC B X .

< Honoxum A :=Y 42z, B:=C+ 2. dcuo, ato B — apXuMeI0BO BBIMTYKJIOE MHOKECTBO,
He cojeprkaiee sydeii, npuuem aff B C A u 0 ¢ A. Caenosarenbro, cone B — apxume/ion
konyc (cm. 3.4). Konyc cone B He 3aMKHYT B X, HOCKOJIbKY B TPOTHBHOM CJIydae TIePecedeHme
ANcone B= B (cm. 2.1(2)) 66110 661 3aMKHYTO B A, a Torma C' 66110 661 3aMKHYTO B Y. >

Wraxk, aj1st TOro, 9T006I TOCTPOUTH HE3AMKHYTHIN ApXUMEI0B KOHYC, JOCTATOYHO B KAKOM-
Jinh0 COOCTBEHHOM ITOJIITPOCTPAHCTBE HANTH HE3AMKHYTOE aPXUMEJOBO BBITYKJIOE MHOYKECTRBO,
He coaepzKallee JIydeil.

Kaxk n3BecTHO, cusibHeiilas BeKTOpHasi TOMoorust Ha npocrpancree X = sgy(I) He sB-
JISIETCSI JIOKAJTBHO BBIMYKJION B CIydYae HECIETHOTO MHOXKeCTBa [. DTO ClemyeT, HAIpUMep, U3
Toro cakra, uro muoxecrso V = {z € X : Y., /|z(i)] < 1} ne comepxur mu oxporo
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BBIIYKJIOrO MOJIONIAIONIEro noaMHuoKecTBa, (cM., Hanpumep, [5, 6.1]). IIpu srom pomnosHerne
X \V «apxumenoso» (mampumep, B cMmbicie yeaosug 3.1(f)), HO He 3aMKHYTO HEU B OTHOI
U3 JIOKAJILHO BBITYKJIBIX Tonosiorunit Ha X. Pasymeercs, muoxecrso X \ V' He siBiisiercst Bbl-
IYKJIBIM U COIEPXKUT JIy9H, HO U3 HEro yJAETCI <«BBIPe3aThy (pparMeHtT, 00JIa a0yl BCeMu
HYKHBIMU HaM CBOMCTBAMM.

4.2. Teopema. B t060M JIOKaJbHO BBIITYKJIOM MPOCTPAHCTBE HECUETHOH Pa3sMEpPHOCTH
CYIIeCcTBYeT BBIIYKJIOE MHOXKECTBO, KOTOpPOe He COJEPXKHUT JIy4eit U ABJASIeTCSI apXUMEOBBIM,
HO HE 3aMKHYTHIM.

< Hocrarouno (pUKCHPOBATH KAKOE-TMO0 HECUeTHOE MHOXKeCTBO [, paccMOTpeTh Mpo-
crpancTBo X = sg, (1), cHabKeHHOe TIPOM3BOJIBHOI JIOKATIBHO BBIYKJION TOMOJIOrNel, u Haii-
TH B HEM TaKO€ apXMMeJIOBO BBIMYK/0e MHOKecTBO C, He comepxkariee jyudeii, uro 0 ¢ C u
0 € clC. Tlokaxem, 910 TPeOYEMBIMU CBOWCTBAMY 0018 AT MHOXKECTBO

C=quesf(D: Y x(i) <1, Y Val)>1y.

icl i€l

Kak sierko Buzets, 0 ¢ C', MmHOKecTBO C' BBIYKJIO U HE COJEPKUT JIydeil, a apxuMenoBocts C
BbITEKaET U3 O“IeBI/Iﬂ;HOI‘/’I 3aMKHYTOCTHU €Tr0 HepecequI/H‘/’I C KOHEYHOMEPHBIMHU TIOJAITPOCTPAH-
crBamu Buyia {x € X : suppx C J}, rae J — KOHEUHOE MOIMHOXKECTBO 1.

Ocraerca obocuoBarh BjtoueHue () € clC. C 370l 1eABI0 PACCMOTPUM TPOU3BOIHHY O
BBITIYKJIYI0 OKpecTHOCTh Hyas U C X m mokaxkem, aro U NC # @. Jlaa n € N momoxwnm
I, = {z el: %X{i} € U}. Iockonbky 0 € core U, nmeer Mecto paBeHCTBO | J, oy In = 1. Uc-
OJIb3ysl HECYETHOCTH [, hukcupyem Kakoe-aubo amciao n € N, 11 KOTOporo MHOXKeCTBO I,
OeCKOHETHO, 1 BBIOEPEM TTPOM3BOJILHBIE TIOTIAPHO PA3JINYHbIE i1, ..., i, € I,. Hemocpemcreen-
Hag MPOBEPKA MOKA3BIBAET, UYTO BBIMYKJIAad KOMOUHAITHS %(% Xy + o+ % X{in}) 9JIEMEHTOB
%X{ik} € U npunagnexur kaxk U, tak u C. >

4.3. CaencrBue. B jr060M JI0Ka/IBHO BBITYKJ/JIOM IPOCTPAHCTBE HECIETHOH Da3MEDHOCTH
CYIIIECTBYET HE3aMKHYTBIH apXHMEIOB KOHYC.

< Iycrs Y — kakoe-mubo HECIETHOMEPHOE COOCTBEHHOE MOAITPOCTPAHCTBO B PACCMATPH-
BaemoMm mpocrparctBe X. Cornacuo 4.2 B Y mMeercs HE3AMKHYTOE apXUMEIOBO BBITYKJIOE
muoxkecTBo C, He cozepxaiiee Jaydveii. Beibupast z € X \ Y u ncnosnssys 4.1, 3akiaovaewm,
a0 cone(C + z) — HE3AMKHYTHII apXuMe 0B KOHYC B X. [>

Takum 006pa3zoM, B HECIETHOMEPHOM CJIydae HE3aAMKHYTBIE apPXUMeIOBbI KOHYCHI CYIIe-
CTBYIOT Jla’Ke B CUJIbHEHIeHl JOKAJBbHO BBIMYKJI0i Tomojoruu. C Apyroit CTOPOHBI, B KOHEY-
HOMEPHBIX TTPOCTPAHCTBAX BCE APXUMEIOBbI KOHYCHI 3AMKHYTBI. B CIeTHOMEPHOM K€ CJIydae
MHTEPECYIONIil HAC BOIIPOC OKa3bIBAETCA Hambosee CIOXKHLIM. Ha JaHHBII MOMEHT MBI HE
BJIAJIEEM MCUEPIBIBAIONINM OMMCAHUEM TOIOJIOTH, TOMYCKAIOINX HAJIMYNE HE3AMKHYTHIX ap-
XUMEIOBBIX KOHYCOB B CHETHOMEPHOM IIPOCTPAHCTBE. OCTa.BH_[aHCH Y9aCTh 3aMETKHU ITOCBAIIICHA
UBJI0YKEHUI0 HEKOTOPBIX PE3yJIbTATOB, TOJTYIEHHBIX HA MYTH K PENIeHUI0 ITO 3a/1a4u.

Kak m3BecTHO, BO BCeX TOIIOIOTHAX, COTIACOBAHHBIX C JAHHON ABOMCTBEHHOCTHIO, 3aMKHY-
ThIE BBIITYKJIbIe MHOXKECTBA OJHU U Te Xke (cM., Hanpumep, [1, 10.4.9; 3, 8-3.6]). Cuemosarenn-
HO, N3y9YaeMOe HaMU CBOMCTBO JIOKAJHHO BBIMYK/IOTO MPOCTPAHCTBA X TMOJTHOCTHIO OMPEIess-
eTCd €ro TOIOJOTMYECKH CONPSKeHHBIM IPOCTPAHCTBOM X', a TouHee, pacrojo:keHueM X'
B X7 . TIp; 5TOM MOKHO CUMTATH, ITO MPOCTPAHCTBO X CHAOMXKEHO Cy1aboil Tomomorneit, co-
IJIACOBAHHOM C ABOMCTBEHHOCTHIO MexKay X u X',

W3 cka3aHHOTO BBIIIE SICHO, YTO MBI He OIPAHHYINM ODOIIHOCTH, MEPeiIsa K PAaCCMOTPEHMIO
JIOKAJIBHO BBIMYKJIBIX TIPOCTPAHCTB BUIA Sgp | Y := (Sﬁn,U(Sﬁn]Y)), rie Sgn = san(N), ¥V —
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sekroproe noanpocrpancTBo S:= $(N), a (S, |Y) — ciabas ronosorust Ha Sgy,, HaBeeH-
Hag Y mocpescTBoM JBoiicTBeHHOCTH (7 |Yy) = ) cnz(n)y(n).

HOCKOHBKy UCIOJIB3yeMO€ HaMU TTOHATHE JIOKAJIbHO BBIMYKJIOTO ITPOCTPAHCTBA BKJIIOYAET
TpeboBaHme XayCaopdOBOCTH, YMECTHO CPa3y OIMUCATH MOAMPOCTPAHCTBA Y C S, HABOIAIINE
OTJIe/IIMYIO0 TOTOJIOrHIO 0 (Sgy | Y).

4.4. Cnenyroinue cBOICTBa BEKTOPHOrO mojnpocrpancTBa Y C S paBHOCH/IBHBI:
(a) crabas Tomosorus o(Say, |Y) xaycropdosa;

(b) (Vo € San\{0})(By €Y) (z]y) # 0;

(¢) Y mmorno B S orHOCHTE/IEHO (THXOHOBCKOM) TOMOJIOTHH MTOTOYETHON CXOJUMOCTH;
(d) VheN)VzeR")(FyeY)y(l) =2(1), ..., y(n) = z(n);

(e) (VneN)FyeY)y(l)=-=yn-1)=0, y(n)=1.

[IpocrpancrBo Y, obrasmaroree JIIOOBIM W3 PABHOCHIBHBIX CBOiicTB 4.4 (a)—(e), Oymem Ha-
3BIBATH NPEICTNAGUMENLHDIM.

B pamkax BBeJIEHHBIX Bbillle 00O3HAUEHHUIT UMeeT MeCTO paBeHcTBO (Sg,|Y) = }7, re
Y := {J : y € Y} — npocrpancrso ker-dynkmmonamos § = (-|y) (cm. [1, 10.3, 10.4]).
Taknum o6pasoM, ¢ TOYHOCTHIO JI0 m3oMopdusMa z — z Mexay S u Sf pacnonoxenne Y

B S nmosropsier pacronoxenne (Sg,|Y) B an, a WHTEPeCyIOmmii HaC BOMPOC Npuobperaer
CIIeIY oLy 0 (DOPMYIUPOBKY.

4.5. 3BAJTIAYA. BbIgcHATB, I19 KAKUX NPEACTABATEIBLHBIX BEKTOPHBIX IOIMPOCTPAHCTB
Y C S B npocrpancrse Sgy, |Y cymecrByer He3aMKHYTHII apXUMe0B KOHYC.

[IpocrpancrBa Y, ymoBaeTBopsionine ycaoBuio 3amadn 4.5, yCJIOBUMCHA I KPATKOCTH
Ha3bIBATH MOHKUMU.

BesyciiosHo, uem MeHbIne npocrpancTBo Y, rem ciabee ronosorust o(Sg, |Y) u rem 60i1b-
IIe B MIPOCTPAHCTBE Sgy, | Y He3aMKHYTHIX KOHYyCOB. CJiegoBaTebHO, BCAKOE (IPeICTaBUTE b
Hoe) TTOANTPOCTPAHCTBO TOHKOT'O MPOCTPAaHCTBA TaKzKe ABJIAETCA TOHKHM. B YJaCTHOCTH, €CJIN
OBl TOHKUM OKAa3aJI0Ch BCE MPOCTPAHCTBO S, 3aaa4a 4.5 0bL1a ObI TPUBUATHHOI.

4.6. IlpocrpaHcTBO S HE SIBJISIETCSI TOHKHM: B Sgy |S Bce apXuMeIoBbI BBIITYKJIbIE MHOKE-
CTBa 3aMKHYTBI.

< Kak n3BectHO, Ha Sgy CHIBHEIIAST JTOKATBLHO BBIIYKJIast TOMOIOTHS T(Shy |S) saBsercs
cekpernmanbHoii (cM. [3, 12-3.113]). C yuerom 3.1 (h) orcroga ciemyer, 94T0 BCe apXUMEIOBbI
BBIIIYKJIbIe MHOYKECTBA 3aMKHYTHI B T(Sgy, |S), a 3naunt, u B 0(Say |S). >

Nrak, camo mpocTpaHcTBO S He sBjsiercss TOHKUM. C Apyroif CTOpOHBI, KaK MOKA3aHO
HIKE, B S UMEIOTCSI TOHKWE MO/IITPOCTPAHCTBA.

4.7. Ecau B xayciqopghOoBOM TOIMOJOTHIECKOM BEKTOPHOM IPOCTpAHCTBE X CYIIIECTBYeT
HE3aMKHYTO€ JTHHEHHO HE3aBHCHMOE MHOXKECTBO, TO B X CYyIECTBYeT HEe3aMKHYTHIH apXHMe-
JIOB KOHYC.

< Ucnonb3yst chopMyTmpOBaHHBIE YCIOBUST, HECJIOKHO HANTH JTUHEHHO HE3ABUCUMOE MHO-
xkecrBo E C X wu snement x € X makwme, uro z € clE \ linE. Cornacuo 3.3 MHO-
KeCTBO COHGE ABJIAETCA aPXUMEIOBBIM KOHYCOM. 9TOT KOHYC HE€ 3aMKHYT, TOCKOJBbKY
x €clE\linE C clcone E \ cone E. >

Kaxk jnerko Bumers, ycaosuio 4.7 yIoBaeTBOpseT 0b0e HECKOHEYHOMEPHOEe HOPMUPOBAH-
moe mpoctparcTBo X. OTCiofa, B 9aCTHOCTH, CJIEIYET, ITO TTPUMEPOM TOHKOTO TTPOCTPAHCTBA
cayxutr £°°(N) (kak u m11000€ ero mpeIcTaBUTeIHLHOE MOAIPOCTPAHCTBO).

EcrecTBerro BO3HMKAIONIAs TUIIOTE3a O TOM, UTO B Sﬁn‘Y BCe JIMHEMNHO HE3aBUCHUMbIE
MHOXKECTBA, 3aMKHYTHI JIUITh B CAydae Y = S, ONpOBEPraeTcs: CJAeAYIONIUM HeTPUBUATHLHBIM
KJIACCOM KOHTPIIPUMEPOB.
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4.8. Teopema. Ilycrs A — mpousBosibHOE HeorpaHuwdeHHoe mogqMHOXKecTBO R. Torma
B mpoctpancTse Sgy | lin AN Bce mmmeiino mezaBmcHMEIe MHOMKECTBA 3aMKHYTEL

<1 JlocTaTouHO PACCMOTPETh MPOW3BOJILHOE JUHEIHO He3aBUCUMOe MHOXKeCTBO E C Sg,
u nmokazath, uto 0 ¢ cl E B Toronorum o (Sgy, | lin AN). C sroit neinio Mbr mocTponu moce-
nosarersrocts y € AN yrosnersopsiomyto yeroruio |(e|y)| = 1 aaa Beex e € E. Uckombie
gqucia y(n) € A onpenennm ciaenyiomeii pekypeneit o n € N: ecom y(1),...,y(n — 1) € A
yuKe onpejesensl, BeibepeM y(n) € A tak, 94To6bI

> e(iyyli)

i=1

1
il > s (14

st Beex e € B, tne B, = {e € E : e(n) # 0, (Vi > n) e(i) = 0}. (Bnarogapst smneii-
HOiI HE3aBHCHUMOCTH MHOXKECTBO F, KOHEUHO, W M0ITOMY HYKHOE YHCIO Y(n) CYIIeCTBYyer.)
Hepasencrso |(e|y)| > 1 cupasemmso st Beex e € E, Tak Kak 1pu € € E,, Mbl nMeeMm

n—1

> e(iyy(i)

=1

n

> eliyli)

=1

[ely)| =

> [e(n)y(n)| — >1

u, Kpome 1oro, | J, cny En = E. >

Bamerny, uro lin AN #£ S, manpumep, B ciygae A C Q. Teitcrurensno, R mpegcrasiser
coboit GeCKOHEYHOMEPHOe BEKTOPHOE MpOCTpaHcTBO HAJ moseM (Q, B TO BpeMs Kak o0Opas
{y(n) : n € N} moboit mocremoparemsuoctn y € lin QY comepxurca B moampocrpancTse R,
MMEIOIIeM KOHETHYI0 pasmepHocTh Haz Q.

[TpuBeIeHHDI TpUMeEp He CHUMAET BOIPOC O TOM, BCE JIM MPOCTPAHCTBA, OTJIUYHBIE OT S,
SABJISIOTCA TOHKUMA. 'TeM He MeHee MMEIOTCST OMTPe/IeIeHHBIE apTyMEHTHI B TI0JIb3Y CJIeLyFOIIEro
[IPE/IIOIOKEHNUS.

4.9. Tunoresa. IIpocrpanctso lin QY He gBIsI€TCS TOHKHM, T. €. BCe apXIMeOBBI KOHYCHI
B mpocTpaHcTBe Sgy, 3aMKHYTHI OTHOCHTETHHO C1aboii Torronornn o(Sgy | lin QY).

Crout OT™METHTH, UTO 33ja4a KapPAUHAIBHO YIIPOIIAETCS MPU 3aMeHe KOHYCOB KJIMHBSIMIU.
[TockobKy BCIKOE BEKTOPHOE IMOAIPOCTPAHCTBO IBISETCS aPXUMETOBLIM KJIWHOM, OTHMCATH
CUETHOMEPHBIE JIOKAJTHHO BBLIMYKJIbIE MPOCTPAHCTBA, COJEpXKAINe HEe3aMKHYTHIM apXuMeI0B
KJIMH, HEe COCTABJISIET TPYJAa: 9TO B TOYHOCTH Te TPOCTPAHCTBA X, st KoTophix X/ # X7 .
Amnayornunas 3ama4da I CIydast KOHYCOB OKa3bIBAETCS HETPUBUAIBLHOIA.

Asropsr npusnarensast K. B. CTopoxkyKy 3a miI010TBOpHbBIE 00CY K IEHUS.
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NONCLOSED ARCHIMEDEAN CONES
IN LOCALLY CONVEX SPACES

Gutman A. E., Emel’yanov E. Yu., and Matyukhin A. V.

The problem is stated of describing the class of locally convex spaces which include nonclosed Archimedean
cones. Some results are presented in the course of solving the problem.
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