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In a complex z-plane, z = x + 1y, consider the line L which is a union of
countable number of smooth non-intersected open arcs L? = doubly-periodically
distributed with periods 2w; and 2iw, (w; and wy are given positive constants):

L= OLj Lmna
T . . (1)
Lmn = jL_JlL‘z’n/nj L#m N Lfﬁn =0; N 7é J2, J1,)2 = 17 27 SRR k?
The line L defined by (1) is called the doubly-periodic line, the ends of the line
Lgg we denote by ¢y, co, ..., cop. 2 plane cut along L is denoted by S.
Definition 1. A function Fy(z) is called doubly quasi-periodic in z plane
with periods 2w, and 2iwy if

Fo(z + 2mw; 4 2niwy) = Fy(z) + myr +nye, m,n=0,£1,+£2,... (2)

v1 and 7, are the definite constants,called the addends. If vy = v = 0 the
function Fy(z) is called the doubly-periodic function.
Definition 2. The function defined by the series

&S 1 1 z
1
=t N (gt ) el #o,

(3)
Trn = 2mwy + 2niws,

is called the Weierstrass “(-function” [1] . The Weierstrass ¢ function has the

following properties:

1. It is meromorphic function with simple poles T},,, m,n = 0,+1, +2, .. ;
2. ((z) is doubly quasi-periodic, i.e.,

C(z+2wi) = ((2) + 01, (2 + 2iwz) = ((2) + 02,
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where 0; and ¢y are the addends of this function satisfying the condition
iw2(51 — W152 = .

Definition 3. The function ®(2) is called sectionally holomorphic doubly
quasi- periodic if it has the following properties:

1. It is holomorphic in each finite region not containing points of the line
L;

2. ®y(z) is continuous on L from the left and from the right, with the
possible exception of the ends, near which the following condition is fulfilled

C

P <
‘ 0<Z)| ‘Z—C|a

Y

where c is the corresponding end, and C' and « are the certain real constants,
a<1;

3. Do(2 4 2mwy + 2niws) = Po(2) + my + nye, m,n=0,£1,+2,....

Problem 1. Find sectionally holomorphic doubly quasi-periodic function
®(z) satisfying the boundary condition

O (to) + P (to) = w(to), to€ L, (4)

where ©(t) is the given doubly quasi-periodic function of H class on Lgg, with
the addends 27;,2v,. ®F(ty) and ®ty) are the limiting values from the left
and from the right of L, respectively.

We classify the solutions of the Problem 1 with respect to the ends of the
line L and find the solutions in the Muskhelishvili-Kveselava classes h, (the
class of solutions bounded at the end-points ¢y, ¢z, . .., ¢, and having singular-
ities less then 1 at others, ¢ < 2k).

Let us consider the function:

1)

U(z) = d(z) — Apl(z — ap) — A1¢(z — a1) — Bz, (5)

in the case ¢ < k + 1, where ag,a; are an arbitrary points of z-plane not
belonging to the line L | the constants Ay, A;, B satisfy the conditions

Y1 = (AO + A1)51 + 23&)17 Yo = (Ao + A1)52 + QBiWQ,

and Ag = 0 in the case of ¢ < k + 1.
2)

U(z) =P(z) — Ai((z —ar) — Ax((z —ag) — ... — Ay—rC(z — ag—) — Bz, (6)

in the case ¢ > k+ 1, where a4, as, , a,—x are an arbitrary points of z-plane not
belonging to the line L and the constants A;, As, , A,—, B satisty the conditions

Y1 = (Al +A2+ Ce +Aq—k>51 +2BW1, Y2 = (Al +A2+ . +Aq_k)52+2BZWQ
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The function ¥(z) is sectionally holomorphic doubly- periodic satisfying
the boundary condition

U (to) + U~ (to) = fo(to), to € L, (7)
where

fo(to) = gO(tQ) — QA()C(tO — CLQ) — 2A1C(2 — al) — QAQC(Z — CLQ)
— ... —2A,kC(z — ag—i) — 2Bz,

Ap=Ay=...= A, = 0in the case when ¢ < k+ 1 and Ay = 0 in the case
when ¢ > k + 1. Having find ¥(z) the function ®(z) will be given by

P(2) = U(2)+AoC(to—ao)+Ai1((z—a1)+As((z—az)+. . .+ Ay ,C(2—ag—k)+Bz.
Let us consider the homogeneous problem (7), i.e.,
\I/a_(to) + \Ifa(t()) =0, tg € L, (8)

The solutions of the problem (8) are given by:
1)

Co(z—cy) - 0(2 =y
by = Colz ) o )

o(z—ay)

X \/U(z—61)0(2—02)""7<2_C‘1> (9)

o(z—cgp1)-o(z—cop)

in the case ¢ < k + 1, where ¢,...,c,_, ., are the constants satisfying the
conditions

2(ch+cht. . A1) =201+ CopFeqrat. e —(ar . F ¢),

G#C, &L, i,j=1,2....k—q+1.

C is an arbitrary fixed non-zero constant.
2)

Wo(z) = C \/ o(z—c1)- oz — c,) (10)

o(z—ar)o(z—as) - o(z—agey) o(z—cqp1) - o(z—cop)’

in the case ¢ > k + 1,, where
CL+...+¢cg=cCop1+ ...+ cou+2a1 +2a0 + ...+ 204,
with an arbitrary fixed non-zero constant C.

3)
Do) = —Cot=c) \/U(z—cl)---a(z—cq)’ )

o(z—ap)o(z—ar)\ o(z —cgq1) - -0(2 — cap)
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in the case ¢ = k + 1, where
200 +2a1 + Cpyo+ ...+ =2+ 1+ ...+ ey, ¢ € L.
In the formulaes (9)-(11) o(z) is the Weierstrass ”o-function” [1] and the

quantity
\/00(2—01)"'0(2—%) (12)

(2 = cgp1) -0 (z — )

is understood as the branch which is holomorphic in S. The boundary value
taken by the root (12) on L from the left will be denoted by

[ o(z—c1)-o(z—cy) TF_ o(z—c1)-0(z—cy)

o0 — cgnr) (2 — ) (2= gm) 0z — )’
Taking into account (7) and (8), it is easy to see that the function %(ZZ)) satisfies
the boundary condition

U v fl®)

UL Ty wgw h

The problem of this type was solved by the author in [3].So we conclude:
For g < k+1 a solution of the Problem 1 exists and is given by

o(2) [ folt) / Wo(2)
270 . \Ilsr(t) [C(t - Z) + C(Z - Cl)]dt + C—Z + AIC(Z - al) + BZ:

(z) = 2m

where W(z) is given by (9), and the constant C is defined from the condition

1
[ B ey clor—lar ] =0, 0= i e )

For ¢ > k + 1 a unique solution exists if and only if fo(t) satisfies the
condition
folt)

Loo \II(J]F (t)

dt = 0,

and is given by

P(z) = \IJQOT(? LOO%C(t—z)dtJrC\I;OT(? + A1((z —ay) + A((z — as) +

+ ...+ A 1C(z — ag_x) + Bz,

Uo(z) is given by (10),the constants C and A;;i = 1,2,,q—k, are defined from
the conditions

v [ fo(t)

| re-ade+ C] A =0,
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Ul = lim (2 — a;)Wo(2), i =1,2,...,q — k.

zZ—a;

For g =k + 1, the solution exists and is given by

W) [ A
2mi Jr,, V(1)

\I/()(Z)

2

d(2) [C(t—2)+((z—c))]dt+C

+Ao((z — ag) + A1¢(z — aq) + Bz,

where Wo(z) is given by (11) and the constants C, Ay, Ay are defined from the
conditions

v [ fo(?)

5 \Ijar(t)[C(t—ai)+C(a@-—c’1)]dt+C + A, =0,

Loo

W) = lim (2 — a;)Wy(2), i =0, 1.

z—a;
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