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We construct a convergent recurrence scheme for a solution of the Neumann boundary value
problem for the Laplace equation. By a special approach, using the potential method we
construct a uniquely solvable boundary integral equation containing a selfadjoint compact
operator. The single layer potential constructed by the solution of the integral equation gives
a particular solution of the Neumann problem if the corresponding necessary condition is
satisfied. First, we construct a sequence of successive approximations which converges to
the solution of the boundary integral equation in appropriate Bessel-potential spaces of
functions defined on the boundary. Afterwards, using these approximations as densities of
the single layer potential, we formulate another iteration which converges to a particular
solution of the Neumann boundary value problem in the appropriate Sobolev-Slobodetskii
spaces of functions defined in the three-dimensional domain under consideration. A general
solution of the Neumann boundary value problem is obtained then by adding an arbitrary
constant.
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1 Introduction

As it is well known, by the single layer potential the Neumann boundary value problem for
a bounded three-dimensional domain 0 C R? can be reduced to the Fredholm type boundary
integral equation on S = 92, which is solvable if the corresponding necessary condition for the
Neumann datum is satisfied. The null space of the integral operator is not trivial and therefore
the integral equation is not uniquely solvable. Solutions of the Neumann problem is defined
modulo a constant summand (see, e.g., [7], [8], [14] and the references therein).

We modify the boundary integral equation in such a way that the null space of the modified
operator is trivial and, consequently, it is invertible in appropriate function spaces. Moreover,
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if the corresponding necessary condition is satisfied, then the solution of the modified equation
is also a solution to the original integral equation generated by the single layer potential.

The modified operator is a compact selfadjoint injective operator. First, we construct a con-
vergent iteration scheme for a solution of the modified integral equation assuming that the above
mentioned necessary condition is satisfied. Afterwards, we use the obtained approximations as
densities of the single layer potential and construct another explicit iteration which converges
to a particular solution of the Neumann boundary value problem in the appropriate Sobolev-
Slobodetskii spaces of functions defined in 2. By adding an arbitrary constant to the particular
solution one can obtain a general solution to the Neumann problem under consideration.

By evident modifications, the approach treated here can be extended to the interior Neu-
mann type boundary value problems for formally self-adjoint differential equations of mathe-
matical physics and mechanics, in particular, for the boundary value problem of the elasticity
theory when the stress vector is prescribed on the boundary S = 9f2.

2 Formulation of the problem and reduction to boundary integral equation

Let Q = Q1 C R3 be a bounded three-dimensional domain with connected boundary S = 95
and let Q= = R3\ Q be the unbounded complement of the domain §2. Throughout the paper
we assume that the boundary S is a Lipschitz surface if not otherwise stated and n stands for
the outward directed unite normal vector to S.

By Lo, W3, and H; with » > 0 and s € R, we denote the standard Lebesgue space, Sobolev—
Slobodetskii space, and Bessel potential space of real-valued functions, respectively. Recall that
Hj = WJ for r > 0. In what follows, we will drop the subscript 2 and use the notation W" = Wy
and H* = H5. By (f, g>S we denote the duality pairing on H~"(S) x H"(S) that extends the
standard Lo(S) inner product,

<f7 g>S = /f({L‘) g(.’E) ds = (fv g)LQ(S) for gvh € L2(S) (21)
S

We omit the subscript S in the dualiy pairing when no ambiguity can arise.

The symbols { - } T and { -}~ denote the standard one-sided traces of functions on the surface
S = 00 from QF and Q~ respectively.

Let us consider the Neumann boundary value problem: Find a function v € H'(Q2) satisfying
the Laplace equation in €2 and the Neumann boundary condition on .S,

Au=0 in Q, (2.2)
{gz }+ =f on S, (2.3)

where 8% denotes the normal derivative and f € H _%(S ).

Let us look for a solution of the Neumann problem (2.2)-(2.3) in the form of single layer
potential (cf. [5], [7, Ch. 11], [14, Ch. §])

u(z) = V() (z) = / @) (y)dS,, ©€9Q, (2.4)
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with the unknown density ¢ € H -2 (S) and the fundamental solution

1 1
At |z —y|

Lz —y) =

Using the properties of the single layer potential, the boundary condition (2.3) leads to the
boundary integral equation (see Appendix A)

( - %I + /c*)q/) =f on S, (2.5)
where
KCrap = / [ 87;?:0) Dla— )] v(w)dS,, zeS. (2.6)
S

Introduce the boundary integral operators generated by the direct values on S of the single and
double layer potentials:

Ho@) = [ Te—9)v)ds, ses, (2.7)
S

Kia) = [ [Ga T =] vwas, wes (2.5)
S

Mapping properties of these operators are collected in Appendix 5. Evidently, I* and K are
mutually adjoint singular integral operators, while H is a self-adjoint operator with weakly
singular kernel function. Note that, there holds the relation (see, e.g., [12])

HK* = KH. (2.9)

Throughout the paper, the adjoint of an operator A we denote by A*.
From relation (2.9) we have
(HK*)" =KH=HK", (2.10)

and consequently H K* is a self-adjoint operator.
Since the operator

H:H 2(S) — H2(S)

is an isomorphism (see Appendix A), equation (2.5) is equivalent to the following equation

1

H(—§I+K*)¢:Hf on 8. (2.11)
The homogeneous equation
1

( -1+ /c*)¢ —0

has only one linearly independent solution vy € H ~3 (S) and we have (see Appendix A)
V(¢o)(z) = const =cog #0, x € Q.

We can choose 1)y such that

V(o)(x) =1 for z €Q, implying H(¢g)(z) =1 for z € S. (2.12)
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Equation (2.5) is solvable iff (see, e.g., [27, Theorem 3.3))
(f,1):= /f(y) dsS = 0. (2.13)
S

Remark 2.1. Note that if S is a Lipschitz surface, then
Yo € H'(S).

If S is a sufficiently smooth surface, then the function g is smoother, e.g., if S € C°°, then

o € C(S).
If (2.13) is satisfied, then
(L) =(HIHf D) =(Hf,H 1) =0
and (2.11) is solvable if and only if
(Hf, H 1) =0, (2.14)
which is equivalent to (2.13). Further, let us introduce the operator N\,
Nfe)=H (- %1 LK Vi), zes.

Using (2.10) and Theorem 5.1 one can show that the operator N is self-adjoint and has the
following mapping properties:

N:H™3(S)— H2(S), N :HS)— H'(S).

If we substitute the single layer potential u = V (¢) with v € H _%(S ) in the Green formula

/Auudm: —/yw? dx+/{8nu}+{u}+d5 (2.15)
Q Q S

and use that H is a self-adjoint operator, we find

[Ivvtar= [ (=514K) o nuds = (Ko v} 20, voenis)
Q S

Consequently, A is a nonnegative operator. Moreover, if

</\/1/1, 1/1> =0, then 1 €ker ( — %I + IC*>, (2.16)

that is,
Y(x) = co(x), c= const. (2.17)

Rewrite equation (2.11) as

Ny =Hf on S, (2.18)

and instead of (2.18) let us consider the modified equation

N+ (HL gYH1=Hf on S (2.19)
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with
Hl(x) = /F(w —y)dSy,, x€lb.
S
Now, let us introduce the operator M generated by the left-hand side expression in (2.19),

M= N+ (-1, 9 )H T =Ny + (1, Ho )R (2.20)
It is evident that M has the following mapping properties:

M H 2(S) — H2(S), M : H(S) — H(S). (2.21)
Moreover, M is a symmetric operator,

(Mah, x) = (N, x)+(HL ) (HI, x)
(Y, Nx) + (v, (H1, x)H1)
(O, Nx +(H1, x)H1) = (¢, Mx). (2.22)

From the relation

(M, ) = (N, )+ (H1, 9)(H1, 9) = (N, )+ (H1, )%, e H3(S),

it follows that M is a positive operator: (M, 1) > 0 for ¢ # 0. Indeed, assume that
(M, ) = 0 for ¢ # 0. Then (H1, ¥)* = 0 and (N4, ) = 0. From the later equality, in view
of (2.16) and (2.17) we have 1) = ¢ 19 with c¢g # 0. In view of (2.12)

(H1,9)° = (1, Hy)® = (1, coHeho) = B (1, Hupo)* = & (1,1)" = G |S* > 0,
where |S| is the area of the surface S. This contradiction shows that M is a positive operator.
Remark 2.2. Note that if condition (2.14) is fulfilled and ¢ € H _%(S) solves the equation
MY =Ny + (H1, ) HL = Hf, (2.23)

then the ¢ will be also a solution of equations (2.18) and (2.5). Indeed, let ¥ be a solution to
equation (2.23) under the condition (H f, H=*1) = (f, 1) = 0. Let us show that then 1) meets
the condition

(H1,v¢)=0.
Applying the operator H~! to equation (2.23) we get

H‘l/\/lw:(—%I+K*>¢+<H1,¢>-1:f. (2.24)

Keeping in mind that <{%V(¢)}+, 1>
from (2.24) we find

(H1,¢), 1) = (H1,¢) (1, 1) = (H1, 9)[S| = {f, 1) = 0.

This proves that 1 solves both equations (2.18) and (2.5).

(- 1+ K%, 1) = 0 and (H 1, ¢) is constant,
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Remark 2.3. Let us show that if S is a Lipschitz surface then the operator
E—%I—HC*—F(HL s HO(S) — HO5(S) (2.25)
is an isomorphism, implying that the equation
Po= (= T+ K)o+ (M1, v) = f

is uniquely solvable in the space H _%(S) for arbitrary f € H _%(S).
Note that the operator defined by the relation

1 0) = (1 10) = [ ([Te-pvwas,)ds,

S S
is a compact perturbation of the operator
1 _1 _1
(— 51+/c*) CH73(S) — H™3(S),

which is a Fredholm operator with zero index (see Theorem 5.1(iii) in Appendix A).
Therefore, it remains to show that the null-space of the operator P is trivial, ker P = {0}.

Let v € H _%(S) be a solution to the homogeneous equation P = 0. Then the single layer
potential ug = V() € H'(£2) solves the following nonlocal boundary value problem

Au=0 in £,
{271;}++<1, {u}+>:0 on S.

Using Green’s formula we get

/|Vu0(x)\2dx:/{8(;g)}+{uo}+ is
Q S

_ _< 1, {ug)* > /{u0}+ s = —< 1, {ug)* >
S

2

Therefore, Vug(z) =0 in Q and <1, {uo}t > =0, that is,
up(x) = const =Cy in
and

(1. {u0}+>:<1,co>:/codszco|5|:o.
S

Thus, Cp = 0 and ug(z) = V(¢o)(x) = 0 in Q, implying Hyop = 0 on S. Consequently, 19 = 0
on S, that is, the homogeneous equation P = 0 has only the trivial solution and the operator
(2.25) is invertible.
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Remark 2.4. Using Theorem 5.1(iii) we can easily show that if S is a Lipschitz surface, then
the operator

is an isomorphism.
Now, we prove the following assertion.

Theorem 2.5. The operator M is coercive, i.e., there is a positive constant & such that

(Mo w) 2 80I2 y o0 Ve H3(S). (2.27)

Proof. By contradiction, assume that (2.27) is not true. Then for every natural number k € N
there exists a function vy, € H~'/2(S) satisfying the inequality

1 2
— k=1,23, ..
(Mg, ) < ? IWJkH sy 12,3, ..,

that is,
(N g, i) + (1, Hi/)k> < - ||¢k”2 a3 (5)° (2.28)
Without loss of generality we can assume that
Il 5 = 1
Then inequality(2.28) takes the form
1
(N e, ) + (1, Hay)? < o k=123 (2.29)

Let us construct the single layer potentials with densities vy,
up = V() € H(Q), k=1,2,3,.. (2.30)
and rewrite (2.29) as follows
1 . 2
(P (= 3T +K )b ) + (1, P ) =
_/ OV ()t + +\2
= ({F5 ) vy ) + (L v} ) <

<{a%f} {ue} ") + (1, {uk}+>2§% (2.31)

From Green’s formula we have (see (2.15))

<{a%f}  {un > /VVUk!2d$- (2.32)

Q

| =

that is,

Therefore, due to (2.31) and (2.32)

/ Vug|® dz — 0, that is, Vui — 0, as k — oo in the sense of La(£2) (2.33)
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and
(4 {uy Y2 = (1, Ha)? = 0, as k — oo (2.34)

Let us introduce the notation

vg(w) = V() (@) — e = u(x) — cx,

where
1 1
= T /V( )a)ds = 10 /uk(x) da. (2.35)
Q Q
It is evident that vy € H'(£2) and
Vup(z) = Vug(z) = VV () (). (2.36)

By the Poincar inequality we have

vkl o) = lluk — cklly@) = IV (k) — ekl <
< Vgl @) = ¢ [[Vokll, @) = ¢ IIVV (k) | Ly

where ¢* = const > 0 does not depend on k. Further, using (2.33) and (2.36) we conclude

vkl Lo () = llur — ckllLo@) = IV (Wr) = ckllLy) — 0, as k — oo.

Thus
vkl @) = llue — el = IV (¥r) — ckllmro) — 0, as k — oo.

Let us show that

H0F 3 oy = MY = €l 0y = 1780 = €13 ) — O (2.37)

B T L O [ T L

Indeed, relation (2.37) follows from the trace theorem, ||[{u}"| 1 ¢ |lull g1 (@) with ¢ inde-

H? (S)
pendent of u, whereas (2.38) is a consequence of definition of the generalized trace {av Vi) } €
H 7%(5) on S of the normal derivative of the harmonic single layer potential V' (¢%), which is

defined by the relation (see, e.g., [14])

<{8‘g,1/%)}+> ‘/’>S = Q/V‘/Wk) -VE(p)dz, Vpe€ H%(S), (2.39)

where E(p) is a bounded ”extension” of ¢ into €2, that is, F : Hfé(S) — HY(Q) is a retraction
operator with the trace operator as the corretraction operator belonging to E ([26, Section

1.2.4]): E(p) € H'(Q) and ||[Eo| g1 o) < CanHH%(S). Here the central dot denotes the dot-

product in R3. Further, since

(o) =G =
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from (2.39) we have

150 s = G s = 1= 5]y

S CHVV (YRl o) = CF IVorllLy @) < O HkaHl — 0, as k— oo

Thus (2.38) holds true.
For the harmonic function vg(z) = ug(x) — ¢, = V(¥r)(z) — ¢k, where uy is the single layer
potential (2.30) and ¢, is given by (2.35), let us introduce the notation

Ao { G} + (1 o) = { G} + (1 ) - a)

_ {ava(;pk)} + {1, My — ) (2.40)

- (— %I+K*)wk + <1, H¢k> _ <1, ck>.

Since

<1, Ck> = /Ck dS = |S| Ck,
S

we can rewrite (2.40) as

(= 57+ K )oe+ {1, 7o)~ IS]ex = fi (241)

Due to relations (2.34), (2.37), and (2.38), we have

by = <1 H¢k> — 0, as k — oo, (2.42)
1l =4 ) = 0 a8 k=00, (2.43)
H<_§I+K >wkHH*%(S)_>O’ as k — oo. (2.44)

Remark that the norm of the constant b in space H 7%(5) is equivalent to the following
expression ([25], [19]):

el g, ~ Ot ) = (b bids = [ [T y)ub s, as,
s S

S
= b7 //F(:U —y) dS;dSy — 0, as k — oo. (2.45)

Therefore from (2.41) in view of (2.42) - (2.45) we have

crlSl = (= 5 T+ K)o+ (1, How) — i,

that is,

1
el 1) < [(=51+x )0 HH%(s) Wl g )+ Wil oy 5y = 0 s koo
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Using the equivalence

leulSIE, g, ~ (Henlsl euls)) = ISP [ [T ds.as,
S S

and the strict inequality [ [T'(z — y) dS; dSy > & > 0, we eventually conclude
S S

c — 0, as k — oo.

Now, rewrite (2.41) in the following form

(- %H/c*)wkﬂl, Hw) = fi + 1] e,

that is,
Py = fr + S|

Using invertibility of the operator (2.25) we deduce
ok =P~ (fi + 1] ex), (2.46)
where . )
P~ H2(S)— H 2(S)
is a bounded operator. Therefore, from (2.46) we finally conclude

1Vl -

H%(S)SC*||fk+|S|CkHH_’ — 0 as k— oc.

2(9)

This contradicts the condition HQbHH_ b = 1. Thus the operator M is coercive and inequality

s)
(2.27) holds true. O

The coercivity property (2.27) and relation (2.22) along with the embedding theorems for
the Bessel potential spaces lead to the following assertion.

Corollary 2.6. The operator
1 1
M:H 2(S)— Hz(S)
1s invertible.
Consequently, the equation

Myy=Hf on S (2.47)
possesses a unique solution P € H_%(S) for arbitrary f € H_%(S).

Remark 2.7. From the results obtained above it follows that if ¢ € H 7%(5) is a solution
to the uniquely solvable integral equation (2.47) and the orthogonality condition < 7 1> =0is
fulfilled, then u = V(¢) € H*(Q) is a particular solution of the Neumann problem (2.2)-(2.3).
The general solution to the Neumann problem, which is defined modulo a constant summand,
is given then by the formula

v(@) = V(©)(@) + G,

where C' is an arbitrary constant.

Remark 2.8. From Remark 2.4 and invertibility of operators (2.26) and (5.1) it follows that

that the operator
M : Ly(S) — HY(S) (2.48)

is invertible (cf., [17, Proposition 2.1]).



Vol. 29, No. 1, 2025 13

3 Iteration scheme for the boundary integral equation

Here we construct a convergent iteration for a unique solution 1 of equation (2.47) assuming
that (f,1) = (H f, H~'1) = 0. Based on this approximation we will construct another iteration,
which converges to a particular solution of the Neumann problem v = V(¢) € H'(Q). The
appropriate function spaces will be specified below.

3.1 Awuxiliary material

It is well known that the Bessel potential spaces H 7%(5 ) is a separable Hilbert space with an
inner product of a special type defined with the help of the orthogonal projection operator (see,
e.g., [14, Ch. 3]). For our analysis, introduction of another inner product, which generates an
equivalent norm, is more appropriate.

Let us define a bilinear functional in the space H_%(S) X H_%(S) (cf. [25])

((f,9)) = (Mf, g frg€ H2(S). (3.1)

Lemma 3.1. The bilinear functional (3.1) defines an inner product in the space H_%(S), that
is, the following conditions hold for arbitrary h,g, f € H_%(S):

((hyag +bf)) =a((h,g))+b((h,f)) for arbitrary a,b € R,
((h,g)) = (Mh, g)g = (h, M > = (Mg, h)s = ((g, 1)),
((h,h)) >0 and ((h,h)) =0 implies h=0.

Moreover, there are positive constants 01 and 2, such that for arbitrary h € H_%(S) the
following inequality holds

2 > = > 2 : ,
oI, g g > () = (M. g > 00 P,y (2)
Proof. Tt directly follows from relations (2.20), (2.22), Theorem 2.5 and Theorem 5.1. O

Evidently, the inner product (3.1) generates an equivalent norm in the space H _%(S ), due
to inequality (3.2). Therefore, in what follows, we can consider the totality of functions from

the space H _%(S ) as a separable Hilbert space with the inner product defined by (3.1), which
defines the norm (cf. [2, Proposition 5.1], [14, Chapter 3], [25])

|h]|2 = ((h,h)) = </\/lh, h>s for arbitrary h € H_%(S),

Denote this separable Hilbert space by H > (S). There holds the following assertion.

Lemma 3.2. (i) The operator
M :H 2(S) - H 2(S5) (3.3)

s a compact symmetric positive definite operator.

ii ere extsts a countable decreasing sequence { A\ fi—, of positive eigenvalues of the operator
ii) Th 5t table d ; Ak }ioy of positi ) l f th t
(3.3) (by taking into account multiplicities of the eigenvalues)

AMZAz2A3 22 2 (3.4)
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converging to zero and an orthonormal basis in the Hilbert space H_%(S) of the corresponding
eigenfunctions {cpk};ozl with Moy (x) = A\ppr(x) on S.

(iii) For an arbitrary function h € H_%(S) the following series are convergent in the sense of
the norm of the Hilbert space H_%(S):

=Y Nebegr(@), h(z) = bror(x)  with by = ((h,or)).

Moreover,
[e.e] [ee]
MR =D Nibg,  [hllZ =D b;.
k=1 k=1
Proof. Tt follows from the relations

(Mh, g)) = (M>h, g) , = (Mh, Mg) = ((h, Mg)),

(Mh, h)) = </\/lh7 Mh> = H/\/thL2 >0 for h+#0,
along with definition (3.1), mapping property (2.21), compact embedding theorems for the
Bessel potential spaces, the well-known Hilbert-Schmidt theorem for separable Hilbert spaces

and Parseval’s identity (see, e.g., [7, Chapter VIII], [9, Chapter 6], [24, Part V, Chapter 38|,
[26]). O

Remark 3.3. The elements of the orthonormal basis of eigenfunctions {¢y}72 ; of the operator
(3.3) satisfy the equation My, = gk and due to Theorem 5.1(iii) the following inclusions are
valid

o € H2(S) C Lo(S), k=1,2,3,...

Observe that Theorem 5.1(iii) yields the following possible maximal smoothness
o € HY(S) C Ly(S), k=1,2,3,..

Consequently, the orthonormality property of the system {¢g(x)}72, with respect to the inner
product (3.1) can be written in the classical integral form

lewl2 = ((prs 08)) = Mok, 0x) = M llerllT, s = 1, k=1,2,3,...

Hence, the system {¢}}32, is orthogonal with respect to the Ly(.S) inner product sense as well
and the sequence of eigenfunctions {wy(x)}3; with

— Veor(x), k=1,2,3,... (3.5)

W\
k(@) = HsokHLz 5

is an orthonormal basis in the Hilbert space La(S5).
Therefore, any function g € La(.S) is representable in the form

= crwp(x)  with ¢k = (9, Wk)10(8) = VARG k) 1a(5)» (3.6)
=1
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and in view of Parseval’s identity we have

[e.9] o0

2
|’9‘|L2(s) :Z Z (9, ¢x) L2
k=1 k

Taking into account relation (3.5), from (3.6) we get
o0 o0
= Mel9, k) 1) => (9, %r))
k=1 k=1

3.2 Iteration scheme in the space H 2 (S)

Consider the boundary integral equation
My =Hf on S, (3.7)

where S is an arbitrary Lipschitz surface and f € H -3 (S). In view of Corollary 2.6 this equation

is uniquely solvable and the solution ¢ belongs to the space H _%(S ).
Let us consider the following iteration

W (@) =0 V(@) + 7 (Hf(2) - MYV (), n=1,23,..., (3.8)
where () € H %(S ) is an arbitrary function and the parameter 7 satisfies the inequality
0<7TAM <2 (3.9)

with A\; being the greatest eigenvalue of the operator (3.3) (see (3.4)). A rough estimate of the
first eigenvalue A; for an arbitrary Lipschitz surface is given in Appendix B (see (6.10)).

Theorem 3.4. Let S be a Lipschitz surface, let i € Hfé(S) be a unique solution of equation
(3.7) with f € Hfé(S), and let 0 ¢ H%(S’) be an arbitrary function. Then the sequence
{1/1(")}30:0 defined by (3.8) converges to 1 in the sense of the space Hfé(S).

Proof. Observe that (™ € H%(S) C Lo(S) C H_%(S) for all n = 0,1,2,3,... Define the
following sequence of functions

¢ =™ e H3(S), n=0,1,2,3,..., (3.10)

where 1) is a unique solution of equation (3.7).
In what follows, our goal is to show that the sequence ¢ (") tends to zero in the space H_%(S ),

dim [j¢™[[2 = lim ((¢™,¢™) =0. (3.11)

In turn, (3.11) implies that the sequence ¢ (") tends to zero in the space H _%(S) by virtue of
the norms equivalence relation (3.2) and, consequently, (™ tends to 1 in the sense of the space
H~2(S) due to (3.10).
We proceed as follows. Substitute 9™ = ¢ 4 ¢ and ™1 = (=1 4 4 into (3.8) to
obtain
¢ = ¢ 7 M) p=1,2,3,. .. (3.12)
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In accordance with Lemma 3.2, we have the following expansions for the functions ¢(™(z)
and M(¢™ with respect to the orthonormal basis of eigenfunctions {¢y,}$° in the space H: (9):

=S aVpu(x), n=0,1,23,.. (3.13)

= Z)\k a](cn) vr(z), n=0,1,2,3,..
where

From (3.12) we have

(€™, 1)) = (€Y, 1)) = T((MC D, 1)),
which implies the following recurrence relation between the corresponding Fourier coefficients

(n—1)

al” = (1—7X)al for n,k=1,2,3,... (3.14)

From (3.14) we deduce
a,(f") =1 —7X)" a,(go) for n,k=1,2,3,..., (3.15)
(0)

where the numbers a;” are the Fourier coefficients in the expansion of the fixed initial function

(O = O —yp e H73(S),

o0 o0 2
=S a2,  IKOIZ =3[0 o = (€, 0n), k=1,2,3,...
k=1 k=1

Therefore, (3.13) can be rewritten as

Z l—T)\k CLk gok( )
k=1

By Lemma 3.2(iii) along with (3.15) we have

I =32 [) = 3201 = (e (3.16)
k=1 k=1

Using the decreasing property of the sequence of eigenvalues \g, see (3.4), from (3.9) it follows
that
O<7TAM <TAM <2 for kE=1,2,3,..

Consequently,

—l<l—7M <1, (I=7M)<1 for k=1,2,3, .. (3.17)
lim (1 —7M\)%" = 1.
k—o00
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Therefore, the series (3.16) is majorized by the convergent series Zzozl[a,(go)]Q and for an arbi-

trarily small number € > 0 there is a positive integer Nj(e), such that

LAY [a;°>]2<g for n=1,2,3, ... (3.18)
k=Ni(e) k=N1(¢)

Evidently, Ni(e) does not depend on n, it depends only on €.
Further, let us estimate the finite sum

Nl(&‘)—l N1(£)—1
Z (1—71 /\k)Q"[a,(go)F.
k=1 k=1

In view of relations (3.17) and positivity of the eigenvalues A\, we have the strict inequality

= max |1—7XN| <1
1<k<Ny (e)—1

Therefore, for an arbitrarily small number € > 0 we can choose a positive integer Na(e), such
that

Ni(e)—1 Ni(e)—-1 ) Ni(e)—1 )
0 n 0
= > -’ < Y g
k=1 k=1 k=1
<@ i (0) = ¢|1c?)2 < S forn> Na(e) (3.19)
k=1 " 2 ’

where Ny(e) depends only on . Now, combining inequalities (3.18) and (3.19), from (3.16) we
finally conclude
K (@) <& forn > Na(e),

which shows that (3.11) holds. This completes the proof. O

3.3 Iteration scheme in the space Ly(S5)

Now, let S be again a Lipschitz surface and f € H(S) = Lo(S). Invertibility of the operator
(2.48) implies that the integral equation

Mp=Hf on S (3.20)

possesses a unique solution 1 € La(S). In view of the mapping property (2.48), it is evident
that the operator
M : Ly(S) — La(5) (3.21)

is a compact, positive, and symmetric operator with respect to the standard inner product in
the space Lo(S) defined by (2.1). Therefore, we have the following counterparts of Lemma 3.2
and Theorem 3.4.

Lemma 3.5. (i) There exist a countable decreasing sequence of positive eigenvalues of the
operator (3.21) (by taking into account multiplicities of the eigenvalues)

AMZAz2A32 2 2 (3.22)
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converging to zero and an orthonormal basis in La(S) of the corresponding eigenfunctions
{wk}gozl with Mwy(z) = Apwi(x) on S.
(ii) For an arbitrary function g € La(S) the following series are convergent in the space La(S):

g(x) =Y dywi(z)  with dp = (g, wk)ry(8),
=1

A4g(x)::§£:Akdka%(x)
k=1

Moreover,

1911705 = D din Hgll7,5) = D Ardi-
k=1 k=1
Proof. The claims of the lemma follow from the relations

(Mh, g) = (h, Mg) for g,h € La(5),
(Mh, h) >0 for h#0,

along with the mapping property (2.48), compact embedding theorems for the Bessel potential
spaces, the well-known Hilbert-Schmidt theorem for separable Hilbert spaces and Parseval’s
identity (see, e.g., [7, Chapter VIII], [9, Chapter 6], [24, Part V, Chapter 38], [26]). O

Theorem 3.6. Let S be a Lipschitz surface, f € La(S), and let 1) € La(S) be a unique solution
of the integral equation (3.20). Then the recurrence sequence {1/1(")}20:0 defined by the relation

W (2) = 0D (@) + 1 (Hf(2) = MU D(@), n=1,2,3,...,
where pO) € H L(S) is an arbitrary function and the parameter T satisfies the inequality
0<TA <2

with A1 being the greatest eigenvalue of the operator (3.21) (see (3.22)), converges to the unique
solution 1 of equation (3.20) in the sense of the space La(S).

Proof. The proof can be performed with the help of exactly the same arguments applied in the
proof of Theorem 3.4. One needs only to replace the basis of the eigenfunctions {yx(z)}32, by
the orthonormal basis of eigenfunctions {wy(x)}72 ;. O

Remark 3.7. If S € C"™%and f € C*+15(S), where m is a positive integer, k is a nonnegative
integer, k <m — 1, and 0 < § < a < 1, then the unique solution of equation (3.20) belongs to
the space C*A(S) (see, e.g., [13, Ch. 5] and [22, Ch. 1, §6] for more general cases). Evidently,
in this case, all the eigenfunctions of the operators (3.3) and (3.21) belong to the space C™#(S).

4 Tteration scheme for solutions to the Neumann BVP

Using the results obtained in the previous section here we construct the successive approximation
scheme for the Neumann boundary value problem (2.2)-(2.3).
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Theorem 4.1. Let S be a Lipschitz surface, let f € H_%(S) satisfy the orthogonality condition

(2.13), and let ¢ € H_%(S) be a unique solution to the integral equation M1 = Hf on S. Then
u = V() € HY(Q) is a particular solution to the interior Neumann boundary value problem
(2.2)-(2.3) and the sequence of functions {u(™}>2, given by the single layer potentials

u™(z) = V™) (z), zeQ, n=123,..., (4.1)

converges to the particular solution v = V() in the sense of the space H*(Q). Here ¢ is
defined by the recurrence relation

P () = V(@) + 7 (Hf — Mp™D(@)), n=1,2,3,..., (4.2)

where 0 € H %(S) is an arbitrary function and the real parameter T satisfies the inequality
0 < 7 A1 <2 with A1 being the greatest eigenvalue of the operator (3.3).

Proof. By Theorem 3.4 the sequence {1/)(”)}1010:1 tends to the solution 1 of the equation M1 =
Hf on S in the sense of the space Hfé(S). Due to Remark 2.2 then 1 is a particular solution

of equation (2.5) and V(¢) is a particular solution of the Neumann boundary value problem
(2.2)-(2.3). In view of Theorem 5.1(i) there is a positive constant C' such that
llw = w™ ey = IV (W = )20y < Cllo = ™|

1, —0, as n— oo,
H™%(S)

which completes the proof. O

Remark 4.2. Note that the function u(™ given by (4.1) can be rewritten as follows
u™(z) = VHS) () + V(™Y — 7M™ D) (2), 2€Q, n=1,2,3,...
which makes a good basis for creating an efficient numerical algorithms.

Remark 4.3. Let S be a Lipschitz surface and f € H°(S) = Lo(9S) satisfies the orthogonality
condition (2.13). Due to Theorem 5.1(iii) and Remark 2.8 it follows that the equation M = H f
possesses a unique solution 1y € H(S) = Ly(9). It is known that the single layer potential V(1))
with 1 € Lo(S) has the nontangential limiting boundary value {V (1) }.f, on S, which belongs to
H'(S), and, moreover, V(1)) and 6%JVV(w), j = 1,2, 3, have square integrable maximal functions.
Consequently, the single layer potential operator

Vi Ls(S) — H3(Q)

is bounded (for details see [2, Theorem 5.3, Theorem 5.4], [6, p.796 and Theorem 3.7], [11,
Theorem 4.2, Theorem 3.1], [17, Proposition 3.1], [27, Corollary 3.5]).

Now, let u(™ and let ¢)(™ be defined by relations (4.1) and (4.2). Then by Theorem 3.6 the
sequence {1} tends to the function ¢ in the sense of the space Ly(S). Therefore, there is
a positive constant C1, such that
< Cr |y — "lb(n)HLQ(S) — 0, as n — oo.

[l =113 g = V@ =3
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5 Appendix A: properties of the single layer potential and boundary integral
operators

Here we collect the known properties of the single layer potential operator V' and the boundary
integral operators H, +1 I + K*, and +1 I + K, defined by relations (2.4) and (2.6)-(2.8) (for
details see, e.g., [1], [2], [3], [4], [5], [8], [11], [14], [15], [16], [17], [25], [27]).

Theorem 5.1. Let S = 092 be a Lipschitz boundary.
(i) The following single layer potential operator is continuous

V:H2(S) — HY(Q).
(i) If ¢y € H_%(S), then the following jump relations hold across the surface S':

(V)3 ={V(®)}~ =Hy € Hi(S) on S,

(Z02)" = (grompenivs ms

where K* and H are defined by (2.6) and (2.7) respectively.
(iii) The following boundary integral operators are continuous:

H:H2(S) — H2(S), H : Lo(S) — HY(S), (5.1)
—%I+IC* CH3(S) — H5(S), —%H/c*  Lo(S) — L(S), (5.2)
—%I+IC CH(S) = HE(S), —%I—HC CHY(S) — HY(S),  (5.3)
%H/c* CH3(S) > H5(S), %I+IC*  La(S) — La(S), (5.4)
%I—HC L HE(S) - HE(S), %I+IC CHY(S) — HY(S).  (5.5)

Moreover, the operators (5.1), (5.4), and (5.5) are invertible, while the operators (5.2) and (5.3)
are Fredholm operators with zero index having one-dimenstonal null-spaces.
(iv) There is a positive constant 01 such that

(—Hip, ) g = Hi/Jqu for arbitrary 1 € H™2(S).

“3(S)

Remark 5.2. If S € C"“, where m is a positive integer, k is a nonnegative integer, k < m—1,
and 0 < 0 < a < 1, then the operator

H:CFA(S) — CFHLA(S)
is invertible (see, e.g., [4], [13], [18]).

Remark 5.3. In the case of C*°-smooth surface S, the operator —H is a pseudodifferential
operator of order —1 with positive definite principal homogeneous symbol matrix and has the
mapping property (see, e.g., [3], [4], [13], [18], [21], [23])

H:H'S)— H(S) for arbitrary ¢ € R. (5.6)

Moreover, operator (5.6) is invertible for all ¢ € R.
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6 Appendix B: A rough estimate of )\,

It is evident that the operators (3.3) and (3.21) have the same sequence of eigenvalues, in
particular, they have the same greatest eigenvalue A; (see Remark 3.3). Since \; equals to
the norm of the corresponding operator (see, e.g., [9, Ch. 6]), it follows that the norms of the
operators (3.3) and (3.21) equal to each other. To choose an explicit bound for the parameter
7 in the iteration relation (3.8), one needs at least a rough estimate of the eigenvalue A\;. To
obtain such a rough estimate in the case of a Lipschitz surface S, we consider operator (3.21)
in Ls(S), where

ST K e) + (L) g I

"
_//F(z — y)(2)dS.dS, / I'(z —y)dS,
S S
1

Denote by M = [|M]||1,(s)—L,(s) the norm of this operator.
To find an upper boud of M, let us introduce the functions:

// z —y)P(2)dS,dSy / x—y)dSy, xz€S,

Fa(z) = —§H¢(x), zes, (6.2)
F3(x) = HK*Y(x), = € S. (6.3)
It is evident that if
m=pl [ (64
then )
1Billacs) < S 1y, (65)

where |S| is the area of the surface S.
From (6.2) using the Cauchy-Schwartz inequality we get

’ L )] 1
64 - : _ds
- Arrlauld {/s\m—y\z 7 yl? 1
as, [ () ()
< dS dS 6.6
/s|x—y| p— o=yl (6.6)

Now, by Fubini’s theorem we derive the following estimate

B, [(y)]?
2 < ds,dS,
H 2HLQ(S 647T2 g ‘.TI . y‘ Y

2 BZ
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i.e.,
B
[ F2]1,y(5) < 87”1/’”@(5)'

Further, from (6.3) we have
2 1 7 1 0 1 2
0 = gl [ o ([ w0 45:)as:]
S S

_ D) 2
- 161772 S/ (S/ |z i y| <8n(y) ly i z[) dSy>¢(z) dSZ}

! /K(x,z) v(z) dSZ]Q,

~ 1672 |z — 2|

where
1

1 0
K(w’z)|x_z‘5/\x—y<8n(y)\y—zl>dsy’ x,z € 8.

In view of the estimate (see, e.g., [10], [20])

1 a1 B .
S/!x—y|<an<y>ry—z|)d5y‘0("“"z' ) mzes

the function K (z, z) is bounded and let

By = sup |K(z,7)].
x,z€S

Then, from (6.8) we get

)t < B [ 1))

= 1672 |z — |

and using (6.4) we arrive at the estimate

BB
47

1 F3]Ly(s) < 191 Ly (s)-

(6.7)

(6.8)

(6.9)

Keeping in mind (6.1) and combining the inequalities (6.5), (6.7), and (6.9), we finally obtain

the following estimate of the norm M of the operator M,

31(27'( + Bl‘S’ + 47TBQ)
1672

)‘1 =M= HM||L2(S)—>L2(S) <
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