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Using a special case of the Efros theorem and operational calculus it was possible to derive
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1. Introduction

In 1933 [1] and in 1940 [2] Sir Edward Maitland Wright (1906 - 2005) introduced
to the mathematical literature new special functions which initially were regarded
as some kind of generalization of the Bessel functions. Later on, these functions,
which are named after him, started to be independent special functions and to play
an important role in solution of the linear partial fractional differential equations.
These differential equations describe a wide range of important physical phenomena
that occur in condensed and soft matter physics, geophysics, meteorology, in frac-
tional kinetics and diffusion processes, in statistical mechanics, in socio-economical
models and in many other problems that take place in natural sciences and in
engineering disciplines (see for example [3-17] ).

The Wright functions W) ,(2) are defined in the complex plane C with parame-
ters A and p by the power-series:

Wiu(z) = kz::O m (1)
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They turn out to be entire functions in z € € of order 1/(1 + A) for A > —1 and for
any complex p (here we take p real, always p > 0). Thus we note that the Wright
functions are of exponential order only if A > 0. The case A = 0 is trivial wince
Wo,u =€ /T ().

Following Mainardi (see i.e. the appendix F of his 2010 book [12]), taking into
account the different order, we distinguish the Wright functions of the first kind
for A > 0, and of the second kind for —1 < A < 0. This distinction between the two
kinds is justified for the differences arising in the asymptotic representation in the
complex domain and in the expression of the corresponding Laplace transforms,
as outlined by Gorenflo, Luchko and Mainardi in [8]. In this paper we restrict
our attention to the Wright functions of the second kind, following the notation
(formerly introduced by Mainardi) of denoting by v the positive parameter —A.
Then for our Wright functions of the second kind we take the following definition
in terms of power series

Sk

L = e 1, >0. 2
W_yu(2) kZ:Ok!F(—Vk+M) O<v<l pu>0 (2)

We find worthwhile to add the main integral representation in the complex plane
of these functions that reads

1 v dC
W_,,yu(z):% HaeCjLZC C—#, O<v<l, p>0, (3)

where Ha denotes the Hankel path, that is a loop which starts from —oo along the
lower side of negative real axis, encircles with a small circle the axes origin and
ends at —oo along the upper side of the negative real axis.

Concerning the Laplace transforms of the Wright functions of the second kind
we point out the following results recently recalled in the survey by Mainardi and
Consiglio [17].

For z = —x/t¥ with x > 0,¢t >0

LW,y (—x/t);t — s} = s Fe ™ SV, O<v<l, w>0, (4)
and for z =t >0
LAW_,u(—t)it—=st=E, 1 (—s) O0<v<l, p>0. (5)

Above we have introduced the Mittag-Leffler function in two parameters o > 0,
B € C defined by its convergent series for all z € C

Eop(z) == kz T(ak + 8)’ (6)

=0

on which we will return later in Sections 2, 3. We note that in Eqs. (4) and (5)
the arguments are negative so the series of the corresponding Wright functions are
with sing-alternating terms.

In the class of the Wright function of the second kind particular mention is at-
tributed to the two functions obtained when 1 = 0 and p = 1 —v for their relevance
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in time fractional fractional diffusion wave equations. Indeed they are frequently
discussed in the literature of fractional calculus, see i.e. [6-17] and referred to as
the Mainardi auxiliary functions. Their power series representations (depending on
the single parameter v) read

o) _, k
F,/(Z) = W—V,O(_Z) = Z k!(r(—)]/k‘)’ O<r< 1, (7)
k=0
and
2k
M,(2) == W_,1_(— ZM k+1) — O<wv<l (8)

The Mainardi auxiliary functions are interrelated through the following relation:
F,(z) =vzM,(z), 0<v<Ll. 9)
Using the refiection formula for the Gamma function
(T~ ¢) = n/sinmC,

we can re-write Egs. (7) and (8) in an alternative and more convenient form:

% Z k:‘ I'(vk + 1) sin (mvk), (10)
k=1
and
= LS OO i k). (11)
=3 = 1 (vk) sin (v

From now on we restrict our main attention to the Mainardi auxiliary functions.
For them the Laplace transforms corresponding to (4) (5) take the relevant form:
(i) for the functions F),

L{tT F (x/t");t — s} :e—xs”’ O<v<l, (12)
LA{F,(t);t—>s}=E,,(-s) 0<v<l, (13)

(ii) for the functions M,

L{ My(z/t");t — s} :s”_le_xsy, 0<v<l, (14)

LA{M,(t);t = s} =E,1(—s), O0<v<l. (15)
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In particular, the interest in these functions comes from the fact that their Laplace
transforms are in the form of exponential functions of the type s exp(—s") with
@ >0and 0 < v <1, whose inversion intrigued in the middle of previous cen-
tury a number of well-known mathematicians. It is worthwhile to mention yearly
classical papers of Humbert [18] since 1945, Pollard [19] since 1946, Wlodarski [20]
since 1953, Mikusinski [21-24] in the 1951-1959 period, Wintner [25] since 1956,
Ragab [26] since 1958 and finally Stankovi¢ [27] since 1970. It was Stankovi¢ who
recognized the role of the Wright functions with first parameter negative, that we
have denoted as Wright functions of the second kind.

For the Mainardi auxiliary functions we refer the reader again to [14]: in the time
domain the inverse Laplace transforms were derived in the form of infinite series
representations and read

100 k+1k

Fy(t)zzk!(r‘ 7 ;Z D(vk+1) sin(rvk),
k=1 k=1

Z KT ( k+1)+1) ;2:371) (vk) sin(mvk),

F,(t) = vtM,(t).

Here particular attention is devoted to the Laplace inversion of exp(—s”) with
0 < v < 1 because it provides the unilateral (i.e active only for ¢ > 0) stable
density of order v in the probability theory of Lévy stable distributions. We denote
by f.(t) this function for which Pollard [19] and Mikusinski [24] gave the following
integral representations

fu(t) = / e Mo W eos(m) gin[y sin(nv)] du

Y (17)
= / e~ W s /2 [cos[u” cos(mr/2)] cos(ut) du .

0

Mikusinski [24] was able to present f,(t) also as the finite trigonometric integral

ful(t) = ﬁ /07r €e~Sdu, where
1 <sin(yu)>”/ =) gin[(1 — v)y]

§= tv/(1=v) sinu sinw

(18)

In particular cases when v = 1/2 the inverse was established by using exponential
and parabolic cylinder functions [14,26] and for v = 1/3 and v = 2/3, in terms
of the Airy functions and their first derivatives [11,14]. For v = 1/4, the solution
was deduced as a sum of three generalized hypergeometric functions, but it is still
uncertain [15]. For rational v = k/m,k < m, the Laplace inverse of (17) can be
presented in terms of the Meijer’s G and the Fox H functions [15] and for v = 1/m
using MacRobert’s E function [26].

The inverse operation which restores the original function in the Laplace trans-
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formation is usually the most complicated step in operational calculus because it
involves integration in the complex plane. However, in many cases finding of in-
verse transforms is facilitated if the Laplace transform is a product of two or more
transforms providing that the inverse transforms of them are known. This so-called
product (convolution) theorems for product of two transforms can be written as
(see e.g. [28])

L)} = F(s),
F(s) = Fl( ) - Fa(s),
hilh) = 1{F1< i falt) = L7 () (19)
f(t): t /f1 fgt—udu—/flt—ufg )
In 1935 the product theorem was generalized by Efros in the following form [29]
L@} = F(s).
G, X) = £{g(t, )} = H(s) e, (20)
£ HHEPl)]} = [ fwgte ) du
where H(s) and ¢(s) are analytic functions. If ¢(s) = s it is possible to show that
(20) reduces to (19). Wlodarski [20] in 1953 discussed the special case of the Efros
theorem when H(s) is 1/s* with 4 > 0 and ¢(s) = s” with 0 < v < 1. As is

demonstrated in this paper, the Wlodarski formula can be applied to the Mainardi
auxiliary functions M, and F,. Indeed, letting ;4 = 1 — v, we obtain

L{g()} = G(s),
L1 {iff?} = /Ooog(u) £ {exp (;7;8”)} du; 0<v<l. (21)

S

From [12] we recall for 0 < v < 1 and A > 0,

(i)} el (2)) - Bewirn e

so that, by using (21) and (22), the following expressions can be derived for the
auxiliary function F,(t)

1 [G(sY) > uw\ du
1 = R— —_
vL {81_u}—/0 g(u)Fu< )u, O<v<l (23)
and similarly for the function M, (t) we have
1 [ G(sY) o0
v 1 -
L {31y}—/0 g9(u) M, (ty) du; 0<v<lL. (24)

Thus, if left hand side Laplace transforms in (23) and (24) can be inverted, the
infinite integrals with the functions F),(t) and M, (t) can be evaluated.
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The plane of the present paper is herewith illustrated. In the following four sec-
tions we devote our attention to the evaluation of infinite and convolution integrals
by using expressions in (23) and (24) and operational rules of the Laplace trans-
formation.

In section 2 we present available results for elementary functions g(¢) for any
v e (0,1).

In sections 3,4 we report infinite or convolution integrals associated with the
Mittag-Leffler functions, error function and with the Volterra functions, respec-
tively.

The section 5 is dedicated to the particular case of ¥ = 1/3, to infinite integrals
with integrands having the modified Bessel functions of the second kind and order
one-third.

In order to clearly illustrate the application of the Efros theorem (in the Wlo-
darski form given in (21)) in evaluation of infinite and convolution integrals, direct
and inverse Laplace transforms are always presented in considered derivations. It
should be also taken into account that all mathematical operations and manipula-
tions with elementary and special functions, integrals and transforms are formal.
Therefore, the validity of derived results is assured by considering the restrictions
usually imposed on the Laplace transforms.

Finally, in section 6, we provide some concluding remarks.

2. Integrals of the Wright functions of the second kind with elementary
functions

In this section we will consider a number of examples with elementary functions.
We outline that all the Laplace transforms were taken from well known tables, see
i.e. [30-33], always letting 0 < v < 1 and A > 0 even when not explicitly stated.

As the first example we consider the power function t* with A > 0 for which

gty =1t"; A>0,
(A +1)

6y =T0ED gy 0L

- S()\+1)I/ (25)

JEE (A +1) _ F(A+1))  T(A+1)t™
sl=v sO+1v [ 7 swHL [T T +1)

G(sY)

Then, from (23), we have

oo N1 g B F()\)t)\u‘ ‘
/Ou F,,(ty)du—ir()\y), O<v<l1l; A>0, (26)

and from (24)
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For particular values of A we get for 0 < v <landn=1,2,3,...

[ S [ gy

o) B F(zn)t%w
2n lFV E —
/0 “ <t”> du I'(2nv) ' (28)
9] (2n+1)v
/ 2N E, (g) gy — L@+ 1)t ;
0 tv l(2n + 1)v]

and similarly from (27)

oo U o0 m t21/
My (1) du=1", My () du=
/0 (t”) du=t /0 " <tV> W= T
oo F(Qn)t(2n+ v
n M, DYy = T 29
/0 “ (t”) “ vI(2nv) (29)
0o (2 1) $2(n+1)v
/ 2+l M, (ﬁ) du — ( n -+ )t .
0 tv vI[(2n + 1)y

If both sides of (26) are differentiated with respect to parameter A we have

/Oou)\—l lnuF, (E) du = F()‘> t/\y {1/1(/\) tv [ (lnt — 1/1()\’/)]} (30)
0 tv

I'(\v) ’
and similarly from (16) and (27)
P wy o T () + v [(Int — ()]}
/0 u 1nuF,,( V) du = ST . (31)

The above results can be extended to functions g(t) which are defined at finite
intervals and to step functions jumping at integral values of variable ¢. Let us start
with the simplest case

1, 0<t<A,
g(t) = {O, t> A,
A= As A= AsY
Gls) = 1= gy =122 (32)

s
1 1—e M 1 e
£ R QS D
{ sl-v sY } { s s }

but, in view of (4) with x =1,

()
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and therefore

fr@) s {ra (2))

(34)
A U A
My () du=1" S1-Wopy (=2 ) ¢
0 tl/ ) tl/
In next examples will appear convolution integrals.
From
1—-¢t 0<t<l,
g(t) = {0, t>1,
e +s—1 y e sV —1
G(S) - 872, G(S ) - T,
paf L etas o1y (T 1 e (3)
sl—v 2V - s gvtl T vl s [
tv =1 1
T e (‘tv)
we deduce
! u\ du tv v =1 1
1-wF () S =vi1- () b
/0 (I-wh (%) % =" { T+ T " el tV)}
(36)
/1(1— )M (3) PP P (=)
o o\ T Tv+1) T W
From
0, 0<t <A,
g(t) =4 (="
, t> A
Fgu +1) )
e 5 e N (37)
G(s) RS G(s )—m

1 e 1 e MY gl A
-1)_- = \_p-1)_ - — _
L {SI—I/ 8(u+1)y } L {S/I,l/ s } F(/U/) * W_ v, 1( ty)

it is a possible to derive the following integral identities with > 0 and 0 < v < 1,

e () D ey (22,

b I‘(F(HV%) / A (38)
Of A u A (RaE _Z
[t = Ay, (t”) du =t s Woua (=5 ).

In the next two examples the cases of exponential functions are illustrated.

gty =,

G =y W=y (39)

1 1 sVl
-1 _ r-1
£ {sll’s"—l—)\}_L {s”—l—)\}'




Vol. 21, 2020 17
Now, taking into account the Mittag-Leffler function, see e.g. [14,34,35] we recall

v—1

S > Zk
L{E,(—\t")} = . B(2) = kzo D) (40)

sY 4+ A

Thus, as expected, the Laplace transforms of the Mainardi functions are expressed
in terms of the Mittag-Leffler functions,

/OOZA“FV (3) % — VB, (- \Y), /OOOeA“ M, (t%) du = 1" E,(—\tY). (41)

The shifted increasing and decreasing exponential functions are considered in the
following two examples. From

_J0 0<t<A,
9(t) = 1—e =0 > )

6—/\5 6—)\5"
G(s) = m; G(s") =

s¥(s¥ +1) (42)

/_"71 1 e—As” - ﬁfl 1 gV~ 1 e AsY B
sl=v sv(sv +1) [ sv=1 (sv+1) s N

t , by
m *EV<_t )*W—V,l <_tl/> .

we have the convolution of three functions.

[T, () {[tV—Q*E,A—t”)]*Wm—A)}

/:O [1— e~ @=N] M, (“) du=—" {[t”_Z * Ey(—t")] * W,V,l(—t%)

tv L(v—1)
(43)
Similarly from
0, 0<t<A,
g(t) = {e—(t—A)’ > A
6—/\8 e—)\s”
G(s)=—; GY)=+——,
(5) (15—1—1))\” (") (s”%—l)1 (44)
-1 e —1 s'” — As? v
= = El/ - )
R Catees R (e R B RN L)
v 1 v
N =L {em M) = n qu,o(—tj)
it is possible to obtain
© (- uw\ du
e NE, () S =B~ ) * f(EN),
A tv u
(45)

o0
/ o= (=X pp (E) du=t'E,(—t") = f(t,A),
A t

where the function f(t, A) is the inverse Laplace transform of the exponential func-
tion, see (17).
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The next group of elementary functions are the logarithmic functions and in the
simplest case from

g(t)=Int; C=¢

1 1 v
G(s) = -G e = E)
£ { 11_ In(Cs )} _ {_(1 —v)InC + uln(Cs)} (- 1)+ vt
sty sv s
(46)
where ~ is the Euler constant. it follows that
/oolnuFl, (ﬂ) du _ v(iv—1)y+vint”
0 tv Uu ’
(47)

/ Inu M, (ﬂ) du =t"[(v — 1)y +Int"].
0 tv

In the more complex case

gt)y=t""1Int ; A>0 ; O<v<l

G(s) = Fg\) W) —Ins] ;  G(s¥) = I'(A) [111(;)\)1/— vIn s

L ;VVIH S]} =T(\) L {;/EE\)\);;TI B S(Ail)u ln(SCS)}

T ) + ] tAD () et
* — 1)y

)
(A —1)vr+1] I[(
the final expressions for integrals of the functions F,(t) and M, (t) are

* Int¥

>

(48)

_l’_

5 uy du  vI(A)[Y(A) + V] t(A=1v
" ;L:A)llntFV <7> o T -1y +1]
L (VR YO s AR R N

NEEnR nt’

® wy TR + ]t
/Ou/\ 11ntM,,(t—V>du— T = Dy £ 1] +

T\t

7F[()\ YW [ty =1 & In¢¥]

The last groups of elementary functions to be considered are trigonometric and
hyperbolic functions. From
g(t) =sin(At) ; O0<v<l1

A , A
Cel=gixw ¢ Y =an
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the following integral identities are derived

/0 ~ sin(w) B, (2 du _ FA(Z [ B (-3

u

(51)

/0 ~ sin(w) M, (t%) du = FA(t:) [t =1 % Ea, (—A2t2))]

By changing variable of integration z = t(cos #)2, all convolution integrals can be
expressed as in terms of finite trigonometric integrals. For example, the convolution
integral in (51) becomes

t
P s By (—A22Y) = / (t = 2)7~ Ly (—\202) dr =
B i (52)
/ sin(26) (sin 0)2(¢ = 1) By, [~ A2t (cos 0)*] db
0

In an analogy with (50), for the hyperbolic cosine function, the change is only in
the sign

g(t) =sinh(At) ; O0<v<l

A Y A
Gls) = s2—)X2 7 Gls") = sV — )2 (53)
1 A 1 sl Aty 1
-1 — —1 i — E y 242v
AL {sl—” 32”—)\2} AL {81/ 32”—)\2} T(v) * B (M)
and
du _ Av v—1 242v
Jo sinh(Au) F; (t”) v T [t x Eo, (N4 2Y)]
(54)
/ ~ sinh(hu) M o (B du= 25tk B, (202
0 tv I'(v) )
In the case of cosine function, from
g(t) =cos(At); O<rv<l
S o~ s¥
CW=grx ¢ I =me (55)
1 sY 821/— 1
-1 —_ -1 = E y —A2t2y
£ {81V52u+>\2} £ {52u+)\2} 20 )
we have
& d
/ cos(Au) F, E) o VB, (—\22%)
0 tv u
(56)

/ cos(Au) M, (t”) du = t¥ Eo, (—\22?)
0
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Similarly as in (55) and (56)

v

g(t) =cosh(At) ; O<v<l
s

S vy —
G(s) = vl G(s") = ST (57)
[ 1 s” st 2,20
L slv v _ 2~ =L s2v _ 2~ B (A7)

for the hyperbolic cosine function we have

/ cosh(\u) F, (t%) B (202)
u
) (58)
o° u
/ cosh(A\u) M, (7) du = t* Eq, (\22?V)
0 t

The direct and inverse Laplace transforms in the case of the product of trigono-
metric and hyperbolic sine functions are

g(t) = sin(At)sinh(\t) ; O0<v<1

2\2s 5 2\2sY
() = st44X4 7 G(s") = st 44\
1 SV 5411—1 (59)
2,1 — 9\2,—1 _
2L {31_” st + 4)\4} 2L {52”(84” + 4)\4)}
222, ,
T2 (12~ 1 s By (— 4X1Y)]

and therefore

00 d 2)\2 t21/—1
/ sin(Au) sinh(Au) F), (E) w_=ar (1271 % By (—4x41)]
0 v/ I'(2v)
(60)
/00 sin(Au) sinh(Auw) M, (ﬂ) du = ﬁ [t~ % By (—4X4*)] .
0 v tv F(2I/) v
For the product of trigonometric and hyperbolic cosine functions we have
g(t) = cos(At) cosh(At); 0<wv <1,
53 . 831/
O =gymat )= @ (61)
1 831/ S4V -1
-1 — =L b= Fy (-4
£ {sl_V54+4)\4} £ {54V+4/\4} w )
and therefore
o w\ du 44
cos(Au)(cosh(Au) F), (t—y) — =vEy (—4X*2*),
u
) (62)

/ cos(Au)(cosh(Au) M, <t£”> du = tV By, (—4X*z%).
0
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3. Integrals of the Wright functions of the second kind with the
Mitag-Leffler functions and the error function

The Laplace transform of the two parameter Mittag-Leffler function is [14,34,35]

L{tﬁ—lE (i)\ta)} _ (2) = i A (63)
P Csegan TR T e T(ka+ B)
This permits to obtain from (63)
g(t) =t LB, p(£X?); 0<v <1,
SC“*B 8(&—5)1/
G(s) = a2 ;o G(s) = P
1 S(afﬁ)zx gav — [(B—1)v+1] (64)
Efl — ‘Cfl
{Sl—y SO&I/:FA} { SO‘VI/\ }
= ¢(B=1v Eau,(ﬂ—l)u+1(i>‘ta)’
and using (23) and (24)
e w\ du
/0 W= 1E, s(£ ) F, (Tv) = VB 5 1 (AE),

(65)

/0 w1 B, (M) M, (tﬁ) du =17 By 51y, 41 ().

Thus, in both sides of expressions (65) appear the Mittag-Leffler functions. Evi-
dently, for § = 1 they are reduced to the classical Mittag-Leffler functions

o0 uw\ du
o) F, (L) 2= U, (2M9),
/0 (£2) Fy (12) D= v, ()

(66)
/ Bo(£\u®) M, (3) du = t¥ By (£M9),
0 tv
and for = «
- a—1p J(EXuY) F, uy du tle=lrp At
: U a,a( U ) l/(tT,) Z =V au,(a—l)v+1( )a
(67)
> a—1 a U av o
u® = By o(£Mu®) M, (tj) du =19 By (o 1y + 1 (EM2).
0
If 6=a+1 we have
© u
/ U® B 4 1(£M®) F, (7) du = V1% Boy oy + 1 (EM2),
0 tv
(68)

/ U® B g 4 1(£3u®) M, (t%) du =tV B, 4 (£X9),
0
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In the case 8 = 1/2, in the integrands of (66) - (68), the Mittag-Leffler functions
are expressed then by the error functions [35]

Eyjo(£2) = e” [l +erf(2)]; 2= Au?,

Eyj2q/2(£2) = {\;E + ze’[1 & erf(z)]} , (69)
Er23/2(2) = \e/;erf(z)-

If B is positive integer, the Mittag-Leffler functions are known to be expressed by
elementary functions [36].
The Laplace transform of the error function is

A
1—e" Ast/? 1 ef)\s”/2

S s

1 1—e 2 1 e A
-1 _pr-1 )t _ 1 _ _
£ {SI—V 51’ } = E {3 s 1 Wy/271 < tu/2>7

> A u\ du A

J et () B ) 5 = = () |
> A u Y A

/0 erf <2u1/2> MV <tT’> du=1t {1 - qu/2,l <_t’//2> }

(71)

4. Integrals of the Wright functions of the second kind with the Volterra
functions.

The Volterra functions are defined by the following integrals [36]

o0 tu
V() :/0 Tt 1) ™

0 tu+a
v(t @) /Or(u+a+1 “
utu—l—a

(50 = | ot &

and their Laplace transforms are

1
L)} = ——5v 1 A>0
iln (QAQ
LAv(M, @)} = m (73)
Mo

LAp((M, B, 0)} =

B+1
a+11 (8>
S n \
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This form of the Laplace transforms permits to express the integrals of the Volterra
functions with the Wright functions of the second kind also in terms of the Volterra
functions. From

gt)=v(At) ; A>0 ; O<wv<l

G(s) = @ ;G = 3”111<8>\V> -
R e o R e B

it follows that

/OOOV(AU) F, (tﬁy) du iy

U

(0.9] m tl/
My - _ 1/v
/0 v(Au) ( V) du ” v(AY7t)
Similarly from

git)=v(At,p) ; Ap>0 ; O<v<l
p

o
Gl = = 1 Gl = ——
iy

1 1 1
AL = AL =
5 { STV ST D Inf(s/ M) } { v 1 In(s/A177) }
o
)\7 v(\YVt, pv)

we have

* u\ du
F, (=) — = Mu(A\Y7t
/0 v(Au, p) (t”) " v(AVE, pr)

N (77)
u AP 1w
/0 v(Au, p) M, (775”) du = — v(AYVE pr)

Finally, the Laplace transform of the generalized Volterra function is

g(t) = p(Mt,&p) 5 ApE>0 5 O<v<l
2P \

O

1 1
P —1 =
MNL {S1V s+ Dr{ln [(s/)\l/u)u} Jet1 }
AN 1
= I
V£+1 S/‘“’+1 [ln(S/)\l/V)]£+1 V§+1

(AV71,€, pv)
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and (78) yields

o0 du N,
/Ou/\ué“p (ty> = ¢ hAPLE pr)

u
o (79)
o] U tl/
/0 w(Au, &, p) M, (;V) du = —e3 MONGIRN)

In different, but in an equivalent form, the integrals in (79) were also derived by
Ansari [37].

If the Volterra functions are multiplied by ¢ with n = 1,2,3,... , their Laplace
transforms should be differentiated n times [28,36]. Only the simplest case of (76)
with n =1 and A = 1 is presented here

L’{tu(t,p)}——d{ ! }_ ptl 1 (80)

ds | sPT1llns sPt2Ins  sPt2(Ins)?

Using this and the inverse Laplace transform from (73)

gty =tv(t,p) ;5 p>0 ; O0<v<l1
o1 1 o ptl 1
Gls) = T 2Ins | sP+2(Ins)2 Gls") = vstP+2Vins = p2s(p+2)r(Ins)2

1 p+1 1
1 —
£ {31_” [VS(P+2)V1ns * v25(P+2)v(In 3)2} } N

1 p+1 1 B
£ {VS(P+1)V+1ln5+1/23(P+1)’/+1(1ns)2 B
p+1 1

we have

| v B () du= (1) wlt (oot 0]+ sl 1 1

- (82)
| M, () du =, (o D)+ e (o 4 1)

0

5. Integrals of the modified Bessel functions of the second kind and order
one-third

Derived results in previous sections are of general character for any value of v €
(0,1). As already mentioned, in some particular cases of v they can be expressed
by elementary or by special functions, see for example [11] and [12]:

2 1 2
M, )o(t) = ¥F1/2(t) = %e_t /4

3 . t
Ml/g(t) = % Fl/Q(t) = 32/3A1 (31/5> (83)

Myyalt) = o Fijalt) = i () Sgmar (2 )L ez
2/3 1/2 31/3 34/3 34/3
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Introducing these in (83), or other known in the literature results permits to present
derived above integrals in an explicit form.

This is illustrated here for v = 1/3, and only for the power functions t#. If the
Airy functions in (83) are replaced by the modified Bessel functions of the second
kind and order one-third, we have

U u3/? 2u3/2
Fys <tl?) ~ 3ntl/2 Ky (Vﬁ)

Y u ul/2 . 9u3/2 (84)
1/3 <W) T oml/6 B ( 27t>
and their Laplace transform are
3/2 3/2 »
E{/\ K3 <2)\ )} = e AV
3mt3/2 V2Tt .
2\3/2 2)\3/2 e~ Asl/3 ( )
L 72 K3 23
it/ V2Tt 5%/
Thus, equation (22) can be written as
1 A A A Casl/s
ﬁ{tﬂ/:%(tl/g)}:E{WMl/s(tl/g)}ze ;o A>0
A A A A (86)
_ _ —Asl/3
¢ 3P} = £ s | = e

If the form of integration variable of the modified Bessel functions is the same
as in (84), the infinite integrals in (25) - (31) become

2u3/2 3 23/2 3rt5/6
p— N /2 pr—
/ vu 1/3< ) du=mvt / Kays <F> du r <1>

3
00 2 3/2 (2 t2n/3+1/2
/ Wt 2K < u > du = 3T (2n)
0 V2Tt r <2n>
3

9] 2372 (2 1)¢2n/3+5/6
/ u2n+3/2K1/3< u >du:37r (2n+ 1)t
0 V2Tt F(Qn—i—l)
3

% 3/2 (A3 +1/2
/ P2 <2u > gy = 5T (\)
0 V2Tt r ()\)
3

However, if the integration variable is changed, then these integrals take much
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simpler forms

o 7'(' o0 22/377
/ K1/3($)d9€=7 ; / m2/3K1/3(x)dx:71
’ 3 0 gi2p( =
3
o0 4n /3
/ 23 Ky (a)da = — 2o L)
0 32n—1/2] 2n
3
88)
in+ 2)/3 (
/oox(4n+ 2)/3 K1/3($) do — 2( )/ WF(QTL + 1)
0 32n+ 1/27 <2n+1>
3

oo 22 7T (32)\>
/ x)‘Kl/3(:U)d:U:
0

A
Bx=n/2p (2
e ()

It is possible significantly to increase a number of evaluated the modified Bessel
function of second kind integrals if integrals in (87) are differentiated with respect
to parameters A and t. This can be performed by considering also properties of
these functions [38,39]

K_,(z)=K,(2)

z

Ku(z) = E[KVJrl(z) o KV?l(Z)]
dlilz( o Z Ky (2) = Ky11(2) !
dl;yz(z) __ [g K, (2)+ K,—1(2)]

Starting with (87) and by using equations in (89) with v = 1/3, the integrals with
2/3 and 4/3 orders are determined. If this evaluation process is continued, it is
possible to obtain integrals with n + 1/3 and n + 2/3 with n = 1,2,3,... orders.
It is worthwhile to mention that infinite integrals of the modified Bessel functions
of second kind with 1/3 and 2/3 orders can be is determined in an alternative way
by using the substitution formulas for the inverse Laplace transforms [28]

L{h(t)} = H(s),

L1 {H (V) = ;T/:oh(u) (%)3/2 Ky (%) du,

{5 i [ (e ()
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6. Conclusions

At first we have recalled the main definitions and properties for the so-called
Mainardi auxiliary functions F,(t) and M,(t) with 0 < v < 1, that are note-
worthy examples of the Wright functions of the second kind. Then we have demon-
strated that, by applying the Efros theorem in the form established by Wlodarski,
it is possible to derive many infinite integrals, finite integrals and integral iden-
tities involving these functions. In evaluated integral identities, the Mittag-Leffler
functions appear frequently in convolution integrals, pointing out the connection
between these functions with the Wright functions of the second kind. Indeed our
derived integrals of the Wright functions of second kind include in integrands ele-
mentary functions (power, exponential, logarithmic, trigonometric and hyperbolic
functions) and the error functions, the Mittag-Leffler functions and the Volterra
functions. Finally, our general results are illustrated in detail by presenting the
particular case of integrals with the modified Bessel function of the second kind
and order one-third.
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