Summary We consider the Dirichlet problem for the Laplace equation in a 2D (3D)
starlike domain. Such a domain can be interpreted as a non-isotropically stretched unit
circle (sphere). We write down the explicit solution in terms of a Fourier series whose
coefficients are determined by solving an infinite system of linear equations depending
on the boundary data. Similar results are obtained for the solution of the Dirichlet
problem for the Helmholtz equation. Numerical experiments show that our method
guarantees almost everywhere convergence, whenever the boundary data are sufficiently
smooth, in accordance with the results proved by L. Carleson.
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I ntroduction

These Lecture Notes address numerical solutions of long standing problems in mathematical
physics. The search for a uniform method for solving classical boundary value problems (BVP)
has occupied many eminent researchers, but exact solutions are limited to specific shapes only
(domains satisfying special symmetry properties such as circle, spheres, intervals, etc.). In these
Lecture Notes we show that the use of a suitable change of coordinates (here referred to as
anisotropically stretched polar or spherical coordinates) provides a uniform method to apply the
classical Fourier theory even in the case of general normal polar (e.g., starlike) domains. In this
way we are able to achieve the “exact” solution of many classical BVP in terms of Fourier series,
where “exact” means that we can approximate a prescribed finite number of coefficients of the
Fourier expansion of the solution as closely as we wish.

Hence, the classical Dirichlet, Neumann, Robin problems for the Laplace or Helmholtz
equation are always the same, independent of the shape of the domain in which they are
considered, provided that this domain can be reduced to a circle (or a sphere) by a suitable
change of coordinates. This idea traces back to Euler, Gauss and the Italian mathematician A.M.
Ferrari, but was considered as a more general framework in the early 19th century by Gabriel
Lamé (1795-1870) who foresaw “I’avenement futur d’une science rationnelle unique”, i.e. a rise
to the throne of a unique rational science, which at present can be identified with Mathematical
Physics.

Lamé, like Fourier, was professor at the Ecole Polytechnique and many of his achievements
are connected with the distribution of heat. His influence on science continues to be impressive.
In particular, Lamé’s work on curvilinear coordinates (considered by Darboux as immortal)
generalized the early work of Euler on curves and of Gauss on surfaces opening the door for
Cartan’s moving frames [1]. Cartan himself considered Lamé as a cofounder of the Riemannian
geometry. Lamé envisaged that, from the mathematical point of view, the study of a physical
system reduces to the study of a system of curvilinear coordinates, adapted to the given physical
situation (providing the initial geometrical support for a physical system). The study of that
physical problem, adapted with the appropriate system of curvilinear coordinates then becomes
the characterization of the system of differential invariants or the calculation of the Laplacian
in curvilinear coordinates. In his view this reduces to one equation only, namely the Poisson
equation in curvilinear coordinates, with boundary conditions.

Earlier, at the age of 21 Lamé had introduced equations of the type 2™ + y™ = 1 and noted
that a special choice of exponents gave a uniform description of all conic sections [2]. These
Lamé curves gave the possibility of defining measures and metrics based on powers other than
two. In these Lecture Notes we give examples of “stretched” polar or spherical coordinates
using so called supershapes (or more generally Gielis curves or surfaces [3]), which actually
generalize Lamé curves and surfaces. Lamé-Gielis curves and surfaces describe natural shapes
in a uniform way, as a generalization of conic sections, and they give natural metrics in Riemann-
Finsler geometry and all natural processes that are modeled in this way. They provide intrinsic
coordinate systems or a geometric support adapted to the shape and so, almost two centuries
after Lamé and Fourier, in a straightforward way, their thoughts and visions are united here
in a straightforward (and unexpected) way. In this historical perspective the solution could be
considered canonical.

This computational method and the relevant numerical accuracy are documented in these
Lecture Notes by application to different examples. Here we focus on Laplace and Helmholtz
equations but the same method can be extended to other types of BVP and other types of
descriptors. Especially Lamé-Gielis curves and surfaces will benefit from this computational
method, combining a uniform description with a straightforward computational method, for a
wide range of applications.
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The Laplacian in stretched polar
co-ordinates and Applications
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Abstract. We consider the Dirichlet problem for the Laplace equation in a normal-polar
domain, i.e. a domain which is normal with respect to polar co-ordinates. Such a domain can be
interpreted as a non-isotropically stretched unit circle.

We write down explicitly an infinite linear system for finding coefficients of the Fourier
expansion representing solution. This system can be derived from an integral equation whose
kernel belongs to L2. Therefore, by F. Riesz’ theory, its solution can be approximated by solving
a finite dimensional linear system.

The numerical examples, computed by using Mathematica®, confirm our theoretical results,
mainly applied in general domains defined by the so called ”superformula” due to J. Gielis.

AMS CLASSIFICATION: 35J05, 35J25.
KEY WORDS: Dirichlet problem, Laplace equation.

1 Introduction

Many applications of Mathematical Physics and Engineering are connected with the Laplacian,
however, the most part of BVPs relevant to the Laplacian are solved in explicit form only for
domains with a very special shape, namely intervals, cylinders or domains with special (circular
or spherical) symmetries [1].

We consider in this lecture an extension of the classical two-dimensional theory to the case
of a normal polar domain, i.e. adomain D, which is normal with respect to the polar co-ordinate
system.

0D can be interpreted as an anisotropically stretched unit circle.

We introduce in the x,y plane the ordinary polar co-ordinates:

r=pcost, y=psinb, (1.2)
and the polar equation of 0D
p=r(0), (0<6<2m), (1.2)
where r() € C?[0,2x]. We suppose the domain D satisfies
0<A<p<r)
and therefore ming¢(g o) 7(6) > 0.

We introduce the stretched radius p* such that

p=pr), (1.3)



and the curvilinear (i.e. stretched) co-ordinates p*, 6, in the plane x, vy,
x=p r) cosh, y=p rd)snb. (1.4)

Therefore, D is obtained assuming 0 <0 <27, 0 < p* < 1.

We show how to modify some classical formulas, and we derive methods to compute the
coefficients of Fourier-type expansions representing solutions of some classical problems. Of
course, this theory can be easily generalized considering weakened hypotheses on the boundary
or initial data.

The case of the unit circle is recovered assuming p* = p and r(0) = 1.

2 ThelLaplacianin stretched polar co-ordinates

We consider a 02(109) function wu(z,y) = u(pcosd,psind) = U(p,0) and the Laplace

operator in polar co-ordinates

32u+82u B 0*U n 10U n 1 0°U

ox2  Oyr  0p2  pOdp  p? 002"

We start representing this operator in the new stretched co-ordinate system p*, 6.
Putting

JAVITRES (2.2)

V(p*,0) =ulp*r(0)cosb, p*r(0)sinb] = U(p,0),
we find
ou 1 oV

9~ 7(0) 07 2

PUu 1 0%V
dp? - r2(6) 8p*2 )

(2.3)

ou ')V oV

a0 ~ " r(6) 8p*+ﬁ’

(2.4)

02U 22(0) — r(0)r"(0) AV | o 12(0) DV
a0z ~ " r2() ap" "7 r2(6) 9p°2

(2.5)
r'(0) 0*V N 0*V
r(0) 0p*00 ~ 962

*

— 2

Substituting we find our result, i.e.

0°U 19U 1 9°U

Aou=— +—— + = —
2U 20 +p8p +p2 202

_ [1 + (2.6)

2(0)] 02V 1 2"2(0) — r(0)r"(0)] OV
r2(0) }

1
20 o2 T [T ) o

YO PV 1 PV
p*r3(0) 0p*00  p*2r2(0) 002 -

-2

For p* = p, r(A) =1, we recover the Laplacian in polar co-ordinates.



3 An equivalent formulation

For further computations, it is more easy to change the polar equation of 9D putting
(0 <0< 2m). (3.1)

The unit circle is recovered again by putting R(6) = 1.

Using this polar equation, the corresponding stretched co-ordinates p*, 6, in the plane z, vy,
are given by

x=p"cosO/R(O), y=p"sinf/R(H), (3.2)

and assuming
V(p*,0) =ulp® cosO/R(H), p* sinf/R(0)],

the Laplacian becomes:

v 2 o?V
A — 2 /2 = /
qu = [R*(0) + R™(9)] 952 + > R(O)R (0)8/)*89
(3.3)
i 2 % ov 1 2 327‘/
+ = [R*(0) + R(0)R"(9)] o + e (9) 507 -
For p* = p, R(#) = 1, we find again the Laplacian in polar co-ordinates.
4 Applicationsto the Dirichlet problem
Consider the Dirichlet problem for the Laplace equation
Fu Pu_ s
ox2 oy’ m ’
4.2)
u= f(z,y) on J0D.
We prove the following result
Theorem 4.1. — Putting
u(z,y) = u(pcosb, psind) = U(p,0),
F(0) = fr(0)cos,r(0)sinf] = % + Z (ctpm cosml + By, sinmb) |
m=0
the solution of the internal Dirichlet problem can be represented as
U(p,0) = Z (@ cosml + by, sinmb) p™ | 4.2)

m=0



where ay = ag/2, and the coefficients a,,, b,,, (m = 1,2,3,...) are given by solving the
infinite system

27
/ "™ cosm@ cos h df + Z b, / [r(6)]™ sinmb cos h df = way, ,
m=1 0
00 > 2m
Z / ™ cosmOsinhf df + > b, / [r(6)]™ sinmf sin h# d6 = 73y, ,
m= m=1 0

(h=1,2,3,...). (4.3)

Proof — Putting p* = p R(0),

u(pcost,psint) = U(p,0) = U [p"/R(0),0] = V(p*,0),

i.e. using the normal polar co-ordinates, the problem becomes

0? 0%V
2 2 “ /
[R%(0) + R™?(0)] 952 + p R(OYR'( )8;)*80
ov 1 0?V
L 2 " 2 vy o_ (4_4)
+ [R*(0) + R(0)R"(9)] oy T o2 R*(0) 502 0,
F(0)=V(1,0) = f[r(0)cosf,r(f)sinb] .
Searching for a solution of the form
u(-L o) =p (L) ow) =P o) (4.5)
R(0) R(0) ’
we find the equation
p*P"(p) ©(0) + pP'(p) ©(8) = — P(p) ©"(6), (4.6)
and therefore
p*P"(p) + pP'(p) = N*P(p) =0
4.7
0"(0) + \?0(0) = 0.
Since
O(0) = c1 cos A0 + co sin A0 (4.8)
it follows for periodicity A = m (integer number), and consequently
O(0) = ¢1 cosmb + ¢o sinmé
{ (4.9
P(p) =dip™ +dap™™

10



so that we have found elementary solutions
U(p,0) = (c1 cosmb + casinm@) (di1p™ + dap™™) (m=0,1,2,...). (4.10)

For the internal problem, we must put for a bounded solution: d, = 0, then

U(p,0) = Z (A cosml + by, sinmb) p™ . (4.11)

m=0

The coefficients a,,, b, are determined by imposing the boundary condition, i.e. assuming
p* =1 and therefore putting p = r(0):

flr(0)cosf,r(0)sinf] =V (1,0) = Z [(6)]™ (am cosmb + by, sinmh) | (4.12)

m=0

so that, by using the Fourier method, they are determined by solving the system (4.3).

Remark 1. Note that the system (4.3), assuming the unessential condition () < M <
1, VO € [0,2x], can be solved in an approximate way by considering the corresponding finite
system where m = 1,2,....,N, and h = 2,..., N, and the solution is convergent when
N — 400, since it is related to the solution of a compact vectorial integral operator with an L2
kernel [2]. In fact, substituting the discrete index m with a continuous parameter ~ and putting
A = a(7), bm = b(7), A(7) = [a(7),b(r)]" and similarly S(r,60) = [cos(70),sin(r8)]",
the system (4.3) becomes

Assuming r(0) < M < 1, we find

™

[ T OIS0 drdd < 2 / o T
o Jo 7 0 log (1/M)’

so that the kernel belongs to L2.

The compactness of the above mentioned operator can be proved as follows.

Consider the internal Dirichlet problem for the unit circle corresponding to the same function
F(6) = fr(0)cosf,r(0)sinb] = % + Z (am cosml + f3,, sinm@), considered on the unit

m=0
circle. The solution of this associated problem is given by
a o0
70 + z:l (atym cosml + By, sinmb) p™ |
m=

while the solution of our problem on the boundary 0D is

> (am cosmb + by, sinmb) [r ()],

m=0

11



where the coefficients a,,, b,,, are derived by system (4.3).
The assumption 0 < r(0) < M < 1 implies that the solution of our problem is dominated
by the solution of the associated problem. This is a consequence of the maximum principle.
Therefore,

Z (am cosml + by, sinmb) [r(t)]™] < % + Z (t, cos ml + 3, sinmb)
m=0 m=1

and, by using the linearity of the operator, we find: |ap < /2| and
Vm=1, aw|r(O)]" <loml,  [bm|[r(O)]" < |Bm].

By Lebesgue’s theorem the Fourier coefficients ., 3,, go to zero when m — oo and the order
of convergence to zero increases if we increase the regularity property of the function £(0).
According to the last inequalities, even the coefficients a,,, b, are infinitesimal (since r(0) is
bounded), and their order cannot be higher with respect to the order of «,,,, 3,,,. This means that
the vectorial operator defined by the system (4.3) is compact. In fact we can split up this operator
in the sum of two parts, such that one of them is finite-dimensional and the maximum (or L?)
norm of the other is as small as we wish.

In a similar way the external problem can be treated.

4.1 Numerical examples

In the first four examples we consider a general polar equation of the type

ns —1/n;
r(0) = [c < )1 , 6 €[0,1] (4.13)

introduced by J. Gielis, [3].

In numerical experiments, computed by using Mathematica®, we assume different values
of the six parameters «, 3, m;n1,ns,ng, obtaining very different shapes for the polar domain,
including ellipse, Lamé curves (also called Superellipse), ovals, m-fold symmetric figures, and
so on. We introduced furthermore an extra parameter ¢, in order to ensure the convergence
condition maxgejo2. 7(0) < M < 1. It was noticed in [3] that many characteristic forms
occurring in Nature (starfish, equisetum, raspberry, and so on) can be obtained in such a way.
We emphasize that almost all two dimensional normal-polar domains are described (or at least
approximated as close as we need) by the above mentioned curves.

In the last example we consider the polar equation of the astroid

" sin ( %mw&)

B

cos (%mw@)

«

|sec (270)|

3
\/(1 + {/tan? (27r9)>
411 Examplel

By assuming in (4.13)c =2, a =1, 8 =2, m = 2; n; = n3 = 6, ny = 2, we obtain the
following shape of the relevant domain D

r(0) =

. 6elo,1]. (4.14)

12



Fig. 1

Let f(x,y) = x3y? + 302%y — 2xy> be the function representing boundary values. Then
we obtain the results reported in the following table

|7 =], =4.0099861263

| f -], =0.00199543082

A, =0.x107
”Auz

-3 _ -17
f =], =3.2844400898 L, =0.x10

|f =], =0.00164771835

|f — ], =0.000018164343

f =], =0.000220789634

”*f — U, ||‘,_1 =3.646882 x 10—6

|/ —us|, =3.589930<10°

Tab. 1. LX9D) norm of the boundary error f- uy,, where u;, denotes the (2h+1)-th partial

sum of approximating Fourier series, and L*(D) norm of the inside error, i.e. the LA(D)
norm-distance from zero of Auj,.

The following graphs show us the convergence (in general a.e.) of the approximating
sequence of functions u,, (dashed line) to the function f (solid line)

z/‘\‘ \
,’f III| / \ z /\ E
! S | k ~_7' 7 i\ ~=
vadl mmvadlmEY;
V Y, V4
Sfand JSand uy fand ug
Fig.2
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412 Example2

By assuming in (4.13) c =8, a =3, 6 =5, m = 2; n; = n3 = 8, ny = 2, we obtain the
following shape of the relevant domain D

e

Fig. 3

Let f(x,y) = sinh(xy) + log(z? + y? + 1) be the function representing boundary values.
Then we obtain the results reported in the following table

|f —u], =5.86019x10™ A, =0.x10"

f—u,|, =1.01408x10" Au,
3 L, 2

L, =0.x107
|/ —u,], =476476x10°

|f s, =3.79609 107

Tab. 2. L*(9D) norm of the boundary error f- u;, where u;, denotes the (2h+1)-th partial

sum of approximating Fourier series, and LZ(Z)) norm of the inside error, i.e. the LZ(Z))
norm-distance from zero of Auy,.

The following graphs show us the convergence (in general a.e.) of the approximating
sequence of functions u,, (dashed line) to the function f (solid line)

fand uz

Fig. 4
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4.1.3 Example3

By assuming in (4.13) c = 22, a =5, =8, m = 10; ny = ng = 6, no = 4, we obtain the
following shape of the relevant domain D

3
o _{,f"-_-_‘_m\
1
) ooaf /
P . -
=2 0.1 0.1 0.2 0.3
0.1
Jl /-——"—-_____
/ -0.%F H-""\—/
73
Fig. 5

Let f(x,y) = cosh(x +y) + 522y be the function representing boundary values. Then we
obtain the results reported in the following table

f—u|, =0.000335952 Au | =0.x10"
1 L : .

|f —u,], =0.000133587 |au,|, =0.x10"

|/ —us, =0.000101291

| —u,, =9.025x10

|/ -us], =54243410°

|f —ug||, =4.75581x107

|f —us, =4.75565<10°

=

f=u;|, =4.75567x10°

Tab. 3. LZ(BD) norm of the boundary error f - u;, where u; denotes the
(2h+1)-th partial sum of approximating Fourier series, and L*(D) norm of the

inside error, i.e. the LZ(Z)) norm-distance from zero of Au,.

The following graphs show us the convergence (in general a.e.) of the approximating
sequence of functions u;, (dashed line) to the function f (solid line)

15
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414 Exampled

By assuming in (4.13) c =22, a =3, 3 =9, m = 12; ny = ng = 8, no = 2, we obtain the
following shape of the relevant domain D

Y

“\a\_%__jl\ﬁ_; /

Fig. 7

Let f(z,y) = 500x%y? + 10022y + 22y be the function representing boundary values.
Then we obtain the results reported in the following table

|f =], =0.000261555624 |aw |, =010

|/ =], =0.000037793595 |aw,], =0.x10%
| —us], =0.000016216871
|f ~u,], =7.84024080x10°

||f—H3||L; =2.845148588x10°

Tab. 4. LZ(BD) norm of the boundary error f - u;, where u;, denotes the
(2h+1)-th partial sum of approximating Fourier series, and L*(D) norm of the

inside error, i.e. the LZ(Z)) norm-distance from zero of Auy,.

The following graphs show us the convergence (in general a.e.) of the approximating
sequence of functions u;, (dashed line) to the function f (solid line)
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415 Exampleb
The shape of the domain D relating to the polar equation (4.14) is the following

Fig. 9

Here we consider two cases. In the first case we assume f(z,y) = ewy2/2 + 1023y as
the function representing boundary values. Then we obtain the results reported in the following
table

|f —u,], =0.0134478 ||, =0.x10™
|/ =], =0.00195702 |au, |, =0.x107
I — |, =2-25445107

Tab. 5. LZ(BZ)) norm of the boundary error f - u,, where u; denotes the
(2h+1)-th partial sum of approximating Fourier series, and L*(D) norm of the

inside error, i.e. the L(D) norm-distance from zero of Au,.

The following graphs show us the convergence (in general a.e.) of the approximating
sequence of functions u;, (dashed line) to the function f (solid line)

17



fand u; Sand uy fand uyp

Fig. 10

In the second case we assume f(z,y) = 4023y + 502%y® as the function representing
boundary values. Then we obtain the results reported in the following table

| 7w, =0.640604 |aw, |, =0.x107
| £ —ug],, =0.00544712 |au, |, =0.x107
| f =], =296858x10°

Tab. 6. Lz(al)) norm of the boundary error f - u;, where u; denotes the
(2h+1)-th partial sum of approximating Fourier series, and L*(9) norm of the

inside error, i.e. the LZ(Z)) norm-distance from zero of Au,.

The following graphs show us the convergence (in general a.e.) of the approximating
sequence of functions u,, (dashed line) to the function f (solid line)

Dol N NN

Sfand u; Jfand ug fand uyy
Fig. 11
Remark 2. We note that when the boundary values have wide oscillations, it is necessary to
increase the number N of terms in the relevant Fourier expansion, in order to obtain better
results.

P

Remark 3. The L2 norm of the difference between the exact solution and its approximate values
is always vanishing in the interior of the considered domain, and generally small on the boundary.
Point-wise convergence seems to be true on the whole boundary, with only exception of a set of
measure zero, corresponding to cusped or quasi-cusped points. In these points oscillations of
the approximate solution, recalling the classical Gibbs phenomenon, usually appear.

Remark 4. It seems that our numerical experiments confirm the outstanding results by Lennart
Carleson, the winner of 2006 Abel Prize, about the almost-everywhere point-wise convergence
of Fourier series [4].

18



5 Conclusion

It seems that the use of the normal polar co-ordinates will allow us to find close formulas for a
wide set of classical problems, avoiding the use of conformal mappings [5]. A comparison with
the conformal mapping technique is in progress.

In forthcoming articles [6]- [7] we show that the above technique can be applied to solve
classical problems of a vibrating membrane and heat equation relevant to normal-polar shaped
domains.

Similar methods can also be used for particular sets of three-dimensional domains, and
numerical computations will be presented soon, in order to confirm our results.

Acknowledgments. Useful discussions with Prof. Dr. George Jaiani of the Thilisi State
University are gratefully recognized.
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Abstract. We consider the Dirichlet problem for the Laplace equation in a bounded
cylindrical domain C := D x [0, 1], where D is a starlike domain of the (x,y)-plane. We show
how to construct the solution by using the Fourier series method. We derive some numerical
results defining 9D by means of the so called “superformula” introduced by J. Gielis. By using
a computer algebra system we find a quite rapid convergence of the approximate solutions to the
real one, with only possible exceptions corresponding to singular points in which oscillations
recalling Gibbs’ phenomenon appear. Our findings are in agreement with the theoretical results
on Fourier series due to L. Carleson.

AMS CLASSIFICATION: 35J05, 35J25.
KEY WORDS: Dirichlet problem, Laplace equation, starlike domain, Fourier series.

1 Introduction

In recent articles [1], [2] it was shown that for a plane starlike domain (even lying on a two fold
Riemann surface) the Dirichlet problem for the Laplace equation can be solved in explicit form
without using conformal mappings. Therefore, computation of approximate solutions can be
obtained by using symbolic computer algebra programs, avoiding the finite difference methods.

Different techniques were used in literature for solving this classical problem in general
domains, both from the theoretical and numerical point of view (see e.g. [5], representing solution
by using boundary layer techniques; [6], comparing several numerical methods; [7] , solving by
iterative methods the corresponding boundary integral equation; [8], approximating the relevant
Green function by the least squares method; [9], using the grid method; [10], considering the
system of linear equations arising from an unusual finite difference approximation; [11], solving
linear systems relevant to elliptic partial differential equations by relaxation methods). However,
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none of the above mentioned articles is connected with the approach we consider here, which
makes use of simple tools, tracing back to the original Fourier method.

We show in this article an extension of preceding results to the case of a bounded cylinder
C :=D x [0,1], whose basic line (directrix) 9D is the boundary of a starlike domain D, i.e. a
domain which is normal with respect to a suitable polar co-ordinate system.

It is worth to note that the technique we developed in [1] can be applied even in the case
when the boundary of the considered domain is interlaced [2] (i.e. the polar equation of the
boundary 9D is of the type p = r (0), with 0 < 6 < 4, and the boundary data are periodic of
period 47). This more general case can be reduced to the classical one by considering the plane
as a two-fold Riemann surface, and therefore the relevant data are prescribed even on portion
of boundary curves lying inside the considered domain. This recalls the situation of non-local
boundary value problems, introduced and first studied by A.V. Bitsadze and A.A. Samarskii [12],
and subsequently by many authors (see e.g. [13]).

The boundary of domains we have considered in our last Section are defined by using the so
called “superformula” due to J. Gielis [14].

Several numerical examples, computed by using the Computer Algebra system
Mathematica®, confirm, even in the considered case, the theoretical results by L. Carleson [15],
since we have found a point-wise convergence in all regular points of the boundary, with possible
oscillation usually occurring only in singular points (for the function or its derivative).

2 Theproblem
Let consider a cylindrical domain C of the R? space defined by
(z,y) €D, z€l0,1],

such that D is a starlike domain of the (x,y)-plane. We introduce in the plane the ordinary
polar co-ordinates:
x=pcosl, y=psinb, (2.2)

and the polar equation of 0D
p=r(0)  (0<0<2m), (2.2)
where 7 (0) is a piecewise C? 0,27 function. We suppose the domain D satisfies
0<A<p<r(0)

and therefore mingeg 2. 7 (0) > 0.
We introduce the stretched radius o* such that

and the curvilinear (i.e. stretched) co-ordinates ¢*, § inthe (z,y)-plane
x=0"r(0)cosh, y=o"r(0)sind. (2.4)

Therefore, D is obtained assuming 0 < 6§ < 27,0 < p* < 1,and 90D is the basic line
(directrix) of the relevant cylindrical surface 0D x [0, 1].
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We consider in C the Dirichlet problem for the Laplace equation

Pu  0%u  O%u L2
Auz:ﬁ+87y2+@:01 in C,
P) u(z,y,0) = fo(z,y), (2.5)

U(I7y71) =h (LE,y) '

u (m7ya Z)|(m,y)€8'D =9 (l"y’ Z)|(m’y)€8'D !

where fy, f1,g aregiven L? (but actually piecewise continuous) functions.
In order to find the solution, we split the problem into the following two

0?u;  0%ur  0%ug
Aul = w2 6y2 + 922
(PI) uy (x7ya0) = fO (a:,y) ' (26)

=0, in C,

Uy (;my,l) =fi (m,y) J

ur (l',y, Z)|(x,y)EB’D - 0;

82UU 82’11,11 621”] . °
Augr = 922 + RIE + 5.2 =0, in C,

Py v (@00 =0, @.7)
urr (z,y,1) =0,

Urr (l‘,y»z)\(x,y)eab = g(xayazﬂ(x,y)e@D :

Therefore, after finding the solutions «; of problem (P;) and w;; of problem (P;;), the
solution of problem (P) is given by

u(x,y,z) = ur (1'7y,Z) +urr ((L’,y,Z) . (28)

3 Solution of problem (P;)

According to the results in [2], we set
(0 <0 <2nm). (3.1)

By using this polar equation, the corresponding stretched co-ordinates o*, 6 inthe (z,y)-plane
are given by
x=0"cosO/YT(0), y=p*sinf/Y(0). (3.2)

Assuming
V(0%,0,2) =u (0" cosO/Y (0),0"sind/Y (0),z),
the Laplacian becomes
0%V n 27 (0) Y (0) 9*°V
aQ*Q Q* ag*ae
+T2 @)+ (O)Y"(0) OV  Y2(0)0*V  0?V
0* 89* 9*2 002 dz2 '

Au = [T*(0)+ Y17 (0)]

(3.3)
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For o* = p, R(#) =1 we find again the Laplacian in cylindrical co-ordinates.
We prove the following result

Theorem 3.1. Set

u(z,y,z) =u(pcosb,psinb, z) =U (p,0, z) ,
D (0%,0) = fo (01 (0) cosb, o*r (0) sinh) = Z [t (07) cosmb + By, (0¥) sinmb] ,

m=0

M8

Dy (0",0) = f1 (0" (0) cos b, o"r (0)sin ) = [vm (0%) cosmB + 6y, (0) sinmb] ,

0

3
Il

where «a,, (0%), Om (0*) and v, (0*), 6, (0*) are the Fourier coefficients of ®, and ®; as
functions of @, for every fixed o*. Then, the solution of the interior Dirichlet problem (P;) can
be represented as

o0
Ur (0%,0,2) = Z Z (Am,l cosh Cl(m)z cosmf + B,y cosh Cl(m)z sin m#
m=0 [=1

+ C)y 1 sinh Cl(m)z cosmb + D,y ; sinh (l(m)z sin m@) ~JIm (Cl(m) Q*) : (3.4)

where (lm) denotes the [—th positive root of the Bessel function of the first type and order m .
The coefficients A, ;, By, Coiy Dy (m=0,1,2,...;1=1,2,3,...), after setting

Hom,1 1 am (0%)
Vm,1 2 / * 6771 (Q*) (m) « *

o\ PR d 35
Tim 7 ( (m))2 2\ (@) ( poe ) ¢ (3.3)
Tm,l mAL 5 0 Om (Q*)

are given by the equations

Am,l = KUm,i,
Bm,l =Vm,,
1
Coni = ——5 (am,l — fim cosh gl“”)) , (3.6)
sinh ¢;
1 m
Dy = ——— o) (TmJ — Um,l cosh(l( ))
sinh ¢

(m=0,1,2,...;1=1,2,3,...).

Proof — Noting that in the stretched co-ordinates for the (z,y)-plane the cylinder C becomes a
cylinder having the unit circle as a directrix, we can use the usual eigenfunction method [16] and
separation of variables (with respect to the variables o*, 6, z).

By setting

V(p,@,z)P(r(pﬁ)> 0(0) Z(2),
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we find the ordinary differential equations

Z" = N7

0" = —m?0O, (m integral number)
p2Pl/ —‘er/ + ()\2/)2 _ m2) P = 0,

whose solutions are given by

Z (z) = Cy cosh Az + Dy sinh Az,
P (,0) = EnL,)\JnL (AP) + Fm,)\}/m, (AP) .

As usual we have to assume F,, » = 0 for the boundedness of the solution. Furthermore,

imposing the boundary condition (2.6)4, we find that \ = glm) , (1=1,2,3,...), since it must
run over the set of zeros of the Bessel function .J,, (). Therefore the solution of problem (P;)
can be searched in the form

{ O (0) = Ay, cosml + By, sinmb ,

o0 o0
(p,0,2) = Z Z (AmJ cosh Cl(m)zcos mb + By, ; cosh Cl(m)zsin mb +

m=0 =1

r(0)

Imposing conditions (2.6)., (2.6)3, and using Fourier’s method, the equations (3.5)-(3.6) follow.
Therefore we find the solution of problem (P;) in the form reported in equation ( 3.4).

(m)
+ C)py,;sinh Cl(m)z cosmf + Dy, ;sinh Cl(m)z sin m9) . (Cl p> . (3.7

4 Solution of problem (P;;)

By using the same notations as before, we prove the following result

Theorem 4.1. Set

G(0,2)=g(r(0)cosb,r(0)sind, z) Z Yy, (0) sinnrz, 4.1)

where 1, (6) are the Fourier sine coefficients of G as function of z, for every fixed 6. Then,
the solution of the interior Dirichlet problem (P;;) can be represented as

Urr (0%,0,2) Z Z I, (nmo™r ( (Amn cosmb + an sin m9> sinnrz, (4.2)

m=0n=1
where the coefficients A, ,,, By, (m = 0,1,2,...; n = 1,2,3,...) can be derived by
solving the infinite linear system
(oo}

m=0
(n=1,2,3,...:k=0,1,2,...),

being

cosmb cos k@ sinmdb cos kO
£m,n,k - /Im (nmr (6)) [cos m@sinkf sinmd sin k6

o
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cos k6
—”k_/¢” [smk&}
. A
X — |“Imn
S = [50]
(m=0,1,2,...;n=1,2,3,... ;k=0,1,2,...).

Proof — To solve the problem (P;;), after separating variables, it is convenient to set

0" = —m?©, (m integral number)
7" = —n?n%7,
p?P" + pP’ — (n?m?p* + m?) P =0,

and therefore

Z(z)= C cosnwz + D, sinnnz,

{ 0(9) = A,, cosmb + Bm sinmd,

Assuming again F,, ,, = 0, the solution of problem (P;;) can be searched in the form

Ui (p,0,2z) = i f: I, (nmp) (Am cosmb + B,, sin m0) .

m=0n=0

: (C’n cosnmz + D, sin mrz) . (4.4)

Imposing conditions (2.8)2-(2.7)3, we find

oo o0

Z Z Cy 1 (nmp) (flm cos mb + By, sin m9> =0 Y (p,0),

m=0n=0
and o o
Z Z (=1)" Cp I, (np) (Am cosmb + By, sin mH) =0 V(p,0) ,
m=0n=0

respectively. These conditions can be easily satisfied by assuming C,, = 0 (n=0,1,2,...),
so that the solution is reduced to the form

Urr (p, 0, 2) i i (nmp) (Am ncosmb + Bm n Sin m0) sinnmz. (4.5)

Therefore, imposing the condition (2.7)4, recalling (4.1) and using Fourier method, we get our
result.

5 Numerical examples

In the following examples we consider for 9D a general polar equation of the type

—1/n3
> 51

n
mlé’ 1 m29

4

g

sin
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introduced by J. Gielis [14] where, in particular, 6 € [0, 2] in the first three examples, whereas
0 € [0,4n] in the last one.

In numerical experiments, computed by using Mathematica®, we make different choice
for the seven parameters «, 3, m1, ma, n1, n2, ng, obtaining very different shapes for the
basic polar domain, including ellipse, Lamé curves (also called Superellipse), ovals, m—fold
symmetric figures, and so on. It was noticed in [14] that many characteristic forms occurring in
Nature (starfish, equisetum, raspberry, and so on) can be obtained in such a way. We emphasize
that almost all two dimensional normal-polar domains are described (or at least approximated as
close as we need) by the above mentioned curves, so that the solution of the Dirichlet problem
for the Laplace equation relevant to very general cylinders can be approximated in this way.

To assess the performance of the proposed technique in terms of numerical accuracy and
convergence rate, the relative boundary error has been evaluated as follows

_ Nupmn (2,y,2) = h(z,y,2)]]

€r,M,N = ) (5.2)
' 1h (2, y, )l
where ||-|| denotes the usual L? (dC) norm, and
fo(wy),  (z,9)€D, z=0,
h(z,y,z) = fi(zy), (x,y) €D, z=1,

9(x,y,2), (x,y)€0D, z€(0,1),

is the function describing the boundary values. In (5.2) wu arn (x,y,2) is the Fourier-type
expansion of orders L, M, N approximating the solution of the Dirichlet problem for the
Laplace equation (2.5), namely

uL,M,N (m7yaz) = uILYM ($7y72) + uIIM’N (xay7z) ’

being

U, (2,9, 2) ug, ,, (pcost, psin, z) = Uy, ,, (p, 0, 2)

M
= Z (Am,g cosh Cl(m)z cosmf + B,y cosh Cl(m)z sin m#

m=0 [=1

(m)
+ Chny sinhCl(m)z cosmb + D,, ;sinh §l(m)z sin m@) I ( l(e)p> ,
,

and

Ul N (LC, Y, Z) = UIly N (pCOSQ, pSinev Z) = UIIM,N (p7 97 Z)

M N
Z Z I, (nmp) (flmn cosmb + an sin m9> sinnmz,

m=0n=1

respectively.
51 Examplel

By aSSUming in (51) a = 1/8, ﬂ =1, m = mg = 2,1 = 2,ny = ng = 6,
and 6 € [0,2nx], the domain C features the ovaloid-like shape shown in Fig. 1. Let
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ecunN | L=1 L=4 L=8
M=0|91.805% 74.368% 74.307%

N=8 " M—5|6L718% 10223% 8.918%
M =10 | 61.199% 5.973%  3.112%

@)

eeun| L=1 L=4 L=38

vo1o N=1]8608% 60.836% 60.622%
N =4|61.228% 6.262% 3.636%
N=8|61.199% 5.973% 3.112%

(b)
erun| M=0 M=5 M=10
g N=1[74307% 60.770% 60.622%
N =4|74307% 8.198%  3.636%
N=8|74307% 8918%  3.112%

(©

Table 1: Relative boundary error ey, pr n for different expansion orders of the Fourier-
like solution of the Dirichlet problem for the Laplace equation (2.5) in a cylindrical
domain C, whose directrix is described by the polar equation (5.1) with parameters
a=1/8,=1,m=ma2=2,n=2,n0=n3=06.

folwy) = (1=a%=22) /5, fi(w,y) = e 7" cos (92 +5y), and g (z,y,2) =
4xylog (14 22 + 2y? + 322) sin (37z) be the functions describing the boundary values. Then,
as regards the relative boundary error ey, as n, the numerical results summarized in Table 1
are obtained. Finally, the maps in Fig. 1 clearly show the convergence of the approximating
sequence of functions wy, ar,n (z,y, 2) to the boundary values h (z,y, z) .

5.2 Example?2

By assuming in (5.1) o« = 8 = 3/4, m1 = my = 5, ny = ny = 7, ng = 2,
and 6 € [0,2n] , the domain C features the starfish-like shape shown in Fig. 2. Let
fo(z,y) =1+ 22 +3y%, f1(z,y) = 17Txysech (1 + 72?)sin (z + 2y) / (1 + 3y* + 5y*),
and g (z,y, 2) = 23z +ayz +y?z + 22 — 2322 — 2y2? — y?2%2 — 23 be the functions describing
the boundary values. Then, as regards the relative boundary error ey, s x , the numerical results
summarized in Table 2 are obtained. Finally, the maps in Fig. 2 clearly show the convergence of
the approximating sequence of functions wr, as n (x,y, z) to the boundary values h (z,y, z) .

5.3 Example3

By assuming in (5.1) a« = 8 =1/8, my =5, mg = 7,n; = ne =5, n3 = 17, and
6 € [0,2n], the domain C features the shape shown in Fig. 3. Let f; (x,y) = 4e® — 5y> + 6y,
fi1(z,y) = 17sin (517y2 + 3x2y) ,and g (z,y,2) =5(x — cosmy +sin7z) / (2 —5z+ 622)
be the functions describing the boundary values. Then, as regards the relative boundary error
er,wm,N » the numerical results summarized in Table 3 are obtained. Finally, the maps in Fig. 3
clearly show the convergence of the approximating sequence of functions wy a n (z,y,2) to
the boundary values h (z,y, z).
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ecun | L=1 L=20 L=40
No7 M=0]T74812% T4479%  T4.455%
M =20 | 108.604% 105.327% 105.156%
M =40 | 27579%  7.708%  4.822%
(@)
ecun | L=1  L=20 L=40
[y N=1]29618% 13.270% 11.830%
N =4]27664% 7.757%  4.841%
N=7127578% 7.708%  4.822%
(b)
eLuN | M=0 M=20 M=40
N=1|51.820% 11.857% 11.830%
N =4]74206% 4.909%  4.841%
N =17 |74455% 105.156% 4.822%

(©

Table 2: Relative boundary error ey, pr n for different expansion orders of the Fourier-
like solution of the Dirichlet problem for the Laplace equation (2.5) in a cylindrical
domain C, whose directrix is described by the polar equation (5.1) with parameters
a=pF=3/4,m=ma=5,n=n2="T7,n3=2.

ecun | L=1 L =20 L =40
M =0 94.972% 87.623%  87.361%

N=11 01— 90| 520.004% 526.539%  526.418%
M =40 | 52.954%  14.204%  8.614%
(@)
ecun | L=1  L=20 L=40
M — 40 N=1|54791% 19.993% 16.497%
N =6 | 53.082% 14.674%  9.369%
N =11 | 52.954% 14.204% 8.614%
(b)
eLuN | M=0 M=20 M=40
[ N=1]|64702% 16.592% 16.497%

N=6|77.781%  9.535% 9.369%
N =11 | 87.361% 526.418% 8.614%

(©

Table 3: Relative boundary error ey, ps n for different expansion orders of the Fourier-
like solution of the Dirichlet problem for the Laplace equation (2.5) in a cylindrical
domain C, whose directrix is described by the polar equation (5.1) with parameters
a=F=1/8,m =5,my="7,n=ng=5,n3=17.

54 Example4

By assuming in 5.1) o« = g8 =1, my = my = 10, ny = ny, = 1, ng = 7,
and 6 € [0,4n] , the domain C features the polygonal shape shown in Fig. 4. Let
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epun | L=1  L=20 L=40
M =0 ]91.353% 91.353% 91.353%

N=11 00| 30.307% 13381%  12.641%
M =40 | 30.378% 12.429% 11.298%
@)
erun| L=1 L=20 L=40
Moo N=132164% 16315% 15.471%
N =6 | 30.382% 12.438% 11.308%
N =11 | 30.378% 12.429% 11.298%
(b)
ermn | M=0 M=20 M=40
L4 N=1[91479% 16477% 15.471%
N=6|91.353% 12.651% 11.308%
N =11 91.353% 12.641% 11.298%

(©

Table 4: Relative boundary error ey, pr n for different expansion orders of the Fourier-
like solution of the Dirichlet problem for the Laplace equation (2.5) in a cylindrical
domain C, whose directrix is described by the polar equation (5.1) with parameters
a=0=1,m=me=10,n1=no=1,n3=7.

fo(z,y) = (1—2?—y?) (coszsiny —zy), fi(z,y) = e=37° 20" |m {V=z+iy}, and
g(z,y,2) = (2 — 2%) [log (1 + 2% 4+ y* + 22) + sin (8zyz)] be the functions describing the
boundary values. Then, as regards the relative boundary error ez ar,n ., the numerical results
summarized in Table 4 are obtained. Finally, the maps in Fig. 4 clearly show the convergence of
the approximating sequence of functions wy, a,n (x,y, z) to the boundary values & (z,y, z).

Remark 5. We note that when the boundary values have wide oscillations, it is necessary to
increase the number of terms in the relevant Fourier expansion, in order to obtain better results.

Remark 6. The L? norm of the difference between the exact solution and its approximate
values is always vanishing in the interior of the considered domain, and generally small on the
boundary. Point-wise convergence seems to be true on the whole boundary, with only exception
of a set of measure zero, corresponding to singular points for the function or its derivative. In
these points oscillations of the approximate solution, recalling the classical Gibbs phenomenon,
usually appear.

6 Conclusion

It seems that the use of stretched co-ordinate system, reducing every starlike domain to a circle,
allows to use the classical Fourier methods to a very large class of domains, permitting to find
solutions in a closed form, and to avoid some more cumbersome techniques such as the conformal
mapping theorem, and the finite difference methods, since it is possible to use only quadrature
rules and solution of linear systems.

An extension to three dimensional starlike domains, by using the spherical co-ordinate
system, is presented in this volume.
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s 105, Y, 2)
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Figure 1: Boundary distribution of Fourier-type expansions wr a v (x,v, 2)
approximating the solution of the Dirichlet problem for the Laplace equation (2.5) in
a cylindrical domain C, whose directrix is described by the polar equation (5.1) with
parameters a« =1/8, =1, m; =ma=2,n1=2,n2 =n3=6.



hmaz

e D ey

Figure 2: Boundary distribution of Fourier-type expansions —up arn (z,y, 2)
approximating the solution of the Dirichlet problem for the Laplace equation (2.5) in
a cylindrical domain C, whose directrix is described by the polar equation (5.1) with
parameters o = [ = 3/4, m; = mg = 5, n; = ng = 7, ng = 2. Gibbs-like
phenomena can be easily noticed at the quasi-cusped points of the domain.
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Yy

Figure 3: Boundary distribution of Fourier-type expansions — up arn (z,y, 2)
approximating the solution of the Dirichlet problem for the Laplace equation (2.5) in
a cylindrical domain C, whose directrix is described by the polar equation (5.1) with
parameters a = (3 =1/8, m; =5, my=7,n1 =n2 =5,n3 = 17.
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Figure 4: Boundary distribution of Fourier-type expansions — wup arn (z,y, 2)
approximating the solution of the Dirichlet problem for the Laplace equation (2.5) in
a cylindrical domain C, whose directrix is described by the polar equation (5.1) with
parameters a =3 =1, my =mo=10,n1 =ny=1,n3=7.
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Abstract. We consider the Dirichlet problem for the Laplace equation in a starlike domain,
i.e. a domain which is normal with respect to a suitable spherical co-ordinates system. Such a
domain can be interpreted as a non-isotropically stretched unit sphere.

We write down the explicit solution in terms of a Fourier series whose coefficients are
determined by solving an infinite system of linear equations depending on the boundary data.

Numerical experiments show that our method guarantees almost everywhere convergence,
whenever the boundary data belong to 2, in accordance with the results proved by L. Carleson.

AMS CLASSIFICATION: 35J05, 35J25.
KEY WORDS: Dirichlet problem. Laplace equation, starlike domain.

1 Introduction

Many applications of Mathematical Physics and Engineering are connected with the Laplacian.

e The wave equation Ve = a® Av

e The heat propagation v =K Av

e The Laplace equation Av =0

e The Helmholtz equation Av + k?v =0

e The Poisson equation Av=f

e The Schrodinger equation — % A+ Vip = Evp,

however, the most part of boundary value problems (shortly BVP) relevant to the Laplacian are
solved in explicit form only for domains with a very special shape, namely intervals, cylinders
or domains with special (circular or spherical) symmetries [1].
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The solution for more general domains is obtained by using the Riemann theorem on
conformal mappings, and the relevant invariance of the Laplacian [2]. However, explicit
conformal mappings are known only for particular domains. Of course, this method does not
exist in the three-dimensional case, and the usual approach makes use of discretization.

Different techniques was also used for solving the general problem, both from a theoretical
and computational point of view (see e.g. [3], representing solution by using boundary layer
techniques; [4], comparing several numerical methods; [5], solving by iterative methods the
corresponding boundary integral equation; [6], approximating the relevant Green function by
the least squares method; [7], considering the system of linear equations arising from an unusual
finite difference approximation; [8], solving linear systems relevant to elliptic partial differential
equations by relaxation methods). However, none of the articles we have found in literature
is connected with our approach, which makes use of simple tools, tracing back to the original
Fourier method.

We consider in this article an extension of the classical theory to the case of a starlike domain,
i.e. adomain D, which is normal with respect to a suitable spherical co-ordinate system.

In Chapter 1, considering the two-dimensional case, we have shown how to write down
explicitly the solution of the Dirichlet problem for the Laplace equation in terms of a Fourier
series whose coefficients are determined by solving an infinite linear system, depending on
the boundary data [9]. The integral operator which is naturally connected with this system
is compact, and therefore, by using F. Riesz’theory [10], its solution can be approximated by
solving a finite dimensional linear system, since the error term can be shown to be negligible,
when the finite dimension increases.

In this article we consider further applications of the above mentioned method extending
results to the case of three-dimensional domains. The boundary of the domains we have
considered in all our applications are defined by generalizing the so called ”superformula” due
to J. Gielis [12].

The numerical examples, computed by using the Computer Algebra program
Mathematica®, confirm, even in the above mentioned more general case the theoretical results
of L. Carllson [13], since we have found a point-wise convergence in all regular points of the
boundary, with possible oscillation usually occurring only in singular points.

2 ThelLaplacian in stretched spherical co-ordinates
We introduce in the three-dimensional space the ordinary spherical co-ordinate system:
r=rcospsing, y=rsinpsingd, z=rcos?, (2.1)
and the polar equation of 0D
r = R(0,p) 0<v<m; 0<¢<2m), (2.2)

where R(9, ) is a piece-wise C? function in [0, 7] x [0,27]. We suppose the domain D
satisfies
0<A<r <R,

and therefore min R(9, ) > 0.
(9,¢)€[0,7] x[0,27]

We introduce the stretched radius p such that

r=pR(J,p), (2.3)
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and the curvilinear (i.e. stretched) co-ordinates p, ¥, ¢, in the space x,y, z,
x=pR(J,p) cospsint, y=pR(I,p) sinpsind, z=pR(V, ) cost. (2.4)
Therefore, D is obtained assuming 0 < ¥ <7, 0< <27, 0<p<1.

Remark 7. — Note that, in the stretched co-ordinate system the original domain D is transformed

into the unit sphere, so that in this system we can use for the transformed Laplace equation all
the classical techniques, including separation of variables.

We consider a C?(D) function v(z,y,2) = v(rcospsind,rsinpsind,rcosd) =
u(r, 9, ) and the Laplace operator in spherical co-ordinates

1 0 ou 1 0 ou 1 0%u
Au=—— (1 =— —_— —_— . 2.5
YT 2o (T 81") i r2sind OV (51n19 319) * r2sin? 9 Op? 25)
We start representing this operator in the new stretched co-ordinate system p, 1, . Setting
Ulp,d,¢) = u(pR(V, ), 9, ) , (2.6)
we find (denoting for shortness R := R(49, ¢)),
ou 10U
-7 2.7
or R Op’ @7)
0%u 1 0%U
o2 TR’ o (@8)
ou Ry OU  0U
o 2.9
20~ PR o T (29)
82u 2R129 — RRgg oUu 2 R% 82 Rﬁ 82 (92
——=p—— — ! —2p 2.10
00 P Rr op PR a2 PR opo0 o (2.10)
ou R ou  oU
— =—p—=— 2.11
oo R ap * s oy’ (2.11)
2 2R?2 — RR R2 9?2 2 2U
6_u:p ¢ wo OU p2_W8_U_ R, 0°U +8 . 2.12)
Op? R? p R?% 0p? ‘R 0pdp = 0p?
Substituting we find our result, i.e.
Au—@+g%+iﬁ+00tﬁ%+ 1 @
o2 e or 2 92 r2 09 r2sin®9 0p?
1 R? RZ | 2%U
= 1+ 2+ —2— | —
R? R?  RZsin?9 | 0p?
1 R? R 1 ou
— 2 (1 CAT—— — 2.1
+,0R2 ( +R2+R25m 19) R( ) op (213)
Ry 0°U R, 0%

pR3 0pdy pR3sin% 9 dpdyp

1 0°U . cot ¥ OU . 1 0*U
p?R? 092 p?R? 09  p2R2sin® 9 O0p?
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For p=r, R(9,¢) =1, we recover the Laplacian in spherical co-ordinates.

3 An equivalent formulation

For further computations, it is easier to change the spherical equation of 9D by setting

T::T(ﬂ,go)::ﬁ (0<9<m; 0<¢p<2m). (3.1)

The unit sphere is recovered whenever T (9, ¢) = 1.

Using this spherical equation, the corresponding stretched co-ordinates p, 4, ¢, in the space
x,y, z , are given by

p . P . p
x = cospsind, y = sinpsind, z = cos 1, 3.2)
T (9, ¢) T (9, ¢) T (3, ¢)
and assuming again, for shortness:
U(ﬂﬂ%@)ﬂ( P 719790)7
T (9, )
the Laplacian becomes:
T2 \ U Y T U
Au = [ Y24+ 72 ) —— + = [2Y + Tycotd + T gL ) =
B ( * 0+sin219) op? ’ P < Tl cotv 1919—'_sir1219> dp
2YYy 02U 2YY, 0°U Y% 9*U (3.3)

P 0p90 | psin’ 9 0pdp | 2 OOF

Y2 cot o) 8_U n Y2 09U
p? 09 p2sin?d Op?

For p=1r, YT (J,¢) = 1, we find again the Laplacian in spherical co-ordinates.

4 Applicationsto the Dirichlet problem

Consider the Dirichlet problem for the Laplace equation

{ Au(r,9,¢) =0, r<R@W,p) (0<¥<7,0<p<2m),
(4.1)

u(r, 9, ¢) = f(0,0), r=RW,p) (097, 0<9<2m).

We prove the following result
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Theorem 4.1. Let

+oo n
[0, ¢) = Z Z P (cos V) (an,m cosmp + By, m sinme) | 4.2)
n=0m=0
where
Qo 2n+1 (n—m)! [2"[7 cosmp | .
Ly — Pm .
{ B } m =y mrm ) s f(0,0)P (cos ) sinmyp sin¥dv dy

(4.3)

€m = { 1, m=0 , and P are the associated Legendre functions of the first kind (see [1]).

2, m#0

Then, the solution of the interior Dirichlet problem can be represented as

+oo n

u(r, J, ¢) Z Z " P (cos V) (An,m cosmep + By, sinmep) , (4.4)

n=0m=0

where the coefficients A,, ,,,, By Can be found by solving the infinite linear system

Zi{ nmhk Ynfm,h7k:|.|:An,m:| |:Oéhk:|,
n=0m=0 nmhk Yvn,m,h,k Bn,m ﬁhk

(heNp, k=0,1,...,h), (4.5)
where

2h +1 ( m m & cos kp
g h AT / / R(9,¢)]" P (cos9) Py (cos¥) cos mep { sinkp [
-sinddv dy ,

2h+1 ( 2r o cos k
Yimh’k =Gy h—|— o) / / R(9,)]" P™(cos ) Py (cos ) 51nm<p{ sin k(f } -

-sinddd dy .

+ _
Xn,vmh,k = €k

Proof. Recalling Remark 1, elementary solutions of the problem (4.1) can be searched in
the form

u(r, 9, 0) = U (R(é” > 0, <p> = P(r)O(¥)d(y). (4.6)

Substituting into the Laplace equation we find that the functions P, ©, ® must satisfy the ordinary
differential equations

d2P apP

—— +2r — — \?P

az =0,

1 d do 9 2 B
g 4o (sm19 %> + ()\ e 0=0, 4.7)
d*® 9
i — tp P =0,
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and therefore, by using very classical results, we find
w=melk,
N =nn+1), n € Ny
D(p) = ay cosmp + by, sinme (@, by, arbitrary constants) ,
and for the interior problem:
P(r) = ¢pur™, (e arbitrary constant)
O0) = dnm P, (cosV), (dn,m arbitrary constant),

P ) = (1) (1 —n*)™ o (=™

2n nl d7771,+7n,
Therefore a general solution of the Laplace equation can be written in the form

+oo n

u(r, ¥, @) = Z Z r" P (cos V) (Aym cosmep + By, p sinme) .

n=0m=0

Imposing the boundary condition

f(ﬁ7 90) = U(L’&? 90) =u [R(’ﬂ7 90)’ v, 90]

+oco n
= Z Z [R(9,¢)]" P (cos V) (Ap,m cosme + By, sinmep) |

n=0m=0

we find for the unknown constants A, ,,,, B,, » in the system (4.5).

(1 _ ,,72)771/2 dn+m(n2 _ l)n

(4.8)

(4.9)

Remark 8. — Note that, assuming the unessential condition R(¥,¢) < M < 1, Y(¥,¢) €
[0,7] x [0,27], the system (4.5) can be solved in an approximate way by considering the

corresponding finite system where n = 0,1,...,N, and h =0,1,...,N, k= 0,1,..

and the solution is convergent when N — +oo0.

L h

Remark 9. — Note that the above considerations hold whenever the function R(J, ) is a
piecewise continuous function, and if the boundary data are given by square integrable functions,
not necessarily continuous, so that the relevant coefficients «y, 1., 55,k in equation (4.3) are finite.

In a similar way the exterior problem could be treated, assuming the usual condition at

infinity:
lim u(p,¥,p) =0,
p—+o0

uniformly with respect to 9 and .
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5 Numerical examples

In the following examples we assume for the boundary 0D a general spherical equation of the

type
vz —1/vo
] ; (5.1)

(p,q,71,72,73, V0, 1, V2, 3 integral numbers), extending to the three-dimensional case the
curves introduced by J. Gielis [12]. Moreover, let F' (z,y,z) denote the function representing
boundary values. Under such assumptions, the following expression results

f,0) = F(R(V, ) cospsind, R(V, p) sinpsind, R(Y, p) cos ). (5.2

Vi va

pd
COS 2

V3

sin % sin 42

in 29 ap
Sin COS 1 1
72

2
71

R(ﬁﬂO) =cC l

In numerical experiments, computed by using Mathematica®, we assume different values
of the nine parameters p,q,v1, 72,73, Yo, V1, V2, V3, Obtaining very different shapes for the
considered domain, including ellipsoids, Lamé-type domains (also called Superellipsoids),
ovaloids, (p, ¢)-fold symmetric figures, and so on. We introduced furthermore an extra

parameter ¢, in order to ensure the convergence condition max R, ) <M < 1.
(9,)€[0,7]x[0,27]

We emphasize that almost all three-dimensional normal-polar domains are described (or at least
approximated in a close way) by the above mentioned surfaces.

In particular, to assess the performances of the proposed algorithm in terms of numerical
accuracy and convergence rate, the relative boundary error has been evaluated as follows

1F (2, o)l ’

where ||-|| denotes the usual L2 (9D) norm, and

(5.3)

N n
Un (p7 v, %0) = Z Z [pR(ﬁa 99)]” P:zn (COS 19) (An,m cosmep + Bn,m sin m@) s (54)

n=0m=0

is the N — th partial sum of the approximating spherical harmonics series (4.8).

51 Examplel

By assumingin (5.1) vy =5, 72 =v =4 m=1,n=2,1y =v; = vp = 6, v3 = 2, the
domain D features the shape depicted in Fig. 1.

Let F(z,y,2) = sinh (£H) + log (1 + 2% +y? +2%) be the function representing
boundary values. Then, the relative boundary error ey as function of the number N of
terms in the relevant expansion (5.4) exhibits the behavior shown in Fig. 2.

Finally, the maps in Fig. 3 clearly show the convergence rate of the approximating sequence
of functions Un (1,4, ) to the boundary values (49, ¢).

5.2 Example?2

By assumingin (5.1) v1 =2 =93 =1, m=2,n =4,y = v; = V5 = v3 = 1, the domain
D features the shape depicted in Fig. 4.

Let F(x,y,2) = 2%y? — 5x?2? — 10y?2? + sinh (z +y) be the function representing
boundary values. Then, the relative boundary error ey as function of the number N of terms
in the relevant expansion (5.4) exhibits the behavior shown in Fig. 5.

Finally, the maps in Fig. 6 clearly show the convergence rate of the approximating sequence
of functions Un (1,9, ¢) to the boundary values f (¥, p).
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53 Example3

By assumingin (5.1) v1 =2 =1,v3=1/2,m=2,n=5,1y =v3 =2,11 = vy = 7, the
domain D features the shape depicted in Fig. 7.

Let F'(z,y,2) =z +y+ z+sin(zz) + cos (yz) be the function representing boundary
values. Then, the relative boundary error ey as function of the number N of terms in the
relevant expansion (5.4) exhibits the behavior shown in Fig. 8.

Finally, the maps in Fig. 9 clearly show the convergence rate of the approximating sequence
of functions Un (1,7, ) to the boundary values f(49, ¢).

Remark 10. We note that when the boundary values have wide oscillations, it is necessary
to increase the number N of terms in the relevant spherical harmonics expansion, in order to
obtain better results.

Remark 11. The I? norm of the difference between the exact solution and its approximate
value is always vanishing in the interior of the considered domain, and in general small on
the boundary. Point-wise convergence seems to be verified on the whole boundary, with only
exception of a set of measure zero, corresponding to cusped or quasi-cusped points. In this points
oscillations of the approximate solution, recalling the classical Gibbs phenomenon, usually
appear.

6 Conclusion

The use of the normal spherical co-ordinates allow us to find close formulas for a wide set of
classical problems, avoiding the use of mesh-based numerical techniques, such as the Finite
Element Method (FEM) [14].

The application of the proposed method to the solution of the classical problems of a
vibrating membrane and heat equation, relevant to normal-spherical shaped domains is in
progress.
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Figure 1. Three-dimensional view of the domain D obtained by assuming in (5.1)
1=5v=v=4,m=1,n=2,vy =11 =y =06,v3 = 2. The parameter ¢ has

been set in order to ensure the condition max R(W, ) = 1.
(9,)€[0,7] % [0,27]
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Figure 2: Relative boundary error ey as function of the number N of terms in the
expansion (5.4). The relevant domain D is described by the spherical equation (5.1)
with 1 =5, =13 =4m=1,n=2, 1y =11 = vy = 6,13 = 2.
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Figure 3: Angular behavior of the N — th partial sum of the approximating spherical
harmonics series Un (1,9, ) for different values of the expansion order N. A Gibbs-
like phenomenon can be observed at the cusped point ¢ = 180°. The relevant domain
D is described by the spherical equation (5.1) with v; = 5, v =3 =4, m = 1,
n=2,vy=v =1y =06,v3=2.

44



A
€Tr

Figure 4: Three-dimensional view of the domain D obtained by assuming in (5.1)
=7 =7=1,m=2,n=4,vy=v =1y =13 = 1. The parameter ¢ has been

set in order to ensure the condition max R(W, ) =1.
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Figure 5: Relative boundary error ey as function of the number N of terms in the
expansion (5.4). The relevant domain D is described by the spherical equation (5.1)
With vy =y =y =1m=2,n=4,1py=11 =1 =v3 = 1.
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Figure 6: Angular behavior of the N — th partial sum of the approximating spherical
harmonics series Un (1,1, ¢) for different values of the expansion order N. Gibbs-like
phenomena can be observed along the edges ¥ = 90° and ¢ = 0°,90°,180°, 270°.
The relevant domain D is described by the spherical equation (5.1) with v, = v =
3=1m=2,n=4,vy=v1 =1 =v3=1.
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Figure 7. Three-dimensional view of the domain D obtained by assuming in (5.1)
Mm=v=1v=1/2,m=2,n=>5 1 =rv3 =2 v =y =7 The parameter c

has been set in order to ensure the condition max R(W,p) = 1.
(9,¢)€[0,7]x[0,27]
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Figure 8: Relative boundary error ey as function of the number N of terms in the
expansion (5.4). The relevant domain D is described by the spherical equation (5.1)
with vy =y =1,v3=1/2,m=2,n=5,vy=v3=2,v1 =1y =T.
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Abstract. We consider the interior and exterior Dirichlet problem for the Helmholtz
equation in a bounded starlike domain. We show how to construct the solution by using the
Fourier series method. We derive some numerical results defining the boundary of the domain
by means of the so called “superformula” introduced by J. Gielis. By using a computer algebra
system we derive approximations satisfying properties similar to the classical ones. Our findings
are in agreement with the theoretical results on Fourier series due to L. Carleson.
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1 Introduction

Inrecent articles [1], [2], [3], [4], the classical Fourier method [5], [6] for solving the Dirichlet
problem for the Laplace equation in domains with very special (circular or spherical) symmetries
was extended in order to solve the same problem in a starlike domain, i.e. a domain D, which
is normal with respect to a suitable spherical co-ordinate system. Note that D can be considered
as a stretched unit sphere, centered at the origin.

We show in this article that similar results can be achieved even for the Helmholtz equation.

The boundary of domains we have considered in our last Section are defined by using the so
called “superformula” due to J. Gielis [7].

Several numerical examples, computed by using the Computer Algebra system
Mathematica®, confirm, even in the considered case, the theoretical results by L. Carleson [8],
since we have found a point-wise convergence in all regular points of the boundary, with possible
oscillation usually occurring only in singular points (for the function or its derivative).

2 Thelaplacian in stretched spherical co-ordinates
We introduce in the three-dimensional space the ordinary spherical co-ordinate system:

r=rcospsind, y=rsinpsind, z=rcosd, (2.1)
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and the polar equation of 0D
r=R@,p), (0<I<m; 0<p<2m), 2.2)

where R(9, ) is a piece-wise C? function in [0, 7] x [0,27]. We suppose the domain D
satisfies
0<A<r <R,

and therefore min R0, ) > 0.
(9,9)€[0,7]x[0,27]

We introduce the stretched radius p such that
r=pR(,¢), 23)
and the curvilinear (i.e. stretched) co-ordinates p, ¥, ¢, in the space z,, z,
x=pR(V,p) cospsind, y=pR(, ) sinpsind, z=pR(V,p) cost. (2.4)
Therefore, D isobtained assuming 0 <Y <7, 0<p <271, 0<p<1.
Remark 12. Note that, in the stretched co-ordinate system the original domain D is

transformed into the unit sphere, so that in this system we can use for the transformed Helmholtz
equation all the classical techniques, including separation of variables.

We consider a C?(D) function v(x,y,2) = wv(rcosgsind,rsinpsind, rcosd) =
u(r, 9, ) and the Laplace operator in spherical co-ordinates

1 0 ([ 450u 1 o (. ,0u 1 0?u
S Pl I quy, - v 25
Au r2 or <T 87") + r2sind OU <sm19 619> N r2sin? 9 Op? (25)

We recall the expression of the Laplacian in the new stretched co-ordinate system p, 4, ¢.
Setting

U(p,9,¢) = u(pR(J,9),7,¢) . (2.6)
we find (denoting for shortness R := R(4J, ¢)) [3],
Au—@ 2%+i@+COt0@+ 1 @
Cor2  r Or 12 092 r2 99 r2sin?9 Op?
2 R2 2
R2 R?  R2sin®9| 0p?
1 R? R? 1 R ou
+— 2 [1+=2+ -2 —| -~ (Rycotd + Ryy + *"“’)— 2.7
pR? < R? * R? sin219> R ( » oLV Hw sin? 9 ap 27)
Ry 0%U R, 0*U

- T PR3 9pdY  ~ pR3sin? 9 dpdy

N 1 82U+cot198_U+ 1 0*U
p?R? 992 p?R? 09 = p2R2sin® 9 0p?

For p=r, R(J,¢) =1, we recover the Laplacian in spherical co-ordinates.
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3 An equivalent formulation
For further computations, it is easier to change the spherical equation of 0D by setting

T T0) s 09w 0<p<m). 3.

The unit sphere is recovered whenever Y (¥, ) = 1.

Using this spherical equation, the corresponding stretched co-ordinates p, ¢, ¢, in the space
x,y,z, aregiven by

cos 1, (3.2

T = p cospsind, y = sinpsind, z =

T, )
and assuming again, for shortness:

U(/M97<P)=U<mﬂ9#ﬁ)7

p p
Y (9, p) Y (9, )

the Laplacian becomes:

T2 \oU T T oU
Au=|T24+712 4+ 2 —+—<2T+T 19 + Yy + W)—
Y ( P sinZ9 | 0p? p veo 7T G2 o Op

2YYy 0°U 2YY, 0*°U Y% 9*U (3.3)
+ + 5 :
p 0pdY  psin®Y Opdp  p? OV?

Y2 cot o 8_U n T2 92U
p? 00 p2sin? 9 0p?

For p=r, YT(J,¢) =1, we find again the Laplacian in spherical co-ordinates.

4 Applicationsto the Helmholtz equation

Consider the Dirichlet problem for the Helmholtz equation

Au(r,d, ¢) + s*u(r,9,¢) =0, r<R(,p) (0<9<m, 0<p<2m),
(4.1)
u(r,d,¢) = f(9,¢), r=RW,p) (0<I<m, 0<p<2m).
We prove the following result
Theorem 4.1. — Let
+oo n
f9,0) = Z Z P (cos ) (0n,m cosmp + B m sinme) | (4.2)
n=0m=0
where
Qo 2n+1 (n—m)! [*"[7 cosmy | .
' = €&m ) P > : > )
{ B } €m =y (ntm)! /0 /0 f(0,0) P (cos ) sin mes sin 9dd dyp
(4.3)
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€ = { L, 2 =0 , and P are the associated Legendre functions of the first kind (see [9]).

Then, the solution of the interior Dirichlet problem for the Helmholtz equation can be represented
as

u(r, 9, ¢) Z Z Jn(kr) P (cos ) (@, m cos mp + by, m sinme) | (4.9)

n=0m=0

where the coefficients a,, v, b, can be found by solving the infinite linear system

A EIRE

n—=0 m=0 nmhk n,m,h,k bn,m

(h€No, k=0,1,...,h), (4.5)
where
2h+1 (h—k) [*™[™ m cos kg
Xt = 6 G ), [ e R0 P (cos )P (cos ) cosmp { b
-sin v dddy ,
2h+1 (h—k)! [*™[" m . cos ke
Vi = @t G | e kRO P cos )P cos ) sinmg {21
-sin ¥ dddy .

Proof. Recalling Remark 1, elementary solutions of the problem (4.1) can be searched in
the form

u(r,d,9)=U (% ,19,4,0) = P(r)0(9)®(yp). (4.6)

Substituting into the Helmholtz equation we find that the functions P, ©, ® must satisfy the
ordinary differential equations

d*p dpP

2 o —— 2.2 Y2 P =
r—dr2+rdr+(/@r /\) 0,

1 d do u?

— ¥ — A2 — =

sino 4o (Sm dﬁ>+< sinzﬂ)g 0 (“.7)
d*® 9

i — T e =0,

and therefore, by using very classical results, we find
w=mecZ,

N =n(n+1), n € No
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D(p) = Ay cosme + By, sinmy (A, By, arbitrary constants) ,

and consequently
P(r) = Cyjn(kr) (G, arbitrary constant),

where

P s pn N DM m)! 5
In(2) =\ 55 Tney () = (22) ; mi2(n+m) + 1!~
are the spherical Bessel functions of the first kind [9].
Furthermore,

©(9) = Dy iy P (cos ) (dp,m arbitrary constant),

where

)m/2 den(n)

(1 _ 772)m/2 dn—i—m(nQ _ 1)n
dnm '

2n n) dnntm

P:zn<"7) = (_1)m(1 — ’172 — (_1)m

Therefore a general solution of the Helmholtz equation can be written in the form

+oo n

u(r, ¥, ) Z Z Jn (K1) P (cos ) (an,m cos mp + by, m sinme) . (4.8)

n=0m=0

Imposing the boundary condition

f(ﬁv 90) = U(l,ﬁ, 90) =u [R(ﬁv QO), v, SO]

too n (4.9
= Z Z Jn [KR(, )] P (cos D) (@, m cos mp + by, m sinme) |
n=0m=0
we find the unknown constants a,, 1, by, by solving the system (4.5). |

Remark 13. Note that, assuming the unessential condition R(,¢) < M < 1, V(¥,¢) €
[0,7] x [0,27], the system (4.5) can be solved in an approximate way by considering the
corresponding finite system where n = 0,1,...,N, and h =0,1,...,N, Kk =0,1,...,h,
and the solution is convergent when N — +oo0.

Remark 14. Note that the above considerations hold whenever the function R(4J,¢) isa
piecewise continuous function, and if the boundary data are given by square integrable functions,
not necessarily continuous, so that the relevant coefficients oy, , 55,k in equation (4.3) are finite.

In a similar way we can treat the exterior problem subject to the Sommerfeld radiation
condition

. 0 . _
lim r {aru(r,ﬂ, ©) — iku(r,d, @)] =0.

The only difference is that in solution (4.4) the spherical Bessel function of the first kind j,,(z)
must be replaced by the spherical Bessel function of the third kind (") (z), defined by [10]

\/7 7(11422 \/7 it (2) Y, ()}.
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5 Numerical examples

In the following examples we assume for the boundary 0D a general spherical equation of the

type
v3q —1/vo
] ; (5.)

(p, q,71,72,7v3, V0, V1, V2, V3 integral numbers), extending to the three-dimensional case the
curves introduced by J. Gielis [7]. Moreover, let F (x,y,z) denote the function representing
boundary values. Under such assumptions, the following expression results

v v2

Y
cos 5

3

in PY i 49
SID2SID4

2

in PY ap
Sin B} COS 1

7

R(Y, p) Cl

fW,9) = F (R, ) cospsint, R(Y, p)sinpsind, R(Y, p) cos ). (5.2)

In numerical experiments, computed by using Mathematica®, we assume different values
of the nine parameters p,q,v1, 72,73, Yo, V1, V2, V3, Obtaining very different shapes for the
considered domain, including ellipsoids, Lamé-type domains (also called Superellipsoids),
ovaloids, (p, ¢)-fold symmetric figures, and so on. We introduced furthermore an extra

parameter ¢, in order to ensure the convergence condition max R, ) <M < 1.
(9,)€[0,7]x[0,27]

We emphasize that almost all three-dimensional normal-polar domains are described (or at least
approximated in a close way) by the above mentioned surfaces.

z

Figure 1: Tridimensional view of the domain D obtained by assuming in (5.1)
Mm=yr=v=1,p=2q¢=41v =2, v =vy =rv3 = 3. The parameter c

has been set in order to ensure the condition max R(9,¢) = 1.
(9,)€[0,7]x[0,27]

In particular, to assess the performances of the proposed algorithm in terms of numerical
accuracy and convergence rate, the relative boundary error has been evaluated as follows

en = HUN(lalﬂa(P) - f(’l9,(,0)||
1 (@, @)l ’

(5.3)
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log(ey)

Figure 2: Relative boundary error ey as function of the number N of terms in the
expansion series (5.4) approximating the solution of the interior Dirichlet problem for
the Helmholtz equation in the star-like domain D described by the spherical equation
B with =y =93=1,p=2,q=4,1n=2,11 =1p =v3 =3.

f(ﬂf @) UZJ(L 19: QO) U10(17 ﬁ: QO)
360 360 360
f”l(l.l‘
315 315 315
270 270 270
225 225 225
180 180 180
> > >
135 135 135
90 90 90
A® A®
fmin
0 S| 0 . 0 - S
0 45 90 135 180 0 49 90 135 180 0 49 90 135 180
¢ [ ¢ [ ¢ [

Figure 3: Angular behavior of the N — th partial sum Upn(1,9,¢) of the spherical
harmonics series approximating the solution of the interior Dirichlet problem for the
Helmholtz equation in the star-like domain D described by the spherical equation (5.1)
With vy =y =v=1,p=2,q=4,1v=2,11 =vy =v3 =3.

56



~ 0.4

~0.6
= -0.8
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Figure 4: Relative boundary error ey as function of the number N of terms in the
expansion series approximating the solution of the exterior Dirichlet problem for the
Helmholtz equation in the star-like domain D described by the spherical equation (5.1)
With vy =y =v=1,p=2,q=4,v=2,v1 =vy =1v3 =3

360 360 360
[ ] |f|mam
315 315 315
270 270 270
225 225 225
180 180 180
> > >
135 135 135
90 90 90
45 45 49
—0
0 0 0
0 45 90 135 180 0 45 90 135 180 0 45 90 135 180
¢ [ Nooe [°] e [°]

Figure 5: Angular behavior of the N — th partial sum U (1,4, ¢) of the spherical
harmonics series approximating the solution of the exterior Dirichlet problem for the
Helmholtz equation in the star-like domain D described by the spherical equation (5.1)
with vy =y =v=1,p=2,q=4, =211 =vy=v3 =3.
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where ||| denotes the usual L? (9D) norm, and

N n
Un(p,9,¢) = Z Z Jn [KpR(9, )] P (cos ) (Apm cosmp + By, sinme),  (5.4)

n=0m=0

is the N-th partial sum of the approximating spherical harmonics series (4.8).

5.1 Examplel—Interior problem

By assumingin (5.1) i =y =7 =1,p=2,9 =4,y = 2, v; = v = v3 = 3, the domain
D features the shape depicted in Fig. 1.

Let F (z,y,2) = 2%y32% + T2 — 1 + 2y — 32 be the function representing boundary
values. Then, the relative boundary error ey as function of the number N of terms in the
relavant expansion (5.4) exhibits the behavior shown in Fig. 2.

Finally, the maps in Fig. 3 clearly show the convergence rate of the approximating sequence
of functions Un (1,4, ¢) to the boundary values f (¥, ).

5.2 Example2—Exterior problem

Let us now focus the attention on the exterior Dirichlet problem for the Helmholtz equation in the
star-like domain complementary to that considered in the previous example, under the hypothesis
that the boundary values are still described by the function F (z,y,z) = 23y323 + 2 Tv= —
x + 2y — 3z. Then, the relative boundary error ey as function of the number N of terms in the
expansion series approximating the solution of the problem exhibits the behavior shown in Fig.
4.,

Finally, the maps in Fig. 5 clearly show the convergence rate of the approximating sequence
of functions U (1,9, ¢) to the boundary values f (¥, p).

Remark 15. — If the boundary values have wide oscillations, it is necessary to increase the
number N of terms in the relevant Fourier expansion, in order to obtain better results.

Remark 16. — The L? norm of the difference between the exact solution and its approximate
values is always vanishing in the interior (exterior) of the considered domain, and generally
small on the boundary. Point-wise convergence seems to be true on the whole boundary, with
only exception of a set of measure zero, corresponding to singular points for the function or its
derivative. In these points oscillations of the approximate solution, recalling the classical Gibbs
phenomenon, usually appear.

6 Conclusion

It seems that the use of stretched co-ordinate system, reducing every starlike domain to a circle,
allow to use the classical Fourier methods to a very large class of domains, permitting to find
solutions in a closed form, and to avoid some more cumbersome techniques such as the finite
difference methods or the finite element method (FEM) [11], since it is possible to use only
quadrature rules and solution of linear systems.

Acknowledgments - This article was conclude under a grant by Italian PRIN/2006 Cap. 7320.
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Appendix Mathematica® programs

by Diego Caratelli

Delft University of Technology, IRCTR,
Mekelweg, 4, 2628 CD, Delft, the Netherlands
e-mail: d.caratelli@tudelft.nl

Off[General::spell]
Off[General::spell1]
Off[Nintegrate::ncvb]
Off[NIntegrate::tmap]
Off[NIntegrate::ploss]
Off[NIntegrate::slwcon]
Off[NIntegrate::eincr]

redx_]:=Which [z < 2,0, (z > 3) && (a: <3,
-3, (z>2)&&(z< %), 1,z> L, 4x+9]
green[x_]:=Wh|ch [ < é 0,(z>3)&&(x<3),

4z — 3, (x > ) && (
—4z+%,2>%,0|
blue[x_]: -Whlch [x< L4z + 3, (x > 3) && (2 < 3),
L(z>3)&&(z < 5) —4z+ 3,2 > 3,0
JetFunction [x]:=RGBColor|red [z], green|z], blue[z]]

(DIU'

), 1, (z > )&&(xsg),

TextFont:="Euclid"
TextPointSize:=24
LabelPointSize:=32

7=

72:=1

Y3:=1

m:=2

n:=4

Vp.:=2

v1:=3

v9:=3

v3:=3

-, ¢, K]:=

1 (s [LEIon1) " | s [ sl | s [l ] >—
7 o

RE]

K=

1 .
NMaximize[r[o,p,l] i{01‘p}] [ ?
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X:=1.45

Y:=13

Z:=1.25

ReferenceSystem =

Graphics3D[{Black, EdgeForm[Black], Thickness[0.0025], EdgeForm[Thickness[0.0025]],
Line [{{—%,0,0},{X,0,0}}] ,Polygon [{{X, —5Max[X, Y, Z],0},

{X, sMax[X,Y, Z],0}, {X + {5Max[X,Y, Z],0,0}}],

Line [{{0,—%,0},{0,Y,0}}] ,Polygon [{{—2Max[X,Y, Z],Y, 0},

{sMax[X,Y, Z],Y,0}, {0,Y + $5Max[X, Y, Z],0} }] ,

Line [{{0,0,—Z},{0,0, Z}}] ,Polygon [{{— Mor(Xy.7, M XD z} ,

{—[—1““’;3‘\’/’;’2 ,—MedXrg) Z} ,{0,0,Z + LMax(X, Y, 2]}}],

Text [Style ["Z", FontFamily — TextFont, FontSlant — Italic, FontWeight — Bold,
FontSize — LabelPointSize], { X + Max[X,Y, Z], -t Max[X, Y, Z],0}] ,
Text [Style ["¢", FontFamily — TextFont, FontSlant — Italic, FontWeight — Bold,
FontSize — LabelPointSize], { — s Max[X,Y, Z],Y + sMax[X,Y, Z],0}],
Text [Style [* 2", FontFamily — TextFont, FontSlant — Italic, FontWeight — Bold,

FontSize — LabeIPointSize],{— Max(X.¥,7] Max|X.Y.7]

15v2 ’  15v2
Z + {sMax[X, Y, Z]}] } , Lighting — None,Boxed — False, AspectRatio — Automatic,
DisplayFunction — Identity];

RI[0-, ¢ ):=r[0, ¢, K]

fIX,y-,z]=e= vtz — x4 2iy — 32
f16-,0]:=f[R[0, ¢]Sin[f]Cos[e],
R[6, ¢]Sin[d]Sin[], R0, ¢]Cos[6]]
My:=50

M,:=100

A0 = ML95

Ap = 2

Pij. = {R[iA0, jA¢]Sin[iAb]Cos[jAg],R[iAf, j A]Sin[iAf]Sin[j Ay],
R[:A6, jAp]Cos[iAd]};

v = Table [Abs [N [f [(i — 3) A6, (5 — 1) A¢]]], {5, Mo}, {5, M,}];

M = Max[v];

Clipping[o_]:=Which [u <m,0,m <0< M, 0> M,1]

FPlot = Graphics3D([Table [{EdgeForm([], JetFunction [Clipping [v[; ;1] ] ,

Polygon [{P;—1,5, Pi,j, Pi,j—1, Pi-1,5-1}]} , {i, Mp} , {j, M, }] , Lighting — Automatic,
Boxed — False, AspectRatio — Automatic,DisplayFunction — ldentity];

F = Show|[FPlot, ReferenceSystem, PlotRange — All,ViewPoint — {2.0,1.5,1.5},
DisplayFunction — $DisplayFunction]
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em=Iffm ==0,1,2]

Otn_m_mEm 2221 E:jr:; !Nintegrate[f [0, |LegendreP[n, m, Cos[6)]]

Cos[m]Sin[d], {0,0, 7}, {¢, 0, 2w },Method — MultiDimensional, AccuracyGoal — 6,
PrecisionGoal — 6]

Bom_=em 2811 (:%)l: Nintegrate[f [0, ¢]LegendreP[n, m, Cos[d]]

Sin[m¢]Sin[d], {6, 0, 7}, {p, 0,27 },Method — MultiDimensional, AccuracyGoal — 6,
PrecisionGoal — 6]

xlnJ:=n

£[n_,m_,0_, ¢ ]:=R[6, p]XI" LegendreP[n, m, Cos[6]]Cos[m¢]

n[n_,m_, 0_, o_]:=R[0, p]X[*LegendreP[n, m, Cos[6]|Sin[my]

X5 oy mer 2 O Nintegrate[¢[n, m, 0, ] LegendreP[h, &, Cos[f]]
Cos[ty]Sin[6], {6, 0,7}, {¢, 0, 27} ,Method — MultiDimensional, AccuracyGoal — 6,
PrecisionGoal — 6]

X =ee 2511 (0 Nintegrate[£[n, m, 6, ] LegendreP[h, ¢, Cos{6]]

n_,m_bh_e*
Sin[€y]Sin[6], {6,0, 7}, {¢, 0,27 },Method — MultiDimensional, AccuracyGoal — 6,
PrecisionGoal — 6]

Vi pe ey gg;g: Nintegrate[n[n, m, 6, ©]LegendreP[h, ¢, Cos[d]]

Cos[ty]Sin[6], {6, 0,7}, {¢, 0,27} ,Method — MultiDimensional, AccuracyGoal — 6,
PrecisionGoal — 6]

o %g—;:))—: Nintegrate[n[n, m, 6, ©]LegendreP[h, ¢, Cos[d]]

Sin[ep]Sin[6], {0,0, 7}, {¢, 0, 27 },Method — MultiDimensional, AccuracyGoal — 6,
PrecisionGoal — 6]

N:=4

€ = Flatten[Join[Table[Table [—Ol(;,t + Zﬁ,:o Y=o ““’"‘X:m,b#"'
S o s b e (8.0,63] (5,0, 4] Tablel
Table [-ﬂb’t + Zﬁ/‘:() Z:'(,:O an,er:m’[),t-l-
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Zﬁf=0 Z;=l b“,myn_,m,b,v {{’" 1, b}] ’ {b: O,N}]]] >
NE = Length[€];

41 = Flatten [Join [Table [Table [ay,m, {m,0,n}], {n,0,N'}],
Table [Table [by,m, {m,1,n}], {n,0,N}]]];
NU = Length[4A];

A = Table [Coefficient [€, Yip] > {3, NEY, {4, NU}]
EPS:=10—6
b = Table [Chop [—(5[[,']] + Z;m'l:l A i EPS] , {1, ‘ﬁ@}] ;

€ = Chop|Pseudolnverse[A].b, EPS];
i=1;

For[t = 0,M < NV, ++N,

For[90t = 0, M < 9N, ++IMN,

A, = €ppp);

i+=1;

]

]
For[t = 0,M < NV, ++N,
For[0t = 0, M < N, ++M,

I == 0,
Bor,om = 0;
Bao,m = €[
i+=1;

]
]
]

Print["[a,,»]=", MatrixForm [Table [If [m > n,0, % m], {n,0,N}, {m, 0, V'}]]];
Print["[b,,m]=", MatrixForm [Table [If [m > n|jm == 0,0, By m], {n,0, N}, {m,0, N'}]]];

1.13064 0 0 0 0
—1.92057  —0.0794314 0 0 0
[an,m]= 0.350663 —0.353483 0.175331 0 0
0.0568304  —0.0730996  0.0349229  —0.0110986 0
—0.0679669 —0.00956732 0.00529085 —0.00159455 —0.0000266465
0 0 0 0 0
0  —3.08014: 0 0 0
[bnm]=] O —0.35361¢ 0.1768: 0 0
0 —0.0740652: 0.035021¢ —0.0123442; 0
0 —0.00964811% 0.00519477: —0.001713947 0.000415244¢

Ulp,0-,¢]:=
Zﬁio > m=0(pR[6, ¢])XI"]LegendreP[n, m, Cos[0]] (2n,m COS[mep] + B, mSin[me])

V = Table [Abs [N [t/ [1, (i — 3) A6, (5 — 3) A¢]]], {i, Mo}, {5, M, }];

63



BVPlot = Graphics3D[Table [{ EdgeForm[], JetFunction [Clipping [V ;1] »
Polygon [{P;_1,5, Pi,j, Pi,j—1, Pi-1,-1}]} , {1, Mp} , {j, M, }] , Lighting — Automatic,
Boxed — False, AspectRatio — Automatic,DisplayFunction — Identity];

BV = Show[BVPIot, ReferenceSystem, PlotRange — All,ViewPoint — {2.0,1.5,1.5},
DisplayFunction — $DisplayFunction]

~

e = 100x (NIntegrate [Abs[U[1, 0, o] — f[6, ©]]>R[8, ¢]Sin[6], {0,0, 7}, {e,0,2n},
Method — MultiDimensional,AccuracyGoal — 6, PrecisionGoal — 6]/

Nintegrate [Abs[f[6, ¢]]*R[6, ¢]Sin[6], {6,0, 7}, {p, 0,27},

Method — MultiDimensional, AccuracyGoal — 6, PrecisionGoal — 6])3;

Print[" ex=", CForm[Chop[e, EPS]], "%"];

en = 0.4323351762477782%
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