Theory and Applications of Categories, Vol. 26, No. 15, 2012, pp. 385–402.

SKEW MONOIDALES, SKEW WARPINGS AND QUANTUM CATEGORIES

STEPHEN LACK AND ROSS STREET

Abstract. Kornel Szlachányi [28] recently used the term skew-monoidal category for a particular laxified version of monoidal category. He showed that bialgebroids H with base ring R could be characterized in terms of skew-monoidal structures on the category of one-sided R-modules for which the lax unit was R itself. We define skew monoidales (or skew pseudo-monoids) in any monoidal bicategory M . These are skew-monoidal categories when M is Cat. Our main results are presented at the level of monoidal bicategories. However, a consequence is that quantum categories [10] with base comonoid C in a suitably complete braided monoidal category V are precisely skew monoidales in Comod(V ) with unit coming from the counit of C. Quantum groupoids (in the sense of [6] rather than [10]) are those skew monoidales with invertible associativity constraint. In fact, we provide some very general results connecting opmonoidal monads and skew monoidales. We use a lax version of the concept of warping defined in [3] to modify monoidal structures.

1. Introduction

To prove coherence for monoidal categories, Mac Lane [21] found that five axioms sufficed. Kelly [16] reduced these to two axioms. However, the reduction depends critically on invertibility of the associativity and unit constraints.

A skew-monoidal category in the sense of Szlachányi [28] is defined in the same way as a monoidal category (see [11] or [22]) except that the associativity and unit constraints need not be invertible. Therefore, the directions of these constraints must be specified. For a left skew-monoidal category C with tensor product functor ∗ : C × C −→ C and unit object J, the natural families of lax constraints have the directions

α_{XY Z} : (X ∗ Y ) ∗ Z −→ X ∗ (Y ∗ Z) (1.1)

λ_X : J ∗ X −→ X (1.2)

ρ_X : X −→ X ∗ J (1.3)

Both authors gratefully acknowledge the support of Australian Research Council Discovery Grant DP1094883; Lack acknowledges with equal gratitude the support of an Australian Research Council Future Fellowship.

Received by the editors 2012-05-25 and, in revised form, 2012-08-30. Transmitted by Walter Tholen. Published on 2012-09-04.

2000 Mathematics Subject Classification: 18D10; 18D05; 16T15; 17B37; 20G42; 81R50. Key words and phrases: bialgebroid; fusion operator; quantum category; monoidal bicategory;

monoidale; skew-monoidal category; comonoid; Hopf monad.

© Stephen Lack and Ross Street, 2012. Permission to copy for private use granted. 385 subject to five conditions: the pentagon for α, a condition relating α_{XJY} , λ_Y and ρ_X , one relating α_{JXY} and λ, one relating α_{XY J} and ρ, and one relating λ_J and ρ_J . For a right skew-monoidal category, the constraints have their directions reversed. A left skewmonoidal structure on C yields a right one both on C^{op} (in which morphisms are reversed) and on C^{rev} (in which the tensor is switched).

A left skew monoidal category will be called Hopf when the associativity constraint is invertible. The reason for this term should become clear. It is called left [right] normal when the left [right] unit constraints are invertible. So a monoidal category is precisely a left and right normal Hopf left skew monoidal category.

It was shown in [27] that the bialgebroids (as considered by [29, 20, 30, 15]) with base ring R amount to cocontinuous opmonoidal monads on the category of two-sided R-modules. This was one motivation for [10] in defining quantum categories in a braided monoidal category V as monoidal comonads in an appropriate place. When V is the dual of the category of abelian groups, quantum categories are bialgebroids.

What is shown in [28] is that such bialgebroids are closed left skew-monoidal structures on the category of left R-modules. This is the motivation for the present paper where we show that quantum categories are skew-monoidal objects, with a certain unit, in an appropriate monoidal bicategory. The Hopf skew-monoidal objects are quantum groupoids.

We present our main theorems in Section 5 at the level of monoidal bicategories. We also relate the work to the fusion operators of [24] and the warpings of monoidal structures of [3].

2. Fusion operators, tricocycloids and bimonoids

Let V be a braided monoidal category [14]. We write as if it were strict monoidal.

A lax fusion operator on an object A in V is a morphism

V : A ⊗ A −→ A ⊗ A

satisfying the fusion equation V_{23}V_{12} = V_{12}V_{13}V_{23} (2.4) where V_{12} = V ⊗ 1_A, V_{23} = 1_A ⊗ V and V_{13} = (c_{A,A} ⊗ 1_A)(1_A ⊗ V )(c_{A,A} ⊗ 1_A)^{−1}. It is a fusion operator (as defined in [24]) when V is invertible.

If we put v = c_{A,A}V , the proof of Proposition 1.1 of [24] shows that V satisfies (2.4) if and only if v satisfies the 3-cocycle condition

(v ⊗ 1_A)(1_A ⊗ c_{A,A})(v ⊗ 1_A) = (1_A ⊗ v)(v ⊗ 1_A)(1_A ⊗ v) . (2.5)

A lax tricocycloid in V is defined to be an object A equipped with a morphism v : A ⊗ A −→ A ⊗ A satisfying (2.5). The lax tricocycloid (A, v) is augmented when it is equipped with a unit η : I −→ A and a counit ε : A −→ I satisfying the following four conditions:

(A^{1A⊗η}−→ A ⊗ A^v−→ A ⊗ A^{1A⊗ε}−→ A) = (A^{1A}−→ A) (2.6)

(A ⊗ A^v−→ A ⊗ A^{ε⊗1A}−→ A) = (A ⊗ A^{1A⊗ε}−→ A) (2.7) (A^{η⊗1A}−→ A ⊗ A^v−→ A ⊗ A) = (A^{1A⊗η}−→ A ⊗ A) (2.8) (I^η−→ A^ε−→ I) = (I^{1I}−→ I) . (2.9) 2.1. Proposition. Let V be a braided monoidal category and let A be an augmented lax tricocycloid. A left skew monoidal structure on V with the same unit object I is defined as follows. The new tensor product is X ∗ Y = A ⊗ X ⊗ Y , the associativity constraint α_{XY Z} : (X ∗ Y ) ∗ Z −→ X ∗ (Y ∗ Z) is α_{XY Z} = (1_A ⊗ c_{A,X} ⊗ 1_Y ⊗ 1_Z )(v ⊗ 1_X ⊗ 1_Y ⊗ 1_Z ) , the left unit constraint λ_X : I ∗ X −→ X is ε ⊗ 1_X : A ⊗ X −→ X , and the right unit constraint ρ_X : X −→ X ∗ I is η ⊗ 1_X : X −→ A ⊗ X .

Proof. The proof of Proposition 2.1 of [24] shows that α satisfies the pentagon. The other axioms follow, one by one, from the four axioms on an augmentation. 2.2. Remark. In the terminology to be introduced in Section 4, an augmented lax tricocycloid is precisely a left skew monoidal structure on the unit monoid I, in the monoidal bicategory Mod(V ) of monoids in V and two-sided modules between them, where the unit is I acting on itself on both sides. However, we will now see that it is also something perhaps more familiar.

2.3. Proposition. Let V be a braided monoidal category. There is a bijection between bimonoid structures on an object A, with respect to the inverse braiding, and augmented lax tricocycloid structures on A. The bijection is defined by v = (A ⊗ A^{δ⊗1A}−→ A ⊗ A ⊗ A^{1A⊗μ}−→ A ⊗ A^{cA,A}−→ A ⊗ A) and the inverse is defined by μ = (A ⊗ A^v−→ A ⊗ A^{1A⊗ε}−→ A)

δ = (A^{1A⊗η}−→ A ⊗ A^v−→ A ⊗ A^c −1 A,A−→ A ⊗ A) , where, of course, the unit and counit of the bimonoid give the augmentation of the lax tricocycloid. The bimonoid is Hopf if and only if the operator v of the corresponding lax tricocycloid is invertible.

Proof. This is quite an enjoyable exercise with the string diagrams of [13]. Part of it is done in the proof of Proposition 1.2 of [24]. The last sentence of the Proposition, with string diagrammatic proof, can be found as Proposition 10 of [2].

388 STEPHEN LACK AND ROSS STREET

3. Skew warpings

The concept of warping for a monoidal category was introduced at the end of [3] as a way of modifying the monoidal structure. We now adapt that idea to skew monoidal categories. A possible connection between warpings and skew monoidal categories was mentioned already by Szlachányi [28].

Let A denote a left skew monoidal category. A skew left warping of A consists of the following data:

(a) a functor T : A −→ A ;

(b) an object K of A ;

(c) a natural family of morphisms v_{A,B} : T (T A ⊗ B) −→ T A ⊗ T B in A ;

(d) a morphism v_0 : T K −→ I; and,

(e) a natural family of morphisms k_A : A −→ T A ⊗ K;

such that the following five diagrams commute.

T (T A ⊗ B) ⊗ T C^{vA,B ⊗1} � (T A ⊗ T B) ⊗ T C

α_{T A,T B,T C} � T (T (T A ⊗ B) ⊗ C)

v_{T A⊗B,C} �

T (v_{A,B} ⊗1) � T A ⊗ (T B ⊗ T C)

T ((T A ⊗ T B) ⊗ C)

T α_{T A,T B,C} � � � � T A ⊗ T (T B ⊗ C)

1⊗v_{B,C} �

T (T A ⊗ (T B ⊗ C))

v_{A,T B⊗C} � � � �

(3.10)

T K ⊗ T B

v_0⊗1_{T B} � � � � T (T K ⊗ B)

v_{K,B} � � � �

T (v_0 ⊗1_B ) � I ⊗ T B

λ_{T B} � T (I ⊗ B)_{T λB} � T B

(3.11)

T (T A ⊗ K)^{vA,K} � T A ⊗ T K

1⊗v_0 � T A T k_A �

ρ_{T A}

� T A ⊗ I

(3.12)

T (T A ⊗ B) ⊗ K^{vA,B ⊗1K} � (T A ⊗ T B) ⊗ K

α_{T A,T B,K} � T A ⊗ B

k_{T A⊗B} �

1_{T A}⊗k_B

� T A ⊗ (T B ⊗ K)

(3.13)

T K ⊗ K^{v0⊗1K} � I ⊗ K

λ_K � K_{1K} �

k_K � K (3.14)

A skew left warping is called Hopf when each v_{A,B} is invertible.

3.1. Example. An augmented lax tricocycloid (A, v, η, ε) in a braided monoidal category V determines a skew left warping on V with T X = A ⊗ X, K = I,

v_{X,Y} = (A ⊗ A ⊗ X ⊗ Y^{v⊗1X ⊗1Y}−→ A ⊗ A ⊗ X ⊗ Y^{1A⊗cA,X ⊗1Y}−→ A ⊗ X ⊗ A ⊗ Y ) ,

v_0 = ε : A −→ I, and k_X = η ⊗ 1_X : X −→ A ⊗ X.

3.2. Example. Suppose A is a monoidal category and K is an object in it which has a right dual R with unit η : I −→ R ⊗ K and counit ε : K ⊗ R −→ I. A Hopf skew left warping on A is defined by T A = A ⊗ R, K = K, v_{A,B} = 1_{A⊗R⊗B⊗R}, v_0 = ε and k_A = 1_A ⊗ η.

The definitions of monoidal functor, opmonoidal functor, monoidal natural transformation and opmonoidal natural transformation can be made verbatim for left skew monoidal categories. For example, if A and X are left skew monoidal categories, an opmonoidal functor T : A −→ X is equipped with a natural family of morphisms ψ_{A,B} : T (A ⊗ B) −→ T A ⊗ T B and a morphism ψ_0 : T I −→ I satisfying the usual three axioms but keeping in mind that the constraints in A and X are not necessarily invertible. The concept of opmonoidal monad on a left skew-monoidal category is therefore clear.

3.3. Remark. A monoidal category A is both left and right skew-monoidal by taking the inverse constraints. An opmonoidal monad T on A is the same as an opmonoidal monad on the monoidal category A^{rev} (which is A with reversed tensor product).

3.4. Example. Suppose T is an opmonoidal monad on a left skew monoidal category A . A skew left warping on A is defined by T = T , K = I,

v_{A,B} = (T (T A ⊗ B)^{ψT A,B}−→ T T A ⊗ T B^{μA⊗1T B}−→ T A ⊗ T B) ,

v_0 = ψ_0 : T I −→ I and k_A = (A^{ηA}−→ T A^{ρT A}−→ T A ⊗ I) .

This example has a converse as expressed by Proposition 3.5 below.

The next Proposition contains Remark 2.7 of [4] concerning the special case where A is monoidal; also see [25].

3.5. Proposition. Suppose the left skew monoidal category A is right normal. Then the construction of Example 3.4 determines a bijection between opmonoidal monads on A and skew left warpings on A for which K = I.

Proof. Given a skew left warping with K = I, we obtain a monad structure on T by taking the multiplication μ to be the composite

T T A^{T ρT A}−→ T (T A ⊗ I)^{vA,I}−→ T A ⊗ T I^{1T A⊗v0}−→ T A ⊗ I^ρ −1 T A−→ T A and the unit η_A to be A^{kA}−→ T A ⊗ I^ρ −1 T A−→ T A .

For the opmonoidal structure, we take ψ_{A,B} to be

T (A ⊗ B)^{T (ηA⊗1B )}−→ T (T A ⊗ B)^{vA,B}−→ T A ⊗ T B and ψ_0 to be v_0 : T I −→ I.

The next result is easily proved.

3.6. Proposition. A skew left warping of a left skew monoidal category A determines another left skew monoidal structure on A as follows: (a) tensor product functor A ∗ B = T A ⊗ B; (b) unit K;

(c) associativity constraint T (T A ⊗ B) ⊗ C^{vA,B ⊗1C}−→ (T A ⊗ T B) ⊗ C^{αT A,T B,C}−→ T A ⊗ (T B ⊗ C) ;

(d) left unit constraint T K ⊗ B^{v0⊗1B}−→ I ⊗ B^{λB}−→ B ;

(e) right unit constraint A^{kA}−→ T A ⊗ K .

There is an opmonoidal functor (T, v_0, v_{A,B}) : (A , ∗, K) −→ (A , ⊗, I). 3.7. Example. Applying Proposition 3.6 to Example 3.2, we obtain a Hopf left skewmonoidal structure on any monoidal category A from a duality K ⊣ R. The new tensor product is defined by A ∗ B = A ⊗ R ⊗ B. We denote A equipped with this left skewmonoidal structure by A_K . A bicategorical version of this simple idea will be of some interest below.

3.8. Example. By Remark 3.3, we see that an opmonoidal monad on a monoidal category A gives rise to both a left and right skew-monoidal structure on A ; the left tensor product of A and B is T A ⊗ B while the right is A ⊗ T B; the unit is I as in A in both cases.

4. Skew monoidales

Let M be a monoidal bicategory [9], which is the natural context in which monoidales (or pseudomonoids) can be studied [12, 9, 19]. Mostly, we write as if it were a Gray monoid [12, 9].

A left skew-monoidal structure on an object C in M consists of morphisms p : C ⊗ C −→ C, j : I −→ C, respectively called the tensor product and unit, and 2-cells

C ⊗ (C ⊗ C)^{1⊗p} � C ⊗ C p � � � � � (C ⊗ C) ⊗ C

a_{C,C,C} � � � � p⊗1 � � α� � � � C ⊗ C_p � C

(4.15)

C ⊗ C p � � � � I ⊗ C j⊗1 � ℓ � � � λ � C (4.16)

C 1 � r � C ⊗ I 1⊗j � ρ � C C ⊗ C p � , (4.17)

respectively called the associativity, left unit and right unit constraints, satisfying the following five conditions.

p(p ⊗ 1)(1 ⊗ p ⊗ 1)

α(1⊗p⊗1) � � � � p(p ⊗ 1)(p ⊗ 1 ⊗ 1)

p(α⊗1) � � � �

α(p⊗1⊗1) � p(1 ⊗ p)(1 ⊗ p ⊗ 1)

p(1⊗α) � p(1 ⊗ p)(p ⊗ 1 ⊗ 1)

∼= � � � � p(1 ⊗ p)(1 ⊗ 1 ⊗ p)

p(p ⊗ 1)(1 ⊗ 1 ⊗ p)

α(1⊗1⊗p) � � � �

(4.18)

p(p ⊗ 1)(1 ⊗ j ⊗ 1)^{α(1⊗j⊗1)} � p(1 ⊗ p)(1 ⊗ j ⊗ 1)

p(1⊗λ) � p_1 �

p(ρ⊗1) � p (4.19) p(p ⊗ 1)(j ⊗ 1 ⊗ 1)^{p(λ⊗1)} �

α(j⊗1⊗1) � p

p(1 ⊗ p)(j ⊗ 1 ⊗ 1)_{∼=} � p(j ⊗ 1)p λp � (4.20)

p^{p(1⊗ρ)} � ρp � p(1 ⊗ p)(1 ⊗ 1 ⊗ j)

p(1 ⊗ j)p_{∼=} � p(p ⊗ 1)(1 ⊗ 1 ⊗ j)

α(1⊗1⊗j) � (4.21)

p(1 ⊗ j)j^{∼=} � p(j ⊗ 1)j λj � j_1 � ρj � j (4.22)

An object C of M equipped with a left skew-monoidal structure is called a left skew monoidale in M .

4.1. Remark. The microcosm principle applies here. There is a concept of left skewmonoidal bicategory. Indeed, the definition of tricategory in [12] has the constraints precisely in the required directions. What we want here is the one object case. So a left skew-monoidal structure on a bicategory M has a pseudofunctor ⊗ : M × M −→ M and unit object I with pseudonatural constraints

a_{XY Z} : (X ⊗ Y ) ⊗ Z −→ X ⊗ (Y ⊗ Z)

ℓ_X : I ⊗ X −→ X

r_X : X −→ X ⊗ I .

Where there were five axioms for a left skew-monoidal category, there are now higherorder constraints which we take to be invertible modifications in the diagrams for those axioms. There are axioms on these modifications essentially as set out in [12]. (There is presumably an even more skew version of monoidal bicategory where these modifications are not required to be invertible but as yet we have no need for that generality.)

The point we wish to make is that left skew monoidale makes sense in any left skewmonoidal bicategory. Indeed, the reason for writing the structures (4.15), (4.16) and (4.17) the way we have is to show this level of generality. However, the axioms (4.18) to (4.22) must be redrawn more fully using pasting diagrams since they currently are appropriate only for a Gray monoid.

To complete this remark, notice that right skew monoidale also makes sense in any left skew-monoidal bicategory. This is because reversing 2-cells in M yields a left skewmonoidal structure on M^{co}; then a right skew monoidale in M can be defined to be a left skew monoidale in M^{co}.

4.2. Example. A left skew monoidale in the cartesian monoidal 2-category Cat of categories, functors and natural transformations is a left skew-monoidal category as in Section 1.

4.3. Example. More generally, for braided monoidal category V , a left skew monoidale C in the monoidal 2-category V -Cat of V -categories, V -functors and V -natural transformations is defined to be a left skew-monoidal V -category.

4.4. Example. For a symmetric closed monoidal category V which is complete and cocomplete, a left skew monoidale C in the monoidal bicategory V -Mod of V -categories, two-sided V -modules and V -module morphisms is defined to be a left skew-promonoidal V -category. As for the case of a promonoidal V -category in Brian Day’s doctoral thesis (see [7]), the same convolution formulas give a closed left skew-monoidal V -category [C^{op}, V ].

4.5. Example. As a particular case of Example 4.4 (actually, with far fewer conditions on V and care with the braiding), we see from Section 2 that each bimonoid in V yields a left skew-promonoidal structure on the unit V -category I .

It is possible to lift most of what we have said about skew-monoidal categories to skew monoidales. In particular, the notion of skew left warping on a monoidale A makes sense: just adapt in the obvious way the definition of warping on A as given in Section 8 of [3]; the data are:

(a) a morphism t : A −→ A;

(b) a morphism k : I −→ A;

(c) a 2-cell A ⊗ A^p � A t � � � � � A ⊗ A t⊗1 � � � � t⊗t � v � � � � � A ⊗ A_p � A ;

(d) a 2-cell A_t � � � � � I k � � � � � j � v_0 � � � � � A ; (e) a 2-cell A ⊗ A p � � � � � A t⊗k � � � � � 1_A � � κ � � � � A ; subject to five axioms. We have more general forms of Propositions 3.5 and 3.6.

4.6. Proposition. Suppose the left skew monoidale A is right normal. Then there is a bijection between opmonoidal monads on A and skew left warpings on A for which k = j.

4.7. Proposition. A skew left warping of a left skew monoidale A determines another left skew monoidal structure on A as follows:

(a) tensor product functor p_t = p(t ⊗ 1_A) : A ⊗ A −→ A;

(b) unit k : I −→ A;

(c) associativity constraint

p(t ⊗ 1)(p ⊗ 1)(t ⊗ 1 ⊗ 1)^{p(v⊗1)}=⇒ p(p ⊗ 1)(t ⊗ t ⊗ 1)^{α(t⊗t⊗1)}=⇒ p(1 ⊗ p)(t ⊗ t ⊗ 1) ;

(d) left unit constraint p(tk ⊗ 1)^{p(v0⊗1)}=⇒ p(j ⊗ 1)^λ=⇒ 1_A ;

(e) right unit constraint 1_A^κ=⇒ p(t ⊗ k) .

There is an opmonoidal morphism (t, v_0, v) : (A, k, p_t) −→ (A, p, j).

4.8. Example. Suppose K is an object with a right bidual R in the monoidal bicategory M , so that we have a unit n : I −→ R ⊗ K and counit e : K ⊗ R −→ I. We can generate the monoidale K^e = R ⊗ K with tensor product p = 1 ⊗ e ⊗ 1 and unit j = n. Consideration of bialgebroids motivates us to consider opmonoidal monads t on K^e. By Proposition 4.6, these are in bijection with skew left warpings t on K^e with k = n. Now by Proposition 4.7, any such determines a new left skew monoidal structure p_t on K^e.

5. Two bicategorical theorems

Let M be a monoidal bicategory containing an object K with a right bidual R. A Hopf left skew-monoidal bicategory M_K is defined by bumping Example 3.7 up a dimension. The tensor product is A ∗ B = A ⊗ R ⊗ B with unit K. Let K^e denote the monoidale R ⊗ K with tensor product

p = 1 ⊗ e ⊗ 1 : R ⊗ K ⊗ R ⊗ K −→ R ⊗ K

and unit j = n : I −→ R ⊗ K .

Our purpose in this section is to give two reinterpretations of opmonoidal monads on K^e as right skew monoidales. The first is quite general while the second requires a monadicity condition satisfied in examples of interest.

The biduality K ⊣_b R gives an equivalence of categories M (K^e, K^e) ≃ M (K ∗ K, K) (5.23)

taking t : R ⊗ K −→ R ⊗ K to t̂ : K ⊗ R ⊗ K^{1⊗t}−→ K ⊗ R ⊗ K^{e⊗1}−→ K. Similarly, we have equivalences of categories M (K^e ⊗ K^e, K^e) ≃ M (K ∗ K ∗ K, K) (5.24) and M (I, K^e) ≃ M (K, K) . (5.25) 5.1. Theorem. The equivalence (5.23) induces an equivalence of categories between opmonoidal monads t on K^e in the monoidal bicategory M and right skew-monoidal structures on K with unit 1_K in the Hopf left skew-monoidal bicategory M_K . Proof. By Proposition 4.6, an opmonoidal monad t on K^e can equally be thought of as a skew right warping of K^e with unit k = n. So we have a right fusion 2-cell v : t(1 ⊗ e ⊗ 1)(1_Ke ⊗ t) =⇒ (1 ⊗ e ⊗ 1)(t ⊗ t) : K^e ⊗ K^e −→ K^e , and 2-cells v_0 = ψ_0 : tn =⇒ n : I −→ K^e and κ = η : 1_Ke =⇒ (1 ⊗ e ⊗ 1)(n ⊗ t) ∼= t : K^e −→ K^e , satisfying five axioms. Now look at the definition of right skew-monoidale: see (4.15), (4.16) and (4.17) with α, λ and ρ reversed. In our case, with p = t̂ and j = 1_K , we see that we require α_K : t̂(1_K ⊗ 1_R ⊗ t̂) =⇒ t̂(t̂ ⊗ 1_R ⊗ 1_K ) : K ∗ K ∗ K −→ K , ρ_K : t̂(1_K ⊗ n) =⇒ 1_K : K −→ K and λ_K : e ⊗ 1_K =⇒ t̂ : K ∗ K −→ K satisfying the five axioms. We obtain the equivalence of the Theorem by choosing v, v_0 and κ to correspond respectively to α_K , ρ_K and λ_K under the equivalences (5.24), (5.25) and (5.23).

Now we present what seems to us to be the deepest result of the paper.

5.2. Theorem. Suppose M is a monoidal bicategory in which composition on both sides with a morphism preserves any reflexive coequalizers that exist in the hom categories. Suppose K ⊣_b R is a biduality in M . Suppose also that j : I −→ R is an opmonadic (= Kleisli-type) morphism in M and that the opmonadicity is preserved by tensoring with objects on both sides. Let j^∗ : R −→ I be a right adjoint for j and put j_∘ equal to (I^n−→ R ⊗ K^{j∗⊗1}−→ K). There is an equivalence of categories between opmonoidal monads t on K^e in the monoidal bicategory M and right skew-monoidal structures on K with unit j_∘ in the monoidal bicategory M . The skew tensor product q_t for K corresponding to t is the composite K ⊗ K^{1⊗j⊗1}−→ K ⊗ R ⊗ K^{1⊗t}−→ K ⊗ R ⊗ K^{e⊗1}−→ K .

Proof. Let s = j^∗j be the monad generated by the adjunction j ⊣ j^∗. We shall use Theorem 5.1 to avoid the opmonoidal monad t by dealing with the data t̂, 1_K , α_K , ρ_K and λ_K which already form a right skew-monoidal structure on K somewhere, namely, in M_K . While q_t is obtained from t̂ simply as the composite K ⊗ K^{1⊗j⊗1}−→ K ⊗ R ⊗ K^{t̂}−→ K, in order to use the opmonadic property of 1 ⊗ j ⊗ 1 : K ⊗ K −→ K ⊗ R ⊗ K to reproduce a t̂ from a right skew tensor morphism q : K ⊗ K −→ K, we require an opaction

ζ : q(1 ⊗ s ⊗ 1) =⇒ q : K ⊗ K −→ K .

This 2-cell is obtained as follows. Using the adjunction j ⊗ 1 ⊣ j^∗ ⊗ 1, we obtain a mate ν : j ⊗ 1 =⇒ (1 ⊗ q)(n ⊗ 1) for λ : 1 =⇒ q(j_∘ ⊗ 1) : K −→ K. We define ζ to be the composite

q(1 ⊗ j^∗ ⊗ 1)(1 ⊗ j ⊗ 1)^{q(1⊗j∗⊗1)(1⊗ν)}=⇒ q(1 ⊗ j^∗ ⊗ 1)(1 ⊗ 1 ⊗ q)(1 ⊗ n ⊗ 1) ∼= q(1 ⊗ q)(1 ⊗ j^∗ ⊗ 1 ⊗ 1)(1 ⊗ n ⊗ 1)^{α(1⊗j∗⊗1⊗1)(1⊗n⊗1)}=⇒

q(q ⊗ 1)(1 ⊗ j^∗ ⊗ 1 ⊗ 1)(1 ⊗ n ⊗ 1)^{q(ρ⊗1)}=⇒ q .

The opaction axioms and the necessity for ζ to be defined this way can be verified.

Similarly, the constraint α : q(1 ⊗ q) =⇒ q(q ⊗ 1) is obtained simply from α_K by precomposing with 1 ⊗ j ⊗ 1 ⊗ j ⊗ 1 : K ⊗ K ⊗ K −→ K ⊗ R ⊗ K ⊗ R ⊗ K. However, to reproduce α_K from α, we use the opmonadicity of 1 ⊗ j ⊗ 1 ⊗ 1 ⊗ 1 and 1 ⊗ 1 ⊗ 1 ⊗ j ⊗ 1; it requires verifying that α is compatible with the coactions coming from ζ.

A right adjoint j^∘ for j_∘ is defined by the composite

K ⊗ K^{1⊗j}−→ K ⊗ R^e−→ I .

So λ : 1 =⇒ q_t(j_∘ ⊗ 1) and λ_K (1 ⊗ j ⊗ 1) : j^∘ ⊗ 1 =⇒ q_t are mates. Again, to retrieve λ_K from λ, the opmonadicity of 1 ⊗ j ⊗ 1 is used.

Since j ⊗ 1_K ∼= nj^∘ : K −→ R ⊗ K, we see that ρ_K (1 ⊗ j^∘) : q =⇒ 1 ⊗ j^∘ and ρ : q(1 ⊗ j_∘) =⇒ 1 are mates. To retrieve ρ_K from ρ we need to use the fact that the counit ε : jj^∗ =⇒ 1_R is the coequalizer of the two 2-cells (εjj^∗), (jj^∗ε) : jj^∗jj^∗ =⇒ jj^∗.

6. Quantum categories

Let V be a braided monoidal category which has equalizers of coreflexive pairs such that tensoring V ⊗ − with a fixed object V preserves those equalizers. This allows the construction (see [8], [10] or [5]) of the autonomous monoidal bicategory Comod(V ) whose objects are comonoids C in V and whose morphisms M : C −→ D are left C-, right Dcomodules. Recall that the composite NM = M ⊗_D N of comodules M : C −→ D and N : D −→ E is given by the usual coreflexive equalizer. The right bidual of C is written C^∘ with counit e : C ⊗ C^∘ −→ I and unit n : I −→ C^∘ ⊗ C. There is a canonical monoidale (= pseudomonoid) structure on C^e = C^∘ ⊗ C with multiplication p = 1 ⊗ e ⊗ 1 : C^e ⊗ C^e −→ C^e and unit j = n : I −→ C^e.

A quantum category (C, A) in V is a monoidal comonad A on the canonical monoidale C^e = C^∘ ⊗ C. This means that, in Comod(V ), we have a morphism A : C^e −→ C^e equipped with 2-cells ε : A =⇒ 1_Ce (6.26) and δ : A =⇒ A ⊗_Ce A , (6.27) satisfying the three comonad axioms, plus two more 2-cells

C^e ⊗ C^e A⊗A � p � C^e A � ϕ_2 �

C^e ⊗ C^e_p � C^e

(6.28)

and I j � � � � � j � C^e A � � � ϕ_0 � C^e ,

(6.29)

satisfying the three axioms making A a monoidal morphism and the four axioms making ε and δ monoidal 2-cells; this makes ten axioms in all.

6.1. Example. A quantum category (C, A) with C = I is precisely a bimonoid A in V : the comultiplication is δ, the counit is ε, the multiplication is ϕ_2, and the unit is ϕ_0, while the ten axioms are exactly those for a bimonoid A.

6.2. Example. The quantum category (C, A) with A the identity two-sided comodule C^e is called the chaotic quantum category on the comonoid C.

6.3. Example. Recall from [10] that, when V is the cartesian monoidal category Set, the bicategory Comod(V ) is Bénabou’s bicategory Span of spans [1] made monoidal using the cartesian product of sets. It was pointed out in [10] that a quantum category (C, A) here is an ordinary (small) category: C is the set of objects and A is the span

C × C^{(s,t)}←− A^{(s,t)}−→ C × C where s and t are the source and target functions. Of course, as pointed out in [1], a category is more simply a monad A on C in the mere bicategory Span: for this C and A are as before as sets but A is the span

C^s←− A^t−→ C .

However, important for us here is the point of view that categories are also left skew monoidales (C, A) in the monoidal bicategory Span: this time C and A are as before as sets but the tensor product A on C is the span

C × C^{(s,t)}←− A^t−→ C .

Given a morphism A : C^e −→ C^e in Comod(V ), we write A^′ for the composite

A^′ = (C^{ε∗⊗1}−→ C^∘ ⊗ C^A−→ C^∘ ⊗ C) (6.30)

(where ε is the counit of the comonoid C and ε^∗ is the right adjoint comodule it determines) and then Ā for the composite

Ā = (C ⊗ C^{1⊗A′}−→ C ⊗ C^∘ ⊗ C^{e⊗1}−→ C) . (6.31)

Notice that, as objects of V , the comodules A, A^′ and Ā are equal.

6.4. Theorem. There is a bijection between quantum category structures in V on (C, A) and left skew-monoidal structures on C, with tensor product morphism Ā and unit morphism ε^∗, in Comod(V ) using the inverse braiding.

Proof. This is an application of Theorem 5.2 with

M = Comod(V )^{co} .

The biduality C ⊣_b C^∘ in Comod(V ) remains as such in M and the monoidal comonad A on the monoidale C^e in Comod(V ) becomes an opmonoidal monad on C^e in M . The counit ε_∘ of the comonoid C^∘ yields a coopmonadic morphism ε^∗_∘ : I −→ C^∘ in Comod(V ). This gives our monadic j = ε^∗_∘ : I −→ C^∘ in M to which we can apply Theorem 5.2. The result follows on noting that right skew monoidales in M are left skew monoidales in Comod(V ).

An outline of the two constructions is as follows. Start with a quantum category (C, A) in V . Then we have a monoidal comonad A : C^e −→ C^e. The left fusion map [4, 6, 26] for A is

v^ℓ = (p · (A ⊗ A)^{p·(1A⊗δ)}=⇒ p · (A ⊗ A) · (1 ⊗ A)^{ϕ2·(1⊗A)}=⇒ A · p · (1 ⊗ A)) . (6.32)

From the calculations:

Ā · (Ā ⊗ 1_C ) ∼= (e ⊗ 1)(1 ⊗ A)(1 ⊗ ε^∗ ⊗ 1)(e ⊗ 1)(1 ⊗ A ⊗ 1)(1 ⊗ ε^∗ ⊗ 1 ⊗ 1) ∼= (e ⊗ 1)(1 ⊗ 1 ⊗ e ⊗ 1)(1 ⊗ 1 ⊗ 1 ⊗ A)(1 ⊗ 1 ⊗ 1 ⊗ ε^∗ ⊗ 1) (1 ⊗ A ⊗ 1)(1 ⊗ ε^∗ ⊗ 1 ⊗ 1) ∼= (e ⊗ 1)(1 ⊗ 1 ⊗ e ⊗ 1)(1 ⊗ A ⊗ A)(1 ⊗ 1 ⊗ 1 ⊗ ε^∗ ⊗ 1) (1 ⊗ ε^∗ ⊗ 1 ⊗ 1) ∼= (e ⊗ 1)(1 ⊗ p)(1 ⊗ A ⊗ A)(1 ⊗ ε^∗ ⊗ 1 ⊗ 1 ⊗ 1)(1 ⊗ 1 ⊗ ε^∗ ⊗ 1) and Ā · (1_C ⊗ Ā) ∼= (e ⊗ 1)(1 ⊗ A)(1 ⊗ ε^∗ ⊗ 1)(1 ⊗ e ⊗ 1)(1 ⊗ 1 ⊗ A)(1 ⊗ 1 ⊗ ε^∗ ⊗ 1) ∼= (e ⊗ 1)(1 ⊗ A)(1 ⊗ 1 ⊗ e ⊗ 1)(1 ⊗ 1 ⊗ 1 ⊗ A)(1 ⊗ ε^∗ ⊗ 1 ⊗ 1 ⊗ 1) (1 ⊗ 1 ⊗ ε^∗ ⊗ 1) ∼= (e ⊗ 1)(1 ⊗ A)(1 ⊗ p)(1 ⊗ 1 ⊗ 1 ⊗ A)(1 ⊗ ε^∗ ⊗ 1 ⊗ 1 ⊗ 1) (1 ⊗ 1 ⊗ ε^∗ ⊗ 1)

we see that we can whisker the left fusion 2-cell v^ℓ to define a 2-cell

α : Ā · (Ā ⊗ 1_C ) =⇒ Ā · (1_C ⊗ Ā) (6.33)

which is our associativity constraint. The right unit constraint

ρ : 1_C =⇒ Ā · (1_C ⊗ ε^∗) (6.34)

is taken to be η : C −→ A as a morphism of comodules from C to C. The left unit constraint λ : Ā · (ε^∗ ⊗ 1_C ) =⇒ 1_C (6.35) is taken to be t : A −→ C using the notation of [10, 5].

Now assume (C, M, ε^∗, α, λ, ρ) is a left skew monoidale in Comod(V ). So we have M : C ⊗ C −→ C, α : M · (M ⊗ 1_C ) =⇒ M · (1_C ⊗ M), λ : M_1 =⇒ 1_C , ρ : 1_C =⇒ M_2 where M_1 = (C^{ε∗⊗1}−→ C ⊗ C^M−→ C) and M_2 = (C^{1C ⊗ε∗}−→ C ⊗ C^M−→ C) .

As objects of V , we have M_1 = M_2 = M. As objects of V , we also have the composable pair object M · (M ⊗ 1) ∼= M_2 ⊗_C M_2 =: P and the cospan object M · (1 ⊗ M) ∼= M_2 ⊗_C M_1 =: P̃ .

We define δ := (M^{ρ⊗1}−→ P^α−→ P̃^{equ}−→ M ⊗ M)

(where equ is the defining equalizer for composition in Comod(V )) which makes M a comonoid with counit ε := (M^λ−→ C^ε−→ I) .

The coaction of M_1 gives

r := (M^δ−→ M ⊗ C^∘ ⊗ C^{ε⊗1⊗1}−→ C^∘ ⊗ C)

which turns out to be a comonoid morphism. The adjunction r_∗ ⊣ r^∗ then generates our comonad A : C^∘ ⊗ C −→ C^∘ ⊗ C

on C^e in Comod(V ). Notice that A = M as objects of V . The monoidal structure on A is defined by μ := (P^α−→ P̃^{equ}−→ M ⊗ M^{1⊗ε}−→ M) and η := (C^ρ−→ M) .

References

[1] Jean Bénabou, Introduction to bicategories, Lecture Notes in Mathematics 47 (Springer-Verlag, 1967) 1–77.

[2] Thomas Booker and Ross Street, Torsors, herds and flocks, Journal of Algebra 330 (2011) 346–374.

[3] Thomas Booker and Ross Street, Tannaka duality and convolution for duoidal categories, arXiv:1111.5659 (2011).

[4] Alain Bruguières, Stephen Lack and Alexis Virelizier, Hopf monads on monoidal categories, Advances in Math. 227 (2011) 745–800.

[5] Dimitri Chikhladze, A category of quantum categories, Theory and Applications of Categories 25(1) (2011) 1–37.

[6] Dimitri Chikhladze, Stephen Lack and Ross Street, Hopf monoidal comonads, Theory and Applications of Categories 24(19) (2010) 554–563.

[7] Brian J. Day, On closed categories of functors, Lecture Notes in Mathematics 137 (Springer-Verlag, 1970) 1–38.

[8] Brian J. Day, Paddy McCrudden and Ross Street, Dualizations and antipodes, Applied Categorical Structures 11 (2003) 229–260.

[9] Brian J. Day and Ross Street, Monoidal bicategories and Hopf algebroids, Advances in Math. 129 (1997) 99–157.

[10] Brian J. Day and Ross Street, Quantum categories, star autonomy, and quantum groupoids, in “Galois Theory, Hopf Algebras, and Semiabelian Categories”, Fields Institute Communications 43 (American Math. Soc. 2004) 187–226.

[11] Samuel Eilenberg and G. Max Kelly, Closed categories, Proceedings of the Conference on Categorical Algebra (La Jolla, 1965), (Springer-Verlag,1966) 421–562.

[12] Robert Gordon, A. John Power and Ross Street, Coherence for tricategories, Memoirs of the American Mathematical Society 117 no. 558 (1995) vi+81 pp.

[13] André Joyal and Ross Street, The geometry of tensor calculus, I, Advances in Mathematics 88 (1991) pp. 55–112.

[14] André Joyal and Ross Street, Braided tensor categories, Advances in Mathematics 102 (1993) 20–78.

[15] Lars Kadison and Kornel Szlachányi, Bialgebroid actions on depth two extensions and duality, Advances in Math. 179 (2003) 75–121.

[16] G. Max Kelly, On MacLane’s conditions for coherence of natural associativities, commutativities, etc., Journal of Algebra 1 (1964) 397–402.

[17] G. Max Kelly, Basic concepts of enriched category theory, London Mathematical Society Lecture Note Series 64 (Cambridge University Press, Cambridge, 1982).

[18] G. Max Kelly and Ross Street, Review of the elements of 2-categories, Lecture Notes in Mathematics 420 (Springer-Verlag, 1974) 75–103.

[19] Stephen Lack, A coherent approach to pseudomonads, Advances in Mathematics 152 (2000) 179–202.

[20] Jiang-Hua Lu, Hopf algebroids and quantum groupoids, International Journal of Mathematics 7 (1996) 47–70.

[21] Saunders Mac Lane, Natural associativity and commutativity, Rice Univ. Studies 49 (1963) 28–46.

[22] Saunders Mac Lane, Categories for the Working Mathematician, Graduate Texts in Mathematics 5 (Springer-Verlag, 1971).

[23] Ross Street, The formal theory of monads, Journal of Pure and Applied Algebra 2 (1972) 149–168.

[24] Ross Street, Fusion operators and cocycloids in monoidal categories, Applied Categorical Structures 6(2) (Special Issue on “Quantum Groups, Hopf Algebras and Category Theory”, ed. A. Verschoren, 1998) 177–191.

[25] Ross Street, Fusion operators as generalised Hopf structures, Australian Category Seminar (13 November 1996.)

<http://web.science.mq.edu.au/groups/coact/seminar/cgi-bin/abstract.cgi?talkid=954>

[26] Ross Street, Monoidal categories in, and linking, geometry and algebra, Bulletin Belgian Math. Society (to appear; see http://arxiv.org/abs/1201.2991).

[27] Kornel Szlachányi, The monoidal Eilenberg-Moore construction and bialgebroids, Journal of Pure and Applied Algebra 182 (2003) 287–315.

[28] Kornel Szlachányi, Skew-monoidal categories and bialgebroids, arXiv:1201.4981v1 (2012).

[29] M. Takeuchi, Groups of algebras over A ⊗ Ā, Journal of the Mathematical Society of Japan 29 (1977) 459–492.

[30] Ping Xu, Quantum groupoids, Communications in Mathematical Physics 216 (2001) 539–581.

Department of Mathematics, Macquarie University NSW 2109, Australia Email: steve.lack@mq.edu.au, ross.street@mq.edu.au

This article may be accessed at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/26/15/26-15.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

Full text of the journal is freely available in .dvi, Postscript and PDF from the journal’s server at http://www.tac.mta.ca/tac/ and by ftp. It is archived electronically and in printed paper format.

Subscription information Individual subscribers receive abstracts of articles by e-mail as they

are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors The typesetting language of the journal is TEX, and L^ATEX2e

strongly encouraged. Articles should be submitted by e-mail directly to a Transmitting Editor. Please obtain detailed information on submission format and style files at http://www.tac.mta.ca/tac/.

Managing editor Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor Michael Barr, McGill University: barr@math.mcgill.ca Assistant TEX editor Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:

gavin_seal@fastmail.fm

Transmitting editors

Clemens Berger, Université de Nice-Sophia Antipolis, cberger@math.unice.fr Richard Blute, Université d’ Ottawa: rblute@uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: ronnie.profbrown(at)btinternet.com Valeria de Paiva: valeria.depaiva@gmail.com Ezra Getzler, Northwestern University: getzler(at)northwestern(dot)edu Kathryn Hess, Ecole Polytechnique Fédérale de Lausanne : kathryn.hess@epfl.ch Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, Macquarie University: steve.lack@mq.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu Tom Leinster, University of Glasgow, Tom.Leinster@glasgow.ac.uk Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Giuseppe Rosolini, Università di Genova: rosolini@disi.unige.it Alex Simpson, University of Edinburgh: Alex.Simpson@ed.ac.uk James Stasheff, University of North Carolina: jds@math.upenn.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca