Theory and Applications of Categories, Vol. 3, No. 10, 1997, pp. 250–268

CLOSED MODEL CATEGORIES FOR [n, m]-TYPES

J. IGNACIO EXTREMIANA ALDANA, L. JAVIER HERNÁNDEZ PARICIO AND M. TERESA RIVAS RODRÍGUEZ

Transmitted by Ronald Brown

Abstract. For m ¿ n > 0, a map f between pointed spaces is said to be a weak [n, m]-equivalence if f induces isomorphisms of the homotopy groups πk for n 6 k 6 m . Associated with this notion we give two different closed model category structures to the category of pointed spaces. Both structures have the same class of weak equivalences but different classes of fibrations and therefore of cofibrations. Using one of these structures, one obtains that the localized category is equivalent to the category of n-reduced CW - complexes with dimension less than or equal to m + 1 and m-homotopy classes of cellular pointed maps. Using the other structure we see that the localized category is also equivalent to the homotopy category of (n − 1)-connected (m + 1)-coconnected CW -complexes.

Introduction.

D. Quillen [19] introduced the notion of closed model category and proved that the categories of spaces and of simplicial sets have the structure of a closed model category. This structure gives you some advantages. For instance, you can use sequences of homotopy fibres or homotopy cofibres associated to a map. In many cases, you can also compare two closed model categories by using a pair of adjoint functors. For example, you can prove that the localized categories of spaces and of simplicial sets are equivalent. In other cases, the cofibrant (or fibrant) approximation of an object gives objects and canonical maps with certain universal properties or can be used to construct derived functors.

In this paper, for m ¿ n > 0 , we take as weak equivalences those maps of Top_⋆ which induce isomorphisms on the homotopy group functors π_k for m ¿ k ¿ n . A map f with this property is said to be a weak [n, m]-equivalence. We complete this class of weak equivalences with fibrations and cofibrations in two different ways:

The authors acknowledge the financial aid given by the U.R., project 96PYB44MRR and by DGI- CYT, project PB93-0581-C02-01.

Received by the Editors 1997 May 6, and in revised form 1997 September 25. Published on 1997 November 24.

1991 Mathematics Subject Classification: 55P15, 55U35.

Key words and phrases: Closed model category, Homotopy category, [n, m]-types. © J. Ignacio Extremiana Aldana, L. Javier Hernández Paricio and M. Teresa Rivas Rodríguez 1997.

Permission to copy for private use granted. 251

In the first structure, we use [n, m]-fibrations and [n, m]-cofibrations to obtain a closed model category structure such that all the pointed spaces are [n, m]-fibrant and all nreduced CW -complexes with dimension less than or equal to m + 1 are [n, m]-cofibrant. Using this structure one has that the localized category Ho(Top^{[n,m]}_⋆ ) is equivalent to the m-homotopy category of n-reduced CW -complexes with dimension less than or equal to m + 1 . Recall that two cellular pointed maps f, g: X −→ Y are m-homotopic if there is a cellular pointed homotopy F : X ⊗ 0 ∪ sk_mX ⊗ I ∪ X ⊗ 1 −→ Y such that F ∂_0 = f and F ∂_1 = g , where ∂_0 and ∂_1 are the usual canonical inclusions and sk_m denotes the standard m-skeleton of a CW -complex.

In the second structure (the structure “prime”), we use new classes of [n, m]^′- fibrations and [n, m]^′-cofibrations to give a distinct closed model category structure such that a [n, m]^′-cofibrant space is weak equivalent to a n-reduced CW -complex and a pointed space X is [n, m]^′-fibrant if and only if X is (m + 1)-coconnected. Therefore the [n, m]^′-cofibrant [n, m]^′-fibrant spaces are weak equivalent to n-reduced (m + 1)- coconnected CW -complexes. In this case we have a different homotopical interpretation of the localized category Ho(Top^{[n,m]} 0 ⋆ ). One has that the localized category is equivalent to standard homotopy category of n-reduced (m + 1)-coconnected CW -complexes.

We remark that the equivalence between these two different homotopical interpretations of the localized category are topological versions of the well known (m+1)-skeleton and (m + 1)-coskeleton functors.

We point out that the category of (n − 1)-connected (m + 1)-coconnected spaces is not closed by finite limits and colimits. This implies that is not possible to develop some standard homotopy constructions in this category. Nevertheless, the category of (n − 1)-connected (m + 1)-coconnected spaces is closed under the homotopy fibres and loops given by the new closed model category Top^{[n,m]} 0 ⋆ . In order to have a shorter paper we have mainly developed questions related to closed model category structures. However, we briefly mention the following aspects:

There are equivalences of categories with the corresponding [n, m]-types of pointed simplicial sets and [n − 1, m − 1]-types of simplicial groups. We refer the reader to [4] , [12] for some closed model categories for [n − 1, m − 1]-types of simplicial groups.

In the stable range m 6 2n − 2, we have a natural equivalence of categories

Ho(Top^{[n,m]}_⋆ ) ≃ Ho(Top^{[n+1,m+1]} ⋆ ) Therefore, for each “length” r, we only have to study a finite number of categories of this form, exactly the categories: Ho(Top^{[0,r]}_⋆ ) , Ho(Top^{[1,r+1]}_⋆ ) , · · · , Ho(Top^{[r+2,2r+2]}_⋆ ) . For the study of some stable algebraic models for spaces with two consecutive non trivial homotopy groups, we refer the reader to [3] , [6] , [10], [12] .

We also remark that using the fibrant approximations of a space X in the model categories Top^{[n,m]} 0 ⋆ , when m → ∞ , we obtain the well known Postnikov decomposition of X. We have included a reformulation of the Postnikov theory to describe how the Grothendieck integration of the cohomological functor H^{m+1}(−; π_m(−)) on the category Ho(Top^{[n,m−1]} 0 ⋆ ) × Ho(Top^{[m]}

0_⋆ )^{op} is equivalent to the category Ho(Top^{[n,m]} 0 ⋆ ) .

We note that for (n−1)-connected pointed spaces X , Y the following exact sequence gives an interesting relation between the set of pointed homotopy classes from X to Y , and the hom-sets of the categories Ho(Top^{[n,m]}_⋆ )

0 → lim^1_m Ho(Top^{[n,m]}_⋆ )(ΣX, Y ) → Ho(Top_⋆)(X, Y ) → lim_m Ho(Top^{[n,m]}_⋆ )(X, Y ) → 0

This implies that the family of categories Ho(Top^{[n,m]}_⋆ ) gives a good approach to the total homotopy type of pointed spaces. This formula has been used to work with phantom maps. A map f: X → Y is said to be a phantom map it its restriction to each skeleton is inessential. Results about the existence of phantom maps have been proved by B.I. Gray [13] and for the study of spaces of different type but with the same n-type for all

n ¿ 0 we refer the reader to [13], [16], [21].

One of the techniques to study the types and n-types of spaces is the construction of algebraic models for some particular class of spaces. Recall the notion of homotopy system, introduced by J.H.C. Whitehead, which is an algebraic model for the types and n-types of connected CW-complexes whose homotopy groups are isomorphic to the homology groups of the corresponding universal covering spaces. Brown-Higgings [1] have developed the notion of crossed complex which generalizes the homotopy system for non-connected spaces.

Brown-Golasinski [2] have proved that the category of crossed complexes admits the structure of a closed model category. There are also a truncated version for n-types of crossed complexes and for pro-crossed complexes given by Hernández-Porter [14] .

There are other many algebraic models for n-types, for example the notion of cat^ngroup introduced by J.-L. Loday [15], the crossed n-cubes analyzed by T. Porter [18] and the hypercrossed complexes studied by Cegarra-Carrasco [5]. For the case of [n, n+1]-types one has the categories of cat^1-groups, braided cat^1-groups and symmetric cat^1-groups. We want to mention that some of these models can be adapted for the equivariant setting, Moerdijk-Svensson [17] have given models for equivariant 2- types and Garzón-Miranda [11] have developed a technique to give models for higher dimensions.

We think that our study of closed model categories for [n, m]-types of spaces suggests that the study of algebraic models for [n, m]-types and stable [n, m]-types can be developed by using closed model category structures. An equivalence of closed model categories is stronger than an equivalence of categories. The existence of an equivalence between a model category of spaces and an algebraic model category permits that some homotopy constructions can be developed by using algebraic techniques.

1. Preliminaries.

In this section we recall some definitions and notations which will be used later.

1.1 Definition. A closed model category C is a category endowed with three distinguished families of maps called cofibrations, fibrations and weak equivalences satisfying the axioms CM1–CM5 below:

CM1. C is closed under finite projective and inductive limits.

CM2. If f and g are maps such that gf is defined then if two of these f, g and gf are weak equivalences then so is the third.

Recall that the maps in C form the objects of a category Maps(C) having commutative squares for morphisms. We say that a map f in C is a retract of g if there are morphisms φ: f −→ g and ψ: g −→ f in Maps(C) such that ψφ = id_f .

A map which is a weak equivalence and a fibration is said to be a trivial fibration and, similarly, a map which is a weak equivalence and a cofibration is said to be a trivial cofibration.

CM3. If f is a retract of g and g is a fibration, cofibration or weak equivalence then so is f.

CM4. (Lifting.) Given a solid arrow diagram

(∗) A // fflffl i X fflffl p B // Y the diagonal arrow from B to X exists in either of the following situations:

(i) i is a cofibration and p is a trivial fibration, (ii) i is a trivial cofibration and p is a fibration.

CM5. (Factorization.) Any map f may be factored in two ways:

(i) f = pi where i is a cofibration and p is a trivial fibration, (ii) f = qj where j is a trivial cofibration and q is a fibration.

We say that a map i: A −→ B in a category has the left lifting property (LLP) with respect to another map p: X −→ Y and p is said to have the right lifting property RLP with respect to i if the dotted arrow exists in any diagram of the form (∗).

The initial object of C is denoted by ∅ and the final object by ⋆. An object X of C is said to be fibrant if the morphism X −→ ⋆ is a fibration and it is said cofibrant if ∅ −→ X is a cofibration.

Let Top_⋆ be the category of pointed topological spaces and SS_⋆ the category of pointed simplicial sets.

The following functors will be used:

Sing: Top_⋆ −→ SS_⋆, the “singular” functor which is right adjoint to the “realization” functor | |: SS_⋆ −→ Top_⋆ .

cosk_q: SS_⋆ −→ SS_⋆, the “ q–coskeleton” functor which is right adjoint to the “q– skeleton” functor sk_q: SS_⋆ −→ SS_⋆ .

R_n: SS_⋆ −→ SS_⋆ the “n-reduction” functor defined as follows: Given a pointed simplicial set X, the n-reduction R_n(X) is the simplicial subset of X of those simplices of X whose q-faces for q < n are degeneracies of the base 0-simplex. The left adjoint of R_n is the functor ( )_{(n)}: SS_⋆ −→ SS_⋆ defined by X_{(n)} = X/ sk_{n−1} X.

We shall use the following notation: For each integer n ¿ 0, △[n] denotes the “standard n-simplex”, and for n > 0, ˙△[n] (resp. V(n, k) for 0 6 k 6 n) denotes the simplicial subset of △[n] which is the union of the i-faces of △[n] for 0 6 i 6 n (resp.

0 6 i 6 n, i ≠ k).

In this paper the following closed model categories given by Quillen [19] ,[20] will be considered:

(1) Top_⋆ denotes the category of pointed topological spaces with the following structure: Given a map f: X −→ Y in Top_⋆, f is said to be a fibration if it is a fibre map in the sense of Serre; f is a weak equivalence if f induces isomorphisms π_q(f) for q ¿ 0 and for any choice of base point and f is a cofibration if it has the LLP with respect to all trivial fibrations.

(2) SS_⋆ denotes the category of pointed simplicial sets with the following structure: A map f: X −→ Y in SS_⋆ is said to be a fibration if f is a fibre map in the sense of Kan; f is a weak equivalence if its geometric realization, |f|, is a homotopy equivalence and f is a cofibration if it has the LLP with respect to any trivial fibration.

(3) SS_n denotes the category of the n-reduced simplicial sets. A pointed simplicial set X is said to be n-reduced if sk_{n−1} X is isomorphic to the simplicial subset generated by the base 0-simplex of X . We write SS_n for the full subcategory of SS_⋆ determined by all the n-reduced simplicial sets. A map f: X −→ Y in SS_n is said to be a cofibration in SS_n if f is injective, f is a weak equivalence if it is a weak equivalence in SS_⋆ and f is a fibration if it has the RLP with respect to the trivial cofibrations in SS_n .

We also need the closed model structures given in [7] and [8] .

(4) Top^{n]}_⋆ , n ¿ 0, denotes the category of pointed topological spaces with the following structure: A map f: X −→ Y in Top_⋆ is said to be an n]-fibration if f has in Top the RLP with respect to the maps of the family V^{p−1} −→ I^p, 0 < p 6 n + 1, and V^{n+1} −→ İ^{n+2}, where I^q denotes the q-dimensional unit cube; İ^q is the union of all the (q − 1)-faces of I^q (if q = 0, İ^q = ∅) and V^{q−1} = cl(İ^q − (I^{q−1} × {1})) is the space obtained to removing the face I^{q−1} × {1} of İ^q. A map f is said to be a weak n]-equivalence if, for k = 0, 1, · · · , n and x ∈ X, the induced map π_q(f): π_q (X, x) −→ π_q(Y, f(x)) is an isomorphism. An n]-fibration which is also a weak n]-equivalence is said to be a trivial n]-fibration, and a map f is an n]- cofibration if f has the LLP with respect to each trivial n]-fibration.

(5) SS^{n]}_⋆ , n ¿ 0, denotes the category of pointed simplicial sets with the following structure: A map f: X −→ Y in SS_⋆ is said to be a weak n]-equivalence if |f|: |X| −→ |Y | is a weak n]-equivalence in Top_⋆ , f is said to be an n]-fibration if f has the RLP with respect to V(p, k) −→ △[p] for 0 < p 6 n + 1, 0 6 k 6 p and V(n + 2, k) −→ ˙△[n + 2], 0 6 k 6 n + 2. A map f which is a weak n]- equivalence and an n]-fibration is said to be a trivial n]-fibration, and a map f is an n]-cofibration if f has the LLP with respect to any trivial n]-fibration.

(6) Top^{[n}_⋆ , n > 0, denotes the category of pointed topological spaces with the following structure: A map f: X −→ Y in Top_⋆ is said to be a weak [n-equivalence if the induced map π_q(f): π_q (X) −→ π_q (Y ) is an isomorphism for each q ¿ n; f is an [n-fibration if it has the RLP with respect to the inclusions in Top_⋆ | V(p, k)/ sk_{n−1} V(p, k)| −→ | △[p] / sk_{n−1} △[p] | for every p > n and 0 6 k 6 p. If f is both an [n-fibration and a weak [nequivalence is said to be a trivial [n-fibration. And f is an [n-cofibration if it has the LLP with respect to any trivial [n-fibration.

Let Ho(Top_⋆), Ho(SS_⋆), Ho(SS_n), Ho(Top^{n]}_⋆ ) Ho(SS^{n]}_⋆ ) and Ho(Top^{[n}_⋆ ) denote the corresponding localized categories obtained by formal inversion of the respective families of weak equivalences defined above.

2. The categories Top^{[n,m]}_⋆ and Top^{[n,m]} 0 ⋆ . In the category of pointed topological spaces and continuous maps, Top_⋆, for each pair of integers n, m such that 0 < n 6 m, we consider the following families of maps:

2.1 Definition. Let f : X −→ Y be a map in Top_⋆ , (i) f is a weak [n, m]-equivalence if the induced map π_q(f): π_q (X) −→ π_q (Y ) is an isomorphism for every q such that n 6 q 6 m.

(ii) f is an [n, m]-fibration if it has the RLP with respect to the inclusions | V(p, k)/ sk_{n−1} V(p, k)| −→ | △[p] / sk_{n−1} △[p] | for every p such that n < p 6 m + 1 and 0 6 k 6 p, and

| V(m + 2, k)/ sk_{n−1} V(m + 2, k)| −→ | ˙△[m + 2] / sk_{n−1} ˙△[m + 2] |

for 0 6 k 6 m + 2 .

A map which is both an [n, m]-fibration and a weak [n, m]-equivalence is said to be a trivial [n, m]-fibration.

(iii) f is an [n, m]-cofibration if it has the LLP with respect to any trivial [n, m]-fibration.

A map which is both an [n, m]-cofibration and a weak [n, m]-equivalence is said to be a trivial [n, m]-cofibration.

A pointed space X is said to be [n, m]-fibrant if the map X −→ ⋆ is an [n, m]- fibration, and X is said to be [n, m]-cofibrant if the map ⋆ −→ X is an [n, m]-cofibration.

Remark. We note that the homotopy group π_q(X) only depends on the path component C of the given base point of X . Therefore the inclusion C −→ X is always a weak [n, m]-equivalence. On the other hand, the objects | V(p, k)/ sk_{n−1} V(p, k)|, | △[p] / sk_{n−1} △[p] |, | V(m + 2, k)/ sk_{n−1} V(m + 2, k)| and | ˙△[m + 2] / sk_{n−1} ˙△[m + 2] | used in the definition of [n, m]-fibration are considered as pointed spaces. It is also clear that all objects in Top_⋆ are [n, m]-fibrant.

Using the same class of “weak equivalences”, we introduce new classes of “fibrations” and “cofibrations” that will give a different structure to Top_⋆ . The new class of fibrations is a subclass of the fibrations given in Definition 2.1. We distinguish the new structure by using the notation “prime”.

2.1’ Definition. Let f : X −→ Y be a map in Top_⋆ , (i) f is a weak [n, m]^′-equivalence if f is a weak [n, m]-equivalence. (ii) f is an [n, m]^′-fibration if f is an [n, m]-fibration and it has the RLP with respect to the inclusions | ˙△[p] / sk_{n−1} ˙△[p] | −→ | △[p] / sk_{n−1} △[p] | for any p ¿ m + 2.

In a similar way to Definition 2.1, we define the corresponding notions of trivial [n, m]^′-fibration, [n, m]^′-cofibration,trivial [n, m]^′-cofibration and [n, m]^′-fibrant or [n, m]^′-cofibrant object.

In this paper, with the definitions given above we will prove the following results:

2.2 Theorem. For each pair of integers n, m, such that 0 < n 6 m, the category Top_⋆ together with the families of [n, m]-fibrations, [n, m]-cofibrations and weak [n, m]- equivalences, has the structure of a closed model category.

2.2’ Theorem. Analogous to Theorem 2.2 writing [n, m]^′ instead of [n, m].

We shall denote by Top^{[n,m]}_⋆ the closed model category Top_⋆ with the distinguished families of [n, m]-fibrations, [n, m]-cofibrations and weak [n, m]-equivalences. When n = m we shall denote by Top^{[n]}_⋆ the category Top^{[n,n]}_⋆ . Similarly, we will use the notation Top^{[n,m]} 0 ⋆ , Top^{[n]}

0_⋆ . It is well know that Axiom CM1 is satisfied by Top_⋆, Axiom CM2 is an immediate consequence of the properties of the isomorphisms of groups, and the definition of [n, m]-cofibration ([n, m]^′-cofibration) implies obviously Axiom CM4 (i). Then, we will complete the proof of the Theorem 2.2 and Theorem 2.2’ as a consequence of the results below.

2.3 Lemma. If a map f is a retract of a map g and g has the RLP (resp LLP) with respect to another map h, then f has also this property.

2.4 Proposition. (Axiom CM3) In Top_⋆ if a map f is a retract of a map g and g is an [n, m]-fibration, [n, m]-cofibration or weak [n, m]-equivalence, then so is f.

2.4’ Proposition. Analogous to Proposition 2.4 writing [n, m]^′ instead of [n, m]. 2.5 Proposition. Let f be a map in Top_⋆, then (i) f is an [n, m]-fibration if and only if cosk_{m+1} R_n Sing f is a fibration in SS_n, (ii) f is a weak [n, m]-equivalence if and only if cosk_{m+1} R_n Sing f is a weak equivalence in SS_n, (iii) f is a trivial [n, m]-fibration if and only if cosk_{m+1} R_n Sing f is a trivial fibration in SS_n.

Proof. (i) Taking into account that the functors Sing and R_n are right adjoints to the functors | | and ( )_{(n)} respectively, we have, for a map f in Top_⋆, that f is an [n, m]-fibration if and only if R_n Sing f has the RLP with respect to the inclusions

V(m + 2, k) −→ ˙△[m + 2] for 0 6 k 6 m + 2, and V(p, k) −→ △[p] for n < p 6 m + 1, 0 6 k 6 p.

Note that if p > m + 2, then sk_{m+1} V(p, k) −→ sk_{m+1} △[p] is an isomorphism; if p = m + 2, then sk_{m+1} V(m + 2, k) −→ sk_{m+1} △[m + 2] is isomorphic in Maps(SS) to V(m + 2, k) −→ ˙△[m + 2], and if p < m + 2, then skm+1 V(p, k) −→ skm+1 △[p] is isomorphic to V(p, k) −→ △[p] .

Therefore, f is an [n, m]-fibration if and only if R_n Sing f has the RLP with respect to the inclusions sk_{m+1} V(p, k) −→ sk_{m+1} △[p] for each p > n , 0 6 k 6 p .

Now, applying that the functor sk_{m+1} is left adjoint to the functor cosk_{m+1} the above condition is equivalent to cosk_{m+1} R_n Sing f has the RLP with respect to the family of inclusions V(p, k) −→ △[p], n < p.

Because cosk_{m+1} R_n Sing f is a map in SS_n and for any pointed space X, cosk_{m+1} R_n Sing X is a Kan complex, we can apply the Proposition 2.12 of [20] to conclude that f is an [n, m]-fibration in Top_⋆ if and only if cosk_{m+1} R_n Sing f is a fibration in SS_n.

(ii) Since for any pointed space X, Sing X is a Kan simplicial set, then R_n Sing X is the n-Eilenberg subcomplex of Sing X. Therefore, for each q ¿ n, we have the isomorphisms π_q (R_n Sing X) ∼= π_q(Sing X) ∼= π_q (X).

On the other hand, for each pointed simplicial set L, the natural map η: L −→ cosk_{m+1} L induces the isomorphisms π_q(η), for q 6 m.

Taking into account that for any pointed space X, R_n Sing X is a Kan simplicial set, then cosk_{m+1} R_n Sing X is an (m + 1)-coconnected n-reduced simplicial set. Therefore we obtain π_q (cosk_{m+1} R_n Sing X) = 0 for q < n or q > m and the isomorphisms π_q(cosk_{m+1} R_n Sing X) ∼= π_q(X) for n 6 q 6 m.

So, for a map f in Top_⋆, f is a weak [n, m]-equivalence if and only if cosk_{m+1} R_n Sing f is a weak equivalence in SS_n.

(iii) It is an immediate consequence of (i) and (ii).

2.6 Proposition. For a map f: X −→ Y in Top_⋆, the following statements are equivalent:

(i) f is a trivial [n, m]-fibration, (ii) f has the RLP with respect to the inclusions | ˙△[p] / sk_{n−1} ˙△[p] | −→ | △[p] / sk_{n−1} △[p] | for n 6 p 6 m + 1.

Proof. Let f be a map in Top_⋆. By Proposition 2.5 and Proposition 2.3 of [20] , f is a trivial [n, m]-fibration if and only if cosk_{m+1} R_n Sing f has the RLP with respect to the inclusions ˙△[p] −→ △[p] for each integer p > 0.

Because sk_{m+1} and cosk_{m+1} are adjoints, the above condition is equivalent to R_n Sing f has the RLP with respect to the inclusions

sk_{m+1} ˙△[p] −→ sk_{m+1} △[p]

for each p > 0.

We note that if p ¿ m + 2, the map sk_{m+1} ˙△[p] −→ sk_{m+1} △[p] is an isomorphism and, for p 6 m + 1, the inclusion sk_{m+1} ˙△[p] −→ sk_{m+1} △[p] is isomorphic in Maps(SS) to the inclusion ˙△[p] −→ △[p]. Then, f is a trivial [n, m]-fibration if and only if R_n Sing f has the RLP with respect to the inclusions ˙△[p] −→ △[p] for 0 < p 6 m + 1.

Now, using the adjointness of R_n Sing and | |( )_{(n)}, we obtain that the above condition is equivalent to f has the RLP with respect to | ˙△[p] / sk_{n−1} ˙△[p] | −→ | △[p] / sk_{n−1} △[p] |, n 6 p 6 m + 1.

2.6’ Proposition. For a map f: X −→ Y in Top_⋆, the following statements are equivalent:

(i) f is a trivial [n, m]^′-fibration, (ii) f has the RLP with respect to the inclusions | ˙△[p] / sk_{n−1} ˙△[p] | −→ | △[p] / sk_{n−1} △[p] | for every p ¿ n.

Remark. Note that since (ii) is the characterization of the trivial [n-fibrations (see [8]), then the family of the [n, m]^′-cofibrations agree with the family of the [n-cofibrations.

2.7 Proposition. (Axiom CM5) Let f: X −→ Y be a map in Top_⋆, then f can be factored in two ways:

(i) f = pi, where i is an [n, m]-cofibration and p is a trivial [n, m]-fibration,

(ii) f = qj, where j is a weak [n, m]-equivalence having the LLP with respect to all [n, m]-fibrations and q is an [n, m]-fibration.

Proof. Given a class F of maps, denote by F^′ the class of maps which have the RLP with respect to the maps of F.

(i) Consider the family F of inclusions | ˙△[r] / sk_{n−1} ˙△[r] | −→ | △[r] / sk_{n−1} △[r] |, n 6 r 6 m + 1. By Proposition 2.6, F^′ is the class of trivial [n, m]-fibrations.

Now, we can use the “small object argument”, in a similar way to Lemma 3 of ch II, §3 of Quillen [19] to factor f: X −→ Y as f = pi where p is in F^′ and i has the LLP with respect to the maps of F^′. Then, p is a trivial [n, m]-fibration and i is an [n, m]-cofibration.

(ii) Consider the following family F of maps which is the union of the following F_1 and F_2:

F_1 is the family of inclusions | V(r, k)/ sk_{n−1} V(r, k)| −→ | △[r] / sk_{n−1} △[r] |, n < r 6 m + 1, 0 6 k 6 r, and F_2 is the family

| V(m + 2, k)/ sk_{n−1} V(m + 2, k)| −→ | ˙△[m + 2] / sk_{n−1} ˙△[m + 2] |, 0 6 k 6 m + 2.

In this case, by Definition 2.1, F^′ is the class of [n, m]-fibrations. Analogously to (i), we can factor f = qj where q is an [n, m]-fibration and j has the LLP with respect to all [n, m]-fibrations.

Now, we note that for any map | V(m + 2, k)/ sk_{n−1} V(m + 2, k)| −→ X, 0 6 k 6 m + 2, in Top_⋆ , the inclusion map h: X −→ X ⋃ | V(m+2,k)/ sk_n�1 V(m+2,k)|

| ˙△[m + 2] / sk_{n−1} ˙△[m + 2] |

induces isomorphisms π_q (h) for q 6 m; and for any map | V(r, k)/ sk_{n−1} V(r, k)| −→ X, r > n, 0 6 k 6 r, in Top_⋆ , the inclusion h^′: X −→ X ⋃ | V(r,k)/ sk_n�1 V(r,k)| | △[r] / sk_{n−1} △[r] |

is a trivial cofibration.

Using these facts one can check that the map j is a weak [n, m]-equivalence.

2.7’ Proposition. Analogous to Proposition 2.7, writing [n, m]^′ instead of [n, m].

Proof. (i) This decomposition is the same that the given for the [n-structure. See [8].

(ii) In a similar way to the proof of Proposition 2.7 (ii) and taking into account that for any map | ˙△[r] / sk_{n−1} ˙△[r] | −→ X, r ¿ m + 2. in Top_⋆, the inclusion map h^{′′}: X −→ X ⋃ | ˙△[r] / sk_n�1 ˙△[r] | | △[r] / sk_{n−1} △[r] |

induces isomorphisms π_q (h^{′′}) for q 6 m.

Remark. Note that if X = ⋆, the [n, m]^′-cofibrant space Z , constructed in the proof of Proposition 2.7’ (i) for the decomposition ⋆ −→ Z −→ Y , is (n − 1)-connected. And if Y = ⋆, the [n, m]^′-fibrant space W , constructed in the proof of Proposition 2.7’ (ii) for the decomposition X −→ W −→ ⋆ , is (m + 1)-coconnected. Then for any pointed space X, we can construct in a functorial way, an object of Top_⋆, denoted by X^{[n,m]} 0 , which is [n, m]^′-fibrant and [n, m]^′-cofibrant, weak [n, m]^′-equivalent to X, and X^{[n,m]} 0 is (n − 1)-connected and (m + 1)-coconnected.

2.8 Corollary. (Axiom CM4 (ii)) Any trivial [n, m]-cofibration has the LLP with respect to all [n, m]-fibrations.

Proof. Let i: A −→ B be a trivial [n, m]-cofibration. By Proposition 2.7 we have a commutative diagram in Top_⋆

A //^j fflffl i W fflffl q B //_{id} B where q is an [n, m]-fibration and j is a weak [n, m]-equivalence which has the LLP with respect to any [n, m]-fibration.

Because Axiom CM2 is verified, q is a trivial [n, m]-fibration. Therefore, there is a lifting h: B −→ W for the diagram above, and the map i is a retract of j. Applying Lemma 2.3, it follows that i has the LLP with respect to all [n, m]-fibrations.

2.8’ Corollary. Analogous to Corollary 2.8 writing [n, m]^′ instead of [n, m].

Remark. (i) In Definition 2.1 we have considered classes of cofibrations, fibrations and weak equivalences to define the [n, m]-structure for integers n, m such that 0 < n 6 m . Obviously we can extend Definition 2.1 for the case m = ∞. In order to extend this for the case n = 0 , we proceed as follows: Note that for any simplicial set K, when n > 0, |K/ sk_{n−1} K| is the pushout |K| ⋃ | sk_n�1 K|

⋆ . If we take sk_{−1}( ) = ∅ , then, for

n = 0, this pushout is homeomorphic to |K^+| , where K^+ denotes the disjoint union of K and a point. Note that the class of [n, m]-fibrations given in Definition 2.1 and the class of trivial [n, m]-fibrations are characterized by the RLP with respect to the family F[n, m] given in Definition 2.1 and the family T [n, m] given in Proposition 2.6. With this notation, for n = 0 , the RLP with respect to F[n, m] induces the class of [0, m]-fibrations and the RLP with respect to T [n, m] produces the class of trivial [0, m]-fibrations. We can use the LLP with respect these classes to define the classes of trivial [0, m]-cofibrations and [0, m]-cofibrations. Finally, we can define the weak [0, m]-equivalences how those morphisms f that can be factored as f = pi , where i is a trivial [0, m]-cofibration and p is a trivial [0, m]-fibration. This [0, m]-structure is just the m]-structure given in §1 (4), that have been analyzed in [7] . For m = ∞ , n > 0 , one obtains the category Top^{[n}_⋆ (see [8] ) and for the case n = 0, m = ∞ we have the structure of closed model category Top_⋆ given by Quillen for pointed spaces.

(ii) We can give an equivalent definition of the notion of [n, m]-fibration if we change the family of inclusions used in Definition 2.1 by the following family: CS^k ⊗ 0 ⋃ S^k ⊗ I −→ CS^k ⊗ I ; n − 1 6 k 6 m − 1 and CS^m ⊗ 0 ⋃ S^m ⊗ I −→ ∂(CS^m ⊗ I) where ∂ denotes the standard boundary.

Then, the trivial [n, m]-fibrations are characterized by the RLP with respect to the inclusions ⋆ −→ S^n and S^k −→ D^{k+1} for every k such that n 6 k 6 m.

(iii) Similarly, for the [n, m]^′-structure, we can give an equivalent definition of the notion of [n, m]^′-fibration by adding to the family of inclusions given in (ii) the maps

S^k −→ D^{k+1} , k ¿ m + 1.

Then, the trivial [n, m]^′-fibrations are characterized by the RLP with respect to the inclusions ⋆ −→ S^n and S^k −→ D^{k+1} for every k ¿ n.

3. The category Ho(Top^{[n,m]}_⋆ ).

Let n, m be integers such that 0 < n 6 m. Let Ho(Top^{[n,m]}_⋆ ) denote the localized category obtained by formal inversion of the family of weak [n, m]-equivalences. Note that Ho(Top^{[n,m]}_⋆ ) = Ho(Top^{[n,m]} 0 ⋆ ).

We shall compare Ho(Top^{[n,m]}_⋆ ) with the localized category Ho(SS_n) :

Consider the adjoint functors

SS_n

| | sk_m+1 −−−−−−−−−→ ←−−−−−−−−− cosk_m+1 R_n Sing

Top^{[n,m]}_⋆

Note that, by Proposition 2.5, the functor cosk_{m+1} R_n Sing preserves fibrations and weak equivalences. We also have that every object of Top^{[n,m]}_⋆ is [n, m]-fibrant. On the other hand, all objects of SS_n are cofibrant and the functor | | sk_{m+1} verifies the following properties:

3.1 Proposition. Let f: X −→ Y be a map in SS_n. Then:

(i) If f is a weak equivalence in SS_n, then | sk_{m+1} f| is a weak [n, m]-equivalence. (ii) If f is a cofibration in SS_n, then | sk_{m+1} f| is an [n, m]-cofibration.

Proof. (i) For any pointed simplicial set K, the natural map μ: sk_{m+1} K −→ K induces an isomorphism π_q(μ) for each q 6 m.

So, given a map f in SS_n such that π_q(f) is an isomorphism for every q, the maps π_q (| sk_{m+1} f|) are isomorphism for q 6 m. Obviously, | sk_{m+1} f| is a weak [n, m]- equivalence.

(ii) It is an immediate consequence of the Proposition 2.5 (iii) and the fact that the functors | | sk_{m+1} and cosk_{m+1} R_n Sing are adjoints.

Recall that if F : A −→ B is a functor between closed model categories, and F carries a weak equivalence between cofibrant objects of A into a weak equivalence of B, there exists a left derived functor F^L: Ho(A) −→ Ho(B) defined by F^L(X) = F (LX), where LX −→ X is a trivial fibration and LX is a cofibrant object in A. In a dual context one has right derived functors G^R.

In our case, by Proposition 2.5 and Proposition 3.1, it follows that the functors | | sk_{m+1} and cosk_{m+1} R_n Sing induce the adjoint functors (| | sk_{m+1})^L = | | sk_{m+1} and (cosk_{m+1} R_n Sing)^R = cosk_{m+1} R_n Sing between the localized categories:

Ho(SS_n)

| | sk_m+1 −−−−−−−−−→ ←−−−−−−−−− cosk_m+1 R_n Sing

Ho(Top^{[n,m]}_⋆ )

Remember that for any pointed space X, cosk_{m+1} R_n Sing X is an (m + 1)- coconnected n-reduced simplicial set. Let Ho(SS_n)|_{(m+1)−coco} the full subcategory of Ho(SS_n) determined by the (m + 1)-coconnected n-reduced simplicial sets. Then, we have:

3.2 Theorem. The pair of adjoint functors | | sk_{m+1} , cosk_{m+1} R_n Sing induce an equivalence of categories

Ho(SS_n)|_{(m+1)-coco}

| | sk_m+1 −−−−−−−−−→ ←−−−−−−−−− cosk_m+1 R_n Sing

Ho(Top^{[n,m]}_⋆ )

Proof. It suffices to check that for any (m + 1)-coconnected object X of SS_n, the unit X −→ cosk_{m+1} R_n Sing | sk_{m+1} X| of the adjunction is an isomorphism of Ho(SS_n).

And for every object Y of Top_⋆, the counit | sk_{m+1} cosk_{m+1} R_n Sing Y | −→ Y is an isomorphism of Ho(Top^{[n,m]}_⋆ ).

Remarks. The category Ho(Top^{[n,m]}_⋆ ) is related with the closed model categories given in §1 as follows:

(i) Consider the equivalences of categories given in [8]:

Ho(SS_n) | | −−−−−→ ←−−−−− R_n Sing

Ho(Top^{[n}_⋆ ) (Id)^L −−−−−→ ←−−−−− Id Ho(Top_⋆)|_{(n−1)-co}

where Ho(Top_⋆)|_{(n−1)-co} denotes the full subcategory of Ho(Top_⋆) determined by the (n − 1)-connected spaces.

These functors induce between the respective full subcategories determined by the (m + 1)-coconnected objects the equivalences:

Ho(SS_n)|_{(m+1)-coco} | | −−−−−→ ←−−−−− R_n Sing

Ho(Top^{[n}_⋆ )|_{(m+1)-coco} (Id)^L −−−−−→ ←−−−−− Id Ho(Top_⋆)|_{(n−1)-co;(m+1)-coco}

On the other hand, consider the equivalences of categories given in [7]:

Ho(SS_⋆)|_{(m+1)-coco}

sk_m+1 −−−−−−→ ←−−−−−− (cosk_m+1)^R

Ho(SS^{m]}_⋆ ) | | −−−−−→ ←−−−−− Sing

Ho(Top^{m]}_⋆ )

which induce in the respective subcategories determined by the (n−1)-connected objects the equivalences:

Ho(SS_⋆)|_{(n−1)-co;(m+1)-coco}

sk_m+1 −−−−−−→ ←−−−−−− (cosk_m+1)^R

Ho(SS^{m]}_⋆ )|_{(n−1)-co} | | −−−−−→ ←−−−−− Sing

Ho(Top^{m]}_⋆ )|_{(n−1)-co}

Tacking into account that the equivalence between the localized categories

Ho(Top_⋆) | | −−−−−→ ←−−−−− Sing

Ho(SS_⋆)

induces an equivalence of categories:

Ho(Top_⋆)|_{(n−1)-co;(m+1)-coco} | | −−−−−→ ←−−−−− Sing

Ho(SS_⋆)|_{(n−1)-co;(m+1)-coco}

we have that the category Ho(Top^{[n,m]}_⋆ ) is also equivalent to the categories Ho(Top_⋆)|_{(n−1)-co;(m+1)-coco}, Ho(SS_⋆)|_{(n−1)-co;(m+1)-coco}, Ho(SS^{m]}_⋆ )|_{(n−1)-co}, Ho(Top^{m]}_⋆ )|_{(n−1)-co}, Ho(Top^{[n}_⋆ )|_{(m+1)-coco}.

(ii) Let π CW_{[n,m]} denote the category of pointed CW-complexes with dimension

6 m + 1 whose (n − 1)-skeleton consists just of one 0-cell and the morphisms

are given by pointed cellular m-homotopy classes of pointed cellular maps. Then, the functors given in (i) induce an equivalence between the categories Ho(Top^{[n,m]}_⋆ ) and π CW_{[n,m]}.

(iii) Let π CW_{[n,m]}0 denote the category of pointed CW-complexes (m + 1)-coconnected whose (n − 1)-skeleton consists just of one 0-cell and the morphisms are given by pointed cellular homotopy classes of pointed cellular maps. Then, since Ho(Top^{[n,m]}_⋆ ) = Ho(Top^{[n,m]} 0 ⋆ ), we can use the [n, m]^′-structure to check that the categories Ho(Top^{[n,m]}_⋆ ) and π CW_{[n,m]}0 are equivalent.

(iv) It is well known that Ho(Top^{[0]}_⋆ ) is equivalent to the category of pointed sets, Ho(Top^{[1]}_⋆ ) is equivalent to the category of groups and for k ¿ 2, Ho(Top^{[k]}_⋆ ) is equivalent to the category of abelian groups. For two consecutive non trivial homotopy groups, we have that Ho(Top^{[0,1]}_⋆ ) is equivalent to a localization of pointed groupoids, Ho(Top^{[1,2]}_⋆ ) is equivalent to a localization of cat-groups, Ho(Top^{[2,3]}_⋆ ) is equivalent to a localization of braided cat-groups and for k ¿ 3, Ho(Top^{[k,k+1]}

⋆ ) is equivalent to a localization of symmetric cat-groups (see [6], [12] ). (v) The [n, m]-structures and [n, m]^′-structures developed for pointed spaces are connected with the closed model structures developed in [12] . In particular we have the usual equivalence of categories Ho(Top^{[n,m]}_⋆ ) with categories of [n − 1, m − 1]- types of simplicial groups.

4. Integration of the singular cohomology.

Let n, m integers such that 1 < n < m. In this section, we shall prove that the localized category Ho(Top^{[n,m]} 0 ⋆ ) is the category of elements of P , where P is an adequate functor from the category Ho(Top^{[n,m−1]} 0 ⋆ )^{op} × Ho(Top^{[m]}

0_⋆ ) to the category of sets.

Recall that if P : C^{op} −→ Sets is a functor, where C^{op} denotes the opposite category of a category C, then the category of elements of P , denoted by ∫ C P , is defined as follows:

Its objects are all pairs (C, p) where C is an object of C and p ∈ P (C). Its morphisms (C^′, p^′) −→ (C, p) are those morphisms u: C^′ −→ C of C for which P (u)p = p^′. These morphisms are composed by composing the underlying arrows u of C.

We consider the functor

P : Ho(Top^{[n,m−1]} 0 ⋆ )^{op} × Ho(Top^{[m]}

0_⋆ ) −→ Sets defined by P (A, B) = H^{m+1}(A^′, π_mB) where A^′ denotes the object A^{[n,m−1]} 0 , which is the [n, m − 1]^′-cofibrant and [n, m − 1]^′- fibrant approximation of A in the [n, m−1]^′-structure (see the Remark after Proposition 2.7’.)

Now, if ∫

Ho(Top[^{n,m}�1]0

⋆ )×Ho(Top[^m]0_⋆ )op

H^{m+1}(( )^′, π_m( ))

is the category of elements of P , we have the following result:

4.1 Theorem. The category Ho(Top^{[n,m]} 0 ⋆ ) is equivalent to the category ∫ Ho(Top[^{n,m}�1]0

⋆ )×Ho(Top[^m]0_⋆ )op

H^{m+1}(( )^′, π_m( ))

Proof. We can check that the categories above are equivalent by using the functors

Ho(Top^{[n,m]} 0 ⋆ )^{de}−−−−−→ ←−−−−− am ∫ Ho(Top[^{n,m}�1]0

⋆ )×Ho(Top[^m]0_⋆ )op

H^{m+1}(( )^′, π_m( ))

defined as follows:

Let (A, B; p) be an object of ∫ Ho(Top[^{n,m}�1]0

⋆ )×Ho(Top[^m]0_⋆ )op

H^{m+1}(( )^′, π_m( )). We can

suppose that A is an [n, m − 1]^′-fibrant [n, m − 1]^′-cofibrant object in Top^{[n,m−1]} 0 ⋆ and B is an [m]^′-fibrant [m]^′-cofibrant object in Top^{[m]}

0_⋆ . Then A is an (n − 1)connected and m-coconnected pointed topological space and B is an (m − 1)-connected and (m + 1)- coconnected pointed topological space. In this case we have that A^′ = A .

We note that if p ∈ H^{m+1}(A^′, π_mB) = [A, K(π_mB, m + 1)] , then we define am(A, B; p) as the amplification of A by p; in others words, am(A, B; p) is the homotopy fibre of p, defined by the pull-back am(A, B; p) // fflffl q P fflffl α A //_p K(πmB, m + 1) where α: P −→ K(π_mB, m+1) is a fibration of Serre and P is weak equivalent to a point. We note that q: am(A, B; p) −→ A is a fibration of Serre whose fibre is an Eilenberg–Mac Lane space K(π_mB, m). Observe that am(A, B; p) is an (n − 1)-connected, (m + 1)- coconnected pointed space which is isomorphic to A in Ho(Top^{[n,m−1]} 0 ⋆ ) and isomorphic to B in Ho(Top^{[m]}

0_⋆ ). Conversely, let X be an object of Ho(Top^{[n,m]} 0 ⋆ ). We can suppose that X is an (n − 1)-connected and (m + 1)-coconnected pointed topological space. Let P = {X^q, f_q , k^{q+1}} a fibred Postnikov system for X. We may assume that X^q = X^0 = ⋆ for all q 6 n − 1 and X^q = X^m for all q > m. Note that X^m and X are isomorphic in Ho(Top^{[n,m]} 0 ⋆ ).

Then, we define de(X) as the object (X^{m−1}, K; k^{m+1}), where K denotes the fibre of the map f_m: X^m −→ X^{m−1} which is an Eilenberg–Mac Lane space K(π_mX, m) and k^{m+1} is the (m + 1)-invariant of Postnikov.

By the properties of the Postnikov invariants it is obvious that the functors am and de give an equivalence of categories.

Remarks.

(i) If we apply consecutively the functor de

Ho(Top^{[n,m]} 0 ⋆ ) ≃ ∫ Ho(Top[^{n,m}�1]0

⋆ )×Ho(Top[^m]0_⋆ )op

H^{m+1}(( )^′, π_m( )) , m > n.

we obtain the Postnikov decomposition of an object of Ho(Top^{[n,m]} 0 ⋆ ) . That is, for X in Ho(Top^{[n,m]} 0 ⋆ ) , one has deX = (X^{m−1}, K(π_mX, m); k^{m+1}) deX^{m−1} = (X^{m−2}, K(π_{m−1}X, m − 1); k^m) · · · deX_{n+1} = (X^n, K(π_{n+1}X, n + 1); k^{n+2})

(ii) Using the following equivalences of categories

Ho(Top^{[k]}

0_⋆ ) ≃ Ab, k ¿ 2

Ho(Top^{[2,3]}

0_⋆ ) ≃ Ho(Bcat(Gr))

Ho(Top^{[3,4]}

0_⋆ ) ≃ Ho((Scat(Gr))

where Ab is the category of abelian groups, Bcat(Gr) the category of braided catgroups, and Scat(Gr) is the category of symmetric cat-groups, we have the induced equivalences of categories

Ho(Bcat(Gr)) ≃ ∫ Ab×Abop H^4(( )^′, π_3( ))

Ho((Scat(Gr)) ≃ ∫ Ab×Abop H^5(( )^′, π_4( ))

(iii) For the case of [n, n + 2]-types, we have

Ho(Top^{[2,4]}

0_⋆ ) ≃ ∫ Ho(Bcat(Gr))×Abop

H^5(( )^′, π_4( ))

Ho(Top^{[3,5]}

0_⋆ ) ≃ ∫ Ho(Scat(Gr))×Abop

H^6(( )^′, π_5( ))

Ho(Top^{[4,6]}

0_⋆ ) ≃ ∫ Ho(Scat(Gr))×Abop

H^7(( )^′, π_6( ))

We leave the reader the work of writing down the equivalences above with two integrals and we propose the study of the possible topological interpretation of Fubini Theorems of this theory of integration of functors on a product of categories.

References

[1] R. Brown, P.J. Higgins, The classifying space of a crossed complexe, Math. Proc. Cambridge Phil. Soc. (2) 110 (1991), 95-120.

[2] R. Brown, M. Golasinski, The closed model category of crossed complexes, Cah. Top. Geom.

Diff. Cat. XXX-1 (1989), 61-82.

[3] M. Bullejos, P. Carrasco, A.M. Cegarra, Cohomology with coefficients in symmetric cat-groups, Cah. Top. Geom. Diff. Cat. XXXVIII-2 (1997), 99-139.

[4] J.G. Cabello, A.R. Garzón, Closed model structures for algebraic models of n-types, J. Pure Appl. Algebra 103 (1995), 283-302.

[5] P. Carrasco, A.M. Cegarra, Group theoretic algebraic models for homotopy types, Journal of Pure and Applied Algebra 75 (1991), 195-235.

[6] D. Conduché, Modules croisés généralisés de longeur 2, J. Pure Appl. Algebra 34 (1984), 155- 178.

[7] C. Elvira, L.J. Hernández, Closed model categories for the n-type of spaces and simplicial sets, Math. Proc. Camb. Phil. Soc 118 (1995), 93-103.

[8] J.I. Extremiana, L.J. Hernández, M.T. Rivas, Closed model categories for (n − 1)-connected spaces, Proc. A. M. S. 124 (1996), 3545-3553.

[9] P. Gabriel, M. Zisman, Calculus of fractions and homotopy theory, Springer-Verlag, Berlin, New York, 1967.

[10] A. R. Garzón J. Miranda, Homotopy theory for (braided) cat-groups, Math. Proc. Camb. Phi.

Soc. 114 (1993), 163-189.

[11] A.R. Garzón, J.G. Miranda, Models for Homotopy n-Types in Diagram Categories, Applied Categorical Structures 4 (1996), 1-14.

[12] A. R. Garzón J. Miranda, Homotopy theory for truncated weak equivalences of simplicial groups, Math. Proc. Camb. Phi. Soc. 121 (1997), 51-74.

[13] B.I. Gray, Spaces of the same n-type, for all n, Topology 5 (1996), 241-243. [14] L.J. Hernández, T. Porter, Categorical models of n-types for pro-crossed complexes and Jnprospaces, Lecture Notes in Math 1509 (1992), 146-186.

[15] J.-L. Loday, Spaces with finitely many non-trivial homotopy groups, Topology. 32 (1993), 5-24. [16] C.A. McGibbon and J.M. Meller, On spaces with the same n-type for all n, preprint (1990). [17] I. Moerdijk and J. Svensson, Algebraic classification of equivariant homotopy 2-types, J. Pure Appl. Algebra, 89 (1993), 187-216.

[18] T. Porter, A combinatorial definition of n-types, Topology. 32 (1993), 5-24. [19] D. Quillen, Homotopical Algebra, Lecture Notes in Math 43 (1967). [20] D. Quillen, Rational Homotopy Theory, Ann. of Maths 90 (1969), 205-295. [21] C. Wilkerson, Classification of spaces of the same n-type for all n, Proc. Amer. Math. Soc. 60 (1976), 279-285.

J. Ignacio Extremiana Aldana and M. Teresa Rivas Rodríguez: Departamento de Matemáticas y Computación, Universidad deLa Rioja, 26004 Logroño, España.

E-mail: jextremi@siur.unirioja.es and marivas@dmc.unirioja.es

Luis Javier Hernández:

Departamento de Matemáticas, Universidad de Zaragoza, 50009 Zaragoza, España.

E-mail: ljhernan@posta.unizar.es

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/1997/n10/n10.{dvi,ps}.

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as

they are published. Full text of published articles is available in .dvi and Postscript format. Details will be e-mailed to new subscribers and are available by WWW/ftp. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and LaTeX is the

preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at URL http://www.tac.mta.ca/tac/ or by anonymous ftp from ftp.tac.mta.ca in the directory pub/tac/info. You may also write to tac@mta.ca to receive details by e-mail.

Editorial board.

John Baez, University of California, Riverside: baez@math.ucr.edu Michael Barr, McGill University: barr@triples.math.mcgill.ca Lawrence Breen, Université de Paris 13: breen@dmi.ens.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, Università della Calabria: carboni@unical.it P. T. Johnstone, University of Cambridge: ptj@pmms.cam.ac.uk G. Max Kelly, University of Sydney: kelly m@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@mi.aau.dk F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.ruu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@cs.dal.ca Andrew Pitts, University of Cambridge: ap@cl.cam.ac.uk Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz James Stasheff, University of North Carolina: jds@charlie.math.unc.edu Ross Street, Macquarie University: street@macadam.mpce.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Sydney: walters b@maths.usyd.edu.au R. J. Wood, Dalhousie University: rjwood@cs.da.ca