Theory and Applications of Categories, Vol. 10, No. 16, 2002, pp. 410–423.

SIMULTANEOUSLY REFLECTIVE AND COREFLECTIVE SUBCATEGORIES OF PRESHEAVES

ROBERT EL BASHIR AND JIŘÍ VELEBIL

ABSTRACT. It is proved that any category K which is equivalent to a simultaneously reflective and coreflective full subcategory of presheaves [A^{op}, Set], is itself equivalent to the category of the form [B^{op}, Set] and the inclusion is induced by a functor A −→ B which is surjective on objects. We obtain a characterization of such functors.

Moreover, the base category Set can be replaced with any symmetric monoidal closed category V which is complete and cocomplete, and then analogy of the above result holds if we replace categories by V-categories and functors by V-functors.

As a consequence we are able to derive well-known results on simultaneously reflective and coreflective categories of sets, Abelian groups, etc.

1. Introduction

A full subcategory K of L, which is simultaneously reflective and coreflective in L, inherits many pleasant properties of L, for example, the computation of limits and colimits. In the literature, various instances of categories L were studied: for example the category of all topological spaces and continuous maps in [9] or the category Ab of all Abelian groups and their homomorphisms in [2]. The latter paper characterized full subcategories of Ab, which arise as simultaneously reflective and coreflective, as precisely the categories of (right) R-modules for certain commutative rings R with a unit.

The approach we take in this paper is motivated by results proved in [2]. The category Ab of Abelian groups bears a symmetric monoidal closed structure and therefore gives rise to the theory of categories enriched over Ab. Any full embedding

J : K −→ Ab

is then, in fact, an Ab-functor: hom-sets of K are Abelian groups and actions of J on these groups are group homomorphisms. Moreover, if J possesses both left and right adjoints L and R, then both these functors can be given a structure of Ab-functors as well. Thus, the adjoint situation L ⊣ J ⊣ R

The first author acknowledges the support of grant MSM 113200007 and the Grant Agency of the Czech Republic grant No. 201/00/0766. The second author acknowledges the support of the Grant Agency of the Czech Republic under the Grant No. 201/99/0310.

Received by the editors 2001 October 30 and, in revised form, 2002 September 23. Transmitted by Ross Street. Published on 2002 October 4. 2000 Mathematics Subject Classification: 18D20, 18A40.

Key words and phrases: monoidal category, reflection, coreflection, Morita equivalence. ©Robert El Bashir and Jiří Velebil, 2002. Permission to copy for private use granted. 410 is an adjoint situation in the realm of Ab-categories and Ab-functors. Any ring R with a unit corresponds precisely to a one-object Ab-category R and the category of right Rmodules Mod-R is the Ab-category [R^{op}, Ab] of Ab-functors from R^{op} to Ab and Ab-natural transformations. Similarly, viewing Abelian groups as right Z-modules (where Z denotes the ring of integers) allows us to consider Ab as the category of the form [Z^{op}, Ab], where Z is a one-object Ab-category corresponding to Z.

Therefore, the result of Section 1.2 in [2] can be restated as follows:

Every full sub-Ab-category K of [Z^{op}, Ab] which is simultaneously reflective and coreflective in [Z^{op}, Ab] is equivalent to an Ab-category [R^{op}, Ab] for some one-object Ab-category R.

Such reformulation allows us to consider a general question:

If we replace Ab by a general symmetric monoidal closed category V and a one-object Ab-category Z by a general small V-category A, what do simultaneously reflective and coreflective full sub-V-categories of [A^{op}, V] look like?

The answer is similar to the case of V = Ab: such categories are, up to equivalence, precisely those full sub-V-categories of the form [B^{op}, V] and the inclusion is induced by a V-functor P : A −→ B, that is, the inclusion is the V-functor

[P^{op}, 1_V] : [B^{op}, V] −→ [A^{op}, V]

of “restriction along P^{op}”. We call V-functors P with the property that [P^{op}, 1_V] is fully faithful connected (see 3.3 below) and give several characterizations of them.

Among others, connected functors will be proved to be exactly the representably fully faithful functors (Condition 4, Proposition 3.6). Such morphism in general 2-categories have already been studied by John Gray, Ross Street and other authors, see [12] or [4]. In [5], Brian Day calls such functors Cauchy dense.

2. Preliminaries

We use the notation and terminology of [10]. We fix a locally small symmetric monoidal closed category V_o, which is complete and cocomplete. The tensor product in V_o is denoted by ⊗, its unit by I. The “internal hom” is denoted by [ , ]. Thus, for every object A in V_o, there is an adjunction ⊗ A ⊣ [A, ] : V_o −→ V_o

The category V_o therefore serves as a base category for enriched category theory. Especially, there is an enriched category — denoted by V — which has the same objects as V_o and for which V(A, B) = [A, B].

In what follows, whenever we say category, functor, natural transformation, etc., we always mean V-category, V-functor, V-natural transformation. Non-enriched categories, functors, natural transformations, etc., will be called ordinary. Each V-category X has an underlying ordinary category X_o having the same objects as X and with hom-sets defined by X_o(X, Y ) = V_o(I, X(X, Y ))

For a small category D and functors D : D^{op} −→ V and F : D −→ K a colimit of F weighted by D is an object D ∗ F together with an isomorphism

K(D ∗ F, K) ∼= [D^{op}, V](D, K(F , K))

natural in K. A dual notion is that of a limit of F : D −→ K weighted by D : D −→ V.

For a small category A we denote by [A^{op}, V] the category of all functors H : A^{op} −→ V as objects and the hom-objects in [A^{op}, V] are defined by the end (a special weighted limit):

[A^{op}, V](H, G) = � A [HA, GA]

This weighted limit exists. In fact, assumptions on V_o entail that V is complete and cocomplete, thus, so is [A^{op}, V], weighted limits and colimits there being formed pointwise.

3. Connected Functors

In the present section we characterize those functors P : A −→ B for which the functor

[P^{op}, 1_V] : [B^{op}, V] −→ [A^{op}, V]

is fully faithful and we show that, up to equivalence, these are precisely all simultaneously reflective and coreflective full subcategories of [A^{op}, V].

We begin with the following well-known assertion (see, for example, Theorem 4.50 of [10] or Theorem 6.7.7 in the second volume of [3] for the proof):

3.1. Lemma. Suppose that P : A −→ B is a functor between small categories. Then the functor

[P^{op}, 1_V] : [B^{op}, V] −→ [A^{op}, V] H → H · P^{op}

has both left and right adjoints.

A left adjoint of [P^{op}, 1_V] assigns to H : A^{op} −→ V a left Kan extension of H along P^{op}, denoted by Lan_P op H. Analogously, a right adjoint of [P^{op}, 1_V] assigns to H : A^{op} −→ V a right Kan extension of H along P^{op}, denoted by Ran_P op H.

If, in the notation of the previous lemma, the functor [P^{op}, 1_V] were full and faithful, it would therefore provide us with an example of a subcategory of presheaves which is simultaneously reflective and coreflective.

3.2. Definition. A functor P : A −→ B between small categories is called connected, if the restriction along P^{op}, that is, the functor

[P^{op}, 1_V] : [B^{op}, V] −→ [A^{op}, V]

is full and faithful.

3.3. Remark. The terminology “connected functor” has been proposed by Peter Johnstone in his lecture at PSSL in Cambridge in November 2000 for ordinary functors P : A −→ B for which the induced functor

[P, 1_{Set}] : [B, Set] −→ [A, Set]

is full and faithful. It follows, however, that this condition is equivalent to the requirement that [P^{op}, 1_{Set}] : [B^{op}, Set] −→ [A^{op}, Set]

is full and faithful (see Proposition 3.6 below or [1]). It is the latter condition which is more convenient for our setting — this is why we have chosen it in our definition.

3.4. Remark. A useful necessary property of a connected functor P : A −→ B is its density, that is, the fact that the functor

~P : B −→ [A^{op}, V]

B → B(P , B)

is full and faithful. This follows immediately from the commutative triangle

[B^{op}, V]^{[P op,1V]} � [A^{op}, V]

B Y � � �_{~P} � � � � where Y is the (full and faithful) Yoneda embedding.

Density of a functor P : A −→ B can equivalently be expressed by saying that each object B is represented as a weighted colimit ~P B ∗ P , or, equivalently, that a left Kan extension Lan_P P of P along itself exists and is isomorphic to the identity functor 1_B : B −→ B (see Theorem 5.1 of [10]).

3.5. Definition. A functor P : A −→ B between small categories is called absolutely dense, if it is dense and all colimits ~P B ∗ P are absolute, that is, they are preserved by any functor.

An easy characterization of connected functors follows from analyzing a counit of the left Kan extension. For the case of V = Set (that is, for ordinary categories) some of the characterizations below have been given in [1].

3.6. Proposition. For P : A −→ B between small categories the following are equivalent:

1. The functor P is connected. 2. For every object B of B, the counit ε_{Y B} : Lan_P op (Y B · P^{op}) −→ Y B of Lan_P op ( ) ⊣ [P^{op}, 1_V] is an isomorphism, where Y : B −→ [B^{op}, V] denotes the Yoneda embedding.

3. The functor P is absolutely dense. 4. For every category X, the functor [P, 1_X] : [B, X] −→ [A, X] is full and faithful.

5. The functor P^{op} : A^{op} −→ B^{op} is connected, that is, the functor [P, 1_V] : [B, V] −→ [A, V] is full and faithful.

6. For every pair of functors W : B^{op} −→ V and D : B −→ X a weighted colimit W ∗D exists if and only if a weighted colimit (W · P^{op}) ∗ (D · P ) exists and both colimits are isomorphic.

Proof. Condition 1 is equivalent to the fact that ε evaluated at any H : B^{op} −→ V is a natural isomorphism. Since any such H can be expressed as a weighted colimit H ∗ Y of representables, and since both Lan_P op ( ) and [P^{op}, 1_V] preserve colimits (see Lemma 3.1), conditions 1 and 2 are equivalent.

2 implies 3. P is dense by considerations in 3.4. To prove that P is absolutely dense, we verify that every functor F : B −→ X preserves weighted colimits B ∼= ~P B ∗ P . In fact, recall that [P^{op}, 1_V] is assumed to be full and faithful and use ~P B = B( , B) · P^{op} to deduce the following isomorphisms X � ~P B ∗ F · P, X � ∼= [A^{op}, V] � B(P , B), X(F · P , X) � ∼= [A^{op}, V] � B( , B) · P^{op}, X(F , X) · P^{op} � ∼= [B^{op}, V] � B( , B), X(F , X) � ∼= X(F B, X) natural in every object X in X.

3 implies 4. Since we assume that P is absolutely dense, this means that a left Kan extension Lan_P P ∼= 1_B of P along itself is preserved by any functor F : B −→ X. Thus, for any pair F, G : B −→ X of functors we have isomorphisms

[B, X](F, G) ∼= [B, X] � Lan_P (F · P ), G � ∼= [A, X](F · P, G · P )

where the last isomorphism is induced by precomposing with P . We conclude that condition 4 holds.

Since 4 clearly implies 5, we prove that 5 implies 2. Analogously to the equivalence of conditions 1 and 2 we firstly deduce that condition 5 is equivalent to the fact that the counit of Lan_P ( ) ⊣ [P, 1_V] is an isomorphism, whenever it is evaluated at a representable functor B(B^′, ). Thus, the map �_A

B(B^′, P A) ⊗ B(P A, B) −→ B(B^′, B)

induced by composition, is an isomorphism, natural in both B and B^′. Therefore, condition 2 holds, since the natural isomorphism �_A

B( , P A) ⊗ B(P A, B) −→ B( , B)

is precisely ε_{Y B}.

1 implies 6. Consider the following isomorphisms X � (W · P^{op} ∗ (D · P ), X) � ∼= [A^{op}, V] � W · P^{op}, X(D · P , X) � ∼= [A^{op}, V] � W · P^{op}, X(D , X) · P^{op} � ∼= [B^{op}, V] � W, X(D , X) � ∼= X(W ∗ D, X)

natural in X.

6 implies 1. Apply condition 6 to the case when D is the Yoneda embedding Y : B −→ [B^{op}, V]. Since (W · P^{op}) ∗ (Y · P ) is isomorphic to Lan_P op (W · P^{op}) and since W ∗ Y is isomorphic to W , from (W · P^{op}) ∗ (Y · P )∼= W we conclude that the counit of Lan_P op ( ) ⊣ [P^{op}, 1_V] is an isomorphism. Therefore [P^{op}, 1_V] is full and faithful.

3.7. Examples. The above proposition allows one to characterize connected functors for some choices of the base category V.

1. In case when V is the category Ab of Abelian groups and their homomorphisms, connected functors between one-object categories (that is, homomorphisms of rings with unit) are precisely epimorphisms of rings (see [11]). It holds that the functor P : R −→ S is an epimomorphism if and only if the canonical map m : S ⊗_R S −→ S,

m(s ⊗ s^′) = ss^′ is a bijection (Proposition 16.3 in [11]). Connected functors do not increase the size of infinite rings. For the classification of connected functors with domain Z, see [2].

It has been proved in 2.4 of [7] that every epimorphism f : R −→ S of rings with unit induces a full embedding of categories

[P, 1_X] : [S, X] −→ [R, X]

for any Ab-category X. (Here, S and R denote the one-object Ab-categories corresponding to R and S.) Condition 4 of Proposition 3.6 shows that a converse also holds.

2. In case when V is the category Set of sets and mappings we obtain the following characterization of connected functors P : A −→ B (see Theorem 2.1 in [1]):

Firstly, for every arrow f : B^′ −→ B in B define the category f // P as follows:

- objects are pairs ⟨p : B^′ −→ P A, q : P A −→ B⟩ with q · p = f - morphisms from ⟨p : B^′ −→ P A, q : P A −→ B⟩ to ⟨p^′ : B^′ −→ P A^′, q^′ :

P A^′ −→ B⟩ are those morphisms h : A −→ A^′ such that P h · p = p^′ and P h · q^′ = q.

Then P is connected if and only if the category f // P is connected for every f : B^′ −→ B. This can be seen immediately from Proposition 3.6: the functor P is connected if and only if the map �_A B(B^′, P A) × B(P A, B) −→ B(B^′, B)

induced by composition, is an isomorphism. Thus, the elements of the coend on the left are in one to one correspondence with morphisms f : B −→ B^′. This is precisely to say that every category of the form f // P is connected. Connected functors between one-object ordinary categories are precisely epimorphisms in the category of monoids (see Corollary 2.2 in [7]). Such an epimorphism may increase the size of monoid M only if M is finite — see [6]. An easy example of a connected functor which is not full is the inclusion of the additive monoid N of natural numbers into the monoid Z of integers.

Connected functors between ordinary categories are not precisely the epimorphisms. It holds that if a functor P is an epimorphism which is one-to-one on objects, then P is connected (Corollary 2.2 of [7]). It is shown in [1] that connected functors P : A −→ B are precisely lax epimorphisms in the 2-category Cat of small categories, functors and natural transformations. A functor P : A −→ B is, by definition, a lax epimorphism whenever the functor

[P, 1_X] : [B, X] −→ [A, X]

is full and faithful for every small category X (see also condition 4 of Proposition 3.6).

The next result shows that connected functors enjoy good closure properties.

3.8. Lemma. The class of connected functors is closed under composition and tensor products.

Proof. It is clear that Q · P : A −→ C is a connected functor whenever P : A −→ B and Q : B −→ C are connected functors.

To show that P ⊗ Q : A ⊗ C −→ B ⊗ D is a connected functor for connected functors P : A −→ B and Q : C −→ D it suffices to show that

P ⊗ 1_C : A ⊗ C −→ B ⊗ C and 1_B ⊗ Q : B ⊗ C −→ B ⊗ D

are connected functors, because P ⊗ Q = (1_B ⊗ Q) · (P ⊗ 1_C).

Connectedness of P ⊗ 1_C follows immediately from the commutative diagram

[B ⊗ C, V]^{[P ⊗ 1 C,V]} � ∼= � [A ⊗ C, V] ∼= � � B, [C, V] � [P,1_{[C,V]}] � � A, [C, V] �

and connectedness of 1_B ⊗ Q is proved in a similar way.

3.9. Remark. Connected functors can also be characterized via profunctors.

Recall that the bicategory Prof of profunctors is defined as follows (see, for example, [3] for details):

1. Objects are small categories.

2. Morphisms from X to Y are functors Y^{op} ⊗ X −→ V called profunctors (also bimodules, or distributors) and denoted by X ∘ �Y.

3. 2-cells are natural transformations between the respective functors.

4. For profunctors φ : X ∘ �Y and ψ : Y ∘ �Z

the composite profunctor ψ · φ : X ∘ �Z has values � ψ · φ � (Z, X) =

�_Y ψ(Z, Y ) ⊗ φ(Y, X)

This composition is associative up to an isomorphism and an identity profunctor i_X : X ∘ �X is the hom-functor of the category X.

Recall that every functor P : A −→ B between small categories induces a pair of profunctors P^⋄ : A ∘ �B and P_⋄ : B ∘ �A

where P^⋄(B, A) = B(B, P A) and P_⋄(A, B) = B(P A, B). Moreover, there is always an adjunction P^⋄ ⊣ P_⋄

in Prof with counit P^⋄ · P_⋄ −→ i_B defined pointwise by the morphism

ε_B′_{,B} :

�_A

B(B^′, P A) ⊗ B(P A, B) −→ B(B^′, B)

which is the unique morphism induced by composition.

Thus, by Proposition 3.6, P is connected if and only if the counit of P^⋄ ⊣ P_⋄ is an isomorphism.

It will be useful later to note that the unit i_A −→ P_⋄ · P^⋄ of P^⋄ ⊣ P_⋄ is given pointwise by the morphism

A(A^′, A) −→

�_B

B(P A^′, B) ⊗ B(B, P A)

which is the action P_A′_{,A} : A(A^′, A) −→ B(P A^′, P A) of P on hom-objects — here, we use the fact that

�_B B(P A^′, B) ⊗ B(B, P A) ∼= B(P A^′, P A).

We now show that one can assume, without loss of generality, that connected functors are surjective on objects. Recall that small categories X and Y are called Morita equivalent, if the corresponding categories of presheaves [X^{op}, V] and [Y^{op}, V] are equivalent, or, equivalently, if the categories X and Y are equivalent in the bicategory Prof.

3.10. Lemma. Suppose that P : A −→ B is a connected functor. Factorize P as

A^P � F � � � � B

C G � � � � with F surjective on objects and G fully faithful. Then F is connected and C, B are Morita equivalent categories.

Proof. For every H, K : B^{op} −→ V the following triangle commutes:

[B^{op}, V](H, K)^{[P op,1V]H,K} �

[G^{op},1_V]_{H,K} � � � � � � � � � [A^{op}, V](H · P^{op}, K · P^{op})

[C^{op}, V](H · G^{op}, K · G^{op})

[F^{op},1_V ]_{HG}op_{,KG}op

� � � � � � �

Since F is surjective on objects, the morphism

[F^{op}, 1_V]_{HG}op_{,KG}op

is a monomorphism (see the proof of Proposition 5.11 of [10]). Since it is also a split epimorphism, we conclude that it is an isomorphism. Thus, also the morphism

[G^{op}, 1_V]_{H,K}

is an isomorphism and we have shown that G is a fully faithful connected functor. By Remark 3.9 the adjunction of profunctors G^⋄ ⊣ G_⋄ is an adjoint equivalence, thus C and B are Morita equivalent categories. As a consequence, the functor F is connected.

The main result of this paper shows that, up to equivalence, there are no other simultaneously reflective and coreflective full subcategories of [A^{op}, V] than inclusions of the form [P^{op}, 1_V] : [B^{op}, V] −→ [A^{op}, V]

for a (necessarily connected) functor P : A −→ B which is surjective on objects.

3.11. Theorem. Let A be a small category and let J be a full embedding

J : K −→ [A^{op}, V].

of a simultaneously reflective and coreflective subcategory. Then there exists a connected functor P : A −→ B which is surjective on objects such that, up to equivalence, the embedding J is [P^{op}, 1_V] : [B^{op}, V] −→ [A^{op}, V]

Proof. Form the composite

A^Y � [A^{op}, V]^L � K

of the Yoneda embedding and the left adjoint L of J and denote it by E. Then E is a dense functor and J : K −→ [A^{op}, V] is isomorphic to a fully faithful functor

~E : K → K(E , K)

(see Proposition 5.15 of [10]).

Factorize E as follows: A^E � P � � � � K

B E^′ � � � � where P is surjective on objects and E^′ is fully faithful. Since E is dense, so are P and E^′ (Theorem 5.13 of [10]) and the triangle

[B^{op}, V]^{[P op,1V]} � [A^{op}, V]

K ~E′ � � �_{~E} � � � � commutes, because E^′ · P = E.

The functor ~E^′ : K −→ [B^{op}, V] has a left adjoint ∗E^′, sending a functor H : B^{op} −→ V to a colimit H ∗ E^′ of E^′ weighted by H, because K is cocomplete.

It remains to show that the functor ~E^′ is an equivalence. It is clearly full and faithful, since E^′ is dense. It suffices to show that ~E^′ is essentially surjective on objects. This is done in the following steps:

1. Firstly observe that every object of the form E^′A is small-projective in K, that is, the hom-functor K(E^′A, ) : K −→ V

preserves all colimits. Indeed, consider a colimit W ∗ D in K. Then we obtain the following isomorphisms

K(E^′A, W ∗ D) ∼= K(LY A, W ∗ D) ∼= [A^{op}, V] � Y A, ~E(W ∗ D) � ∼= W ∗ [A^{op}, V](Y A, ~ED ) ∼= W ∗ K(E^′A, D )

by using the fact that L ⊣ ~E and that ~E preserves colimits (since ~E is a left adjoint).

2. From the above it follows that ~E^′ preserves small colimits.

3. To conclude the proof, take any H : B^{op} −→ V. Then the following isomorphisms

~E′(H ∗ E^′) ∼= H ∗ ~E′E^′ ∼= H ∗ Y ∼= H

take place, because E^′ is full and faithful and thus the composite ~E^′ · E^′ is the Yoneda embedding Y .

Since the category V itself is equivalent to [I^{op}, V], where I is the one-object unit category, as a consequence of Theorem 3.11 we obtain:

3.12. Corollary. Any full reflective and coreflective subcategory of V is equivalent to the category of the form [A^{op}, V], where A has one object, that is, it corresponds to a monoid in V.

3.13. Examples.

1. Any (not necessarily commutative) ring R with a unit can be viewed as a oneobject Ab-category R. Theorem 3.11 asserts that full reflective and coreflective subcategories of [R^{op}, Ab] are of the form [S^{op}, V] for a one-object Ab-category S, that is, a ring S with a unit. Moreover, the inclusion [S^{op}, V] −→ [R^{op}, V] is induced by an epimorphism of rings f : R −→ S (see Example 3.7). Thus, full reflective and coreflective subcategories of right R-modules are up to equivalence precisely categories of right S-modules for ring-epimorphic images S of R.

2. More in general, given a commutative theory, that is, a variety V of algebras in which all operations are homomorphisms, we can produce in a natural way the tensor product with one-generated free algebra as its unit (see [3]). By Theorem 3.11 we can represent full reflective and coreflective subcategories of the presheaf categories [A^{op}, V], for the resulting enriched category V, by connected functors. Among the many instances of this construction one can find the varieties of medial groupoids (see, for example, [8]), commutative semigroups, abelian groups.

3. From Theorem 3.11 we can conclude that, up to equivalence, Set does not have any simultaneously reflective and coreflective full subcategories than Set itself. This can be seen as follows:

Let I be a monoid on one-element set, considered as a category. Then [I^{op}, Set] is equivalent to Set and any reflective and coreflective subcategory J : K −→ Set must be, up to equivalence, of the form [P^{op}, 1_{Set}] : [B^{op}, Set] −→ [I^{op}, Set], where P : I −→ B is an epimorphism of monoids (see Example 3.7).

Since, by Remark 3.4, the functor P is dense, the monoid B must be isomorphic to the monoid of I-equivariant maps of B to itself. Since every map is I-equivariant, it follows that B must be isomorphic to I.

By Remark 3.9, a functor P : A −→ B is connected if and only if the adjunction P^⋄ ⊣ P_⋄ of the corresponding profunctors is a “full reflection”, that is, if the counit of this adjunction is an isomorphism. Applying Theorem 3.11 we now show that every full reflection of profunctors is generated by a connected functor. More precisely, the following holds:

3.14. Proposition. Suppose that φ : B ∘ �A and ψ : A ∘ �B are profunctors with ψ ⊣ φ and such that the counit ψ · φ −→ i_B is an isomorphism. Then there is a category C and a connected functor P : A −→ C such that C is Morita equivalent to B and the adjunction ψ ⊣ φ is, up to this equivalence, the adjunction P^⋄ ⊣ P_⋄.

422 ROBERT EL BASHIR AND JIŘÍ VELEBIL Proof. Put tr(φ) : B −→ [A^{op}, V] and tr(ψ) : A −→ [B^{op}, V] to be the functors tr(φ) : B → φ( , B) and tr(ψ) : A → ψ( , A) and consider the functors

∗ tr(φ) : [B^{op}, V] −→ [A^{op}, V] and ∗ tr(ψ) : [A^{op}, V] −→ [B^{op}, V] By assumption, ∗ tr(ψ) ⊣ ∗ tr(φ) and the counit of this adjunction is an isomorphism. Since, clearly, the functor ∗ tr(φ) preserves colimits, it has a right adjoint. Thus, the functor ∗ tr(φ) : [B^{op}, V] −→ [A^{op}, V] is a full embedding of a simultaneously reflective and coreflective subcategory. The rest follows by applying Theorem 3.11.

References

[1] J. Adámek, R. El Bashir, M. Sobral and J. Velebil, On Functors Which Are Lax Epimorphisms, Theory and Appl. Cat. Vol. 8, 2001, 509–521 [2] R. El Bashir, M. Hušek and H. Herrlich, Abelian Groups: Simultaneously Reflective and Coreflective Subcategories versus Modules, in: Categorical Perspectives (eds. J. Koslowski and A. Melton), Birkhäuser 2001, 265–281 [3] F. Borceux, Handbook of Categorical Algebra, Cambridge University Press, Cambridge 1994, (in three volumes) [4] A. Carboni, S. Johnson, R. Street and D. Verity, Modulated Bicategories, Jour. Pure Appl. Algebra 94 (1994), 229–282 [5] B. J. Day, Density Presentations of Functors, Bull. Austr. Math. Soc. 16 (1977), 427–448 [6] J. R. Isbell, Epimorphisms and Dominions, in: Proc. Conf. Categorical Algebra La Jolla, Springer Verlag 1966, 232–246 [7] J. R. Isbell, Epimorphisms and Dominions III, Am. J. Math. 90 (1968), 1025–1030 [8] J. Ježek and T. Kepka, Medial Groupoids, Rozpravy ČSAV 93/2 (1983), 96 pp. [9] V. Kannan, Reflexive cum Coreflexive in Topology, Math. Ann., 195, 1972, 168–174 [10] G. M. Kelly, Basic Concepts of Enriched Category Theory, London Math. Soc. Lecture Notes Series 64, Cambridge Univ. Press, 1982 [11] N. Popescu, Abelian Categories with Application to Rings and Modules, Academic Press, London 1975 [12] R. Street, Fibrations and Yoneda’s Lemma in a 2-category, in: Sydney Category Seminar, LNM 420, Springer-Verlag 1974, 104–133

Department of Mathematics, Charles University, Sokolovská 83, 186 75 Prague 8, Czech Republic

Institute of Theoretical Informatics, Technical University, Braunschweig, Germany Email: bashir@karlin.mff.cuni.cz

velebil@iti.cs.tu-bs.de

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/10/16/10-16.{dvi,ps}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as

they are published. Full text of published articles is available in .dvi, Postscript and PDF. Details will be e-mailed to new subscribers. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh,

rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and L^ATEX is the

preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at http://www.tac.mta.ca/tac/. You may also write to

tac@mta.ca to receive details by e-mail.

Editorial board.

John Baez, University of California, Riverside: baez@math.ucr.edu Michael Barr, McGill University: barr@barrs.org, Associate Managing Editor Lawrence Breen, Université Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it Valeria de Paiva, Palo Alto Research Center: paiva@parc.xerox.com Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, University of Sydney: stevel@maths.usyd.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca, Managing Editor Jiri Rosicky, Masaryk University: rosicky@math.muni.cz James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca