Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 2 December 1998, pp. 56 – 64 Submitted: August 2, 1998. Published: February 1, 1999

On locally nilpotent endomorphisms of Gorenstein injective modules

Okyeon YI

Abstract

In this paper, we generalize the idea of injective envelopes to the Ω-envelopes. We find more general conditions for local nilpotent homorphisms with the Ω-envelopes. Also we define the Gorenstein injective envelopes and prove similar theorems about the envelopes and find relations among the injective envelopes, Gorenstein injective envelopes and Ω-envelopes. Finally we can prove that if the base ring R is an n- Gorenstein and {(G_i), ψ^i_j } is a directed system of Gorenstein injective R-modules, then lim_→ G_i is Gorenstein injective.

1991 A.M.S. Subject Classification Codes. 13C99.

Key Words and Phrases: Nilpotent Endomorphisms, Gorenstein Injective Modules, Gorenstein Injective Envelopes

Yi, Okyeon, Department of Mathematics Korea University 136-701, Seoul, Korea E-mail: oyyi00@semi.korea.ac.kr

Copyright © 1998 by Cameron University 56

1. Ω-Envelopes Let Ω be a collection of R-modules of a left Noetherian ring R.

Definition 1. By an Ω-envelope of a left R-module N we mean a linear map ϕ : N −→ E(N) where E(N) is in Ω such that

1. if f : N −→ F is a linear map where F ∈ Ω, then there is a linear map g : E(N) −→ F such that f = g ∘ ϕ, i.e., the diagram is commutative. N ϕ -E(N)

@@
  @@
   @R

f p p p p p p p p p p p p p? g

F 2. if F = E(N) and f = ϕ then g is necessarily an automorphism.

We note that an Ω-envelope of M, when it exists, is unique up to isomorphism. Theorem 1. If every left R-module has an Ω-envelope and if Ω is closed under direct sums of a countable number of modules in Ω, then any direct sum ⊕^∞_{i=1}M_i −→ ⊕^∞_{i=1}E(M_i) of Ω-envelopes M_i −→ E_i is an Ω-envelope.

Proof. The proof of corollary 1 [3] gives that if

⊕_{i∈I} M_i -⊕_{i∈I} E_i

@@
  @@
   @R

p p p p p p p p p p p p p?_{⊕i∈I Ei} is commutative, then ⊕_{i∈I} E_i −→ ⊕_{i∈I} E_i is an injection. But by hypothesis ⊕_{i∈I} M_i has an Ω-envelope ⊕_{i∈I} M_i −→ E. But then

⊕_{i∈I} M_i -⊕_{i∈I} E_i

@@
  @@
   @R

p p p p p p p p p p p p p?_E

can be completed to a commutative diagram since each M_i −→ E_i is an Ω-envelope and ⊕_{i∈I} E_i ∈ Ω. Since ⊕_{i∈I} M_i −→ E is an envelope, the diagram

⊕_{i∈I} M_i - E

@@
  @@
   @R

p p p p p p p p p p p p p?_{⊕i∈I Ei} can be completed to a commutative diagram. Then consider the following diagram

E

�

  �

   �`
     ?

⊕_{i∈I} M_i -⊕_{i∈I} E_i

@@
  @@
   @R ?_E

shows E −→ ⊕_{i∈I} E_i −→ E is an automorphism of E. So it makes E isomorphically to a summand of ⊕_{i∈I} E_i. If E −→ ⊕_{i∈I} E_i were not an isomorphism, then ker(⊕_{i∈I} E_i −→ E) ≠ 0. But then ker(⊕_{i∈I} E_i −→ ⊕_{i∈I} E_i) ≠ 0 which is impossible by the corollary 1 [3].

Let Ω be some class of left R-modules such that every left R-module has an Ωenvelope and Ω is closed under a countable direct sum of left R-modules. Then we can extend the idea about locally nilpotent endomorphisms of the class of injective modules to an arbitrary class Ω of modules defined in definition 1. Lemma 1. If N^ϕ−→ E(N) is an Ω-envelope of N and N^g−→ N is an automorphism of N, then g(N)^{ϕ·g} �1 −→ E(N) is an Ω-envelope of g(N).

Proof. Consider the following diagram : N ϕ - E(N) g

?_{p p} p p^{p p p p p p p p}

p p p p p p p p p p p p p p p̀ ϕ ∘ g^{−1}

g(N) ϕ ∘ g^{−1}- E(N)

The map ϕ ∘ g^{−1} satisfies all the conditions of Ω-envelope.

Lemma 2. Let N ∈ Ω and h : N −→ E(N) be a Ω-envelope of N. If ϕ : E(N) −→ E(N) is a linear map such that ϕ|_N is an automorphism of N, then ϕ is an automorphism of E(N).

Proof. Consider the map N h - E(N) ϕ|_N

?

p p p p p p p p p p p p p p p p p p p p p p p p p p pR h

?

ϕ

N h ∘ (ϕ|_N )^{−1}- E(N)

Since ϕ|_N is an automorphism, (ϕ|_N )^{−1} is defined. So the left triangle is commutative. By the definition of Ω-envelope, ϕ is an automorphism of E(N).

Theorem 2. If f ∈ End(E) where E ∈ Ω such that ker(f) ⊂ E is an Ω-envelope, then f is locally nilpotent on E.

Proof. Let K be the kernel of f, then K ⊂ E is an Ω-envelope. Then by the hypothesis of Ω and by Thoerem 1, K ⊕ K ⊕ · · · ⊂ E ⊕ E ⊕ · · · is an Ω-envelope. So define a map ϕ : E ⊕ E ⊕ · · · −→ E ⊕ E ⊕ · · · (x_1, x_2, · · · ) → (x_1, x_2 − f(x_1), x_3 − f(x_2), · · · )

Then ϕ is a homomorphism and ϕ|_{K⊕K⊕···} = id_{K⊕K⊕···}. So by lemma 2, ϕ is an automorphism of E ⊕ E ⊕ · · · and in particular ϕ is onto. Let x ∈ E and consider (x, 0, 0, · · · ). Then ϕ(x_1, x_2, x_3, · · · ) = (x, 0, 0, · · · ) for some (x_1, x_2, x_3, · · · ) ∈ E ⊕ E ⊕ · · · . Then x_1 = x, x_2 − f(x_1) = 0, x_3 − f(x_2) = 0 and so on. So x_n = f^{n−1}(x) for all n ≥ 2. But since x_{n+1} = 0 for some n, f^n(x) = 0 i.e., f is locally nilpotent on E.

¿From the fact that ker(f) ⊂ ker(f^2) ⊂ · · · ⊂ ker(f^n) ⊂ · · · we can generalize the hypothesis of theorem 2.

Theorem 3. If R is left Noetherian ring, E is in Ω, and f ∈ End(E) is such that

S_{∞n=1 ker(f n) ⊂ E is an Ω-envelope, then f is locally nilpotent on E .}

Proof. Let K = ∪^∞_{n=1}ker(f^n) ⊂ E. Define ψ : E ⊕ E ⊕ · · · −→ E ⊕ E ⊕ · · · (x_1, x_2, · · · ) −→ (x_1, x_2 − f(x_1), x_3 − f(x_2), · · · )

Then easily ψ is an endomorphism. If (x_1, x_2, · · · ) in K ⊕ K ⊕ · · · , then there exist a_i, b_i ≥ 1 such that f^{ai} (x_i) = 0 and f^{bi} (x_{i−1}) = 0. So f^{mi} (x_i − f(x_{i−1})) = 0 for some m_i ≥ max{a_i, b_i} for each i. So ψ maps K ⊕ K ⊕ · · · into K ⊕ K ⊕ · · · . And ψ|_{K⊕K⊕···} is injective since its kernel is 0. Now let (y_1, y_2, · · · ) ∈ K ⊕K ⊕· · · . Since each y_i ∈ K = S^∞_{n=1} Ker(f^n) there exists t_i ∈ {1, 2, · · · } such that f^{ti} (y_i) = 0. Given n ∈ {1, 2, · · · } choose m such that m ≥ max{t_n, t_{n−1} − 1, t_{n−2} − 2, · · · , t_1 − (n − 1)}. Then f^m(y_n + f(y_{n−1}) + f^2(y_{n−2}) + · · · + f^{n−1}(y_1)) = f^m(y_n) + f^{m+1}(y_{n−1}) + f^{m+2}(y_{n−2}) + · · · + f^{m+n−1}(y_1) = 0 so for every n ∈ {1, 2, · · · }

y_n + f(y_{n−1}) + f^2(y_{n−2}) + · · · + f^{n−1}(y_1) ∈ K

Then

ψ(y_1, y_2 + f(y_1), · · · , y_n + f(y_{n−1}) + f^2(y_{n−2}) + · · · + f^{n−1}(y_1), · · · ) = (y_1, y_2 + f(y_1) − f(y_1), y_3 + f(y_2) + f^2(y_1) − f(y_2) − f^2(y_1), · · · ) = (y_1, y_2, · · · , y_n, · · · ). So ψ|_{K⊕K⊕···} is onto. Hence ψ|_{K⊕K⊕···} is an isomorphism on K ⊕ K ⊕ · · · and ψ is an automorphism of E ⊕ E ⊕ · · · . Let x ∈ E and consider (x, 0, 0, · · · ). Then ψ(x_1, x_2, · · · ) = (x, 0, 0, · · · ) for some (x_1, x_2, · · · ) ∈ E ⊕ E ⊕ · · · . Then x_1 = x, x_2 − f(x_1) = 0 x_3 − f(x_2) = 0 · · · x_n − f(x_{n−1}) = 0 · · · So x_n = f(x_{n−1}) = f^2(x_{n−2}) = · · · = f^{n−1}(x_1) = f^{n−1}(x). But for some n, x_{n+1} = f^n(x) = 0. Therefore f is a locally nilpotent on E.

Lemma 3. If R is left Noetherian ring and f : E −→ E is an endomorphism of a left R-module in Ω such that ∪^∞_{n=1}ker(f^n) ⊂ E is an Ω-envelope, then ∪^∞_{n=1}ker(f^n) = E. Proof. Obvious.

Lemma 4. Let R be a left Noetherian. Let E be a left R-module in Ω and let f_0, f_1, f_2, · · · be a sequence of elements in End(E). Consider those x ∈ E such that f_n ∘ f_{n−1} ∘ · · · f_1 ∘ f_0(x) = 0 for some n(depending on x). If K is the set of such x, then K is a submodule of E.

Proof. Obvious.

Theorem 4. If K is closed for all f_0, f_1, · · · i.e., f_i(x) ∈ K for all x ∈ K and K ⊂ E is an Ω-envelope, then K = E.

Proof. Consider the direct sum K ⊕ K ⊕ · · · of countable number of Ks. Since K ⊂ E is an Ω-envelope, K ⊕ K ⊕ · · · ⊂ E ⊕ E ⊕ · · · is an Ω-envelope. So define a map ϕ : E ⊕ E ⊕ · · · −→ E ⊕ E ⊕ · · · (x_1, x_2, x_3, · · · ) → (x_1, x_2 − f_0(x_1), x_3 − f_1(x_2), · · · ) Then ϕ is a homomorphism, and ϕ|_{K⊕K⊕···} is an injection since kerϕ|_{K⊕K⊕···} = 0. And if (y_1, y_2, y_3, · · · ) ∈ K ⊕ K ⊕ · · · , then let x_1 = y_1 x_2 = y_2 + f_0(x_1) x_3 = y_3 + f_1(x_2) · · · Then

ϕ(x_1, x_2, · · · ) = (x_1, x_2 − f_0(x_1), x_3 − f_1(x_2), · · · ) = (y_1, y_2 + f_0(x_1) − f_0(x_1), y_3 + f_1(x_2) − f_1(x_2), · · · ) = (y_1, y_2, y_3, · · · ) So ϕ is onto on K ⊕ K ⊕ · · · . Hence ϕ|_{K⊕K⊕···} is an isomorphism of K ⊕ K ⊕ · · · . So by lemma 2, ϕ is an isomorphism of E ⊕ E ⊕ · · · and in particular ϕ is onto. Let x ∈ E and consider (x, 0, 0, · · · ). Then ϕ(x_1, x_2, x_3, · · · ) = (x, 0, 0, · · · ) for some (x_1, x_2, x_3, · · · ) ∈ E ⊕ E ⊕ · · · . Then x_1 = x, x_2 − f_0(x_1) = 0, x_3 − f_1(x_2) = 0 and so on. So x_n = f_{n−2}(x_{n−1}) for all n ≥ 2. But for some n, x_{n+2} = 0. Choose any x ∈ E then 0 = x_{n+2} = f_n(x_{n+1}) = f_n(f_{n−1}(x_n)) = f_n(f_{n−1}(f_{n−2}(x_{n−1}))) = · · · = (f_n ∘ f_{n−1} ∘ · · · ∘ f_0)(x) So x ∈ K for all x ∈ E. This ends the proof.

For examples, let Ω be the collection of injective modules then Ω is closed under direct sums of a countable number of modules in Ω. The definition of Ω-envelopes is equivalent to the definition of the injective envelopes of modules. Corollary 1. If R is left Noetherian, E is an injective left R-module, and f ∈ End(E) is such that E is an essential extension of ker(f) denoted ker(f) ⊂^′ E, then f is locally nilpotent on E.

Corollary 2. If R is left Noetherian, E is an injective left R-module, and f ∈ End(E) is such that S^∞_{n=1} ker(f^n) ⊂^′ E, then f is locally nilpotent on E . Corollary 3. Let R be a left Noetherian ring, E be an injective left R-module and f_0, f_1, f_2, · · · be a sequence of elements in End(E). Let K = {x ∈ E|f_n ∘ f_{n−1} ∘ · · · ∘ f_0(x) = 0 for some n}. If f_i(K) ⊂ K for all i ≥ 0 and K ⊂^′ E then K = E.

2. Gorenstein injective modules over Gorenstein rings

Definition 2. A ring R is said to be Iwanaga-Gorenstein (or simply Gorenstein) if R is left and right Noetherian and if R has finite self-injective dimension on both sides.

Zaks [8] has shown that when R is Gorenstein the two self-injective dimensions are the same.

Definition 3. A left R-module G is said to be Gorenstein injective if there is an exact sequence · · · → E^{−2} → E^{−1} → E^0 → E^1 → E^2 → · · · of injective left R-modules such that G = ker(E^0 → E^1) and such that the functor Hom(E, −) leaves the sequence exact whenever E is an injective left R-module.

All injective modules are trivially Gorenstein injective. Over a Gorenstein ring R the injective modules are the only Gorenstein injective modules precisely when R has finite global dimension. The following result gives a manageable criterion in order that a module G be Gorenstein injective over a Gorenstein ring.

Proposition 1. If R is a Gorenstein ring and n = inj.dim._RR (also = inj.dim.R_R) then a left R-module G is Gorenstein injective if and only if there is an exact sequence 0 → M → E^0 → · · · → E^{n−1} → G → 0 with E^0, · · · , E^{n−1} injective left R-modules, i.e. if and only if G is an n-th cosyzygy.

Proof. [9], Proposition 4.4

Let Ω_G be the collection of Gorenstein injective left R-modules of a Gorenstein ring R. Then the Ω_G-envelope is also called the Gorenstein injective envelope. In [9] all modules over a Gorenstein ring were proved to have such envelopes.

Lemma 5. The collection Ω_G of Gorenstein injective modules over a Gorenstein ring is closed under direct sums. And if M_i −→ G_i are Ω_G-envelopes over a Gorenstein ring for all i ∈ I, then ⊕M_i −→ ⊕G_i is an Ω_G-envelope.

Proof. Suppose n = inj.dim_RR. Let (G_i)_{i∈I} be a family of Gorenstein injective modules. By Proposition 1 above there exist exact sequences 0 −→ M_i −→ E^0_i −→ E^1_i −→ · · · −→ E^{n−1}_i −→ G_i −→ 0 such that E^0_i , E^1_i , · · · , E^{n−1}_i are all injective. Then 0 −→ ⊕M_i −→ ⊕E^0_i −→ ⊕E^1_i −→ · · · −→ ⊕E^{n−1}_i −→ ⊕G_i −→ 0 is an exact sequence. Since R is left Noetherian, each ⊕E^j_i is an injective module. So again by Proposition 1, ⊕G_i is Gorenstein injective. Hence Ω_G is closed under the direct sums.

Corollary 4. If R is a Gorenstein ring, and f ∈ End(G) is such that ker(f) ⊂ G is an Ω_G-envelope, then f is locally nilpotent on E .

Proof. Obvious from Theorem 2.

Corollary 5. If R is a Gorenstein ring, and f ∈ End(G) is such that S^∞_{n=1} ker(f^n) ⊂ G is an Ω_G-envelope, then f is locally nilpotent on E .

Proof. Obvious from Theorem 3.

Corollary 6. Let R be a Gorenstein ring and let K ⊂ G be an Ω_G-envelope. Let f_0, f_1, f_2, · · · be elements of End(G) such that f_n(K) ⊂ K for all n ≥ 0. If for each x ∈ K, there is an n ≥ 0 such that (f_n ∘ f_{n−1} ∘ · · · ∘ f_0)(x) = 0, then the same is true for all x ∈ G.

Proof. Obvious from Theorem 4.

Remark: If in the corollary 4 it were true that ker(f) is essential in E (as is the case of an injective envelope) then the result would follow from the proof of the corresponding result for injective envelopes. However there are Gorenstein injective envelopes which are not essential extensions (see [10]).

Theorem 5. Let R be an n-Gorenstein ring and {(G_i), ψ^i_j } be a directed system of Gorenstein injective R-modules. Then lim_→ G_i is Gorenstein injective.

Proof. Let X be a representative set of indecomposable injective left R-modules. For left R-modules M, we form the injective modules E^∗ = ⊕_{Hom(E,M)}E, and E^′ = ⊕_{E∈X} E^∗ and let E^′ → M be defined by the evaluation maps. Then it is easy to see that E^′ → M is an injective precover and that this procedure is functorial. We now appeal to Proposition 4.3 [9]. That result says that if G is Gorenstein injective and if E → G is an injective cover then E → G is surjective and ker(E → G) is Gorenstein injective. But then if E^′ → G is an injective precover, it is easy to see that E^′ = E_1 ⊕ E_2 where E_1 → G is an injective cover and where E_2 ⊂ ker(E^′ → G). So the result holds if we only assume E → G an injective precover. From this it follows that if G is Gorenstein injective, we can functorially construct an exact sequence 0 −→ N −→ E^0 −→ E^1 −→ · · · −→ E^{n−1} −→ G −→ 0 with E^0, E^1, · · · , E^{n−1} injective. Now let {(G_i), ψ^i_j } be a directed system of Gorenstein injective R-modules. Then we functorially construct such exact sequences 0 −→ N_i −→ E^0_i −→ E^1_i −→ · · · −→ E^{n−1}_i −→ G_i −→ 0 with E^0_i , E^1_i , · · · , E^{n−1}_i injective for each i. Then

0 −→ lim_→ N_i −→ lim_→ E^0_i −→ · · · −→ lim_→ E^{n−1}_i −→ lim_→ G_i −→ 0

is also exact. Since the ring R is Gorenstein, each lim_→ E^j_i is injective module. Hence lim_→ G_i is an n-th cosyzygy of lim_→ N_i and so lim_→ G_i is Gorenstein injective.

References

[1] H.Bass, Finitistic dimensions and a homological generalization of semi-primary rings, Trans.

AMS. 39(1960),466-488 [2] H.Bass, On the ubiquity of Gorenstein rings, Math. Z. 82(1963), 8-28 [3] E. Enochs, Injective and flat covers, envelopes and resolvents, Israel J of Math. v39 (1981), 189-209.

[4] E. Enochs and O. M. G. Jenda, Gorenstein injective and projective modules, Math. Z. 220, (1995), 611-633.

[5] J. -L. Koszul, Sur les modules de représentation des algébres de Lie résolubles, Amer. J.

Math. 76(1954), 535-554.

[6] D. G. Northcott, Injective envelopes and inverse polynomials, J. London Math. Soc. (2), (1974), 290-296.

[7] J. Rotman, An introduction to homological algebra, Academic Press Inc., New York, 1979. [8] A Zaks, Injective dimension of semi-primary rings, J. Algebra, 13(1969), 73-86 [9] E.Enochs, O.Jenda and J.Xu, Covers and envelopes over Gorenstein rings, Tsukuba J. Math, 20(1996) [10] E. Enochs and O. Jenda, Gorenstein injective envelopes and essential extensions, Proceedings of the Second Japan-China Int. Symposium on Ring Theory, Okayama, Japan, (1995), 29-32