Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 1998, pp. 44–48.

Submitted: March 1, 1998. Published: February1, 1999.

A UNIFYING SEMILOCAL CONVERGENCE THEOREM FOR NEWTON-LIKE METHODS IN BANACH SPACE

Ioannis K. Argyros I.

Abstract. We provide a unifying semilocal convergence theorem for Newtonlike methods, in order to approximate a solution of a nonlinear equation in Banach space. We use a certain positive functional as an upper bound on the distances involved. This way we can obtain sharper error bounds than before. Earlier results are special cases of our theorem. Several choices of the majorizing functional are also provided.

1991 A.M.S. (MOS) Subject Classification Codes. 65B05, 47H17, 49D15.

Key Words and Phrases. Newton-like methods, Banach space, majorizing functional.

1. INTRODUCTION.

In this study we are concerned with approximating a solution x^∗ of an equation

(1) F (x) = 0,

where F is a continuous nonlinear operator defined on an open convex subset D of a Banach space E_1 with values in a Banach space E_2.

Newton-like methods of the form

(2) x_{n+1} = x_n − A(x_n)^{−1}F (x_n) (n ≥ 0)

have been used by many authors to approximate x^∗. For a survey of such results we refer the reader to [2], [3], [4]. Here, A(x) ∈ L(E_1, E_2) (x ∈ D) which denotes the space of all bounded linear operators from E_1 into E_2. For A(x) = F^′(x) (x ∈ D) we obtain the famous Newton–Kantorovich method [3], [4], [5]. Several other choices for operator A are also possible [1], [2], [4].

Here, we introduce a majorizing functional and use it to provide a unifying semilocal convergence theorem for Newton-like method (2). Results already in

Department of Mathematics, Cameron University, Lawton, OK 73505 USA E-mail Address: ioannisa@cameron.edu © 1998 Cameron University

Typeset by AMS-TEX 44

the literature are considered special cases of our theorem if we simply choose the functional appropriately. Moreover, we show that in case this functional exists, then our error bounds on the distances ‖x_{n+1} − x_n‖, ‖x_n − x^∗‖ are sharper than earlier ones.

2. CONVERGENCE ANALYSIS.

We state and prove the following semilocal convergence theorem for Newton-like method (2).

Theorem. Let F : D ⊆ E_1 → E_2 be a continuous operator, defined on a convex subset D of a Banach space E_1 with values in a Banach space E_2.

Assume (a) for some x_0 ∈ D there exists R ≥ 0 such that Ū(x_0, R) = {x ∈ E_1 | ‖x − x_0‖ ≤ R} ⊆ D; (b) A(x)^{−1} ∈ L(E_2, E_1) for all x ∈ U(x_0, R);

(c) there exists a functional α: Ū(x_0, R) → [0, +∞) such that

(3) ‖A(x)^{−1}F (x)‖ ≤ α(x) for all x ∈ Ū(x_0, R);

(d) iteration {t_n} (n ≥ 0) given by

t_{n+2} = t_{n+1} + α_{n+1}, (n ≥ 0), t_0 = 0, (4) t_1 ≥ ‖A(x_0)^{−1}F (x_0)‖, α_n = α(t_n) (n ≥ 1)

is monotonically increasing and bounded above by R. Then (i) Iteration {t_n} (n ≥ 0) generated by (4) converges to some limit r_0 ∈ [0, R]. (ii) Newton-like iteration {x_n} (n ≥ 0) generated by (2) is well defined, remains in Ū(x_0, r_0) for all n ≥ 0 and converges to a solution x^∗ of equation F (x) = 0. Moreover, the following error bounds hold for all n ≥ 0:

(5) ‖x_{n+1} − x_n‖ ≤ t_{n+1} − t_n and (6) ‖x^∗ − x_n‖ ≤ r_0 − t_n.

Proof. (i) Scalar iteration {t_n} (n ≥ 0) is monotonically increasing and bounded above by R (hypothesis (d)), and as such it converges to some limit r_0 ∈ [0, R].

(ii) By hypothesis (b) Newton-like method (2) is well defined for all n ≥ 0. We will show estimate (5) for all n ≥ 0. For n = 0, (2), (4) give ‖x_1 −x_0‖ ≤ t_1 = t_1 −t_0, which shows (5) for n = 0, and x_1 ∈ Ū(x_0, r_0). Let us assume that (5) holds and x_{n+1} ∈ Ū(x_0, r_0) for n = 0, 1, 2, . . . , k. Using (2), (3) and (4) we get

‖x_{k+2} − x_0‖ ≤ ‖x_{k+2} − x_{k+1}‖ + ‖x_{k+1} − x_0‖ ≤ · · · ≤ (t_{k+2} − t_{k+1}) + (t_{k+1} − t_k) + · · · + (t_1 − t_0) ≤ t_{k+2} − t_0 = t_{k+2} ≤ r_0, 45

and ‖x_{k+2} − x_{k+1}‖ = ‖ − A(x_{k+1})^{−1}F (x_{k+1})‖ ≤ α(x_{k+1}) = α_{k+1} = t_{k+2} − t_{k+1},

which completes the induction.

It follows from estimate (5) that Newton-like method {x_n} (n ≥ 0) is Cauchy in a Banach space E_1, and as such it converges to some limit x^∗ ∈ Ū(x_0, r_0) (since Ū(x_0, r_0) is a closed set). By letting n → ∞ in (2) and using the continuity of A(x)^{−1} and F we get F (x^∗) = 0. That is x^∗ is a solution of equation (1).

Finally estimate (6) follows from (5) by using standard majorization techniques [3], [4], [5].

That completes the proof of the Theorem. ♠

Remark. The selection of the functional α is not easy in general. Here are some choices:

(1) An “optimum” choice is given by

(7) α(x) = sup_{x∈Ū(x} 0,r) r∈[0,R] ‖A(x)^{−1}F (x)‖.

If such a functional can be found then since all upper bounds (see (3)) on the expression ‖A(x)^{−1}F (x)‖ (x ∈ D) already in the literature are “larger” than α, it follows that our error bounds on the distances are smaller than all earlier ones (see [1]–[5] and the references there).

(2) Let γ_0: Ū(x_0, R) → [0, +∞) be a functional; γ be a nonnegative nondecreasing, continuous function defined on [0, R] such that:

‖A(x_0)^{−1}(A(x) − A(x_0))‖ ≤ γ(x) ≤ γ_0(‖x − x_0‖) (8) for all x ∈ Ū(x_0, r) ⊆ Ū(x_0, R) and (9) γ_0(R) < 1;

β be a functional such that β: Ū(x_0, R) → [0, +∞); β_0 be a nonnegative, nondecreasing continuous function of three variables defined on [0, R]^3 such that: fl fl Z_1 0 A(x_0)^{−1}[F^′(x + t(y − x) − A(x)](y − x)dt fl fl ≤ β(x) (10) ≤ β_0(‖x − x_0‖, ‖y − x_0‖, ‖x − y‖) for all x, y ∈ Ū(x_0, r) ⊆ Ū(x_0, R) and

(11) y = x − A(x)^{−1}F (x).

It then follows from the estimate (12) ‖A(x)^{−1}F (x)‖ ≤ ‖A(x)^{−1}A(x_0)‖ · ‖A(x_0)^{−1}F (x)‖, 46

the Banach Lemma on invertible operators [4], [5], (3), (8)–(11) that functional α can be chosen by (13) α(x) = δ(‖x − x_0‖)β_0(‖x − x_0‖, ‖x − x_0 − A(x)^{−1}F (x)‖, ‖A(x)^{−1}F (x)‖), where

(14) δ(t) = 1 1 − γ_0(t) , t ∈ [0, R], and that A(x)^{−1} is invertible for all x ∈ Ū(x_0, R). Note that functionals β, γ can be given by

(15) β(x) = sup x∈Ū(x0,r), r∈[0,R] y=x−A(x)�1F (x) fl fl Z_1 0 A(x_0)^{−1}[F^′(x) + t(y − x)) − A(x)](y − x)dt fl fl

and (16) γ(x) = sup_{x∈Ū(x} 0,r) r∈[0,R] ‖A(x_0)^{−1}(A(x) − A(x_0))‖.

It follows from (12), (13), and (14) that if α is chosen as in (7) then

α(x) ≤ β(x) 1 1 − γ(x) (17)

≤ β_0(‖x − x_0‖, ‖x − x_0 − A(x)^{−1}F (x)‖, ‖A(x)^{−1}F (x)‖)δ(‖x − x_0‖), for all x ∈ Ū(x_0, r), r ∈ [0, R]. That is, error bounds on the distances ‖x_{n+1} − x_n‖, ‖x_n−x^∗‖ (n ≥ 0) with α chosen as in (7) are smaller or equal than the corresponding ones when α is chosen as in (13) or by

(18) α(x) = β(x) 1 1 − γ(x) , x ∈ Ū(x_0, r), r ∈ [0, R] and β, γ given by (15) and (16) respectively.

Our theorem can be reduced to any theorem on Newton methods already in the literature for special choices of the functional α. We will not show that for any such theorem in existence. However we will only show it under Newton–Kantorovich hypotheses [4], [5] for Newton’s method. That is we set A(x) = F^′(x) (x ∈ D) in (2). Indeed, let ℓ, b be such that (19) ‖F^′(x) − F^′(y)‖ ≤ ℓ‖x − y‖ for all x, y ∈ D (20) ‖F^′(x_0)^{−1}‖ ≤ b.

Then it can easily be seen that we can choose α as in (18) for

(21) γ(x) = ℓb‖x − x_0‖ and β(x) = 1 2 ℓb‖F^′(x)^{−1}F (x)‖^2 (x ∈ D). Finally, for a list of choices for the functional α other than (7) and relevant ideas we refer the reader to [1], [2], [4]. 47

REFERENCES

[1] Appel, J., DePascale, E. and Zabrejko, P.P. On the application of the Newton–Kantorovich method to nonlinear integral equations of Uryson type, Numer. Funct. Anal. Optimiz. 12, (3 and 4), (1991), 271–283.

[2] Appel, J., DePascale, E., Lysenko, J.V. and Zabrejko, P.P. New results on Newton–Kantorovich approximations with applications to nonlinear integral equations, Numer. Funct. Anal. Optimiz. 18, (1 and 2), (1997), 1–17.

[3] Argyros, I.K. Polynomial Operator Equations in Abstract Spaces and Applications, CRC Press LLC, Inc., Boca Raton, Florida, 1998.

[4] Argyros, I.K. and Szidarovszky, F. The Theory and Application of Iteration Methods, CRC Press, Inc., Boca Raton, Florida, 1993.

[5] Kantorovich, L.V. and Akilov, G.P. Functional Analysis, Pergamon Press, Oxford, 1982.

48