Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue No. 1 July 1998, pp. 29 - 43 Submitted: June 3, 1997. Published: July 31, 1998

Exact Internal Controllability of the Elasticity System

V. N. Domingos Cavalcanti, J. S. Prates Filho

Abstract

We study the exact internal controllability of the system: φ^{′′} − μΔφ − (λ + μ)∇(α(x)div φ) = h in Ω×]0, T [, where Ω is a bounded domain in R^n, λ and μ are the Lamè’s constants, and α is a positive real function defined in Ω. The result is obtained by applying HUM, Hilbert Uniqueness Method, due to J. L. Lions.

AMS Subject Classification: 93C20, 35L15 Key words: Exact internal controllability, HUM, Elasticity System.

1. Introduction

Let Ω be a bounded domain in R^n with a C^2-boundary Γ and let ω be a nonempty open subset of Ω. For T > 0, we denote by Q the finite cylinder Ω×]0, T [ and by Σ its lateral boundary Γ×]0, T [.

Departamento de Matemática - Universidade Estadual de Maringá 87020-900 Maringá - PR, Brazil

Copyright © 1998 by Cameron University

In this paper we are concerned with the exact internal controllability of the elasticity system:

(1.1) | | | | | | φ^{′′} − μΔφ − (λ + μ)∇(α(x)divφ) = hχ_ω in Q φ = 0 on Σ φ(0) = φ^0, φ^′(0) = φ^1 in Ω,

where χ_ω denotes the characteristic function of ω, λ > 0 and μ > 0 are the Lamè’s constants, and α is a positive real function defined in Ω.

The exact controllability problem for the above system is formulated as follows: “ Given T > 0, find a Hilbert space H such that for each pair {φ_0, φ_1} ∈ H there exists a control function h ∈ L^2(0, T ; (L^2(ω))^n) such that the solution φ of the system (1.1) satisfies:

φ(T ) = φ^′(T ) = 0.”

Exact controllability of the elasticity system was firstly studied by J. L. Lions [10]. Later, R. Fuentes Apolaya [5] considered the problem in noncylindrical domains and E. Zuazua [16] attacked the question of the approximate controllability. However, all of them assume α(x) ≡ constant. The main difficulty found in the resolution of the problem lies in the fact that we cannot apply the Holmgren’s Theorem to differential operators with non constant coefficients. To bypass this difficulty, we establish a new argument based on regularization techniques. We refer the reader to [2], [3], [4], [6], [7] and [9] for other works on exact controllability.

In Section 2 we establish our main result Theorem 2.1. By assuming an “inverse inequality”, we prove Theorem 2.1 with application of HUM. The arguments are standard, yet nontrivial. The proof of the “inverse inequality” is given in Section 3 by means of an argument which is in part related to the one used in Prates Filho-Soriano [13].

2. The Main Result and Application of HUM

For a fixed x^0 ∈ R^n we define m(x) = x − x^0, ∀ x ∈ Ω and R(x^0) = sup_{x∈Ω} ‖m(x)‖ = sup_{x∈Ω}( n∑ i=1 |x_i − x^0_i |^2)^{12} .

We also define Γ_0 = Γ(x^0) = {x ∈ Γ; m(x) · ν(x) > 0} and Γ_∗(x^0) = Γ\Γ_0,

where ν(x) denotes the unit exterior normal at the point x of Γ.

We assume that α ∈ C^1(Ω) and there exists some α_0 > 0 such that

(2.1) α(x) ≥ α_0 ∀ x ∈ Ω and ‖∇α‖_L∞_{(Ω)} < α_0 R(x^0) .

The following functional spaces will be considered:

H = [L^2(Ω)]^n, (u, v)_H = n∑ i=1 (u_i, v_i) ∀ u, v ∈ H,

V = [H^1_0 (Ω)]^n, ((u, v))_V = n∑ i=1 (∇u_i, ∇v_i) ∀ u, v ∈ V, where (·, ·) denotes the standard inner-product of L^2(Ω). If we denote by V^′ the topological dual of V , we then have

V^′ = [H^{−1}(Ω)]^n.

Now we are ready to state our main result.

Theorem 2.1 Assume that condition (2.1) holds for a fixed x_0 ∈ R^n and let ω be a neighbourhood of Γ_0, that is, there exists an open subset O of R^n such that Γ_0 ⊂ O and ω = Ω ∩ O.

Then given T > T_0 where

(2.2) T_0 =

2R(x^0) √ μ(1 − ||∇α||_L∞_{(Ω)}R(x^0)α^{−1}_0 ) , there exists, for each pair {φ^0, φ^1} ∈ H × V , a control h ∈ L^2(0, T ; (L^2(ω))^n) such that the solution φ of the problem (1.1) satisfies

φ(T ) = φ^′(T ) = 0.

Proof. First we consider a pair {ϕ^0, ϕ^1} ∈ [D(Ω)]^n × [D(Ω)]^n. Then from the smoothness of the inital data, the homogeneous system

(2.3) | | | | | | ϕ^{′′} − μΔϕ − (λ + μ)∇(α(x)divϕ) = 0 in Q ϕ = 0 on Σ ϕ(0) = ϕ^0, ϕ^′(0) = ϕ^1 in Ω, has a unique regular solution. Next we consider the backward problem

(2.4) | | | | | | ψ^{′′} − μΔψ − (λ + μ)∇(α(x)divψ) = −ϕχ_ω in Q ψ = 0 on Σ ψ(0) = ψ^0, ψ^′(0) = ψ^1 in Ω,

where ϕ is the unique solution of (2.3).

Choosing {ψ^0, ψ^1} ∈ V × H and taking into account the regularity of ϕ, problem (2.4) has a unique solution ψ satisfying

ψ ∈ C^0([0, T ]; V ) ∩ C^1([0, T ]; H).

Therefore the mapping Λ : [D(Ω)]^n × [D(Ω)]^n → H × V given by

(2.5) Λ{ϕ^0, ϕ^1} = {ψ^′ (0), −ψ(0)}

is well defined.

On the other hand, if we choose {ϕ^0, ϕ^1} ∈ H × V^′, we get the so called ultraweak solution ϕ of (2.3) by a transposition argument (cf. Lions [10]). More precisely, ϕ ∈ L^∞(0, T ; H) and satisfies n∑ i=1 ∫ Q ϕ_if_idxdt = ⟨ϕ^1, ζ(0)⟩_V ′_{,V} − (ϕ^0, ζ^′(0))_H ,

for every weak solution of | | | | | | ζ^{′′} − μΔζ − (λ + μ)∇(α(x)divζ) = f in Q ζ = 0 on Σ ζ(T ) = ζ^′(T ) = 0 in Ω,

where ζ ∈ L^1(0, T ; H). Then, in this case, the ultra-weak solution ϕ of (2.3) satisfies

(2.6) n∑ i=1 ∫ T 0 ∫ ω |ϕ_i(x, t)|^2dxdt = (ϕ^0, ψ^′(0))_H + ⟨ϕ^1, ψ(0)⟩_V ′_{,V} .

This is done by multiplying ψ and the equation in (2.3), and noting that [D(Ω)]^n × [D(Ω)]^n is dense in H × V^′.

Next, we define the bilinear form (·, ·)_∗ : ([D(Ω)]^n)^2 × ([D(Ω)]^n)^2 → R by

(2.7) ({ϕ^0, ϕ^1}, {ζ^0, ζ^1})_∗ = n∑ i=1 ∫ T 0 ∫ ω ϕ_iζ_idxdt where ϕ and ζ are the solutions of (2.3) associated to the initial data {ϕ^0, ϕ^1} and {ζ^0, ζ^1}, respectively. The functional given in (2.7) defines a inner product in [(D(Ω))^n]^2× [(D(Ω))^n]^2 and, consequently, we can consider the following norm in [D(Ω)]^n ×[D(Ω)]^n:

‖{ϕ^0, ϕ^1}‖_∗ = ( n∑ i=1 ∫ T 0 ∫ ω |ϕ_i(x, t)|^2dxdt)^{12} .

In order to extend Λ to the whole space H × V^′, we consider the Hilbert space F obtained by taking the closure of [D(Ω)]^n × [D(Ω)]^n with respect to ‖ · ‖_∗. Then observing that if ϕ is the ultra-weak solution of (2.3), there exists a constant k_2 > 0 such that_n ∑ i=1 ∫ T 0 ∫ ω |ϕ_i(x, t)|^2dxdt ≤ k_2(‖ϕ^0‖^2_H + |ϕ^1|^2_V ′ ).

Symmetrically, we claim that if T > T_0, then there exists a constant k_1 > 0 such that

(2.8) k_1(|ϕ^0|^2_H + |ϕ^1|^2_V ′ ) ≤ n∑ i=1 ∫ T 0 ∫ ω |ϕ_i(x, t)|^2dxdt. The proof of this “inverse inequality” is rather technical and it is postponed to Section 3. It follows that F = H × V^′, and therefore Λ has a unique continuous extension to the whole F which satisfies, for all {ϕ^0, ϕ^1}, {ζ^0, ζ^1} ∈ F,

⟨Λ{ϕ^0, ϕ^1}, {ζ^0, ζ^1}⟩_{F,F} ′ = ({ϕ^0, ϕ^1}, {ζ^0, ζ^1})_∗.

Moreover, since F is a Hilbert space when equiped with the inner product (·, ·)_∗, from the Lax-Milgran’s Lemma for each pair {y^0, y^1} ∈ F^′ there exists only one pair {ϕ^0, ϕ^1} ∈ F such that Λ{ϕ^0, ϕ^1} = {y^0, y^1}.

Therefore, assuming {φ^0, φ^1} ∈ V × H, there exists only one pair {ϕ^0, ϕ^1} ∈ H × V^′ such that Λ{ϕ^0, ϕ^1} = {φ^1, −φ^0}, and from (2.5) we obtain that

(2.9) {φ^1, −φ^0} = {ψ^′ (0), −ψ(0)},

where ψ is the solution of (2.4) and ϕ is the solution of (2.3) with initial data {ϕ^0, ϕ^1}.

Finally we summarize our arguments. For T > T_0 and {φ^0, φ^1} ∈ H × V there exists only one pair {ϕ^0, ϕ^1} ∈ H × V^′ such that if ϕ is the solution of (2.3) and ψ is the solution of (2.4), we obtain from (2.9) that φ and ψ are solutions of the original problem (1.1) associated to the initial data {φ^0, φ^1} when we choose

h = −ϕ ∈ L^2(0, T ; (L^2(ω))^n).

¿From the unicity of solution of the elasticity system (1.1) we have that

φ(T ) = φ^′(T ) = 0.

This ends the proof. 2

3. Proof of the Inverse Inequality

This section is dedicated to the proof of the inequality (2.8), which is a consequence of the following theorem.

Theorem 3.1 (Inverse Inequality) Let ω be a neighbourhood of Γ_0. If T > T_0, T_0 given by (2.2), there exists a constant c = c(T ) > 0 such that:

(3.1) |ϕ^0|^2_H + |ϕ^1|^2_V ′ ≤ c n∑ i=1 ∫ T 0 ∫ ω |ϕ_i(x, t)|^2dxdt holds for every {ϕ^0, ϕ^1} ∈ H ×V^′, where ϕ = (ϕ_1, · · · ϕ_n) is the corresponding ultra-weak solution of (2.3).

Proof. Assume that if θ is the weak solution of (2.3) associated to the initial data {θ^0, θ^1} ∈ V × H, we have for some c_1 = c_1(T ) the following estimate:

(3.2) ‖θ^0‖^2_V + |θ^1|^2_H + |div θ^0|^2_L2_{(Ω)} ≤ c_1 n∑ i=1 ∫ T 0 ∫ ω |θ^′_i(x, t)|^2dxdt. Consider now {ϕ^0, ϕ^1} ∈ H × V^′ and let ϕ be the ultra-weak solution of (2.3).

Defining on V × V a coercive, continuous and bilinear form b(u, v) given by (3.3) b(u, v) = μ n∑ i,j=1 ∫ Ω ∂u_i ∂x_j ∂v_i ∂x_j dx + (λ + μ) ∫ Ω α(x)(div u)(div v)dx, we obtain from the Lax-Milgran’s Lemma that there exists only one η ∈ V such that b(η, v) = ⟨−ϕ^1, v⟩_V ′_{,V} , ∀v ∈ V. We observe that, provided (3.3) holds, it comes from the above identity that:

(3.4) μΔη + (λ + μ)∇(α(x)divη) = ϕ^1 in V^′.

Now, let us define

(3.5) Ψ(t) = ∫ t 0 ϕ(s)ds + η Then, Ψ is the weak solution of | | | | | | Ψ^{′′} − μΔΨ − (λ + μ)∇(α(x)divΨ) = 0 in Q Ψ = 0 on Σ Ψ(0) = η, Ψ^′(0) = ϕ^0 in Ω, and consequently Ψ satisfies (3.2), that is,

(3.6) ‖η‖^2_V + |ϕ^0|^2_H + |div η|^2_L2_{(Ω)} ≤ c_1 n∑ i=1 ∫ T 0 ∫ ω |ϕ_i(x, t)|^2dxdt. Since −Δ : H^1_o (Ω) → H^{−1}(Ω) is a isometry, it follows from (3.4) and (3.6) that

|ϕ^0|^2_H + |ϕ^1|^2_V ′ ≤ c n∑ i=1 ∫ T 0 ∫ ω |ϕ_i(x, t)|^2dxdt, which is the desired inequality. 2

Then, from the above explanation, we conclude that to prove Theorem 3.1 we have only to prove that every weak solution of (2.3) satisfies the inequality given in (3.2). This is our next objective.

We recall that the energy of the system (2.3), when weak solutions are concerned, is given by:

(3.7) E(t) = 1 2 |ϕ^′(t)|^2_H + μ 2 ‖ϕ(t)‖^2_V +

(λ + μ) 2 |α^{12} (x)div ϕ(t)|^2_L2_{(Ω)}.

So, if we denote by E_0 the initial energy, we have:

(3.8) E_0 = 1 2 |ϕ^1|^2_H + μ 2 ||ϕ^0||^2_V +

(λ + μ) 2 |α^{12} (x)div ϕ^0|^2_L2_{(Ω)}.

Lemma 3.2 For every T > T_0, with T_0 defined in (2.2), and every weak solution θ of (2.3), we have the following inequality:

(3.9) (T − T_0)E_0 ≤ c_3R(x^0) ∫ T 0 ∫ Γ0 {μ n∑ i=1 ( ∂θ_i ∂ν )^2 + (λ + μ)α(x)(divθ)^2}dΓdt where E_0 is given in (3.8).

Proof. We are going to use the multiplier method as in J. L. Lions [10]. Consider m = x − x^0 and let m_k be its k-component. If θ is the weak solution of (2.3) and we multiply the i component of the equation θ^{′′} − μΔθ − (λ + μ)(α(x)divθ) = 0 by m_k^{∂θi}_{∂xk} , we obtain after using Green and Gauss’ Theorems and integration by parts the following expression: 1 2 ∫ Σ {μ n∑ i=1 ( ∂θ_i ∂ν )^2 + (λ + μ)α(x)(divθ)^2}m · νdΣ =

n∑ i,k=1 (θ^′_i(t), (x_k − x^0_k) ∂θ_i(t) ∂x_k )|^{t=T}_{t=0} +

(n − 1) 2 ∫ Q { n∑ i=1 |θ^′_i(t)|^2 − μ n∑ i=1 |∇θ_i|^2 − (λ + μ)α(x)(divθ)^2}dxdt+ ∫ T 0 E(t)dt − (λ + μ) 2 ∫ Q (divθ)^2∇α · mdxdt. ¿From the above expression we have that:

R(x^0) 2 ∫ T 0 ∫ Γ0 {μ n∑ i=1 ( ∂θ_i ∂ν )^2 + (λ + μ)α(x)(divθ)^2}dΓdt ≥ n∑ i=1 (θ^′_i(t), n∑ k=1 (x_k − x^0_k) ∂θ_i(t) ∂x_k + (n − 1) 2 θ_i(t))|^{t=T}_{t=0} +

(1 − ||∇α||_L∞_{(Ω)}R(x^0)α^{−1}_0 ) ∫ T 0 E(t)dt ≥ −2R(x^0) √ μ E_0 + (1 − ||∇α||_L∞_{(Ω)}R(x^0)α^{−1}_0 )T E_0,

which proves the lemma. 2

Lemma 3.3 Let us consider T > T_0 and ε > 0 such that T − 2ε > T_0. Then, for every weak solution θ of (2.3) we have:

||θ^0||^2_V + |θ^1|^2_H + |divθ^0|^2_L2_{(Ω)}

(3.10) ≤ c_4(T ) ∫ T −ε ε ∫ Γ0 {μ n∑ i=1 ( ∂θ_i ∂ν )^2 + (λ + μ)α(x)(divθ)^2}dΣ

Proof. Consider T > T_0 and ε > 0 such that T − T_0 > 2ε.

Let θ be the weak solution of (2.3) associated to the initial data {θ^0, θ^1} ∈ V × H and let E(t) be the energy relation defined in (3.7).

If we define ζ(t) = θ(t + ε), t ∈ [0, T − ε] we have that ζ is the weak solution of | | | | | | ζ^{′′} − μΔζ − (λ + μ)∇(α(x)divζ) = 0 in C^0([0, T − 2ε]; V^′) ζ = 0 on Σ ζ(0) = θ(ε), ζ^′(0) = θ^′(ε) in Ω, and consequently from (3.9) it comes that E(ε) ≤ c_5 ∫ T −2ε 0 ∫ Γ0 {μ n∑ i=1 ( ∂ζ_i ∂ν )^2 + (λ + μ)α(x)(divζ)^2}dΓdt. If we make the change of variables s = t + ε in the above integral and taking into account that the energy is conservative we obtain the desired result. 2 Consider T > T_0 and let ε > 0 be such that T − 2ε > 0. Let us define a vector field (3.11) q = q(x, t) ∈ [W^{1,∞}(Q)]^n which satisfies the following properties: (i) q(x, t) = ν(x), ∀(x, t) ∈ Γ_0×]ε, T − ε[. (ii) q(x, t) · ν(x) ≥ 0, ∀(x, t) ∈ Γ×]0, T [. (iii) q(x, 0) = q(x, T ) = 0, ∀x ∈ Ω. (iv) q(x, t) = 0, ∀(x, t) ∈ (Ω\ω)×]0, T [. Let us consider at a first time the strong solution θ of (2.3). If we multiply the i-component of the equation given in (2.3) by ∇θ_i · q, if we observe the properties of the field q and if we use Lemma 3.3; we obtain from a density argument the following result:

Lemma 3.4 Consider T > T_0 and ε > 0 such that T −2ε > 0. If θ is the weak solution of (2.3), there exists a constant c_6 = c_6(T ) > 0 which satisfies: ||θ^0||^2_V + |θ^1|^2_H + |divθ^0|^2_L2_{(Ω)}

(3.12) ≤ c_6 ∫ T −ε ε ∫ ω { n∑ i=1 |θ^′_i(x, t)|^2 + n∑ i=1 |∇θ_i(x, t)|^2 + |divθ|^2}dxdt.

Remark 3.5 Consider ω̂ a neighbourhood of Γ_0 such that Ω ∩ ω̂ ⊂ ω. So, if we construct to ω̂ a field q̂ similar to the field q constructed to ω in (3.11) we obtain: ||θ^0||^2_V + |θ^1|^2_H + |divθ^0|^2_L2_{(Ω)} ≤

(3.13) c_7 ∫ T −ε ε ∫ ω̂ { n∑ i=1 |θ^′_i(x, t)|^2 + n∑ i=1 |∇θ_i(x, t)|^2 + |divθ|^2}dxdt. Let us consider now a function p = p(x, t) ∈ W^{1,∞}(Q) which satisfies: (i) p(x, t) ≥ 0, ∀(x, t) ∈ Ω×]0, T [ (ii) p(x, t) = 1, ∀(x, t) ∈ ω̂×]ε, T − ε[ (iii) p(x, t) = 0, ∀(x, t) ∈ (Ω\ω)×]0, T [ (iv) 0 < p(x, t) < 1, ∀(x, t) ∈ {ω\ω̂×]0, T [} ∪ {ω̂×]o, ε] ∪ [T − ε, T [)} (v) p(x, 0) = p(x, T ) = 0, ∀x ∈ Ω (vi)^{|∇p|2}_p ∈ L^∞(ω×]0, T [). Lemma 3.6 Consider T > T_0 and ε > 0 such that T − 2ε > T_0. Let ω and ω̂ be the neighbourhoods of Γ_0 mentioned above and let θ be the weak solution of (2.3). Then, we have ∫ T −ε ε ∫ ω̂ { n∑ i=1 |∇θ_i(x, t)|^2 + |divθ|^2}dxdt ≤ c_8 n∑ i=1 ∫ T 0 ∫ ω (|θ_i(x, t)|^2 + |θ^′_i(x, t)|^2)dxdt.

Proof. Suppose that θ is the strong solution of (2.3). If we multiply the equation θ^{′′} − μΔθ − (λ + μ)∇(α(x)divθ) = 0 by pθ we obtain, by using Green and Gauss’ Theorems and integration by parts, that: μ n∑ i=1 ∫ T 0 ∫ ω |∇θ_i|^2pdxdt = n∑ i=1 ∫ T 0 ∫ ω p(θ^′_i)^2dxdt + n∑ i=1 ∫ T 0 ∫ ω p^′ θ_iθ^′_idxdt−

μ n∑ i=1 ∫ T 0 ∫ ω (∇θ_i · ∇p)θ_idxdt − (λ + μ) ∫ T 0 ∫ ω α(x)divθ(∇p · θ)dxdt− (λ + μ) ∫ T 0 ∫ ω α(x)(divθ)^2pdxdt. ¿From the properties of the function p and provided that 0 < α_0 ≤ α(x) ≤ α_1 on Ω, we obtain the desired result by using a density argument in the above inequality. 2

Lemma 3.6 combined with Remark 3.5 allow us to prove that:

(3.14) ||θ^0||^2_V + |θ^1|^2_H + |divθ^0|^2_L2_{(Ω)} ≤ c_9 n∑ i=1 ∫ T 0 ∫ ω (|θ_i(x, t)|^2 + |θ^′_i(x, t)|^2)dxdt, holds for every weak solution of (2.3).

¿From (3.14) we conclude that in order to prove inequality (3.2) for every weak solution of (2.3), we have only to prove that there exists c_{10} > 0 which verifies:

(3.15) n∑ i=1 ∫ T 0 ∫ ω |θ_i(x, t)|^2dxdt ≤ c_{10} n∑ i=1 ∫ T 0 ∫ ω |θ^′_i(x, t)|^2dxdt, for every weak solution θ of (2.3). Indeed, if we suppose that (3.15) is not true, we obtain for each k ∈ N a pair of initial data {θ^0_k, θ^1_k} ∈ V × H such that if θ_k is the weak solution of (2.3) associated to these data, we have that:

(3.16) |ψ_k|_L2_{(0,T ;(L}2_{(ω))}n_) = 1 , k ∈ N and (3.17) |ψ^′_k|_L2_{(0,T ;(L}2_{(ω))}n_) ≤ 1 √ k , k ∈ N where ψ_k = θ_k |θ_k|_L2_{(0,T ;(L}2_{(ω))}n_) . Taking into account that θ_k is the weak solution of (2.3) associated to {θ^0_k, θ^1_k }, we obtain, from the linearity of the system, that ψ_k is the weak solution of (2.3) associated to {ψ^0_k, ψ^1_k} where ψ^0_k = θ^0_k |θ_k|_L2_{(0,T ;(L}2_{(ω))}n_) and ψ^1_k = θ^1_k |θ_k|_L2_{(0,T ;(L}2_{(ω))}n_) . Then, we obtain from (3.14), (3.16) and (3.17) that there exists c_{11} > 0 such that:

(3.18) ||ψ^0_k||^2_V + |ψ^1_k|^2_H + |divψ^0_k|^2_L2_{(Ω)} ≤ c_{11} , ∀k ∈ N.

So, we are able to extract subsequences from {ψ^0_k}_{k∈N} and {ψ^1_k}_{k∈N} , which we are going to denote by the same notation, such that:

(3.19) ψ^0_k ⇀ ψ^0 in V and ψ^1_k ⇀ ψ^1 in H.

In addition, considering that the energy is conservative and observing the expression given in (3.18) we have that {ψ_k}_{k∈N} is bounded in L^∞(0, T ; V ) and (3.20) {ψ^′_k}_{k∈N} is bounded in L^∞(0, T ; H).

Consequently, from Aubin-Lions’ Lemma we can conclude that there exists a subsequence which satisfies ψ_k → ψ in L^2(0, T ; H).

We also obtain from (3.20) that there exists a subsequence such that

ψ^′_k ⇀ ψ^′ in L^2(0, T ; H)

which implies, in combination with (3.17), that (3.21) ψ^′ (x, t) = 0 a.e. in ω×]0, T [. On the other hand, as ψ_k is the weak solution of (2.3) associated to {ψ^0_k, ψ^1_k}, we obtain that ψ is the weak solution of (2.3) associated to the inital data {ψ^0, ψ^1}. Consequently we have that u = ψ^′ is the ultra-weak solution of

(3.22) | | | | | | u^{′′} − μΔu − (λ + μ)∇(α(x)div u) = 0 in Q u = 0 on Σ u(0) = u^0, u^′(0) = u^1 in Ω,

where u^0 = ψ^1 and u^1 = ψ^{′′} (0).

Moreover, from (3.21) we obtain that:

(3.23) u = 0 a.e. in ω×]0, T [

(3.24) u^′ = 0 a.e. in ω×]0, T [.

Lemma 3.7 Let u be the ultra-weak solution of (3.22) which satisfies (3.23) and (3.24). Then, we have that {u^0, u^1} = {0, 0}.

Proof. Let us define the function U : [−T, T ] → H given by:

U(t) = | | | | | | −3u(−t) + 4u(−^t_2 ) if t ∈ [−T, 0] u(t) if t ∈ [0, T ], and let us consider the mollifier sequence {ρ_ν }_{ν∈N} such that: ρ_ν ∈ C^∞_0 (R), ρ_ν ≥ 0, supp(ρ_ν) ⊂] −1 ν , 0[, ∫ 0 −1 ν ρ_ν(t)dt = 1, ∀ν ∈ N. Given ε > 0, we are going to define for large enough ν, the following sequence:

u_ν(t) = (U ∗ ρ_ν)(t) = ∫ 0 −1 ν U(t − s)ρ_ν (s)ds, ∀t ∈ [0, T − ε].

As we have that u ∈ C^0([0, T ];H) it comes that (3.25) u_ν , u^′_ν , u^{′′}_ν , ... ∈ C^0([0, T − ε]; H), ∀ν ∈ N and u_ν satisfies

u^{′′}_ν − μΔu_ν − (λ + μ)∇(α(x)divu_ν) = 0 in C^0([0, T − ε]; (H^{−2}(Ω))^n). Then for each t ∈ [0, T − ε] we obtain that: −μΔu_ν (t) − (λ + μ)∇(α(x)divu_ν(t)) = −u^{′′}_ν(t) ∈ H. So, observing the bilinear form given in (3.3), we obtain by Lax-Milgram’s Lemma and by (3.25) that: (3.26) u_ν(t) ∈ V, ∀t ∈ [0, T − ε] and u_ν ∈ C^0([0, T − ε]; V ), ∀ν ∈ N. ¿From (3.25) and (3.26) we obtain that: u_ν(0) ∈ V and u^′_ν(0) ∈ H and consequently u_ν is the weak solution of | | | | | u^{′′}_ν − μΔu_ν − (λ + μ)∇(α(x)divu_ν) = 0 in C^0([0, T − ε]; H) u_ν = 0 on Γ×]0, T − ε[ u_ν(0) = u^0_ν, u^′_ν(0) = u^1_ν in Ω.

So, u_ν satisfies the inequality given in (3.14) for ]0, T − ε[×ω, that is ||u^0_ν||^2_V + |u^1_ν|^2_H + |divu^0_ν|^2_L2_{(Ω)} ≤ c_{12} ∫ T −ε 0 ∫ ω ( n∑ i=1 |u^′_{νi} |^2 + n∑ i=1 |u_{νi} |^2)dxdt; which in combination with (3.23) and (3.24) implies that: (3.27) u^0_ν = 0 and u^1_ν = 0 ∀ ν ∈ N.

On the other hand, it comes by the definition of u_ν that u^0_ν → u^0 in H and u^1_ν → u^1 in V^′ and by (3.27) we have that: u^0 = 0 and u^1 = 0 which proves Lemma 3.7. 2

¿From the above lemma and from the fact that u is the ultra-weak solution of (3.22), we conclude that u = 0 in C^0([0, T ]; H).

In other words, we have that ψ^′ (x, t) = 0 ∀t ∈ [0, T ] and a.e. in Ω or ψ(x, t) = ψ(x) ∀t ∈ [0, T ] and a.e. in Ω. Then, we are able to conclude that ψ^0 =0 and ψ^1 = 0, which combined with the fact that ψ is the solution of (2.3), implies that ψ = 0. This is a contradition with (3.16). So, we have proved inequality (3.15) and consequently inequality (3.2), which ends the proof of Theorem 3.1.

Acknowledgement: The authors are grateful to Professor Manuel Milla Miranda and Professor Luiz Adauto Medeiros for their suggestions and stimulating discussions. They are also grateful to Marcelo Moreira Cavalcanti and Juan Amadeo Soriano for their helpful comments. They should always thank God for showing the way to go on.

References

[1] Brézis H., Analyse Fonctionelle: Théorie et Applications, Masson, Paris, 1983.

[2] Cavalcanti M. M., Exact controllability of the wave equation with Neumann boundary condition, preprint (1996).

[3] Cioranescu D., Donato P. & Zuazua E., Exact boundary controllability for the wave equation in domains with small holes, J. Math. Pures Appl. 71, 343-377 (1992).

[4] Coron J. M., Contrôlabilité exacte frontière de l’équation d’Euler des fluides parfaits incompressibles bidimensionnels, C. R. Acad. Sci. Paris 317, 271-276 (1993).

[5] Fuentes Apolaya R., HUM para um modelo elástico, Proc. 40th Brazilian Seminar of Analysis, (1994).

[6] Grisvard P., Contrôlabilité exacte des solutions de l’équation des ondes en présence de singularités, J. Math. Pures Appl. 68, 215-259 (1989).

[7] Kim J. U., Control of a second-order integro differential equation, SIAM J. Control Optim. 31, 101-110 (1993).

[8] Lagnese J. E. & Lions J. L., Modelling Analysis and Control of Thin Plates, Masson, Paris, 1989.

[9] Lasiecka I. & Triggiani R., Exact controllability of semilinear abstract systems with application to waves and plates boundary control problems, Appl. Math. Optim. 23, 109-154 (1991).

[10] Lions J. L., Contrôlabilité Exacte, Perturbations et Stabilization de Systèmes Distribués, Tome 1, Masson, Paris, 1988.

[11] Medeiros L. A., Exact Controllabity for a Timoshenko model of vibrations of Beams, Advances in Math. Sci. Appl. 1, 47-61 (1993).

[12] Milla Miranda M. & Medeiros L. A., Exact controllability for Schroendinger equations in non cylindrical domains, C .R. Acad. Sci. Paris 319, 685-689 (1994).

[13] Prates Filho J. S. & Soriano J. A., Exact internal controllability of a Timoshenko system, preprint (1996).

[14] Soriano J. A., Controlabilidad exacta de la equación del telégrafo generalizada, Rev. Mat. Univ. Complutense de Madrid 8, 459-493 (1995).

[15] Zuazua E., Controlabilidad Exacta y Estabilización de la Ecuación de Ondas, Lectures Notes, IM-UFRJ, Rio de Janeiro, 1990.

[16] Zuazua E., Contrôlabilité approchée du système de l’élasticitée avec contraintes sur les contrôles, C. R. Acad. Sci. Paris 319, 61-66 (1994).