Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue No. 02, 1997, pp. 24–28.

Submitted: October 5, 1997. Published: July 31, 1998.

COMPARING THE RADII OF SOME BALLS APPEARING IN CONNECTION TO THREE LOCAL CONVERGENCE THEOREMS FOR NEWTON’S METHOD

Ioannis K. Argyros I.

Abstract. We provide three local convergence theorems for Newton’s method in Banach space. These theorems use information on the first, second, and first-second Fréchet derivatives of the operator involved, respectively. In all cases, we show that for any starting point inside a ball centered at the solution of the nonlinear equation, Newton’s method converges to that solution. Our goal is to obtain the smallest and the largest convergence region for method (2). Our results apply to solve autonomous differential equations. A numerical example is also provided.

1991 A.M.S. (MOS) Subject Classification Codes. 65J15, 65B05, 47H17, 49D15.

Key Words and Phrases. Newton’s method, Banach space, local convergence theorem.

1. INTRODUCTION.

In this study we are concerned with the problem of approximating a locally unique solution x^∗ of the nonlinear equation

(1) F (x) = 3D0,

where F is a twice Fréchet-differentiable operator defined on a convex subset D of a Banach space E_1 with values in a Banach space E_2.

The most popular method for generating a sequence {x_n} (n ≥ 0) converging to x^∗ is undoubtedly Newton’s method

(2) x_{n+1} = 3Dx_n − F^′(x_n)^{−1}F (x_n) (n ≥ 0) (x_0 ∈ D).

Department of Mathematics, Cameron University, Lawton, OK 73505 USA E-mail Address: ioannisa@cameron.edu © 1998 Cameron University

Typeset by AMS-TEX 24

Here F^′(x) ∈ L(E_1, E_2) (x ∈ D) the space of bounded linear operators from E_1 into E_2. Sufficient convergence conditions for the convergence of Newton’s method (2) to x^∗ have been given by many authors [1], [3], [5].

In this study, we assume the existence of a solution x^∗ ∈ D of equation (1), and using Lipschitz conditions on the first and second Fréchet-derivative we provide three local convergence theorems for method (2). Each theorem guarantees the convergence of Newton’s method (2) to x^∗ as long as the starting point x_0 is inside a ball centered at x^∗ and of a certain radius. Our goal is to obtain the smallest and the largest convergence region for method (2). Our results have theoretical value, but also practical use, since they can be applied to solve autonomous differential equations [1], [2], [4].

Finally, we complete this study with a numerical example. 2. CONVERGENCE ANALYSIS.

Let x^∗ ∈ D be a simple solution of equation F (x) = 3D0 in the sense that F^′(x^∗) has a bounded inverse. We denote by U(x^∗, r) the open ball with center x^∗ and radius r > 0. Let also α, β, γ be constants such that (3) ‖F^′(x^∗)^{−1}(F^′(x) − F^′(y))‖ ≤ α‖x − y‖,

(4) ‖F^′(x^∗)^{−1}F^{′′}(x^∗)‖ ≤ β, and (5) ‖F^′(x^∗)^{−1}(F^{′′}(x) − F^{′′}(y))‖ ≤ γ‖x − y‖ for all x, y ∈ D. Define parameters r_1, r_2, r_3 by

r_1 = 3D 2 3α , (6) r_2 = 3D 12 9β + √ 81β^2 + 96γ , (7) r_3 = 3D 12 3(β + 2α) + √ 9(β + 2α)^2 + 24γ , (8) and functions f_1, f_2, f_3 on [0, +∞) by

f_1(r) = 3D3ar − 2, (9) f_2(r) = 3D4γr^2 + 9β − 6

(10) f_3(r) = 3Dγr^2 + 3(β + 2α)r − 6.

(11)

Using (2) we can have the approximations:

x_{n+1} − x^∗ = 3D[F^′(x_n)^{−1}F^′(x^∗)] {∫_1 0 F^′(x^∗)^{−1}[F^′(x^∗ + t(x_n − x^∗))

(12)

− F^′(x_n)] dt(x_n − x^∗) } , x_{n+1} − x^∗ = 3D[F^′(x_n)^{−1}F^′(x^∗)] {∫_1 0 [F^′(x^∗)^{−1}(F^{′′}(x_n + t(x^∗ − x_n))

(13)

− F^{′′}(x_0))(1 − t) dt(x^∗ − x_n)^2 + 1 2 F^′(x^∗)^{−1}F^{′′}(x_0)(x^∗ − x_n)^2 } . Consider also the identities

(14) F^′(x^∗)^{−1}F^′(x) = 3DI + F^′(x^∗)^{−1}(F^′(x) − F^′(x^∗)) and ∫_x x� F^′(x^∗)^{−1}[F^{′′}(y) − F^{′′}(x^∗)] dy

(15)

= 3D F^′(x^∗)^{−1}F^′(x) − I − F^′(x^∗)^{−1}F^{′′}(x^∗)(x − x^∗).

Then we can obtain the following local convergence theorems for Newton’s method (2).

Theorem 1. Let F : D ⊆ E_1 → E_2 be Fréchet differentiable, and x^∗ be a simple solution of equation F (x) = 3D0. Assume Lipschitz condition (3) holds, and U(x^∗, r_1) ⊆ D, where r_1 is given by (6). Then, for any x_0 ∈ U(x^∗, r_1), Newton’s method (2) converges to x^∗. Moreover the following error bounds hold for all n ≥ 0

(16) ‖x_{n+1} − x^∗‖ ≤ α 2(1 − α‖x_n − x^∗‖) ‖x_n − x^∗‖^2. Proof. The proof was essentially given in [6] and uses (3), (12), (14). However it was not given in affine invariant form as it is here. The advantages of such a form have been explained in some detail in [1], [3].

Theorem 2. Let F : D ⊆ E_1 → E_2 be twice Fréchet-differentiable, and x^∗ be a simple solution of equation F (x) = 3D0. Assume conditions (4), (5) hold, and U(x_0, r_2) ⊆ D, where r_2 is given by (7). Then, for any x_0 ∈ U(x_0, r_2), Newton’s method (2) converges to x^∗. Moreover the following error bounds hold for all n ≥ 0

(17) ‖x_{n+1} − x^∗‖ ≤ γ 3 ‖x_n − x^∗‖ + β 2 [ 1 − (_1 2 γ‖x_n − x^∗‖^2 + β‖x_n − x^∗‖ )] ‖x_n − x^∗‖^2.

Proof. For x_0 ∈ U(x_0, r_2) using induction on n ≥ 0, (14), and the Banach lemma on invertible operators [2], [5], we obtain F^′(x_n)^{−1} exists for all n ≥ 0,

(18) ‖F^′(x_n)^{−1}F^′(x^∗)‖ ≤ [ 1 − ( 1 2 γ‖x_n − x^∗‖ + β ) ‖x_n − x^∗‖ ]_{−1}

and ‖ ‖ ‖ ‖ ∫_1 0 F^′(x^∗)^{−1}[F^{′′}(x_n + t(x^∗ − x_n))(1 − t) dt(x^∗ − x_n)^2 ‖ ‖ ‖ ‖ (19) ≤ 1 2 (γ 3 ‖x_n − x^∗‖ + β ) ‖x_n − x^∗‖^2. 26

By (13), (18) and (19) we obtain (17). The choice of r_2 guarantees that there exists c ∈ [0, 1] such that ‖x_{n+1} − x^∗‖ ≤ c‖x_n − x^∗‖ ≤ c^{n+1}r_2 → 0 as n → ∞. Hence, we get lim_{n→∞} x_{n+1} = 3Dx^∗.

That completes the proof of the theorem. ♠

Theorem 3. Let F : D ⊆ E_1 → E_2 be twice Fréchet-differentiable, and x^∗ be a simple solution of equation F (x) = 3D0. Assume conditions (3)–(5) hold, and U(x_0, r_3) ⊆ D, where r_3 is given by (18). Then for any x_0 ∈ U(x_0, r_3), Newton’s method (2) converges to x^∗. Moreover the following error bounds hold for all n ≥ 0:

(20) ‖x_{n+1} − x^∗‖ ≤ γ 3 ‖x_n − x^∗‖ + β 2(1 − a‖x_n − x^∗‖) ‖x_n − x^∗‖^2.

Proof. As in the proof of Theorem 2 but we use (14) instead of (15).

That completes the proof of Theorem 3. ♠

Remark 1. It follows from (3)–(8) that when γ = 3D0, then β = 3Dα and r_1 = 3Dr_2 = 3Dr_3. Many other possibilities exist. For example f_2(r_1) < 0, f_2(r_3) < 0 and f_3(r_1) < 0 imply r_1 < r_3 < r_2 (see the example that follows).

Remark 2. The results obtained here have theoretical and practical value. Indeed, in practice they can be used to solve autonomous differential equations of the form

(21) F^′(x) = 3DT (F (x)) (x ∈ D),

where T is a known operator [2], [4].

We note that (21) gives F^′(x^∗) = 3DT (F (x^∗)) = 3DT (0), which is known. So we can use Theorems 1–3, even when the solution x^∗ is not known.

We conclude this study with an example involving Theorems 1–3 and Remarks 1 and 2.

Example. Let E_1 = 3DE_2 = 3DR, D = 3D[−1, 1]. Define the function F by

(22) F (x) = 3De^x − 1, (x ∈ D).

Choose T (x) = 3Dx + 1 (x ∈ D). Then F so defined satisfies (21). Using (3)–(8), (22), we get F^′(x^∗) = 3DT (0) = 3D1, α = 3Dγ = 3De, β = 3D1,

r_1 = 3D.245253, r_2 = 3D.4364902 and r_3 = 3D.2982063.

Therefore the conclusions of Theorems 1–3 hold. In particular, for x_0 ∈ U(x_0, s) with s = 3Dr_1 or r_2 or r_3, Newton’s method converges to the solution x^∗ = 3D0 of equation F (x) = 3D0, where F is given by (22). 27

REFERENCES

[1] Argyros, I.K. and Szidarovszky, F., The Theory and Applications of Iteration Methods, CRC Press, Inc. Boca Raton, Florida, U.S.A., 1993.

[2] Davis, H.T., Introduction to Nonlinear Differential and Integral Equations, Dover Publ., New York, NY, 1962.

[3] Deuflhard, P. and Heindl, G.A., Affine invariant convergence theorems for Newton’s method and extension to related methods, SIAM J. Num. Anal. 16 1, (1979), 1–10.

[4] Dickson, L.E., New First Course in the Theory of Equations, John Wiley & Sons, New York, NY, 1939.

[5] Kantorovich, L.V. and Akilov, G.P., Functional Analysis, Pergamon Press, New York, NY, 1982.

[6] Rheinboldt, W.C. An adaptive continuation process for solving systems of nonlinear equations, Polish Academy of Science, Banach Ctr. Publ. 3 (1977), 129–142.