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OBb OHOM CEMEWCTBE MUHUMANbLHBLIX
TOPOB B R? C MJIOCKMMUN KOHLAMWU

9. . ITTamaes

AHHOTaLlI/IﬂI HOCTpOeHLI HOBBI€ ITPUMEPBDI ITOJTHBIX MUHUMAJIBHBIX TOPOB B TPEXMEPHOM
€BKJIMJJOBOM IIPDOCTPAHCTBE CO CKOJIb YI'OJHO 6OJIBIIIAM YETHBIM YUCJIOM ILIOCKUX KOHIIOB.

KuaroueBbie cjioBa: MUHUMAJbHBIE OBEPXHOCTH, YUJIJIMOPDOBCKUE ITOBEPXHOCTH, CY-
NepMHUHUMAaJIbHBIE TIOBEPXHOCTH.

§1. BBeneuue

B craTbe mocTpoeHs! MoJIHbIe MIHIMAIbLHBIE TTOrpy7KeHnsa Topos B R ¢ mpous-
BOJIHBIM Y€THBIM YHCJIOM 70 > 6 BBIKOJIOTBIX TOUEK. B OKPECTHOCTH BBIKOJIOTBIX
TOYEK TOP ACUMIOTOTHYECKH BBITVISIUT KaK IJIOCKOCTH. [I0BEepXHOCTH ¢ TAKUM MOBe-
JIeHAEeM B OKPECTHOCTHU BBIKOJIOTBIX TOYEK Ha3BIBAETCH MOGEPTHOCMBIO C NAOCKUMU
KOHYAMU.

OCHOBHBIM pPE3YILTATOM PADOTHI SIBJISIETCS CJIEJTYIOTIAsT

Teopema 1. /I sroboro derroro n > 6 CymecTByeT MOJHOE MUHHMAJIHLHOE
norpyzkerne topa B R® ¢ n mrockumn koHmamm.

Anpuopn mocTpoeHHbIe TOPBI MOTYT MMETh TOYKHM BETBJIEHUSI, B KOTOPBIX HH-
JyIIUPOBaHHAs MEeTPHKa BhIpOxkaaercs. st masoro uncia kouunos (n = 6,8, 10)
K HaCTOSIIEMY BPEMEHHU y/Iaj0Ch CTPOTO JOKA3aTh, YTO CYIIECTBYIOT TOPHI O6e3 Ta-
KUX To4eK [1], X0Ts, HO-BUAMMOMY, 9TO BEPHO Ijisi HPOU3BOJBHOIO YETHOIO N.

WN3syuenne MUHMMAJBHBIX MTOBEPXHOCTEN C MJIOCKAMU KOHIIAMHU OBLJIO WHUIUU-
posano Bpaitantom. B ero pabore [2] moka3zaHO, 9TO MUHUMAJBHBIE TIOBEPXHOCTH
C IJIOCKUMU KOHIIAMHE IO JIEHCTBHEM HHBEPCHH IIEPEXOIAT B YUJIMOPOBCKHE IIO-
BEPXHOCTH, T. €. B 9KCTpeMaJid (DyHKIIMOHATIA Y WILIMODA

W(S) = [ (H* - K) do,
/

riae H u K — cpejusst 1 rayccoBa KPUBU3HBI, dg — 3JIEMEHT ILJIOIMIAIU TOBEPXHOCTH
3. Ilpu 9TOM IIIOCKHE KOHITBI IIEPEXO/AT B KPATHYIO TOUKY OBEPXHOCTHU U 3HAYEHUE
dbyuxmonasa YwiiMopa paBHO 47, T1e 1 — KPATHOCTH TOYKH (MJIM TACIIO TUIOCKIX
KOHIOB). BpailanT mokaszaJj, 4ro Tak II0JIydaloTCsl BCe YUILIMOPOBCKHE C(epDI.

Munumaibaas cdepa ¢ OJHUM IUIOCKAM KOHIOM (n = 1) — 310 cranmaprHas
wiockocTb. B [3] BpaiianT mokasas, 9To He CylecTByeT MUHUMAJIBHBIX ¢ep ¢ 10~
KuMu KoHnamu Juist n = 2,3,5,7. B [4] Ilear mocTpoua npuMepsl MUHAMAJIBHBIX
cdep ¢ n WIOCKUMU KOHIIAMHU JIJIst YeTHBIX 1 > 4 U JJIs He9eTHBIX 1 > 9.

PaboTa BBITIOTHEHA TIpU (DIHAHCOBOH ToaepKKe Poccriickoro donma dyHIaMeHTaIbHBIX HC-
cnenosanmii (kox npoekra 03-01-00403).

(© 2005 Illamaes . U.
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B ciy4dae TopoB 06pa3bl MHUHHMAJBHBIX IIOBEPXHOCTEH C IUIOCKHMHU KOHI[AMHI
3a/1a10T KJIACC CYHEePMUHUMAJIBHBIX YHUIMOPOBCKAX TODPOB, & JPYIUE YHJIJIMOPOB-
CKH€ TOPBI OIUCHIBAIOTCS ¢ HOMOIIBIO PeIeHui 4-gacTuaHbIX ypasHeHuit Toga (cMm.,
Harpumep, [5]).

ITpu n = 1,2 MHHAMAJBHBIX TOPOB HE CYIIECTBYET 10 OYEBHJIHBIM COOODarke-
musaM. Kycuep u HImurt [6] mokasasu, 9To He CyIIECTBYET IIOJIHBIX MUHUMAJIBHBIX
TOPOB € TPeMsI IUIOCKAMHU KOHIIaMu. ITOJTHBI MUHUMAJIBHbIHA TOP C YeThIPbMS ILJI0C-
kumu Kouramu B R3 611 mocrpoen Kocroii B [7], Kycuepom u [lImurrom B [6]. Hamu
IIOCTPOEH IPUMED TOPAa ¢ INECTHIO MIOCKUME KoHIamu [1].

Bkpartiie H3/102KUM HANLy KOHCTPYKIHIO. PaccMOTPHM PHMAHOBY IIOBEPXHOCTD
I’ pona 1, 3anannyio B C? ypaBHeHneMm

w? = P(2) = 4(z = p1)(z — p2)(2 = p3), p1,p2,p3 € R. (1)
ITycrb 1 u 2 — obpasytomue 7 (T).
Munmvansabie norpyskennsa @ : I' — R3 MbI 3a12€M ¢ TIOMOITBIO IPeICTABICHIST
Beiteprurpacca [8]:

T
d
B(T) ~ Re [ (6~ u.i(03 + 03), 20000) 2 @
To

rie Ty € I' — dbukcupopannast Touka, ¥?, 13 u 111hy — MepoMopdHble DYHKIHT Ha
I'. CrnemoBaresbHO, Ha yHUBEpCAJILHON HakphiBawomeit v : ¥ — T st v : [0,1] = T
TaKUX, 9T0 V() FOMOTONMYECK IKBUBAJICHTHA Y] WIH Y2, CUPABE/JIUBbI PABEHCTBA

$1(7(0) = e(r(v(1)),  $2(v(0)) = e(v)p2(v(1)), e(y) = +1.

Torma ¥ m Yy ABAAIOTCS CEeUEHUSMHU TaK Ha3bIBA€MOH CIIMH-CTPYKTYDPBHI HA TOpE.
B mameii koucrpykuuu (1) u £(y2) pasabl 1, T. e. 1 u 1Py — mepomopdHbIe
dbyskimn, a (2) He MOXKeT OBITH BIOKEHHEM [6).
st Toro wTobBI 0TOOparkenue P 3a7aBaI0 MUHIMAJIBLHYIO TTIOBEPXHOCTD C TLIOC-
KUMHU KOHIIAMU, HEOOXOINMO, ITOOBI KaXKIbIN ToJTIoc aud depeHnnaios
9 dz 5dz dz
1= Yi—, ihp—
w w w
OBLI 67M0P020 TIOPSTKA C HYAEBBMU Bbluemamy [6].

Kpowme Toro, g5 KoppekTHOTO omnpejiesiennss ¢ Heobxoanmo, IToObI Cae Iy IoIne
uHTerpasibl (nepuodsy) GbLIN HYJIEBBIMHU:

d d d
Re [(u—u3) T =0, tm [0} u)) T —0. Re [200T —0, (3
Vi

Vi Vi
roe ¢ =1,2.
B nmammeit koncTpykiun OYHKIANA 1)1 U Py UMEIOT BUJ,
"L aw " Biw
1 J

wlzzz_ R ¢2:ZZ— K (4)

im1 Di i Dj
riae m > 4 — 1ejioe YUCIO, A1, Umy B1y---,Bm € C 1 p1,...,pm € R nomapuo

pazauunbl. HecoKHO poBepuTh, UTO DYHKINAN 1)1 U Yo UMEIOT IOJIIOCHI IIEPBOTO
MOPSA/IKA B TOYKAX BETBJICHUS

P():(O0,00), Plz(plvo)v P2:(p270)7 P3:(p370)
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1 B TOYKaxX

Pj_:(pjv_\/P(pj))v PjJr:(pj? \/P(pj))v j:47"'7m'

Oupenenum npocrparctso V(p) = V(p1,...,pm) bdyskunii Buga (4)

V(p){z it |(V1,...,Vm)€kerMC(Cm},

P
i=1 Pi

rjge MaTpuna
1 1 1 P’ (p4) 1 1

pa—p1 pa—p2 Pa—D3 4P(ps)  pa—ps °° Ppa—DPm
1 1 1 1 P'(ps) 1
M= | ps—pr ps—p2 ps—ps  ps—ps  4P(ps) 7 ps—pm
1 1 1 1 1 P’ (pm)
Pm—P1  Pm—DP2  Pm—P3 DPm—P1 Pm—DPs 4P (pm)
JIefiCTBYeT Ha BEKTOP-CTOJI0EI] YMHOXKEHUEM CJIEBA.
CupaBeyinBo

IIpensioxkenne 1. 1. /Lust pyrkmmii 11,192 € V(p) uMeer MecTo paBeHCTBO

Y1ipodz
resg ———— = 0,
w
e Q="P,,..., P, PE,... Pt
2. lnst mouTtw Bcex pi,...,Ppm € R Takux, uto p1 + p2 + ps = 0, cupaBepuBo
DAaBEHCTBO
dim¢ V(p) = 3.

Taxkum o6pasom, npescrasiaenne Beliepmrpacca (2) mst 11,9 € V(p) 3anaer
MUHUMAJIbHYIO [TOBEPXHOCTD € MJIOCKUME KOHIAMH.

Tenepb HEOOGX0UMO BuIOpaTh 1 U e u3 V(p) Tak, 9T00bl ObLIN BBHIIOJIHE-
HbI [IECTh BellecTBeHHbIX ypaBHenuil (3). Ilpu sTOoM MBI MMeeM IiecTb CBOGOJI-
HBIX KOMILIEKCHBIX HapaMerpoB (Tak Kak 1, ta € V(p) m no mpemoxenuwo 1
dim¢ V(p) = 3).

KuroueByto posb nipu pemennn ypasHeHuii (3) urpaer
Ilpengmoxenne 2. CymecTByrOT cHMMETpUIECKHE OUJIHHEITHBIE (POPMBI
A:V(p)xV(p) —C, Blp):V(p)xV(p) —C

TaKue, IYTo

1 dz
—ne A1, 12) + wpB(p; i1, 1h2) = 3 /1/)11/)2E, k=1,2, (5)
Tk
rie
1 zdz 1 dz
= [ = =2 [ = k=12
Nk 2 w ) Wk 2 U]’ )
Tk Tk
®dopma A He 3aBUCHT OT p1,. .., Py U ABIACTCS IOJOXKHATECILHO OIOPEAeICHHON
Ha V(p).

[Tox, moI0XKUTETHLHON OIPEIETIEHHOCTHIO (DOPMBI A MBI TIOHUMAEM CJIEIYIOIIee:

AW ) >0 am =Y e V(p), (v1,...,vm) € R"\{0}.
=1

Z—DPi

13 mosoxkuresnbHON onpeenenrocTn A BbITEKaeT, uTo B npocrpaHcTse V(p)
MOXKHO BBIOpaTh baszuc &1, &, &3, B KOTOpOoM A 3ajaercst eJUuHUYHON MaTpuei, a
B(p) nuaronanbua. Takum o6pasoM, UMeeT MECTO
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JIemma 1. Cymecryer 6asuc &1, &2, & B npocrpanctse V (p) Takoit, 4ro

d

/5153_2:07 ivj::lv"'737
w

y

I G F JHY = V1,72
CymecTBOBaHE TAKOrO 0a3nCa MO3BOJISIET PA3PEIINTh 3a[a1y PABEHCTBA HYJIIO
neprozios (3) B SIBHOM BH/IE.

Lorst

(—1,0,1,2,2+t,3,...,T t) opu M HEYETHOM,

m—1
(pl D ){ N
T (=1,0,1,2,2+,3,...,™,1 +t) 1pu m "ernom

IPU OCTATOYHO MaJIbIX ¢ € R cripaBenmmBo

Ilpensoxxenne 3. Ilomoxmm

Y1 = w(r,s)61 + &2, Y2 = a(r,8)61 +y(r, )62 + ulr, 5)€s,

rie
1
v(r,s) = :I:\/—%(|c|2 +2iTmd £ /(|2 + 2i Im d)2 — 4|c|2d); (6)
() = ZZ 2 () = arr s
z(r, s) = ) y(r,s) = a1r + bys;
1 2
u(r, s) = \/—(alv(r, s) —arx?(r, ) — azy?(r, s) + az); (7)
as
dz dz
— (8% h= 8% k=123
ag /ékw7 k /gkw7 ) 737 (8)
71 Y2

asbs + azbe — (agbs — aszbs)(ayr + b1s)2_
(a1b3 + aszby) ’

e(r,s) =

(a1bs — azbi) 2
d(r,s) = ———————=(aar + bas)”.
(r,s) (a1b3+a3b1)( )
Torma cymectByeT oTKpbITas obmactb {2 C R? Takas, uro mus mourm Beex
(r,s) € Q cupasenmuBer paBercrsa (3).

Teopema 1 BbITeKaeT u3 npetoKennit 1-3 u 5.
Taxum obpazom, ToJIyIaeM ABYIAPAMETPUIECKOE CEMEHCTBO TOPOB C ILIOCKIME

KOHIIAaMU 1IpU (DUKCUPOBAHHBIX P1, . - .y Dy -
V norpysxennus (2) mer Touexk sersiaenus, ecau (|P1 |2 + |¢2|*)(T) # 0 s Beex
T € T'. 910 ycaoBue 3aBUCUT OT M + 2 CBODOOIHBIX TAPAMETPOB T, S, D1, - - - , Py, ITO

JeJiaeT HEpaBEHCTBO OYE€BUAHBIM IJIdA IIapaMeTpPOB B O6HI€M IIOJIO?KEHUH, HO CTPpOroe
JA0Ka3aTe/JIbCTBO 3TOI'O YTBEPXKJICHUA TEXHNYIECKHU CJI02KHO. Kaxk YIIOMUHaJIOCH BBIIIIE,
MbI MO2Ke€M II0Ka3aThb 3TO JIUIIb JIJIAd MaJIbIX T, — 2m — 2.

Asrop 6urarogapur npodeccopa 1. A. TaiimaHoBa 3a IOCTAHOBKY 3aJa4d U II0-
stesnbie obcyxkaenns u A. E. Muponosa 3a nojie3ubie 00CyKICHUST U COBETHI.
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§ 2. JlokazaTesbCTBO TeopeMmbl 1
JlokarkeM BCIIOMOTATEIbHBIE JIEMMBI.
Jlemma 2. JLus smo6oii pyuknuu 1p € V(p) uMeroT MecTo paBeHCTBa

2d
I‘eSQd}u)Z:O7 Q:P07.,.,P37P4i7.--,P7:,E.

Pasmeprocts npocrpancrsa V (p) mag C Gosbiine uiu pasua 3.

JIOKABATEJIbCTBO. Paccmorpum npoussosbayio dbyskimo u3 V(p):

v = Z

Ounpenenum wa Tope I' rosomopdryio unsosmonuio o : (z,w) — (z, —w). Pa-
BEHCTBO HyJTIO BBIaeToB Y2dz/w B Toukax BeTBaeHns [ cieyeT m3 O9eBUIHOTO Pa-
BEHCTBA

Z_pz

o* (Y2 dz/w) = —Pdz/w
U WHBAPUAHTHOCTH TO4YeK Py, ..., P3 OTHOCHTEIBbHO MHBOJIIOIUH O.
Bribepem JtoKaIbHBIN TTaApaMeTp ¢ = 2z — Pr B OKPECTHOCTU TOUYKHU P,j , k=

4,...,m. Obozuauum +/ P(py) depes wy, %(pk,wk) — gepe3 wy, it k =4,...,m.
2
Pazmoxkenue B psi Jlopana nuddepenimaia %dq B OKPECTHOCTHU P,j UMeeT BUJ,

2 2,12\ /
1
w—dq:ylz]wkd +(qj) (P,j)aqurO(l)dq

w

Cite1oBaTe/IbHO, BBIYET B TOUKE P,j paBeH

2
tes g = T = (%07 w — ), ©)

OueBuHO, 9TO
S99 22
;1_%(] YW = vijwiwy. (10)

Ucnonmbays pasenctso (¢21?) w = 2(qy) qpw, eraucamm (qip)':

1(pt) — _ S Vi _ +
(q) (PY) = <wz — (z —pk) + wi;%k o (= pk)) (Py)
= Vpwy, + wg Z . (11)
i1tk Pk — DPi

IMoxcrapasst (10) u (11) B (9), mosyanm

2 1 m
»
res p+ kil dg = — | 2| vkwy, + wy E : vpwi — viwiw,
) wi

i—tizk PR TP

Pk) G
= 21/kwk (4P pk Z Dk — i z) (12)
=12

2

Ilocennee paBeHCTBO cIpaBeJINBO, TOCKOJIBKY Ha Tope w* = P (z) Oyner

Wi Pen) oy
2w, AP(pk)’ Y
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IMockonbky yenosue (vy, . .., V) € ker M 03HAUAET CIpaBeIINBOCTh PABEHCTBA

P'(pk) S 1
—p + E —vv; =0, k=4,...,m,
AP(pr) = 4=, Pe = Di

u3 (12) cnenyer, uro res p wldz =0 € V(p), k=4,...,m.

Taxum obpazom, paccMaTpuBaeMbie 1-OPMBI IMEIOT HYJIEBBIE BBIUETHI B KaXK-
ot Touke Py, ... ,P37P4i, . ,Pnf.

Paur M wue upesocxogur m — 3. Pasmepnocrs npocrpanctsa V(p) pasha
dimc ker M = m —rank M > 3. Jlemma 2 jgokasana.

Jlemma 3. i modru Bcex TOYEK pi,...,Dm € R takux, uro p; +pa+p3 = 0,
MaTpHIia
P'(p4) 1 1
4P(ps) pa—ps 77 Pa—DPm
1 P'(ps) 1
My, = ps—ps  4P(ps) 77 Ps—DPm
1 1 P’ (pm)
Pm —P4 Pm —P5 T 4P(p7n)
HEBBIPOXK JIEHHA.

JIOKA3ATENBLCTBO. Ilycts t € R, e = O(t) n

(—1707 1,2,2+¢,3,..., mTfl + t) [IpU HEYETHOM M,

(P Pm) = { (_170717272+t,37',_,%71+t) IIpY YEeTHOM .

Torma B cayduae HEUYETHOTO M CIPABEJIINBA, OIEHKA OIPEIETUTENST

e —1 € €
1 ¢ € €
tdet My — : =1+0(e),
€ e —1
€ 1 ¢

e -1 € €
1 ¢ € € €
tdet M. Do e 11+O()
Lo e € ... € —1 ¢ 24 ©
e € ... 1 ¢ €
e e ... e & L&

mpu t — 0. CuenosaresbHO, onpefenurens My . ., fABJgeTcd HEHYJIEBOI paluo-

HaJbHOU (yHKIMEH OT Pi,...,Pm. LIOCKOJIBKY MHOXKECTBO HYJEH pPalnOHAJIBHON

dyHKINT UMeeT Mepy HyIb, I IIOYTH BCEX D1, . . ., P, € R onpenemurens det My,
oTIM4eH oT Hysd. Jlemma 3 moKazaHa.

JOKABATEJILCTBO NPEMJIOXKEHUA 1. 1. Beibepem mpousBosibHBIE 1,19 €
V(p). Torma 91 — b u 1 + o npunamiexxkar V(p). Ilo semme 1 st BI9€TOB B
Toukax P, ..., Pg,P4:t, e Pnf nMeeM

dz dz

res(y1 + 1/)2)QE =0, res(¢q — wQ)QE =0,
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res % = ires((zﬁl +92)? — (1 — 1#2)2)% =0.

w

2. Ilo nemme 2 115t TOYTH BCEX TOYEK P, - - . , Pm € R TaKUX, 9T0 p1+p2+p3 = 0,
paur M pasen m — 3. CienoBaresibHO, pa3MepHOCTL IpocTpancTsa V(p) paBHa
dimc ker M = m — rank M = 3.

IIpenmoxkenne mokazaHo.

JIOKABATEJIBCTBO MPEJJIOXKEHUA 2. lajmee cautaem, 9To p1 + p2 + p3 = 0.

IIpencraum [' B Bujie CKIefiKN JIBYX 9K3EMILISIPOB IJIOCKOCTEH C («HmKHUT>
U «BEPXHUIi» JIMCTHI) C Pa3pe3aMu BJOJb OTPE3KOB [p1, o] u [ps, 00]. B sToM mpen-
craByiennn ToukaM (w, z) u (—w, z) u3 I’ COOTBETCTBYIOT TOUKH z HA <HUXKHEM» U
«BEpPXHEM» JIICTaX PUMaHOBOI noBepxHocTu. Ilycrs

n={(zw) el |z ppal}, 72 ={(zw) €|z € [p,ps]}-

OTHU IUKJBL Y] U Y2 TOMOTONUYECKN SKBUBAJIEHTHBI HETPUBUAJIBHBIM IIUKJIAM TOPA,
IIOKa3aHHBIM Ha pucC. 1.

ToukaMu 0603HaYEHA JACTD IUKJIA, PACIIOJIOKEHHAA HA «HUKHEM» JIACTE PUMAa-
HOBOII IOBEPXHOCTH, & CILIONIHOM JMHUEH — 9acThb IMUKJIA Ha BepXHeM JucTe. LIuKinr
~1 1 y2 obpasytor 6asuc B Hy([';Z2).

1 ang ¢ =1,2,3,

OrpeiesiuM OCIe0BATEBHOCTD §; =
! 1/2 nmousi > 4.

Jlemma 4. [l )y, 1o € V(p) crupaBeayuBbl paBeHCTBA

/1/)2/;2 dz = —8 Zzaiﬁj + ;51-0@51- e
Yk =

j=1i=1

+38 Zzaiﬁj(pi+pj) _Z‘Siazﬂipi we, k=12,
i=1 j=1 i1
e
1 [ zdz 1 [dz
-5 == —, k=12
Mk 2 w Wk 5 o’ ,
Tk Ve

JIOKA3ATENLCTBO. Pacemorpum top T = C/{2w1Z+2wsZ} ¢ nokambHBIM Ta-
pamerpom u. Ha T cymecTByeT equncTBeHHasT MepoMopdHast PYHKIUS C ITOJTI0OCOM
BTOPOTO TOpsisika B ) CO CIIEIYIONIUM PA3JIOXKEHHEM B OKPECTHOCTH HYJIS:

Dynknust p(u) HasbBaercs ne-pynryued Betepwmpacca [9].
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Hust p1 + pa + p3 = 0 orobpazkenne p(u) : T — T', 3anannoe dopmymoit p(u) =
u u)), 6urosiomopduo [9]. Tlosromy crpaBeInBO PABEHCTBO
(p(u), o' (u)), 6 pdmo [9]. TI y cup p

(9" (u)* = 4(p(u) — p1)(p(u) = p2)(p(u) = p3) (13)

u p orobpazkaeT To4ukH 0, wy, we U wg = w1 +wg Ha Py, ..., P3 B HEKOTOPOM IOPSIJIKE.
HMukiiet 2wt u 2wat, t € [0, 1], cocrasasior 6asuc Hq(T;Z). Tem caMbiv 06pas3bi
sTuX TWKIOB p(2wit) m p(2wat) TOMOTONMYECKN SKBUBAJIEHTHBI Y1 U 72 COOTBET-
cTBeHHO [9].
Beibepem uyq, . . . , Uy, TaKuE, 9TO

plu;) = (pi,wi), i=1,...,m.

Torpa u3 (13) caenyer, uro p(—u;) = (p;, —w;), ¢ = 4,...,m. Cunraem, 910 Wy =
W2 — W3 — 0.

ITo mpemoxennto 1 quddepennnan ¢11adz/w UMeeT MOIIOCH TOJIBKO BTOPO-
ro nopsiyika 6e3 BBIYETOB, 110ITOMY 1tadz/w gBJsiercs JHUHERHOH KoMOuHAIME
muddepenmanos du, p(u)du, p(u — ui)du, ..., p(u — uy)du, p(u + ug)du, ...,
p(u + um)du.

Haiiem a1y JnHeiHyi0 KOMOMHAIIMIO. 3aMETUM, UTO BBIITOJIHEHO DABEHCTBO

p*(dz/w) = du. Mycts
(&) V2
= d = —d
ao =resq - - dz, Bo = resg o %

B TO4Ke () € {PO, ..., Ps, Pf, ce Pnf} Iycrb up € T rakas, uro p(ug) = Q. Torma
10 TTPeJIJTOKEHTIO 1

L2 o aoBo
r= dzf(u_uo)zdquO(l)du.

U3 Buga vy caeayer, 4ro jyist BLIUETOB 11dz /w umeeMm

m

U1 1 Yy
resp, — dz = —2 E o, resp, — dz = 2aq,...,resp, —dz = 2a3,

w ; w w

=1

res iﬂdZ*oz res iﬂdZ*a
P} w — G4y ... Pm’w — Um.

AHAJIOTUYHO BBIYMCIISIIOTCS BBIYETHI odz /w.
Y12

w

Takum obpazom, UCKOMas JIMHEeHAsT KOMOUHAITAS p* dz paBHa

m m 3
(4 Z Z a; Bip(u) + 42 aiBip(u — u;)
i—1 j—1 i1

+ Z a;ifi(p(u — ;) + p(u +ug)) + C()) du.

OupeiesiuM KOHCTAHTY ¢ U3 nosejenus 1-dopm okoso p(0) = oco.
P12

w

Haiinennas muneitnas komOuHaus s p* dz pazaraercs B OKPECTHOCTH

0 B cemyronuit psi;

42 Z aiﬁj% + <4Z dia; Bip(u;) + co> du + O(u) du. (14)

i=1 j=1 =1
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Bribepem joxkaabHBIN TapamMerp ¢ = % Torma B OKpeCTHOCTH 0O UMeeM

(z,w) = (i 33\/(1 —pa?)(1 —p2q?)(1 —p3q2))

' q

du = W —(1+0(q)) dg.

Yrober Bemmcath psx Jlopana guddepennnana ¥11adz/w B TOUKE 00, BOC-
MMOJIb3yEeMCsi ACUMITTOTHKO:

m W m
> = a1+ pig? + O(q))
=1

- —
i=1 pi

1

2 (1= (p1+p2 +p3)a® + O(q")).

1
qudg = q—2\/(1 —p1¢?)(1 — p2¢®)(1 — p3q?) =

ITockonbKy p1 + p2 + p3 = 0, mocIeaHEee BEIpasKeHne paBHO q% +O(g?).
Beimuimenm pasmoxkenue ¢ edz /w:

m

N W = Bjw d
oo $ e kS

i—1 — Di

- ( > iy Z Z ai(L+ pig® + 0(¢") D Bi(L+ pjg® + 0(q4))> dg

i,j=1 j=1

Z = qudg

Diq? 1- pJ

+0(q) dg = —4 Z azﬁg —4 Z @;fj(pi + p;)dg + O(g)dg. (15)

5,J=1 i,j=1
IMpupasuusas pasnoxenus (14) u (15) quddepennnana 11 edz /w, Haxomum co:
m m m
co =4 Z Z aiBj(pi +pj) —4 Z ;i Bip;.
i=1 j=1 i=1

W3 coornomenmit

/p(u—ui)du:/p(u)du: %dz = —2ny, /duzka,

Tk Tk Tk Tk
CIpaBeJINBLIX Uit ¢ = 1,...,m u k = 1,2, mosy9uM yTBep)KICHUE JIEMMBI 4.

[TponoskuM J10Ka3aTe/IbCTBO mpeioxkenust 2. U3 jemmbl 4 ciemayer, 9yro A
HE 3aBUCHUT OT BBIOOPA P1, . . ., Pm. KBagparwanbie bOPMbI, COOTBETCTBYIOIINE CHM-
MerpudeckuM Ousmneitnbiv popmam A u B(p), Oyaem obosnadars yepes A u B(p).
BoInummeM 3TH MaTPUIBL:
1441 1 .. 1
1 1+d ... 1
A= ) . ) )

1 1 L
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(2—-d01)m p2 +p1 Pm + D1

prtpe (2—=02)p2 ... Pm D2
B(p) = : : . :

PL+DPm D2 tDPm . (2= 6m)DPm

Hamomuum, 910 y2.408biM MUuHOpOoMm pasMepa k MaTPULBI HA3BIBAETCH OIIPE/Ie-
JINTEJTh TIOJMATPHUIIBI, COCTABJICHHON 13 k BEPXHUX CTPOK U K JIEBBIX CTOJIOIOB MaT-
PHUIIBI.

IIycte m > 3 — nmpomsBosibHOE 9nCJIO. YTJIOBBIE MUHODBHI pa3mepa k = 1,23
MaTpunbl A paBabl 2, 3, 4 COOTBETCTBEHHO, T. €. TMOJOXKUTEIbHBL. s KaxkI0ro
k > 4 yrnosoit munop pasen 247 F(k—1) > 0. DTo MOKHO HOKa3aTh 3/IEMEHTAPHBIME
npeobpazoBaHusAMU MaTpullbl. Hadwmaas ¢ HUKHEl CTPOKU BBIYHATAEM U3 KaKJOi
CTPOKU MPEJBIIYIIYI0. 3aBEPIIAM 3TOT IIPOIECC HA BTOPON CTPOKE:

1+61 1 1 1 1

1ve 1 .1 0 & ... 0 0 0
1 146 ... 1 0 & . - 0 0
1 1 oo 16 0 0 ... =0k O O
0 0 0 —0p—1 O

Hamee, HavuHEM C MPEIIIOC/IETHETO CTOJIONA HOBYIO CEPUIO TpeoOpa30BaHUil: MpHU-
OaBJisieM K KazKJIOMYy CTOJIOILY IIPedblAyInuil crojiber. 3aBepliuM peobpa3oBaHusl
MATPHIIBl Ha 9€TBEPTOM CTOJIOIE:

1+46; 1 1 k-3 k-2 3 2 1
-1 02 0 0 0 0 0 0
0 —6y 03 0 0 0 0 0

0 0 —d03 04 0 0 0 0

0 0 0 0 05 0 0 0

0 0 0 0 0 cer k2 0 0

0 0 0 0 0 0 dxg—1 O

0 0 0 0 0 0 0

Teneps mocraTodHOo TPUOABUTH K TPETHEMY CTOJIOILYy YIBOEHHBII U€TBEPTHIN CTOJI-
Gerr, 9TOOBI MOJAMATPUIA pacHaiach. JlomojiHeHne K yIJI0BOMY MHUHODPY pa3mepa 3
JIMaroHAJBHO W OMPEJEUTEb PABEH %%3, a OIpeJeUTEeb YIJIOBOIO MIUHOPA pa3-
mepa 3 pased 2(k — 1). CuenosarennbHo, yrioBoit MuHop pasmepa k > 4 pasen
24k (k —1).

U3 mo/10KUTEIbHOCTH BCEX YTJIOBBIX MUHOPOB A 1o kpurepuio CujbBecTpa mo-
JlygaeM, 9TO KBajpaTudHas GopMma A MOJIOKUTEJbHO ompejeieHa. [Ipesoxkenue
JIOKA3aHO.

Beimumem marpurer I'pama — IIMuara otHocuTebHo 6asuca &1, €a, €3t

(A&, &5))3x3 = (di), (16)
(B(&i,65))3x3 = (widij), (17)

rue f1, po, p3 € R. s xkaxkgoro p = (p1,...,Dm) GUCIHA [i1, [42, (i3 OLPEIEIEHBI C
TOYHOCTDIO JI0 IePECTAHOBKH.
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IIpengioxkenue 4. CymecTByer oJJHOIAPAMETPHIECKOE ceMeiicTBO TOpoB I'(pt)

Takoe, ITO MePHOIBI
dz dz dz
2 2 2
/51 w ’ /52 w ) /53 w
vy v v

IIOIIapHO pa3JIMYHBI IPH Y = Y1, V2.
JIOKABATEJILCTBO. Ilycth
(—1707 1,2,24+¢,3,..., 75+ t) DU M HEYETHOM,

-1
(pl p ){ N
e (-1,0,1,2,2 +,3,..., 2,1 +¢) upu m werHoM,

rme t € [0, 1).
IIycTs

rie 0n, — cuMmBos KpoHekepa u

Cg (t) 1 [)4(t)7p;C
=—-M, .t 3%
G (t) POE
Tax kax
d1k
2k 1 4
O3k, pa(t)—pi k (t)
M Cé(t) = 1 +M4 _____ m(t) s
. Pm (t)—Dk C];n(t)
G (1)
cemetictBo dynkIwit (1 (), (2(t), (3(t) saBasiercs Gaszncom V (py).
[Tomoxxum
2 _1pk MPU HEYETHBIX 11,
GO) =19 ", s, k=1,2,3.
pE— + 2—p,, ~1PH UETHBIX m,

Jlemma 5. Cymecrsyer gocrarouno magoe T > 0 takoe, uro dpynxuun Ci(t) :
[0,T) =R, k=1,2,3,i=4,...,m, OHIPEIEIEHBI U HENPEPHIBHBI.

,HOKA3ATEHBCTBO. HOCKOJ’IBK}/
P/ z 1 1 1
( )

P(z) z=p1 z-p2 2-ps

- [ O@®) wpnu {3, j} = {2k, 2k + 1} sa nexoroporo k > 2,
Pmpi= O(1) wunaue,
TO JUIST M HEIETHBIX

P'(ps) 1 1 e —1 e &
4P(ps)  pa—ps " pa—bm
1 P,(P5) 1 1 19 g
tMy, (t) = | Po7Ps 4P (ps) P5—Pm ~ :
: : . P,(Z ) € e —1
1 1 m
L € € 1 ¢

Pm —P4 Pm —Ps5 T 4P(p7n)
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u JJ1d M 9eTHBIX

e -1 € € €
1 e € € €
tMy, . m(t) ~ : (18)
€ € e —1 €
€ € 1 ¢ €
€ £ € £ %Jrs

e € = O(t).

Tenepb 04eBHIHO, 9TO HpH JocTaTo9HO MajoMm T g Beex ¢ € (0,7T) Besmunna
|det tMy, . m(t)| Goabire c¢q 1/8, a abcooTHBIE 3HAYEHUS JIEMEHTOB MaTPUIIbI
tMy,. m(t) Menbme mam paBubl ¢ = 1. ITocKOIBKY 9jeMeHT OGPATHOI MATPUILBL
PAaBeH OTHOIIEHUIO aJIre0PandecKoro JONOIHEHHsT M ONPEIe/IUTE)s MAaTPUILI, 00-
parubie MaTpunst (tMy ., (1)1 cymecTsyor u abcooTHbIE 3HAYEHNUST 3JIeMEHTOB
(tMy,.. (1)~ Membme (m — 1)y /ey = 8(m — 1)! ga t € (0,T).

Henpepsisuocts Ci(t), ¢4(t), Ci(t), i =4,...,m, na (0,T) ouesnana. [loxkaxem
HEIPEPBIBHOCTH ClipaBa B To4Ke 0.

JIJI ™ HEYETHOTO BEKTOPLI

1 1

-+ 1 - 1
pa(t)—p1 3 pa(t)—p2 2
1 _1 1 1
ps5(t)—p1 3+t ps(t)—p2 2+t ( )
- = - - = 19
N 2 |7 2|’
Pm—1(t)—p1 m+1 Pm—1(t)—p2 m2—1
1 1
Pm(t)—Zh m-+1+42t P (t)—pg m—1+42t
1
pa(t)—ps3 1
1 1
ps5(t)—p3 1+t
- = !
Pm—1(t)—p3 m—3
1 2
Pm (t)—Ps m—3+2t

orpaamvensl. Ciie0BaTENBHO, B 9TOM CJIydae TIpejest limO t(tMy,. ()" pasen
t—+

HYJIEBO}l MATPHIE U CIIPABEJINBBI PABEHCTBA,
tLHEO G (t) = ¢i(0), tLHEO C2(t) = ¢2(0), tLHEO G3(t) = ¢3(0).

1

st m 9eTHOrO BCe KOOPAMHATHI BeKTOPOB (19), KpoMe KOOpIMHATHI o =p3"
m

OI'PaHUYI€HbI. CJ’IG,ZLOB&TQJIBHO,

lim Gi(t) = G0),  Jim Go() = G2(0).

t—+0

Ytob6br HaitTu mpeen GyHKIINT limO (3(t), n3baBuMCH OT HEOIPEIEJICHHOCTH
t—+

0 - oo caemyromuM obpazom:

1
pa(t)—p3 1
1 1
lim t(¢M. me | e lim ¢(tM. mt
Jm (M, (£) 3 Jim (tMy,...m(t)) .
p7n71§t)_p3 m—4

1/t

Pm (t) —Pp3
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0
_— 1 _1
= tEIEO(tM4),..,m(t)) 0
1

.....

Ch
dettMy, .. m(t) B O I
. Cr—3s

rae C; — anrebpandeckne gonogHernd. Ilockompxy mpn 1 < j < m—4 Bce 371eMEeHTHI
rocJieJHell CTPOKHU ITOJMAaTPUIIBI

e —1 ... e ¢

1 ¢ ... e ¢
Cj = (—1)j+m73~det

e € ... ¢ -1

e € ... 1 ¢

e € ... € ¢

SKBUBaJIEHTHEI €, T0 det C; = € mpu t — 0.
Aurebpanyeckoe gomosHenune C,, 3KBUBAJIEHTHO

e —1 € €
1 ¢ ... € ¢
Cp = (—1)’“*3“”*3 -det | : : IR : =1+¢
€ € e —1
€ 1 ¢

upn ¢ — 0. Us (18) crepyer, uro det tMy, . () = 1 + € upu t — 0.

Takum obpazom,

.....

0
Jim (M n(0) = | ]
4

u (3(0) = tl_igl() ¢s3(t). Jlemma mokazana.

Hooupenenum V(py) npu ¢t = 0 xax JymHeiinyio o6osouky (1 (0), ¢2(0), ¢3(0).
Terepb 04EBULHO CIIEIYIONIEE YTBEPIKICHHE.

JIemma 6. @yuxuun A(((t),((t)), B(pe; Ci(t),¢;(t)) Henpepsubl npu t €
[0,1) mrst 4,5 € {1,2,3}.

IIpomomxum nokasaTeabCTBO nipeayioxkenus 4. [Ipu HeUeTHOM M TMOJIOKUM

& = 5(-G(0) + G(0) + G4 (0))
&= 500~ G0) + 6O), &= 3(G0) + GO) - G0).

JIerko mpoBepUTD, UTO CIPABEJIMBBI PABEHCTBA

1 0 0 1 0 0
(aij) = (A&, &) =0 1 0], (by)=(B(pe&&)=10 0 0
0 0 1 00 -1
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CirenoBaresibHo, Ha [y umeeM 1 = 1, uo = 0, ug = —1.
IIycts mpm m geTHOM

&~ —L2(56,0) + 56:(0) - 36(0)), &~ —L(c1(0) ~262(0)), & — L

G1(0).
Torma marpura (a;;) ABIsgeTCs eIUHUYIHON, a (b;;) NIMeeT XapaKTePUCTUIECKUIL I0-
oM 1313 — 1242 — 21 + 4. Hyam 3TOro IOJMHOMA PAaBHBI [i1, 2, (3. JIETKO
[IPOBEPUTH, UTO [i1, {2, [i3 TOMAPHO PA3TUIHBIL.

Takum obpazoM, st BCEX M CYIIECTBYeT Takoir Top Ly, 9To umcna fii, fio,
{3 TONAPHO paziaudubl. 1lo jemme 6 smementsl MaTpuipl ['pama — Mmuara (17)
HenpepwiBHBl Ha [0,7T). TlosTomy wmema pi1, pi2, (i3 HENPEPBIBHO 3aBUCAT OT ¢ HA
[0,7) xaK KOpHM XapaKTEepUCTUUECKOro MmoJnHOMa Marpuipbl I'pama — Imwmara.
Tem cambiM cymiectByer 17 Takoe, uro mius ¢t € [0,7') aucna py, p2, (i3 TOMAPHO
paznuunbl. [Ipemmoxkenne 4 nokasaHo.

IIyctn

dz dz
2 2
— = b = —, k=1,2,3. 20
Q. /5]@ w 5 k /fk w ’ ) &y ( )
71 Y2
Pasencrsa

dz
ak — /5]%; - _8771A(§]€7§k}) + 8WIB(§/€7€/€) - _8771 + 8“1/“@7 k= 172737

71
dz
bk - /5]%; - _8772A(§]€7§k}) + 8W2B(§k7€k) - _8772 + 8W2Mk7 k= 172737
72

BBITEKAIOT 13 onpesesenus (5) u pasercts (16), (17). Ilosromy

ay az as - w1 1 1 1
—8 )
bi by b3 —n2 w2 ) \p1 H2 3
Ilepuomer ay, as, as, by, ba, by TpyaHO ONEeHUTH U TeM Oojiee TPYIHO BBIYUACIUTD.

B crenyromeit 1emMe TpUBOAMM YCJIOBHSI, KOTOPBIM YJIOBJIETBOPSIOT 3TU TEPUOJIBI.

Jlemma 7. Ilyctp Top I' TakoB, 91O L1, fto, i3 pas3audabl. Torja
1) mepuoapt a1, as, as BeleCTBeHHbIE, a MEPUOADI by, ba, by MHIMBIE;
2) nepmosbl f,% dz/w 1o pasHBIM IUKJIaM He 0OPAIaiOTCS B HYJIb OTHOBPEMEHHO:

lar] + b #0, k=1,2,3;

3) ecam m cymecTByer, TO He 6oJee OJHOH APl HECOBIAJIAIONIUX HHIEKCOB
k,l € {1,2,3} rakux, uro
arb; + arbr, = 0;

4) ecsau u cymecrByer, TO He GoJjiee OJHOH Iapbl HECOBIAJIAIOIUX HHIEKCOB
k.l €{1,2,3} rakux, aro
akbl — albk == 0;

5) ecsm u cymecrByer, To He 6oJiee oxHoro uniekca k € {1,2,3} rakoro, aro
ax = 0;

9TO yTBEpIKJeHHe Takke BepHO 11 by, = 0;
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6) mist pasmasbix k1 € {1,2,3}
|(Ikbl — albk| —+ |(Ikbl -+ albk| 7é 0.

JIOKA3ATEJBCTBO. 1. Pacemorpum muBOMIOIMIO T @ (2,w) — (2,W). Hus
1-bopm ¢ = dz/w u zdz/w cupaBeIMBO PABEHCTBO

' = .

TOI‘,ZL& BLIIIOJIHEHBI paBEHCTBA

J@/w /wﬁ

™ TTY
IlepBoe paBeHCTBO cieayeT u3 71 = T71. BTOpoe PaBeHCTBO BEPHO JJIsi JIFOOBIX
nuBosionuit. Tperbe nosryuaem u3 7@ = Q.
AHAJIOTUYIHO, HO C YYETOM g = —T7y2 BBITEKAET CJIEAYIOIEe PABEHCTBO:
— — * —
Y= ¥ = Te=—=[¢
72 —T72 —TTY2 72

SHaYuUT, IepUOJIBI W1 U 7)] — BEIIECTBEHHBIE, & Wo U 1) — YUCTO MHUMBIE YUCJIA.
Ilepuonpr ap u by SABASIOTCA JTUHEHHBIMA KOMOMHAIMSAMEI C BEIIECTBEHHBIMEI KO-
durmenTaMu w1, 7] 4 Wz, 72 COOTBETCTBEHHO. VTak, MepBOE yTBEPKICHUE JIEMMbI
CIIPABEJINBO.

2. IlocKoabKy TI0 ONpENEeeHHuIO a) = —N1 + prpwi1 1 by = —n2 + pxwa, TO

(o) - (na) - 2) (o) @
br —12 + flpw2 —N2 W2 pr )

KsajparHyo MaTpuily B [1ocjieHeM BbIpakeHnn obo3naunm depe3 A. V3 papeHcTBa
Jlexkanapa mws — Now = %i, BBIIIOJIHEHHOTO Ha JiroboM Tope [9], ciemyer, dro
det A = —nmws + nowy # 0. B cuty juHeiHON He3aBUCUMOCTHU CTOJOIOB A BEKTOD
(ar b ) e moxker ObiTh HyJseBbIM. CJieI0BATENBHO, BTOPOE YTBEPXKICHHUE JIEMMBI
BEPHO.

3. U3 (21) BBITEKAET PABEHCTBO

b 0 1 1
alkarakbl:(al b”((;;)(l Nl)At(l O)A<ﬂk)7

rue k,l € {1,2,3}, nosromy

arby +atby \ (1w +(0 1 1
G o) = () (Vo)a ()

IMockoueky fuy # p; u det A # 0, cTonONBI IPOU3BETEHNST MATPHIL

1w (0 1
(1 M)A(l 0>A

JIMHEHO He3aBUCUMBL U BeKTOD (akxb; + aiby  agb; + a;by ) HeHysIeBOM.
TaxuMm 06pa3oM, MbI HOKA3AIH CIPABEIINBOCTH TPETHErO yTBEPKICHUSI.
4. Yerpeproe yTBEpXKICHAC JOKA3BIBACTCH AHAJOIMYHO TPETHEMY U CJIEIyeT U3

TOTO, YTO
Lo\ e (0 —1
() (3 )e) o
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5. Yrobbl JoKa3aTh MATOE YTBEPIKICHUE, PACCMOTPUM ) U G C PA3TUIHBIMU
unyexcamu k, ! € {1,2,3}. Ilepuoxn wy ue pasen 0.
N3 paBencrsa

arp\ _ (—mtmwr\ (1 pe (—m
a -+ w1 I w1
U [ 7 4] BBITEKAET ISITOE yTBEPXKIEHUE.
BaMernM, UTO IIATOE YTBEPXKIEHNE TaK»Ke BEpHO st by, k = 1,2, 3.

6. IllecToe yTBepKaeHNE CJIEIYET U3 BTOPOTO U MATOTO YTBEPXKICHUH.
Jlemma mokaszaHa.

JOKABATEJILCTBO NPEJIOXKEHUA 3. Hamee cumraem, 4TO i1, fo, f3 Pa3-
Jsmanbl. B npeytokennn 4 moka3aHO CyIIECTBOBAHUE TAKUX TOPOB.

Corsacuo jemme 7 niepenymepanueii £1, &2, 3 MOKHO J0OUTHCS TOTO, 9TO a3 7 0
u a1bs + aszby # 0, mosTOMYy J1ajiee CIMTAEM, YTO

az #0, a1bs+ aszby # 0.

OrcyTcTBUE TIEPUOIOB. YCJIOBHE OTCYTCTBUS IEPUOIOB

Re/wl@bg% = /¢1 /¢2dz 0, v=m,7%;
8!

COCTOUT U3 JIBYX BEIECTBEHHBIX U JIBYX KOMILJIEKCHBIX ypPaBHEHU.
B nepByio qacTh yc/I0BuUS TOACTABUAM 11 U YPa:

[ = [(uag 498+ oy + st + vuaa + utats) T
Y Y

dz vray +yaz  OpH Y = V1,
— [ (oot ) - _
w veby +yby  upm y = ya.

~y

CupaBenyimBoCcTh BTOPOro paBeHCTBa ciemyeT u3 jemmbl 1. Ilociennee paBencTBO
BeinostHeHo BBUy (20). Ilo mepBoMy yTBEDIKIECHUIO JIEMMBI 7 TIEPHOJIBI

vxray + yas = —(a1ba — azby)s € iR,  vxb; + yby = (a1b2 — agby)r € iR

4YHUCTO MHHUMBIE, II09TOMY liepBasd 4acTb yCJIOBUs OTCYTCTBUA II€PUOJIOB BLIIIOJJIHEHA.
Bropasa gactb ycsioBug ymnporaeTrcs aHAJIOTTIHO TEPBOM:

d d d
/ s / e / g+ @)C - [+ g+

]
_ { v2ay + ag — 2%a; — yPag —ulaz  npumy = 7,

v2by + by — 22by — y2by — uZbs opu 7y = Ya.
BaMeruM, 4TO 10 IEPBOMY YTBEPXKICHUIO JIEMMBbI 7 IEPUOILI 41, A2, (3 BEIleCTBEH-
bl. BoiGop v B Buze (7) obecriednBaer 00pallieHre B HYJIb HEPUOIOB 110 [UKJILY 1.
IMokaxkem, 9To BbIGOP v B Bue (6) IPUBOAUT K PABEHCTBY HYJIIO IIEPHOJIOB IO Yo.
13 Buga v(r, $) 3aKI09aeM, 9TO U SIBJISIETCS] KODHEM TIOJIMHOMA

cvt + (|c|? + 2i Im d)v? + ed = 0.
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O6ozraumM |c|? + 2i Im d 1epes . JIMCKPUMHHAHT 3TOTO TIOJHHOMA BEIeCTBEH:
o —4|cl?d = |c[* + 4|c/*iTmd — 4Im* d — 4|c|*d = |c¢[* — 4]c|* Red — 4Im? d € R.

[Tokazkem, 4TO OH HOJOKUTeJeH s (r,s) m3 HekoTopoit obmactu @ C R2Z.
Bamerum, uato d(r, s), ¢(r, s) U JUCKPUMUHAHT HEIPEPBIBHO 3aBHcAT oT (7, 5) Ha R2.
CiieoBaTeIbHO, JOCTATOYHO YKA3aTh TOUKH B R?, T/1e IMCKPUMHIHAHT T10JI0XKHTEICH.

Eciu agbs + agbs # 0, To ms (r,s) = (0,0) JUCKPUMHUHAHT ITOJOXKHUTETICH:

asbs + asby |”

a1bs + aszby

Eciu asbs + asbs = 0, To ipu s = 0 IUCKpUMHUHAHT paBeH

2 2
agbs — asbs <a41; <fl2b3 - a3b2> r? 4 4g2 aibs — a3b1)

a1bs + azb;

4.6

! a1bz + aszby a1bs + asby

¥ HEOTPHUIATEJEH Jyisi JocTaTovHo bosbmux . CremoBaTenbHo, ecTh 00acThb {2 C
R2, rie IUCKPUMHHAHT HEOTPHIATEIEH.

Teneps HOACTABUM B BRIpayKeHHe mepuoma v2by + by — 22by — y2by — u?bs 3Ha-
JeHUS U, X, Y, YMHOKIM HA G3v°> U COKPATHM Ha —(a1bs + asby). Iycrs asv? # 0.
OueBUIHbIE BLIYHCIIEHHS [TOKA3BIBAIOT, UTO Hepuo v2b; + by — x2b; — y2by — u2bs
paBeH HY/IIO TOLJa I TOABKO TOTHa, Korna v2v? + cv? +d = 0.

[ozcrasum (6) B 0202 + cv? + d. Hna (r,s) € Q umeem

_ 1
vt e? b d= W(ai a2 — 4lc)2d)(a + /a2 — 4]c|2d)a?
C

1 1
- 5(05 + Va2 —4|c?d) +d= W(M2 + v a? —4|c)?d — 2iImd)
1
x (|e|* £ /a2 — 4|c]2d + 2iImd)a® — 5(05 ++v/a? —4|c|?d) +d

1
= W(|c|4 +2|c|2\/a2 — 4|c|2d + o — 4|c|*d + 4Tm? d)
1 2 /a2 — 4lcl2d
o? +4Im*d |c|? +/a? — 4|c?d
——— —d———ilmd—————— +d=0.
+ EE B tIm 5 +

Taxum obpasoM, must (1, s) € Q mepuomsr (3) Mo y; U Y2 PABHBI HYJIO.
KoppeKTHOCTh KOHCTPYKIMM.

Jlemma 8. Mnozkectso myseii c(r, s) u v(r, s) umeer Mepy Hy.b B R2.

JOKABATEJIBCTBO. U3 BTOPOro yTBEPK/IEHUS JIEMMBI 7 CJIEIYET, YTO MTOJTTHOM
(a7 + b15)? wenynesoit. Ilo mecToMy yTBep:KAeHUIO JeMMbI 7 dbyHKIua c(r, s) He
paBHa TOXKJeCTBeHHO Hymo. OTCIona MHOXKECTBO HyJiel ¢(r, $) IMeeT Mepy HyJlb.

Kopuu nosmuoma cv* + (|¢|? +2i Im d)v? + ¢d paBHBI HYJIO, €CJTH B TOJIBKO €C/In
lc|> +2iImd = 0 u ed = 0. CrenosarenbHo, HEOOGXOAUMbBIM yestoBueM v(r, s) = 0
spysiercs c(r, s) = 0. JlemMa Joka3aHa.

Takum 06pa3oM, BbIparXKeHUsI, OIPEIEIAIONINE Y1 U g, HE COMAEPKAT IeJCHUS
HA HyJIb Jyis no4Tu Beex (r, s) € .
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IIpengioxkenne 5. CymectBytor (r, s) € ) Takme, 9TO 1)1 U )2 HMEIOT HOJFOCH
B KaxkJ0if Touke Py, ..., Ps, Pf7 .. ,Pnf.

[MoamaTpurisl, cocTaB/ieHHbIE U3 CTOJOIOB j1, .. ., j;m MaTpuisl M, obo3HAINM
uepesd M, ... j.-

Jlemma 9. /s nodru Bcex TOYeEK pi,...,Dm € R Takux, aro p; +pa+p3 = 0,
BCe KBaJpaTHbIe HoAMaTpuIbl M, HEBBIPOKJICHHDI.

dm

JIOKABATEJIBCTBO. Ilpu nepeobosHaveHnn IepeMeHHbIX p; U p;j miid 3 < 4,5 <
m (1 < 4,7 < 3) MeHSIOTCS MecTaMu i-if U j-il cTOJOIBI; TAKXKE MEHSIOTCS MECTAMU
(i—3)-stu (j—3)-51 cTpoku (TOIBKO i-if u j-it cTosbuer) Mmarpunpt M. Tlosromy gocra-
TOYHO JIOKa3aTh HEBBIPOKICHHOCTD NOAMATPHIL My m, M1 4. m—2, M1 24, . .m—1,
Ml,...,m73-

HessipoxknernocTs nogMarpunst My . ., JTOKa3aHa B JeMMe 2.

IIycts N — pmocraTodno 00JbIoe HATYpasbHoe duciio. [lomoxum

b= (p177pm):(_170717N7N+172N72N+17)

Ionmarpunsr M1 4, m—1, M1,2,4,....m—2, Mi,... m—3 IMeIOT BHJ

(7 7)

roe S 910 Ma,. . m—1, Ma. . m—o mma My m—3. Ilo jemme 2 B KaxkIoM cirydae
o/iMaTpuIa S HEBBIPDOXKJIEHHA. DJIEMEHThl R MMEeIT acUMIITOTHYECKOE [OBEIEHIE
e = O(1/N) npu N — oco. DyemenTtsl U orpaHuveHbl KOHCTAHTON, HE 3aBUCAIIEH
or N.
Ilopmarpunia T mMeeT ouH U3 CAEAYIONINX BUJIOB:
1 1 1

1 1 Pm-2—P1  Pm-2—P2  Pm-2—D3
1 Pm—-1—P1  Pm—1—DP2 1 1 1
(pmfm ) ’ ( 1 1 nm Pm—1—P1 Pm—1—P2  Pm—-1—P3
1 1 1

Pm—p1 Pm —p2

Pm—P1 Pm —p2 Pm —P3

Bri6epem uncia (TOJLKO Te, KOTOPbIE BXOAAT B MATPUILY T') Dm—2, Pm—1, Pm €
(0,1) Takum o6pazom, uTobbl onpejenuTesb T He Obul paBen Hyio. Torga npu

N — oo maTpura
R S (€ S
T U T =

paciajiaercsi Ha JiBe MaTPUIIbl C HEBBIPOXKJIEHHBIMU OIIPE/IEJIUTEJISAMUA.
Omnenum nmogmarpuns! M4 m—1, Mi24,.. .m—2, M1, m—3:

det (; f) — det Sdet T + O(1/N).

Jlemma qokaszaHa.
JokaxkeM cyeJicTBAE U3 JEMMBI 9.

JIemma 10. [Just nouru Beex p = (p1,...,Pm) TaKHX, 970 p1 + p2 + p3 = 0,
I KaKq0d Toukn Py, . . ., Ps, Pf, ..., P¥ maiinerca ynxmus o € V(p), mveromas
HOJIFOC B 9TOH TOYKeE.

JOKABATEJILCTBO. Ilo memMme 2 mpocTpancTBO
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TPEXMEPHO JJId IOYTH BCEX P = (pl, - ,pm) TaKuX, 4T0 p1 + p2 + p3 = 0.
ITpemiosiokuM 00pATHOE YTBEPXKIEHUIO JIEMMbL: IycTh dbyHKImu u3 V(p) e
UMEIOT HOJII0CA, B OJIHOM U3 To4eK (pk, W) € {Pl,PQ,Pg, Pf, . ,Pnf}, ke{l,...,m}.
Torma
" yw
V(p) Z . ip_ | (W1, .oy Vk—1y Vs Vit 1y« -+ s Vm) Eker M, v, =0
K3

m
v;w /
= E o _|(Vl,...,1/;@_17uk+1,...,1/m)EkerM ,
i=1,itk Pi

rae M’ — marpuna M ¢ BLIMePKHYTBIM k-M CTOJIOIOM.

JIjist IOYTH BCEX TOYEK P1, . . . , P MaTPUIia M’ 110 JleMMe 9 nMeeT MaKCIMa/Ib-
wptit panr. Caemnosarensuo, dime ker M/ = m — 1 — rank M’ = 2, a dim¢ V (p) =
dimc ker M = dim¢ ker M’ = 3. Ilpunum K IpOTHBOPEYHIO.

Tenepb 0cTAIOCH TTOKA3ATH CIPABEINBOCTD YTBEPKICHUS [Tt TOUKH F.

IIpeamosnoxkum 06paTHOe yTBEPXKIeHNIO JeMMbl. [lycth dyrkuun u3 V(p) ne
UMeEIOT ToJiroca B Fy:

m
Z viw | (v1,..yvm) Eker M, v1 + -+ vy =0
'1Z_pi

7=

V(p)

m
viw
- Z | (1, V) Eker M 3
i F TP

rae M" — marpuna M, HonoJHEHHAs CTPOKOM, COCTOSIINel N3 eUHUIIL,

AHaJoruuHO J0KA3aTeJLCTBY JIeMMbl 9 JIErKO J0Ka3aTh, 4To Marpuiia M’
“MeeT MaKCUMAaJIbHBI PaHr JJIsl IIOYTH BCEX TOYEK P1,...,Pm. CJlemoBarebHo,
dimc ker M = m — rank M"” = 2, a dim¢ V (p) = dimc ker M = dim¢ ker M" = 3.
IIpumnin k mporuBopednio. Jlemma moxkasamna.

Jlemma 11. @ynknus v(r, ) He ABJIAETCs OCTOSHHON Ha ).

JIOKABATEBLCTBO. Ilo memme 8 juist moutn Beex (r,s) € R? momunom c(r, s)
ne pasen uHymo. g ¢(r, s) # 0 byHKIus v gBjsieTcd KOPHEM HOJIMHOMA
v? 4

I _
(lef” + 2iTmd) +02“md)u+%d—0. (22)

Jomyctum 06paTHOE yTBEPKIEHUIO JIEMMBL: IIyCTh HYJIM MOJIHHOMA (22) mocro-
sunbl. 970 o3navaer, 4to (|c|? + 2iImd)/c u cd/c nocrosuubl. Orciona u u3 Bujga
dyukuuit ¢(r, s) u d(r, s) Berrekaer, aro d(r, s) paBHa Hywo, a ¢(r, §) TOCTOSTHHA.

CienoBaresibHo, a1bs — azby u asbs — azbs OJHOBPEMEHHO PaBHBI HYJIIO; IIPOTHU-
BOpEYNE C YeTBEPTHIM YTBEPXKIEHUEM JIeMMbI 7. Jlemma Joka3aHa.

Jlemma 12. Muorkectso Hymeit u(r, s) mveer mepy Hyb B R2.

JOKABATEJILCTBO. Ilpu s =0 u r — 0o nmeeM

_agbz —asby 5 5

a1b2 +a2b1 2 92
S R +o(r?), ui(r,s) = ———">
leg+&3b1 1 ( ) ( )

2 _ =
v (T7S)7 a1b3+a3b1 1

+o(r?). (23)

Ecm a; # 0 u a1by + agby # 0, To u3 (23) cuemyer, uTo jyig modatn Beex (r, s) € R2
BepHO u(s,t) # 0. Ecim a; = 0, T0 yTBepKIeHUE JIEMMbBI OUEBUIHO.
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Ecmu a1bs + a2b1 = 0, TO JIerko mokas3aTh CIIPaBEINBOCTD PABEHCTB

_agbs + asby
a1bs + asby ’

a1 arbs — azxby

v%(0,0) = u2(0,0) =

as (111)3 + a3b1

ITo mecromy yTBEpXKIeHUIO JeMMbl 7 u3 a1bs + asb; = 0 umeem a1by — asby # 0.
Taxkum o6pasom, dyHKIWMs u(r, ) ABIsieTCs HeHyJeBoil anrebpamdeckoit. OT-

CIOZ]a CJIeJIyeT yTBEPXKIEHNE JIeMMbI. JlemMma nokaszana.

JIOKABATEJIBCTBO NPEAJIOXKEHUS 5. lomycTtum, 910 11 He UMEEeT IOJII0CA B
rouke @ st Beex (1, s) € . Torma &1 u &2 He umeror nosmoca B Q. D10 ciemyer us3
BUza Y1 U U3 Toro, 4ro v(r, s) Bapbupyercd Ha ) 1o Jemme 11.

[Tosromy o jemme 10 €3 umeer nodiioc B (). Tem cambim y

1/}2 - :E(Tv 5)51 + y(Tv 5)52 + U(Tv 5)53

ecTb oJoC B () pu 7 u § Takux, 9ro u(r, s) # 0, T. e. 1)y UMeeT HOJIOC it HOYTH
Beex (1, s) € R2.

Takum obpazom, B Kakmoit Touke Fj,.. .,Pg,Pf, ..., P* xora 6b1 omma m3
dyukuumit 1 u 19 umeer npocroii nosoc. CreqoBaTesbHO, y MOBEPXHOCTH (2) €CThb
POBHO N = 2m — 2 > 6 BJIO2KEHHBIX IJIOCKUX KOHIOB. lIpesioxkenue 10Ka3aHo.

JINTEPATYPA

1. IIlamaeB 9. M. MunuMmajbHble TOPBI C IIecTbio ItockuMmu kKonunamu // Becrn. HI'W. Cep.
Maremaruka, Mexanuka, uadopmaruka. 2004. T. 4, Ne 4. C. 68-73.

2. Bryant R. L. A duality theorem for Willmore surfaces // J. Differential Geom. 1984. V. 20,
N 1. P. 23-53.

3. Bryant R. L. Surfaces in conformal geometry // Proc. Sympos. Pure Math. 1988. V. 48.
P. 227-240.

4. Peng C.-K., Xiao, L. Willmore surfaces and minimal surfaces with flat ends / Chen. W. H.
(ed.) et al. // Geometry and topology of submanifolds X. Proc. conf. on differential geometry
in honor of S. S. Chen. Singapore: World Sci., 2000. P. 259-265.

5. Babich M. V. Willmore surfaces, 4-particle Toda lattice and double coverings of hyperelliptic
surfaces // Amer. Math. Soc. Transl. Ser. 2. 1996. V. 174. P. 143-168.

6. Kusner R., Schmitt N. The spinor representation of minimal surfaces in space. University of
Massachusetts in Amherst, 1993. (Preprint / GANG; I11.27).

7. Costa C. Complete minimal surfaces in R? of genus one and four planar embedded ends //
Proc. Amer. Math. Soc. 1993. V. 119, N 4. P. 1279-1287.

8. TaiimanoB U. A. Jlekuuu o nudpdepennmanbaoii reomerpuu. VkeBek: VH-T KOMITBIOTEPHBIX
uccaenoanuii, 2002.

9. /ly6posur B. A. PumaHOBBI IOBEPXHOCTH U HeJinHelHbIe ypaBHeHusi. Vxkesck: HULL «PuX /1>,
2001.

Cmamuvasa nocmynuaa 21 anpeas 2005 e.

Hlamaes Sarat Mearosuy

HUU mamemamuru npu Hrxymckom 2oc. yHusepcumeme,
ya. Kyaaxosckozo, 48, Axymex 677000
eshamaev@mail.ru



