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HA KOHEYHbIX ABEJEBBLIX TPYMMAX
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Annoranms: Cornacuo kinaccudueckoit reopeme CkuroBnda — lapMmya He3aBUCUMOCTD
JBYX JIMHEMHBIX (POPM OT HE3aBUCUMBIX CJIyYAWHBIX BEJUYUH XapPAKTEPU3YET IayCCOB-
ckoe pacrnpejenenne. bauskuit Kk Teopeme Ckurosuua — Jlapmya pesynabrar ObLT J10-
KazaH XeiiJie, Ijie yCJIOBUE HE3aBUCUMOCTH JIMHEHHBIX (DOPM 3aMEHSIETCS CUMMeTpUei
YCJIOBHOT'O PacIIpejieIeHusl OAHOM JnHeHoM (opMbl pu hUKCHpOBaHHOI BTOpOil. Ha-
CTOsAIIAs CTAThbsl MOCBSIIEHA aHAJOTY TeopeMbl Xelje M CIydasi, KOrJa CJydaiHble
BEJIMYUHBI TPUHUMAIOT 3HAYEHUs] B KOHEYHON abesieBoil rpynme, a KO3 UImenTsl au-
HeHBbIX (POPM — aBTOMOP(MU3MBI I'PYIIIIHI.

KuarodeBrle ciioBa: xapaKTepusalldsl BEPOSITHOCTHBIX PAacCIpeJIesIeHui, HIEeMIIOTEHT-
HbIE paclipe/iesieHusi, KOHEYHbIE€ a0eJIeBbl IPYIIIIHI.

1. BBenenne

Corsacao knaccnueckoit reopeme Cknrosmua — JlapMya HE3aBUCHMOCTB JIBYX
JINHEHHBIX (POPM OT HE3ABUCUMBIX CJIyYafHBIX BEJUIUH XapaKTePU3yeT rayCCOBCKOe
pacupesiesierne (cM., Hanpumep, [1, . 3]). Bausknii k reopeme Crurosuda — ap-
Mya pe3yJbTaT ObLI JIOKa3aH Xeiije, Tie yCJOBHe He3aBUCHMOCTH JMHEHHBIX (hopM
3aMEHSIeTCsl CHMMETPHEl YCIOBHOIO PACIIPEECHIsT OIHOM JIMHEHHOM (bOPMBI IpHU
dburcupoBannoii Bropoii (2], cm. Takxke [1, §13.4.1].

Teopema Xeiine. Ilycts &, j = 1,2,...,n, n > 2, — He3aBHCHMBIE CIy-
qaiiapre Besmiauabl. Paccvorpum jmmeiibie ¢popmbl Ly = anéy + - + apén #
Lo = (& +--- tﬁngn, F;lw KO3(pPULUHEHTEI (tj, j — OTIHIHBIE OT HyJIs KOHCTAHTBI
Takme, 9ro B0 ~ Bjaj_ # 0 st J1r06BIX © # j. Ecsm ycioBHOoe pacnpenesienue Lo
npu puxcupopanHoii Ly cuMMeTpudHO, TO BCe CJIyaiiHble BeInInHbI §; IayCCOBCKHE.

I'pymmossiM anasoram teopeMbl CkuToBrda — JlapMya u npeinecTByomei ei
Teopeme BepHInreiina mocesimeHo 6osbinoe anciao uccaenopanuii [3-11]. B Hacto-
AMel CTaThe PACCMOTPEH AHAJOT TeopeMbl XeiJie /I ciiydas, KOrjla CIyJaiHbIe
BEJIMIMHBI TPUHUMAIOT 3HAYEHUsI B KOHEUHOU abesieBoil rpymrme, a Ko UImeHThI
JIMHEHAHBIX (POPM — aBTOMOP(MU3MBI TPYIIIIHI.

IIycts X — sokayibHO KOMIIAKTHAs cernapabelibHast abesieBa MeTPUIeCKas IPYII-
na, Aut(X) — rpynna Tomosnorudeckux asromopdusmos X. Pacemorpum &, j =
1,2,...,n, n > 2, — He3aBUCHUMBIE CIyvailHble BEJUINHBI CO 3HAUEHUSIMHU B X U C
pacupenenenusamu . Ilyers Ly = &y + -+ + anp 1 Lo = B1&1 + -+ + Bnén,
re aj, B; € Aut(X) rakwme, dro ﬁm;l + @a;l € Awt(X) mus 06X @ #£ j.
Copmysmupyem CleayIonye JBe 3aatu.

(© 2005 Muponiok M. B., ®enpaman I. M.
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Bamava 1. /Jln1sa kaxkux rpynmn X U3 CHMMETPHH YCJIOBHOIO pacipeneaeHust Ly
1Ipy (pUKCHPOBaHHOI L | BEITEKaeT, ITo Bee (i JIHOO IayCCOBCKHeE, THO0 IPUHATIeKAT
KJIACCY paciIpeie/ieHuil, KOTOPBIH MOXKHO paCCMaTPHBATH KaK €CTECTBEHHBIH aHAJIOT
KJIACCA I'ayCCOBCKUX PACIPEIe/ICHII?

Sagaua 2. Ilycre rpymma X 3agana. Onmucats BO3MOXKHBIE DACIPEIETCHHUST
{4 B IPEANOJIOXKEHHH, 49TO ycJ0oBHOe pacrpejenerne Ly npu ¢ukcupopannoit Ly
CHMMETDPHYIHO.

B [12] 3azmaua 1 pereHa B Kjiacce KOHEUHBIX abesieBbIX IPYNI (CM. HHUXKE Teo-
pemy A). B Hacrosieil crarbe Mbl periaeM 3a/a4y 2 B KJIACCe KOHEUHBIX abesieBbIX
IPYIIT U U3y49aeM TakKe OJIN3KUe BOIPOCHI.

VcesoBuMCs 0 HEKOTODPBIX 00O3HAUeHUsX. Jljisi MPOM3BOJILHON JIOKAJIBHO KOM-
MaKTHOW abesieBoit rpymmbl X obo3HadmMm depe3 Y = X* ee rpyImmy xapakTepos,
vyepes (z,y) — 3HavYeHume xapakrepa y € Y Ha suemente r € X. Jlnsa mo6o-
ro a € Aut(X) oupemenum conpsizkennbiii asromopbusm & € Aut(Y) dopmyoii
(z,ay) = (az,y) g Beex ¢ € X, y € Y. ToxkzpecrBenuniii aromopdusm 1po-
M3BOJIbHON rpymmbl Oyzaem obo3uadars depe3 I. Ilogrpynmy G rpynmer X HazoBeMm
rapaxmepucmuueckot, ecan Beskuii apromopdusm « € Aut(X) nmepeBomur rpyu-
ny G B cebsa. Eciu H — 3aMKHyTasi MOArPYIIA IPYHHbL Y, TO 0D03HAYUM Uepe3
AX,H) = {x € X : (z,y) = 1 nnza Bcex y € H} ee annyaarop. s nponssosb-
HOI'0 HATYPaJbHOrO 4Hciaa n obo3Hauum depe3 f, : X — X romomopdusm, orpe-
nenstemprii bopmyitoit fr,(z) = na. Homoxmm X (™ = Im f,, X (n) = Ker f,,. Tlyctn
Z(m) — Tpylia BBIYETOB [0 MOJYJIIO M. DJeMeHThbl Ipyuibl Z(m) Gymem 0603Ha-
gare yepes {0,1,...,m —1}. Eciu X — koneunas abesieBa rpyliia, TO s JOGOro
IIPOCTOrO p 0003HAYNM depe3 X, ee p-IPIMapHyI0 KOMIIOHEHTY, T. €. IoArpymiy B X,
COCTOSIIIYIO U3 BCEX JIEMEHTOB, HOPSJIKA KOTOPBIX SABJIAIOTCS CTEHEHSIMU YHUCIIA P.

s pacupeiesieHnst [t €ro XapaKTEPUCTUIECKYI0 QPYHKIMIO 0D03HATNM {epes

y) = [(x,y)du(z). Hocurens pacupemenenus: p o6o3HaduM depe3 o(p). Or-
X
MeTuM, 9TO ecqm H — 3amkuyTag momrpynma B Y w f(y) = 1 npu y € H, To

ay +h) = ply) npn mobeix y € Y, h € H n o(p) C A(X, H). Obosnadnm uepes
['(X) MHOXKeCTBO raycCOBCKHUX pacupejesenuii Ha rpymme X, a depes I(X) — mHO-
JKECTBO UJEMIIOTEHTHBIX PACHPEICICHUN Ha Tpymme X, T. €. MHOMKECTBO CIBUTOB
pacupegenennii Xaapa my KOMOAKTHBIX moarpymnn K rpymmsr X. 3aMeTus, 4To
XapakTepucrudeckas (pyHKIUs pacupeaeieHns Xaapa myg UMeeT BH

_ [ 1, ye A(YK),
K(y){o, y ¢ A(Y.K).

Bripoxkiennoe pacupejiesienne, COCpeIoTOUYeHHOe B ToUke & € X, 0603Ha4IuM te-
pe3 F..

Iycrs &5, 7 = 1,2,...,n, n > 2, — He3aBHCHMBIE CIyJaiHbIE BEJMIUHBI CO
3HAYEHNAMH B rpynrme X ¥ ¢ PacIpeleeHAAMN [ij. Y IAThIBAsA, YTO XapaKTePUCTH-
4eckast (DYHKIMMS pacIpelie]leHnust [1; — 9T0 MareMarudeckoe oxunanue E[(&;,v)],
TaK JKe, KaK M B KJIACCAUECKOM cirydae (cM., Hampumep, [1, §13.4.1]), ybexmaemcs B
TOM, 9YTO CUMMETPHsI YCJIOBHOIO pacupenesenusi Lo = 51& + - -+ + Bp&, upu duk-
cupoBaHHOM L1 = a1&1 + - - + @&, IKBUBAJIEHTHA TOMY, 9YTO XaPAKTEPUCTUIECKIE
dbyukunu 1;(y) pacmpemenenuit (t; yIOBIETBOPAIOT (QYHKIMOHATILHOMY YPABHEHHIO

I 2i(@ju+ Bjv) = T ay(@u—Bjv), wwey. (1)

j=1 j=1
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Permtennst aToro ypaBnenust Mbl u OyIeM U3ydIaTh.

OcHoBHasT 9acTh PabOTHI MOCBSIIIEHA, CJIYYal0, KOTJIa UUCI0 HE3ABUCUMBIX CJTy-
JalHBIX BEJIMYUH PaBHO ABYyM. IIpu rpynmnoBoil MOCTAHOBKE 3aJ@9d Mbl JOJIZKHBI
MIPE/IIIOIAraTh YTO CYIIECTBYIOT aBTOMODPMU3MBI (1, A2, 1, B2 Takue, ITO Blal_l +
By b€ Aut(X). Dro ycioBrme MOKHO 3aMEHHTH PABHOCHIBHBIM: CYIIECTBYET aB-
romopdusm 0 € Aut(X) rakoit, uro I+§ € Aut(X). Ouncanne KonedHbix abeseBbIX
IPYIIIL, JIJIsi KOTOPBIX 9TO YCJIOBUE BBITIOJHEHO, JIAET CJIeIyolee

IIpennoxkenue A [12]. IIycrp X — komneunas abeseBa rpymmna. Ilycrs X =
> X,, nge & — MHOXKECTBO HMPOCTBIX IHCEJ, — pasioxKeHne X B IIPIMYIO CyMMY

pEP
CBOHX P-IIPUMAPHBIX KOMIOOHEHT. Torja cieayiomue yTBep KICHAS IKBHBAJICHTHBI:

() mpup = 2 uwp = 3 ymbo X, = {0}, mbo paznoxenme X, B OpAMYyIO
CYMMY CBOHX IHUKJIHYCCKHX CJIATACMBIX COICPIKHUT KarKJ0e IMUKIHICCKOE CIATaeMOe
¢ KPATHOCTBIO HE MEHBIIE IEM JIBa;

(8) cymecryer § € Aut(X) rakoii, uro I +§ € Aut(X).

B nmambmeiiiem mbl OyzmeMm mpearosiaraTh, UTO KOHeUHas abeseBa rpymnma X
BCET/Ia Y/I0BJIETBOPSIET yCJIoBUiO () Ipemioskennst A.

2. Teopema Xeiizie aJis1 KOHEYHBIX abeJI€BBIX TPy
B pabore [12]| mokaszana

Teopema A. Ilycrte X — KoHeuHast abejieBa rpymma, He COJAEPXKAIIasl SJeMEH-
ToB nopsiika 2. Ilycrs &, 2 — He3aBUCHMBIE CIyIaiHbIE BETUIUHBI CO 3HAYCHHSIMHI
B rpymme X u ¢ pacrupesejseHusMu (i1, to. IIpeanonoxum, aro §, I £ € Aut(X).
Ecin yciosraoe pacnpenesienne Lo = & + 6§ npu ¢purcupoanuoii Ly = &1 + &
CHMMETPHHO, TO jt; = Ey. *xmp, rie F' — noarpymna rpymer X, g; € X, j = 1,2.

Cuieyromasi TeopemMa periaeT 3ajady 2 B ciaydae, Korma X — MpOU3BOJIbHAS
KOHeJHas abeeBa IpymIa.

Teopema 1. Ilycrr X — koneunasi abesieBa rpymmna. Ilycrs &, €2 — He3aBH-
CHMBIE CJIy9aiiHble BeJTUIHHBI CO 3HATeHUSAMU B rpymne X H ¢ PACIPEIeTCHAIMHA [i1,
pa. Ipermonosmm, 110 oy, g, 1, B2 € Aut(X) u fra;t £ faay ! € Aut(X). Ecmm
ycJi0BHOe paciipesesieaue Lo = ($1& + (oo npu pukcupoBaraoi L1 = a1&y + anés
CHMMETPHIHO, TO [1j = p; * T, rae o(p;) C Xo, m; € I(X), j = 1,2.

O4eBmaHO, 9TO Teopema A SBISETCA YaCTHBIM CaydaeM Teopembl 1. Jlis moka-
3aTEIHLCTBA TEOPEMBI 1 HAM TIOHAI00ATCS JIBE JIEMMBI.

JIemma 1 [12]|. Ilycte X — koneunasi abeneBa rpymma u €,1 £ & € Aut(Y).
Ecin xapakrepucruaeckue Gyuxnmu f(y), g(y) yaomrerBopsior pyHKIHOHAIBLHOMY
YDaBHEHHIO

flu+v)gu+ev) = f(u—v)g(u—ev), u,veY,
To a1 snoboro y € Y semosmeno |f(y)| = |f(ey)|, 19(y)| = lg(cy)|, nae ¢ = (I —
e)I +e) .

JIemma 2. Ilycrs X — kommakTHas aGejieBa rpyiia Takasi, 9o fa € Aut(X),
F — komnakrthas noarpynna B X takas, 4ro ¢axrop-rpynna X/ F koneuna. Ilycrs
g, I ¢ € Auw(Y). Ecuum xapakrepucrudeckas dbyakuus mp(y) yIoBiaeTBoOpseT
DYHKIIHOHAJIBHOMY yPaBHEHHUIO

mp(u+v)mp(u+ev) = mp(u—v)Mmp(u—ev), u,veY, (2)
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t0 e(B) = B, rie B = A(Y, F).
JIOKABATEJBCTBO. Ilomcrasum B ypasmenne (2) u = (I —¢e)~, v = —(I —
€)71t, rae t € Y. Iosyuum

p(t) = mp 2 — &) W)p(ct), tey, (3)

rie ¢ = (I +¢)(I —e)~ L. Iyers t € B. Torma mp(t) = 1 u us (3) creyer, uro
mp(ct) =1, a 3Haunr, ¢t € B. Mbl nosiyaniu, 9710

¢(B) C B. (4)

Daxrop-rpymna X/ F konedna, rak uro u rpynna B & (X/F)* koneuna. ITockoibky
¢ € Aut(Y), u3 (4) u xoneunocru rpyunst B cienyer, 9ro

¢(B) = B. (5)

Tak kax fo € Aut(Y), toc—I = —fo(I —e) L e Aut(Y)mc+ 1 = fo(l +e)7! €
Aut(Y'). Jlerko Buzers, 9To

e=(c—ID)(c+I)~ " (6)

YTBep:KieHne JIeMMbI BbITeKaeT Terepb u3 (5) u (6).

HOKABATEJIBLCTBO TEOPEMEI 1. Ilonaras 5; = &, JIeTKO BHUJIETH, UTO, HE
OTpaHWYNBast ODIIHOCTH, MBI MOYKEM CUHUTATh, UTO JIMHEHBIE (DOPMBI MMEIOT BU/I
L1 =& +& u Ly = 618 + 02&2, tie 01,02,01 £ 9 € Aut(X) O4eBUIHO TaKXKe,
9TO MOXKHO HpeanoyiokuTb 017 = I. O6osnaumm o = §. Torma yciioBue cummer-
puu yCJIOBHOTO pacupeneierus Lo mpu (GukcupoBaHHON L1 9KBUBAJEHTHO TOMY,
yTo xapakrepuctuieckue dyukuun fi1(y), f2(y) yuosiaerBopsior GyHKIMOHAIBHO-
My ypaBHeHuio (1), KOTOpOe IpUHUMAET BHL

1 (u+ v) o (u + 6v) = iy (u — v)fie(u — 6v), u,v €Y. (7)

Paznoxkum rpynmy X B OpsIMyIO CyMMY CBOUX P-IIPDUMApPHBIX KOMIOHEHT: X =
> X,p, tae & — muOXKecTBO HpocThX uncest. Obosmauum G = Xo, K = ) X,
pEP p>2
Torna X = G + K. Eciu G = {0}, To yrBep:kaenue Teopembl 1 ciemyer u3 reo-
pembl A. Ilpemnonoxum, ayro G # {0}. Torna Y = H + L, tue H = G*, L = K*.
Yrobbl He ycJIOXKHATH 0003HAYeHus, OymeM cumrarh, aro Y = H + L. O6o3na-
anm wepes (h,l), h € H, | € L, snementsl rpymnsl Y. Tak xak moarpynnst H u
L, oueBuHO, XapakTepucTHIecKkue, awoboii aromopdusm d € Aut(Y) mMoxer GbITH
zammcan B Buge d(h,l) = (dh,dl), (h,1) €Y.

Honarast u = (h,1), v = (',1'), 6 = €, p1(y) = f(y), f2(y) = g(y), mepemumren
dyukuuonanbuoe ypasuenue (7) B CIIYIONIEM BHJIE:

f(h+h1+1)g(h+eh' 1 +el)
= f(h—n,1-1")g(h—eh',1—¢€l"), (h1),H,I')eY. (8)
Mopcrasum h = h' = 0 B (8). Torma mosyunm cieayioniee dbyHKIMOHAILHOE YPaB-

HeHue:

F0,1+1)g(0,1+el') = £(0,1—1)g(0,1 —el'), 1,I' € L. (9)

N3 Teopembr A cremyer, uTo KaxkKzoe pernenne (DyHKIMOHAJBLHOTO ypasHeHUst (9)
nMeeT BUJ,

f(07 Z) - (klv l)mF(l)v g(OJ) - (k27 l)mF(l)v lel, (10)



06 omHOI XapaKTepU3aIlHOHHOI TeopeMe 407

rue F'— nonrpynna rpynust K u ky, ke € K. Ioxcrasmnsa (10) B (9), noaygaem, 4ro
2(k1+0ks) € F, anockonbky Ky = {0}, ro u ky +0ko € F. Tlonoxum k = ki +0ks.
Scuo, uro upeacrasiaenue (10) He U3MEHHUTCsI, €CJI BMECTO k1 TIO0KUTH k) = k1 —k.
Ho B takom ciyuae kj + dko = 0, u Torga, Kak Jerko BUJIETb, XaDAKTEPUCTUIECKHE
dbyuxmun (—k%,1) u (—k2,l) ynosaersopsiior ypasaeruto (9). 3aMeHuUM pacupeje-
JICHUST f1j UX CABUTAME 1y = iy * E_pr w0 piy = pig % E_g, u coxpanum 0603HadeHUs
f(y) m g(y) nna xapaxrepuctiieckux dyrKmmit pacnpeneennit (1. Ouesno, 1T0
XapakTepucTHIecKIe (DYHKITHH PACTIPEJIeTICHTil (1} YIOBIeTBOPSAIOT YCIOBHIO

1, l€B,

0, 1¢B, (11)

10,0 = 900~ {
rne B = A(L,F). U3z (11) caenyer, uro xapakrepucruueckue yukuuu f(h,l) u
g(h,l) B-unBapumantusl. Ilockonbky fo € Aut(K), no gemme 2 ¢(B) = B, u MbI
MOKEM DACCMATPHUBAThL YPaBHEHUE, MHIYIMPOBAHHOE ypasHeHHeM (8) Ha daxTop-
rpyuie Y/Ba noJsarasd f([(hvl)]) - f(h’l)v f]([(h,l)]) - g(hvl)a é[(hvl)] - [E(h’l)]v
rae (h,1) € [(h,1)] € Y/B, a ¢ — aBromopdusm dakrop-rpyunst Y/B, uuiyupo-
BamHBIH aBToMOpdm3MOM £. Bamernm Takxke, uto @,b € Aut(Y/B), rne a = I — ¢,
b = I + e. Tlepexon or paccMoTpenusi ypaBHeHus (8) Ha rpynime Y K ypaBHEHHIO,
WHJyIIMpOBaHHOMY ypasaenueM (8) Ha daxrop-rpynme Y/B o3HAYaer, 9T0 MBI Ie-
PEIIN OT PACCMOTPEHHsI CJTyIaiiHbIX BEJIMYUH €O 3HadeHnaMu B rpymme X = G+ K
K PACCMOTDEHHMIO CIyHdaifHbIX BEJIMYMH €O 3HadeHmamu B nogrpynme G + F. Tlo-
CKOJIBKY JIIsl DeIIeHUil MHyIupOBAaHHOrO ypasHeHus soinoaneno {[(0,1)] € Y/B :

F(0,0]) = g([(0,1)]) = 1} = {0}, To MBI ¢ camoro Hagaa MOXKEM CIUTATDH, YTO

1, [=0
0,1) =¢(0,1) =< ’ 12
ron =g {0 (12)
[onaras B (8) h = b~ ip, W = —b~p, Il =b7lq,I' = =b"lq,tnep e H,q € L,
TIOJLYy YUM
g(ep, cq) = f(20~"p, 267 q)g(p, q), (13)

rie ¢ = (I +¢&)~Y(I — ¢). Ipeanonoxkum, uto cymecrsyer siement yo = (ho,lo),
lo # 0, Taxoit, uro g(hg,lo) # 0. Torma mo nemme 1 |g(chg, clp)| = |g(ho,lo)| # 0, n
u3 (13) cremyer, aTo

|£(2b o, 207 o)| = 1. (14)

[ToCKO/ILKY MHOYKECTBO TOUEK, B KOTOPBIX MOJLY/Ib XapaKTePUCTHIECKOU (byHKIUH
pagen 1, saBasercss noArpymnoit, usz (14) BbITekaeT, 9TO NpPH JIOGOM HATYDATLHOM
k somomeno |f(28b71hg, 2567 1y)| = 1. Bamernm Temneps, uTo ecim hg — dMeMeHT
nopska 2™, o 2™b~'hy = 0. CiemoBarenbho,

£(0,2b7Ho)| = 1.

C apyroit cTOpOHBI, TaK KaK HOArpymnna L He CONEPKUT JIEMEHTOB IOPsIKa 2, a
b=t € Aut(L), o 2™b~ly # 0, uro nporusopeunt (12). Taxum ob6pasom, MbI
JIOKa3a/m, 910 Xapakrepuctnieckasa dbynkius g(h,l) mpegcTaBuMa B CJIELyIONIEM
BUJIE:

h), =0,
g(h,l){go( ) Lo

rze go(h) = g(h,0), a cnenosarensno, g(h,l) = go(h)g1(l), rae g1 (1) = g(0,1). Pynk-
st go(h) stBIIsIeTCST XapaKTepUCTHIECKON (DYHKIMENR HEKOTOPOTO PACIIPEIEJIEHUs] Po
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Takoro, 4ro o(p2) C G, a dyukuus gi(l) aBigercs xapakrepucTudeckoii dbyHKImeit
pacupegesenus mo € [(K). Urak, pio = p2 * m3. AHAJIOIUYHO PACCyXkKIaeM s
pacupesesienust (. Teopema 1 jmokasaHa.

SAMEYAHUE 1. Paccmorpum cirydail mpoM3BOJIBHOIO YHC/IA 7 HE3ABUCHMBIX
caydaitabix BequuuH. Ilycte X — KoHeuHasi abejieBa rpyimna takas, 9ro X # Xo,

yzosieTBopsiomas ycnosuio (o) mpemmozkenus A. Ilyere X = Y X, rme &2 —
peP
MHOZKECTBO MTPOCTBIX YUCETT, — paz3jioxKenne X B MPIMYIO CyMMY CBOUX D-TIPUMAaPHBIX

KOMITOHEHT. Torzia cupaBeyIuBhl CIECILYIOMNe YTBEPK ICHHUS.

(I) TIpeamonozkum, uro rpymma X yaoBiaeTBopsieT yeiaosuio: (i) pasiorkeHue
HOArPYIILL X5 B IPAMYIO CyMMY CBOMX IUKJIMIECKUX HOAIPYII COAEPKUT 110 Kpaii-
Heil Mepe OZIHO IUK/INTIECKOe cIaraeMoe ¢ KpaTHocToio oqui. Ilyers o, 5; € Aut(X),
i=12...,n,n>2mu @-ai_l :l:ﬂjaj_l € Aut(X) mpu Beex ¢ # j. Ilycrs & —
HE3aBUCUMBIE CJIydYailHble BEJIMYUHBI CO 3HAYEHUSAME B TPyIe X U C PACIPE/ICICHHE-
amu fvj. Ecmm yciosnoe pacnpenenenne Ly = 5161 + - - -+ Bp&, npu dbukcupoBanHoi
L1 = an&y + - - + apéy, CUMMETPHYIHO, TO [j = p; * 4, oae o(p;) C X, m; € I(X),
j=12,...,n,n>2.

(IT) Ecim ycnoBue (i) He BBINOIHEHO, TO CYIIECTBYIOT o, 3 € Aut(X) rakue, 9ro

I+a I+8, axpeAut(X), (15)

U HEe3aBHUCHUMBbIE C/Iydailible Beanduubl &, j = 1,2,3, co 3nadenusivmu B rpyume X u
C pacTmpesieIeHuAMN [i; TaKne, 9TO yCJIoBHOE pacmpesenenne Lo = & + oy + BEs
npu urcupoBauuoii Ly = &1 + &5 + €3 CHMMETPHUYHO W HU OHO U3 PACIpPEIeTeHUH
[t He IIPEJICTaBUMO B BHIE [tj = p; * 5, Tae o(p;) C Xo, m; € I(X).

Hoxkaxem (I). TIo ycoBuio cymecTByer Takoe k, 94To rpyiia X COIEPKUT B
KadgecTBe MPAMOTO CaraeMoro TOJILKO oHO caaraemoe sua Z(5). ITomoxmm Gy =
X6 n Xy, Go = X6 n X(5). Torma, xak nerxo Bugers, G = G2/G
7Z(5). Tak kax moarpymmsr X G X(5) XapakTepucTuuecKue, moarpynnsl Gp u
G4 xapakTepuctudeckne. [Tosromy moboit asromopdusm § € Aut(X) uaaynupyer
aBTOMOpdu3M § Ha dbaxrop-rpymie G. JIo6oit asromopdusm § € Aut(G) mmeer Bu
6l = kI, tme | € Z(5), a k = 1,2,3,4. TIoCKO/IbKY, OYEBHIHO, YTO HE CYIIECTBYIOT &,
B € Aut(G), ymosnersopsuomtue yeaosmio (15), To He cymectByior 1 a, f € Aut(X),
yaosiersopsiorue yeaosuio (15). Ilosromy npu BbinosHenuu ycsaoBus (i) €mciio
HE3aBUCUMBIX CJIYJaiiHBIX BesInuuH n pasHo 2. YTeepxkiaenue (I) ciemyer teneps u3
TeopeMbI 1.

Hokaxkem (II). Tak kak rpymia X yJIoBIeTBOpseT YCJoBUIO (<) MpeJIozKe-
Huss A, 1o B X MOXKHO BBIIEIUTH NpsiMoe ciaraemoe G, m3omopdHoe OJHOM U3
rpymm (Z(37))2, (Z(3"))3, (Z(57))2, (Z(57))3, Z(p"), rae p mpoctoe m p > 7, Tax,
qro6b1 moarpynna K, rme X = G + K, Tak:Ke yIOBIETBODsIA YCJIOBHIO () TIpe-
JoxkeHust A u He yjosierBopsiiaa yeaosuio (i). Kak mokaszaso B [12], cymecrByror
He3aBUCHMBIe CITydaitHble BesmanHsl &, j = 1,2,3, co 3Havennsmu B G u ¢ pacrpe-
JleJIeHUsIMA [ T aBTOMOpduU3MEL , 8 € Aut(G), ynosaersopsiomue ycmosuio (15),
Takue, 4TO YCJOBHOE pactpenenenue Lo = & + afy + (€3 upu PpUKCUPOBAHHOMN
Ly =& + & + &3 cuMMeTpudHO, a paclpeesIeHus (i He MJeMIIOTeHTHBI. ABTOMOP-
GuU3MBI @ U 3 MOXKHO TPOJIOJIKUTE 10 aBTOMOP(MU3MOB BCell rpynibl X Tak, ITOOBI
[IPOJIOJIZKEHHBIE aBTOMOPMU3MBI TaK¥Ke yoBJaerBopsin yeaosuio (15). st 3Toro
JIOCTATOYHO IIPOBEPHUTH, UTO Ha KaxKIOH p-IpHMapHONl KoMioHeHnTe [, CyIIecTBy-
10T aBToMopdusMbl @, 5 € Aut(K),), yrnosiersopsiomue ycaouio (15). ITockoms-
Ky rpynna K ymoBieTBopsieT ycJoBHIO (@) TPEJIOKeHNsT A W He YJIOBJIETBODSIET

Q
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ycaosuio (i), To IS KaxKooil p-IpUMapHON KOMIOHeHTH! K, mpu p > 2 Takue aB-
Tomopdusmbr cymectsytor (M. [12]). Tlocrponm Takme aBTOMOpPhUIMBL [T IO~
rpymnsl Ko = Xo. Iloarpynma X sIBisieTcst MpsiMON CyMMOW NMHUKJIUIECKUX CJIa-
raembix Buga (Z(27))% u suna (Z(27))3. as noprpynmst suga (Z(27))? nonoxum
alk,l) = (I,k+1), B(k,1) = (k +1,k), a qna moxrpynmsl sua (Z(27))3 momoxum
alk,lym) = (E+1+m,k+1k), B(k,l,m)=({+m,k,k+m), k,l,m € Z(2"). Jlerko
BUZIETh, 4TO it «, [ yciosue (15) Bbimosneno. Vrak, ycjioBHOe pacipejiesieHue
Lo = &1 + abs + (€3 upu dukcupoBanuoit Ly = &1 + & + €3 CUMMETPUYHO, U IO I10-
CTPOCHUIO PACIPEIECNICHHSI [i; HE MIPEACTABUMBL B BUIE (; = p;j * 7;, rae o(p;) C Xa,
T € I(X)

3. Teopema Xeiige ajist KOHEYTHOMN
2-mpuMapHoOil abesieBoil rpynnbI

[Iycts X — xoneunasi 2-upumapHasi abesieBa rpymma, T. e. X = Xo. O6cymum
3amaqy 2 i rpynnbl X: KaKUMH MOTYT OBITh BO3MOYKHBIE PACIPEIEICHUST [i1, [i2
HE3aBUCUMBIX CJIyIalHBIX BeJauduH &1, {3 €O 3HAYEHUsAMHU B rpyiie X B IPEJIoo-
JKEeHUW, 9TO yCJIOBHOe pacupenenenue Lo = & + 6, e 6,1 + 5 € Aut(X), npm
dukcupoBannoit L1 = & + & cummerpudno. Jpyrumum cioBammu, Jijis KaKUX pac-
upejesienuii iy, pe ux xapakrepucruieckue byskuun fi1(y), fo(y) yIOBIETBOPSIOT
ypasaeruio (7).

B paGote [12]| omucaHBI COOTBETCTBYIOMNE HIEMIOTEHTHBIE PACIPENEICHNS [ ;
IpH yCJIOBHU f1; = f2. Ouesmano Taxxke, uro ecmu o(uj) C X(2), TO pacupesese-
HUS (11, [l2 ABJISAIOTCA perieHneM 3Toit 3agaun. B mpenmonoxennn, ato Xo 7 X2y,
MOKHO YKa3aTb €Ille OJIUH KJIACC PACIpEJeIeHnil (f; TAKUX, 9TO XapaKTepUCTHIe-
ckue byukuun fi1(y), fio(y) yaosiaersopsior ypasuenuio (7). DTo pacupejeseHus
{4, MHBAPHAHTHbIE OTHOCHTEIBHO CBUIOB Ha 3eMenth moarpymmsr X (2. IIpose-
puM sto. Jlerko BHzeTh, 4TO Xapakrepucruueckue GyHkmu J1(y), fd2(y) rakumx
pacipeesieHuil UMer0T BUJL

N [ fo(y), yEYp), | [ 90(y), yE Y,
fu(y) = f2(y) =
Oa Y ¢}1(2)7 0) Y ¢}/(2)7

rae fo(y) m go(y) — mpomsBosbHBIE XapakTepucTHieckne GyHKImm Ha Y(9). Ilpo-
BepuM, 4TO Xapakrepucrudeckue byHKIuA fi1(y), fi2(y) YIOBIETBOPSAIOT ypaBHe-
mmio (7). Ilycrs u,v € Y(gy. Torma u+v =u—v, u+ 6v = u — dv. CrenoBaTeBHO,
fir(u+v) = py(u—v), po(u+0v) = fia(u—6v), u ypasrenne (7) Boimonsero. Ilycrs
mbo u € Yig), v & Y(g), mbo u & Y(z), v € Y(oy. Torma u £ v ¢ Y(5). Ilosro-
My fi1(u +v) = 0 u ypasuenne (7) semosmeno. Ecmm u,v € Y(g), To JeBas 4acTb
ypasHenus (7) MOXKeT He 0OpamaThCca B HyJIb JIHITL TIPH YCJIOBUH, 9TO U + v € Y(a),
u+dv € Y(2). Orciona crenyer, uro (I — 5)1} € Y(2), a sHauuT, 1 v € Y(g), UTO
[IPOTUBOPEYUT IPEANOJIOKEHHIO. Tem caMbIM JieBas yacTh ypasrenus (7) Bceraa
obpamaerca B HyJIb TIpU u,v & Y(2). AHAJOTHYHO HpOBEpsieM, YTO NpaBasd YacThb
ypasuennus (7) TakzKe obparmaercs B Hyib 1pu u, v € Y(9). Takum obpasom, ypasmne-
Hue (7) BBIIOJIHEHO JyIst JTIOObIX U, v € Y.

Nrak, eciin Xo # X, (2)s TO CYIIECTBYET TPU PA3IMYIHBIX KJIACCA PACHpeIeeHni
[j TAKHX, 9TO Xapakrepucrudeckne OyHKImE [1(y), f2(y) yIOBIETBOPSIOT ypaBHe-
Huto (7):

(I) maeMOoOTeHTHBIE PACIIPEICJICHUST;

(IT) pacnpenenerms ¢ HocuteneM B X (2);

(III) pacnpesesieHns, ”HBAPUAHTHBIE OTHOCUTENBHO CJIBATOB HA 9JIEMEHTHI X 2,
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O4eBHIHO, €CIIU PACIPEIENIEHNS (i1, (i3 U V1, Vo TAKOBBI, 9TO UX XapPAKTEPUCTH-
veckne QYHKIMA yIOBIETBOPSIIOT ypaBHEHUIO (7), TO U PACIPENIESIEHUST Y1 = i1 * V1,
Y2 = M2 * V2 TakKe obsmasaoT 3TuM cBoiicTBoM. OkaszbiBaeTcs, uTo ecin Xa # X(2),
1O Ha X CYIIECTBYIOT PACUPENEICHUs (i1, [2, He MPUHAJJIEKAINEe HU OJHOMY W3
kiaccoB (I)—(III), me siBisOmUEcs CBEPTKAME PACHPEIEIeHNIl U3 ITUX KJIACCOB, HO
xapakrepucrudeckue byHKIMU KOTOPBIX YIOBJIETBOPsIOT ypasaeruio (7). Dra cu-
TyaIusi MTPOTUBOIOJIOKHA cirydaro, Korjma Xo = {0}, mockosbKy Ha TaKUX TpyTmax
JINITh XapaKTepUcTuIecKne (pyHKIMNA HIEMIIOTEHTHBIX PACIPEICJCHIH YI0BIEeTBO-
psitor ypasaeruto (7) (cm. reopemy A). Copmynupyem Terepb OCHOBHOI pe3yJIbTar
JAHHOTO maparpada.

Teopema 2. Ilycrs X — KoHeuHast 2-ipuMapHasi abejieBa IpyIa Takasl, 97O
X # X. Torma cymecrpyror asromoppusm § € Aut(X) rakoif, uro I £ 4§ €
Aut(X), u mezaBucumpre ciaydatinpie Bejuaunbl 1, £ co 3HaYeHusIMU B rpyiie X u
C pacipejieJIeHUsIMA (i1, [to TaKHe, 9TO YCJIOBHOe pacupeneernne Lo = & + 0€o npu
uxcnpopannoit Ly = & + & cHMMeTPHIHO, a [i; He MOTYT OBITh IIPE/ICTABICHEI B
BuJe cBepTOK pacnpenernennit n3 kaaccos (1)—(I11).

st moKa3aTeIbcTBa TEOPEeMbl 2 HaM MTOHAT00UTCS

Jlemma 3. Jlns xaxmoit us rpymn X = (Z(4))? u X = (Z(4))® cymecrsytor
apromopgusm 6 € Aut(X) rakoit, aro I £ € Aut(X), u He3aBucHMBIe CIIydainbie
BesmauHbl &1, £ co 3HaYeHHsIMH B rpymnme X W C paclpenesleHUsIMU (i1, [lo TaKWe,
4TO YycJoBHOEe pacipenesienue Lo = & + 0& npwu ¢ukcupoBannoit Ly = & + &
CHMMETDHIHO, & [4j He MOIYT ObITh IMPEJACTABJICHBI B BHJE CBEPTOK DACIPEICJICHUIT
u3 kaaccos (I)—(I1I).

JTOKABATEJIBCTBO. Iycrs X = (Z(4))?. Torpa Y ~ (Z(4))?. O6osnauum we-
pes (a,b) snementol rpynust X, a yepes (k, 1) snementst rpyust Y, a,b, k, 1 € Z(4).
ITycrs aBromopdusm § € Aut(X) mmeer Bug d(a,b) = (a + b,a). Torma e(k,l) =
(k+Lk), tne e = §. Ouesmmno, uro 6,1 £6 € Aut(X). Iycrs &1, & — Hesa-
BUCHMBIE CJTy9aifHbIe BEJIMINHBI CO 3HAMECHUSME B rpymre X U ¢ PACHPEIeTeHUSMA
w1 = amg, + (1 —a)mg, pu2 = amg, + (1 — a)mg, rne K1 = {(0,0),(0,2)}, Ky =
{(0,0),(2,2)}, G = {X(2),(1,0) + X(2)}, 0 < a < 1. Jlerko Bugers, uro A(Y, K1) =
{YV(2)7 (17()) + Y'(Z)}a A(Y7 K2) - {}/(2)7 (17 1) + }/(2)}7 A(K G) - {<070)7 (0>2>}7 a,
cIleIoBaTeNbHO, XapakTepuctudeckue dyukmun 21(y) = f(y), f2(y) = g(y) umeror
BUJ
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[Tokazkem, uTo ycioBHOe pacnpenenenue Lo = &1 + 6§ npu dbukcupoBanHoit Ly =

&1 + & cummverpuuHo, T. €. xapakrtepucrudeckue dyukuuu f(y) u g(y) yaosiaerso-
PAIOT (DYHKIMOHAJIBLHOMY YDABHEHUIO
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flu+v)glu+ev) = f(u—v)g(u—ev), u,veY. (16)

Jlerko BUIETH, 9TO AT JTOOBIX u,v € Y ymbo u £ v € Y(g), mbo u £ v & Y(g).
[TosTOMY BO3MOKHBI CJIELYIOIIHE CIIyYau.
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l.utv, utev € Yy. Orciona caenyer, uro (I —e)v € Y(), a 3HAUMT, U
u,v € Y(gy. Torma v +v =u —v, u+ev = u — v u ypasuenne (16) BbIIoIHEHO.

2. utv € Yy, utev g Yy Tak xax u £ v € Y(2), BO3MOXKHBI Cle/Tyiommue
CILyYan.

(a) u,v € (1,0) +Y(ay. Tormacv € (1,1) +Y() n g(utev) = 0. Crenosarensho,
ypasrenue (16) BbIIOJIHEHO.

(b) u,v € (1,1) +Y(9). Torma ev € (0,1)+Y(9) n g(utev) = 0. CrenosarensHo,
ypasuenue (16)

(c) u,v € (0,1) +Y(9). Torma ev € (1,0) + Yoy m g(u+ev) = glu—ev) = a # 0.
ITosromy ypasuenue (16) He BbIONHEHO, ecau jubo v+ v € {(0,0),(0,2)}, u —v €
)
(1,

BBIIIOJTHECHO.

{(2,0),(2,2)}, mbo u —v € {(0,0),(0,2)}, u +v € {(2,0),(2,2)}. B xaxkmom u3
srux ciydaes 2u € {(2,0),(2,2)}, a smaunt, u € {(1,0) + Y(2),(1,1) + Y(2y}, uro
[IPOTUBOPEUUT HpeanosioxKennoo. TakuM obpasoM, ypasHerue (16) BBIIOJHEHO.

3. utv &Yy, utev € Yy). Tak xax u & v € Y(2), BO3MOXKHBI CJIejlylomue
Crydan.

(a) u € (1,0) + Y(g), v € (0,1) + Y(o). Torma f(u £ v) = 0 u ypasnenue (16)
BBIMTOJTHEHO.

(b) w € (1,1) + Y2, v € (1,0) + Y{3). Torma f(u+v) = 0 u ypasnenue (16)
BBITOJTHEHO.

(c) u € (0,1) + Y2, v € (1,1) + Yg). Torma f(u +v) = f(u—v) =a # 0.
ITosromy ypasrenue (16) He BbimoHEHO, ecau nbo u+cv € {(0,0),(0,2)}, u—ev €
{(2,0),(2,2)}, mbo u —ev € {(0,0),(0,2)}, u+ev € {(2,0), (2,2)} KayKJIOM W3
srux ciydaes 2u € {(2,0),(2,2)}, a smaunt, u € {(1,0) + Y(2),(1,1) + Y(2y}, uro
IPOTUBOPEYUT IpeanonoxKenno. TakuM obpasoM, ypasaenue (16) BBITIOTHEHO.

4 utv g Yy, utev ¢ Yy). IlockombKy U +v = u — v + 2v, 3JeMeHTbl U + v 1
u— v OHOBPeMeHHO npuHaIexKar mimm Knaccy (1,0)+Y(g), mm kracey (0,1) + Y(a),
umn kiaacey (1,1) + Yoy Cnemosaremnsno, f(u+v) = f(u—wv), g(u+ev) = g(u—ev),
u ypasHenue (16) BBIIOJIHEHO.

Ocranoch nposeputb, uro dbyskiuu f(y) u g(y) Helb3s HPEJCTABUTL B BUJIE
[POU3BEJIEHNs XapakTepucTriecknx GyHKIWmit pacupenenaennit u3 kiaaccos (I)—(I11).
IMokaxkem sto juist dyukun f(y). Hpenmonoxum, aro f(y) = f1(y)f2(y) f3(y), rme
fi(y) — xapakrepucrudeckas QYHKIMS COOTBETCIBYIOMIEro pacupenesenus. Mo-
KuTesb f3(y) B 9TOM TPOM3BEIEHUN JIOJXKEH OTCYTCTBOBATEH, TAK KAK CYIECTBYIOT
sneMenTrl y ¢ Y(oy Takme, uro f(y) # 0. WUrak, f(y) = fi(y)f2(y). IIpemmomo-
JKHM, 9TO B STOM IPEJICTABIEHHH IIPHCYTCTBYIOT 06a MHOXKuTexs. Ecmn y € Y3,
To fo(y) = 1. Ho dbyskuus fi(y) pasaa no momymo jmbo 0, gu6o 1. 3xauwr,
mpu moGom y € Y2 dbyukims f(y) pasma mo momymio 6o 0, mu6o 1. Ho sto e
tak. 3Hauwut, mbo f(y) = fi(y), mbo f(y) = f2(y), 9r0, OUEBUIHO, HEBOZMOKHO.
AHnanornvHo poBoMM JTOKa3aTeNLCTBO i dbyHKimn g(y). Jlemma 3 st rpyTbo
X = (Z(4))? nokazana.

Iycts X = (Z(4))3. Torma Y = (Z(4))3. O6osnauum uepes (a,b,c) sie-
MeHTHl rpyunbl X, a,b,¢ € Z(4). Ilycrs aBromopdusm § € Aut(X) umeer Bug
d(a,b,c) = (a+b+c,a+b,a). OueBunno, yro I +J € Aut(Y'). Ilycrs &1, &2 — Hesa-
BUCHMBIE CJTydaifHble BEJIMUUHBI CO 3HAUEHUSIMU B TPyIe X ¥ ¢ PACIPeIeJeHIsIMA
w = amg, + (1 — a)mg, p2 = amg, + (1 — a)mg, roe K1 = {(0,0,0),(0,2,2)},
K> ={(0,0,0),(2,0,0)}, G = {X(2),(0,0,1)+ X2y}, a0 < a < 1. Tampreiimue pac-
CY’KJICHUSA CJIEJIYIOT CXeMe JOKa3aTeabeTBa JeMMbl 3 i rpymmsl X = (Z(4))?2, no
TpebyeT pacCMOTpeHUst GOJIBINEro TUCIA CIYIaeB, U MBI uX omycTuM. UTak, memma 3
MOJTHOCTBIO JIOKA3aHA.
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JIOKABATEJIbCTBO TEOPEMBI 2. Ilockonbky rpynna X orimana or X(g) u
yIOBJIeTBOpseT yejaoBuio (a) npeyoykenuss A, B X MOXKHO BBIJEIUTH [PIMOE CJIa-
raemoe Buta G = (Z(2'))", rne r = 2 qmbo r = 3, a | > 2, Tax, aTo6w! noarpynma K,
e X = G + K, takxke yJjoBeTBopsiia yciaosuio («) npengoxenus A. Ilycrs jgist
onpenesierHocta r = 2. O6osnaunm uepes (a,b) snementsr moarpynnst G. Ilycrs
asToMopdmsMm 0 € Aut(G) mveer Buz 6(a,b) = (a+b,a), a,b € Z(2'). Iycrs &, & —
He3aBUCHMBIE CITyHaifHble BeJMIUHBI CO 3HAYeHHAMH B noarpymme F ~ (Z(4))? C G.
OueBnHO, 9TO cyKeHne aBToMOopdu3Ma d Ha F' TakKe sIBJISeTCsl aBTOMOPMU3IMOM.
Kak nokaszano B jieMMe 3, JijIsl TaK 3aJ@HHOTO aBToMopdusMa § Ha F' cyliecTByior
HE3aBUCUMbIE CTyJYailHbIe BEJINIUHBI &1, £2 €O 3HAUEHUsIMU B F' 1 ¢ pactpeeieHusiMu
41, [to TAKWe, 9TO YCJIOBHOE pacupejeienne Lo nipu puKcupoBaHHO L1 cuMMeTpud-
HO, & [ HE MOI'yT OBITH IIPEJCTABJICHbI B BUJIE CBEPTOK paCIpeesieHnil U3 KIaccoB
(I)—(I1II). IIponosmxum aBromopdusm § g0 apromopdusma Beeil rpynnbl X Takum
obpaszom, uTobbl I + 6 € Aut(X). DT0 MOXKHO ¢Ie7aTh, TOTOMY 9TO moarpymma K
TaK¥Ke yJOBJIeTBOpsIeT yciosuio («) npeoxkenusi A. Toryia ciydaiiHble BeJMINHBI
&1, &9 MOXKHO CUMTATDH IPUHUMAIOIIUMUI 3HAYEHUS BO Beeil rpymme X, U TeM caMbIM
TeopeMa 2 JIOKa3aHa.

4. Teopema Xeiizie nuga rpynnet X = R + N,
rne N — koHeuyHas abejieBa rpymnia

OCHOBHBIM Pe3yJIBTATOM IAHHOTO Maparpada siBJIsIeTCs CJIeILyOIast

Teopema 3. Ilycto X = R+ N, rme N — koneunas abeneBa rpymma. Ilycts &,
£9 — HezaBHCHMBIE CIydailiHble BeJIMYHHBI CO 3HAYCHHSAMHU B rpyime X H ¢ pacipe-
JIeeHISIME [i1, . TIpeamonoxm, 110 oy, ag, B1, B € Aut(X) u fra;t £ Boas €
Aut(X). Ecmu yciosuoe pacupenenenne Lo = (1€ + (oo npu dpukcupoBanHoi
L1 = an&1 + aée cummerpmdno, 10 [ = v * pj * w5, rge v; € I'(R), o(p;) C Na,
mel(X),j=1,2

s moKa3aTebCTBA TEOPEMBI 3 HaM ITOHAIO0UTCS CJIELYIONAs

Jlemma 4. Ilycre X = R+G, rue G — koHeuyHas1 2-ipumapHast rpymna. Llycrs
&1, & — HezaBUCHMBIE CJIyYalHbIe BEJIMYHHDI CO 3HAYCHUSIMU B rpyiie X U ¢ pacipe-
JICEHISME [i1, . Ipeamonoxm, 710 ay, ag, 31, B € Aut(X) u fra;t + Beast €
Aut(X). Ecuu yciosrnoe pacupenesnenne Lo = (1&1 + (oo npu durcupoBanHoi
Ly = &1 + asés cummerpudno, 10 [y = v; * p;, rae v; € I(R), o(p;) C G, j =1,2.

JOKABATEJIBCTBO. Nmeem Y = R + H, tne H = G*. Yto0bI He yCIOKHATD
oboznauenus, Oygem cuntarh, yro ¥ = R+ H. O6ozuauum uepes (s,h), s € R,
h € H, snements! rpymust Y. Eciau d € Aut(Y), To d(R) = R, tak kak R — cBs3nas
KOMIIOHeHTa HyJist rpynnsl Y, u d(H) = H, rak kak H — noarpymma B Y, cocrosimast
W3 BCEX 3JIEMEHTOB KOHEYHOIO IOpsifika. Takum obpasom, jo00#t aBToMOpGU3M
d € Aut(Y) moxer 6biTh 3anmucad B Buge d(s, h) = (ds,dh), (s,h) € Y. Paccyxnasa
TakK Ke, KaK IPU JIOKA3ATEeJIbCTBE TeOPEMBI 1, CBeJIeM JTOKA3aTebCTBO JIeMMBbI 4 K
cayqaro, Korja Ly = & +& u Lo = & + &, e 6, [ £ € Aut(X), T e. K pemenuto
dYHKIIMOHAJIBHOIO yPaBHEHUSI

f(s+s,h+h)g(s+es' h+eh)
= f(s—s h—Nn)g(s—es',h—eh), (s,h),(s,h')eY, (17)

rae f(y) = (), 9(y) = fp2(y), € = 0.



06 omHOI XapaKTepU3aIlHOHHOI TeopeMe 413

IMomarass h = ' = 0 B (17), mony«mm craemyromee HyHKIMOHATEHOE YPABHEHNE:
f(s+8,0)g(s+es,0) = f(s—s',0)g(s —es’,0), s,s" €R.
Orciofia o Teopeme Xeitie HAXOIIM
f(5,0) = exp{—015% +it1s}, g(s,0) = exp{—0a8® +itys}, sER, (18)

rne 0; >0, —oo <t; <oo,j=1,2
[Toxkaxkem mngykimeit mo k, riae ok — TIOPSITIOK dJIeMeHTa h, 9TO CIpaBe I INBO
[IPeICTaBICHIE

f(s,h) = Fi(s)Fa(h), g(s,h) = Gi(s)Gz(h), (19)
roe F;(0) =G;(0)=1,5=1,2.
[Monaras B (17) s = —es’, ' = h, nony4aem ypashenue
f(CLS/, 2h)9(07 bh) - f(*bsx 0)9(*285/7 CLh), (87 h)a (Sla hl) €y, (20)

rnea=1I—¢e,b=1+c¢.
IIycrs k =1, . e. 2h = 0. Ypasuenue (20) npuHAMAaeT BUJ

f(as’',0)g(0,bh) = f(—bs',0)g(—2¢es’,ah), (s,h),(s',h') €Y. (21)

N3 (18) caexyer, uro f(—bs’,0) # 0. Iockonbky —2¢ € Aut(R), a a € Aut(H), us
(21) BeITekaeT TpeGyemoe npejcrasienue st (s, h).

Awnanornuno, nogcrasigs B (17) s’ = —s, h = eh/, nonyyaem byHKIMOHAIBHOE
yDaBHEHHE

1(0,bh)g(as,2eh’) = f(2s,—ah’)g(bs,0), (s,h),(s',h') €Y, (22)

u3 koroporo npu k = 1, . e. 2h/ = 0, cienyer HyKHOe TIpejcTasierue mis f(s, h).
Urax, npu k = 1 yTBep:KIeHUE JOKA3aHO.

IIpeamonozkum, uto ecam h umeer mopaaok 2F, o mpencrasiaenue (19) cipa-
BeymBo. Ilycth h mmeer mopsamok 2871, Torma 2h mmeer mopsamox 28 u B (20)
no mpemmonokennto naayknun f(as’,2h) = Fj(as’)F2(2h). Paccyxmas namee tax
Ke, KaK W B ciaydae, korja k = 1, u3 (20) nosyuaem TpebGyemoe NpejicTaBICHUE
st g(s,h). Amasmormano u3 (22) ciemyer Tpebyemoe mpejcrasienue juisi f(s, h).
Paccyxnast 3arem Tak ke, KaK B 3aKJIOYUTE]BHON YaCTH JIOKA3aTEIbCTBA Teope-
MBI 1, TOKa3bIBaeM JeMMmy 4.

JOKABATEJILCTBO TEOPEMBI 3. Paszsoxkum rpynmy N B IPAMYIO CyMMY CBO-

UX p-IPUMAapHBIX KoMmmoueHT: N = Y N, rae & — MHOXKECTBO IPOCTBIX YUCEIL.
peEP
O6osnaunm G = Noy, K = Y. N,. Torma X =R+G+ K,aY =R+ H+ L,
p>2

rne H = G*, L = K*. Yt00bl He yCIOKHATH 0003HAUCHUS, OYJIEM CUATATDH, UTO
Y = R+ H+ L. O6osuauum uepes (s, h,l), s € R, h € H, | € L, 31eMenTsI
rpynmsl Y. ITockosbky, oueBmnmgHO, moarpynnsl R, H, L xapakTepucTudecKkue, JIio-
6oit aBromopdusm d € Aut(Y) moxer 6bITh 3amucan B Buze d(s, h,l) = (ds, dh, dl),
(s,h,l) € Y. Paccyxmas Taxk e, KaK TIpH JOKA3ATEICTBE TEOPEMBI 1, CBEIIeM 110-
Ka3aTeJIbCTBO TeOpEeMbl 3 K ciiydato, Korja Ly = & + & u Ly = & + 0&s, roe 6,
I+6 € Aut(X), 7. e. k perernio GpyHKIMOHATIBHOTO yPABHEHUST

fls+s h+h,1+1g(s+es',h+eh,l+el)
=f(s=s h—=n0,1-1)g(s—es'\h—eh',l—¢€l'),(s,h,1), (s'\h,I')eY, (23)
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vae f(y) = i (y), 9(y) = fa(y), e = 4.
IMosaras B (23) s = s’ = 0, noaydaem

FO,R+ 11+ 1)g(0,h+ el 1+el') = f(0,h— K, 1—1)g(0,h —eh/, 1 — el').

Kaxk cieanyeT n3 J0oKa3aTeJIbCTBa T€OPEMbI 1, MOZ2KHO C CaMOI'O Ha4daJla CHUTaThb, 9YTO
nMeeT MeCTO IIpe/IiCTaBJICHUE

h s l = 07 h 5 l — O,
F(0,h,1) = { o) 9(0,h,1) = { oo(h) (24)
0, 140, 0, 140,
rue fo(h) u go(h) — xapakrepucruueckue dbyuxnuu na H.
IMonaras s’ = s, k' = —h, I’ = =1 B (23), nosyanm
£(25,0,0)g(bs, ah,al) = f(0,2h,20)g(as,bh,bl), (s,h,l) €Y, (25)

rnea=1—¢,b=1+e. Uz (24) Boirekaer, uro f(0,2h,2]) = 0 upu | # 0. 3uaqur,
f(2s5,0,0)g(bs, ah,al) = 0 upu [ # 0. Hockoabky misa dyukuuu f(s,0,0) 1o Teopeme
Xeiine cupasemuso npegcrasienue (18), To f(2s,0,0) # 0 u, ciaegoBaresbHO, U3
(25) momywaem

g(bs,ah,al) =0 (26)
npu | # 0. Tak kak a,b € Aut(Y), uz (26) BeiTekaer, 9To
g(s,h,1) =0, 1#0. (27)

Ananornano y6exk1aeMcsi, ITo
f(s,h,1)=0, 1#£0. (28)
Monoxum B (23) I =1’ = 0. Torua no semme 4 uMeeM peCcTaBjieHue
f(s,h,0) = exp{—015* +it1s}F(h), g(s,h,0) = exp{—0a5® +itas}G(h), (29)

rae 0; >0, —oo <t; <oo,j=1,2
N3 (27)—(29) crenyer, aro

exp{—o1s® +it1s}F(h), 1=0,

s, hyl) — 30
TR N o (30
-
— +ites}G(h), =0,
s | {oms i) Gl "
0, 14 0.
YTBep:KjieHne TeopeMbl 3, KaK JIETKO BUJETh, BbITEKaeT u3 npejicrasieHunii (30)

u (31).
OcHoBHas ujest 3TON CTATbU BO3HUKJIA BO BpeMs MPEOLIBAHUSI BTOPOTO ABTOPA
B Weizmann Institute of Science B kagecrBe Meyerhoff Visiting Professor.

JINTEPATYPA

1. Karam A. M., Jluaauk FO. B., Pao C. P. Xapakrepu3aluOHHbIE 33290 MaTEMATUICCKON
craructuku. M.: Hayka, 1972.

2. Heyde C. C. Characterization of the normal law by the symmetry of a certain conditional
distribution // Sankhya. Ser. A. 1970. V. 32. P. 115-118.

3. Pyxun A. JI. O6 omuoit Teopeme C. H. Bepumreitna // Mar. 3amerku. 1969. T. 6, Ne 3.
C. 307-310.

4. Heyer H., Rall Ch. Gausssche Wahrscheinlichkeitsmasse auf Corwinschen Gruppen // Math.
7.1972. Bd 128. S. 343-361.



06 omHOI XapaKTepU3aIlHOHHOI TeopeMe 415

10.

11.

12.

. @enpaman I M. TayccoBckue pacupezeiiennst B cMbicie Beprinreitna na rpynnax // Teopus

BeposiTHOCTEH 1 ee nmpuMenenus. 1986. T. 31, Ne 1. C. 47-58.

. Neuenschwander D. Gauss measures in the sense of Bernstein on the Heisenberg group //

Probab. Math. Statist. 1993. V. 14, N 2. P. 253-256.

. Neuenschwander D., Roynette B., Schott R. Characterizations of Gaussian distributions on

symply connected nilpotent Lie groups and symmetric spaces // C. R. Acad. Sci. Paris. Ser. L.
1997. V. 324. P. 87-92.

. Neuenschwander D., Schott R. The Bernstein and Skitovich-Darmois characterization theo-

rems for Gaussian distributions on groups, symmetric spaces, and quantum groups // Expo-
sition Math. 1997. V. 15. P. 289-314.

. Feldman G. M., Graczyk P. On the Skitovich-Darmois theorem for compact Abelian groups //

J. Theoret. Probab. 2000. V. 13. P. 859-869.

Graczyk P., Loeb J.-J. A Bernstein property of measures on groups and symmetric spaces //
Probab. Math. Statist. 2000. V. 20, N 1. P. 141-149.

Feldman G. M. A characterization of the Gaussian distribution on Abelian groups // Probab.
Theory Related Fields. 2003. V. 126. P. 91-102.

Feldman G. M. On the Heyde theorem for finite Abelian groups // J. Theoret. Probab. 2004.
V. 17. P. 929-941.

Cmamosa nocmynuaa 16 cenmsabps 20038 e.

Muponrox Mapeapuma Bauwecaasosna, Deavomar Iennaduti Muxatiosuy
Du3uKO-MeTHUMECKUT UHCMUMYM HUKUT memnepamyp um. B. . Bepxuna
HAH Yxpauro

np. Jlenuna, 47, Xapvros 61103, Yrpauna

myronjuk@ilt.kharkov.ua, feldman@ilt.kharkov.ua



