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L,— APPROXIMATION BY ITERATES OF CERTAIN
SUMMATION-INTEGRAL TYPE OPERATORS

Karunesh Kumar Singh and P. N. Agrawal

Abstract. The present paper is a study of L,— approximation in terms of higher order integral
modulus of smoothness for an iterative combination due to Micchelli, of certain summation-integral

type operators using the device of Steklov means.

1 Introduction

Let H,[0,00) be the class of all locally integrable functions on [0, 00) and satisfying
the growth condition

lfO)] < MA+t)* (M >0; a>0;t— o0).

Then, for a function f € H,[0, 00), Srivastava and Gupta [9] introduced a generalized
family of linear positive operators

nc f7 = nzpnkz z;c /pn—‘rc,k:—l(t;c)f(t) dt (1'1)

0
+  pnolx;c) f(0), x € 0,00),

where p,, ,(x;¢) = (—l)kﬁdﬂ(x) and {¢n ¢ }nen be a sequence of functions defined
on an interval [0,b], b > 0 having the following properties for every n € N,
k € N° ( the set of non-negative integers):
(i) On,c € Cm([a, b])a (i) d’n,c(o) =1
(iii) ¢n,c is completely monotone i.e (— ) (;5%3 >0
) _

(iv) there exists an integer ¢ such that d)n b —n¢n+cc, n > max{0, —c}.
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142 Karunesh Kumar Singh and P. N. Agrawal

For ¢ = 0 and ¢, c(x) = e ™", the operators G,, . reduce to the Phillips operators
(see e.g. [7],[8]).

For ¢ = 1 and ¢éy,.(z) = (1 + cx)™™/¢, the operators G, reduce to a sequence
of summation-integral type operators [3] which is almost similar to the sequence
of operators introduced by Agrawal and Thamer [1]. The Bezier variant of these
operators has been studied in [6].

Alteratively, we may rewrite the operators 1.1 as

Grolfs ) = /Ooo Kon(a, t:0) (1) dt, (1.2)

where

Kn(,t50) =1 Y pop(@; 0)Pnteh—1 (5 €) + Pro(; ¢) pro(ts ) 3(2),
k=1
0(t) being the Dirac-delta function.

It turns out that the order of approximation by the operators 1.2 is, at best, O(n™!),
howsoever smooth the function may be. With the aim of improving the order of
approximation by these operators, we use the iterative combination technique de-
scribed in [2]. The iterative combination T;,  : Ha[0,00) — C*°(0, 00) of the opera-
tors Gpo(f;2) is defined as

Tn,k(f(t); JI)
: k
= (1= (1= Guo)(fin) = X1 (D)o
r=1
where G, . denotes the r—th iterate of the operators G, . and G} . = I.

In Section 2 of this paper we give some definitions and auxiliary results which will
be needed to prove the main theorem. In Section 3 we obtain an estimate of error
in L,— approximation (1 < p < 0o) by the iterative combination 7}, ;(.; ) in terms
of 2k—th order integral modulus of smoothness of the function.

Throughout this paper, let 0 < a1 < az < by < by < o0 and I; = [a;, b], i = 1,2.

2 Preliminaries

Let f € Lpy[0,00), 1 < p < oo. Then, for sufficiently small n > 0, the Steklov mean
fn,m of m—th order corresponding to f is defined as follows:

n/2  n/2 m
fam® =07 [ [ (50 + O™ a 1) [[d te b
-n/2 —n/2 =1

sk sk ok sk ok sk s ok sk sk ok s ok sk sk ok sk sk sk ok sk sk sk s sk sk sk ok sk sk sk sk ok sk sk sk s ok sk sk ok sk ok sk sk ok sk sk sk s sk sk sk sk sk sk sk sk ok stk sk ok sk sk ok ok sk sk ok ok sk k

Surveys in Mathematics and its Applications 11 (2016), 141 — 155
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v11/v11.html
http://www.utgjiu.ro/math/sma

L,— Approximation by Iterates of Certain Summation-Integral Type Operators 143

where A} is the m—th order forward difference with step length h.

Lemma 1. For the function f, ,, we have

(a) fym has derivatives up to order m over Iy; fé%_l) € AC(I) and fé”ﬁ,? erists a.e
and belongs to Lp(I1);

(6) || £ 2,1y < Crn~"wp(fym, 1), r = 1,2,
(c) If = fomllLyz) < Cmsr win(fym, In);
(d) | fnmllL,(12) < Cmt2ll fll 20,0005

(0) Iy, < Cmsa 1Fllz, ),
where Cls are certain constants that depend on i but are independent of f and n.

Proof. Using (Theorem 18.17, [5]) or ([10], pp. 163-165), the proof of this lemma
easily follows. Hence details are omitted.

O
Lemma 2. [9] For m € NY the m—th order moment for the operators G, . is defined
as
[e.e]
o (w16) =3 pus(aic) [ pusena(tie)(t = o)™ dt + (~2)"puo(aio

k=1 0

then or
pno(@;e) =1, pna(se) = —
" (1t ea)2n =) + (1 + e
(1l +cx)(2n —c)+ (1 + 3cx)cx
pin,2(7; ¢) =

(n—c¢c)(n—2c)
Also, the following recurrence relation holds

0 — cm + Dltnmsr(@50) = @1+ @)1 (@,0) + 2mpin 1 (3)]
+ (14 2cx)m + cx]pnm(x; c).

Consequently,

(1) pon,m (3 €) is a polynomial in x of degree m;

(ii) for every x € [0,00), pnm(z;c) = O (n~IM+D/2),
where [3] denotes the integer part of [3.

Remark 3. It is easily shown that for each k > 0 and for every x € [0, 00)
Gne(|t — 2F;2) = O(n™"?). (2.1)

[p]

defined as ul, (z;¢) = Gh o ((t — )™; z), we denote b (5 c) = fin,m (25 €).

For every m € N° the m—th order moment up i, (z;c) for the operator Gh . is
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Lemma 4. There holds the recurrence relation

m m—j
T m 1 T
phit (o) =" <j>“1)( L%,ﬁtCD/hm+ﬂt6)

§=0 i=0
Proof. We can write

phitltse) = Gt ((uw—t)™st)
= GnC(GT ((u t)m;x);t)

)

= 3 ()one (@006 (@) i0). (22)

j=0

Since Gy, . ((u — )™, x) is a polynomial in x of degree m—j, by Taylor’s expansion
we can write it as

m—j
T m (l‘ — t)Z
G ((w=a)" i) = > =D (), (8, 0)) (2.3)
=0
From (2.2) and (2.3), we get the required result. O

Lemma 5. For k,l € N, there holds T, 1, ((u—t)};t) = O(n™").

Proof. For k = 1, the result holds from Lemma 2. Let us assume that it is true for
a certain k, then by the definition of T}, ;, we get

T ((w=0)3t) = lf( 1)T“<’““)G;,c((u—t>l;t>

r=1 r
= (u_t )
k+1 i
+ Z}—DH4Q_J>GL«U_@Q@:1y+hﬁ%42®
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Next, by Lemma 4

b= e (e

—i 11' [D Tk ( u— t)l;t)] fini(t) — Tk ((u — 1)'51).(2.5)
=1

Combining (2.4) and (2.5) and then using Lemma 2, we get

T k41 ((u — )% t) =0 (n_(k+1)) .

Thus, the result holds for k£ + 1. Hence the lemma is proved by induction for all
ke N. O]

Lemma 6. For p € N;m € N° and each t € [0,00), we have

plfl(ti¢) = O (n~lme0r2). (2.6)

Proof. For p = 1, the result follows from Lemma 2. Suppose (2.6) is true for a
certain p.Then u[p] (t;c) = O (n_[(m+1)/2]) , V0 <j<m. Also, u,[f] (t;c) is a

n,m—j =7
polynomial in ¢ of degree m — j, therefore, we have

D" (ug]m ;(; c)) =0 (nf[(mfjﬂ)/m) , VO<i<m—j.

Now, applying Lemma 4,

urtl(te) = Z'O(n—um—m)m) 0 (n—[<i+j+1>/2})

Hence, the lemma follows by induction on p. O
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Lemma 7. [/] Let 1 < p < oo, f € Ly(a,b], f*) € AC[a,b] and f*V) € Lya,b]
then

1N L ptat) < K UL S o) + 1l Lyfan) 3 = 1,23k,

where Kj’-s are certain constants depending only on j, k,p,a and b.

Lemma 8. Let f € L,[0,00), 1 < p < 0o and [a,b] C [0,00). Then, for n sufficiently
large we have

1Gne(fs Miyfat) < C Iz, 0,0)-

Proof. First, we consider the case p = 1. Let ¢ be the characteristic function of the
interval [a, b]. Then, we have

b
1Goelfs Miyas = / it

:/a”

/ W ) f () du
0

dt

/0 " W () f () dus

b
/
a

= I+ F> say.

dt

/0 " W) (1 — o) f () du

In view of Fubini’s theorem and Lemma 2, we have

b 00
Fo= / ( /0 Wn<u,t>w<u>|f<u>|du) dt

b b
< / ( / Wn<u,t>dt>|f<u>|du
b
< c / | (w)] du
< Clfllzyjab-

Again applying Fubini’s theorem and Lemma 2, we obtain

b )
IZIES /G(/O Wn(u,t)(1—¢(U))|f(U)|dU> dt

00 b
C5-2m /0 ( / Wn(u,t)(u—t)det>\ F(w)|du

C572mn7m||fHL1[Ovoo) — 0 as, n — oo.

IA

IN
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Next, for p = oo, we have

1Gne(f, oo

/0 W (1) £ (1) du

IN

HNWA W (u,1) du
< | flloe.

Thus, the lemma is established for the values p = 1 and p = oo. Therefore, in view
of the Riesz-Thorin interpolation theorem, the lemma is proved for 1 < p < oco. O

Corollary 9. Using an induction on r € N, it follows that
HG:l,C(f7 ‘)HLp[a,b] <C HfHLp[a,b]a

forall1 <p < oco.
Consequenﬂy! ”Tn,k(f)HLp[a,b} <C ||G:L,c(f7 ')HLp[a,b] <C ||Gn70(f’ ')HLp[a,b] <C ||f”Lp[a,b]'

3 Main results

Theorem 10. If p > 1,f € Ly[0,00), f has derivatives of order 2k on I with
fE=1 e AC(I) and fCR) € L,(Iy), then for all n sufficiently large

ITi(F) = £ Oy < Min* (15 + 1 lyos) - (311)

Moreover, if f € L1[0,00), f has derivatives of order (2k — 1) on I, with f*=2) ¢
AC(L) and f@*=1 ¢ BV (I}), then for all n sufficiently large

T (fy) = F(n(r) < M2 ™" (Hf(%_l)HBV(h) F 1IN ) + ”f”Ll[O,oo)) :
(3.2)
where My and My are certain constants independent of f and n.

Proof. First, assume that p > 1. Then, by our hypothesis, for ¢t € Iy and u € I}

2k—1 , .
f(u) = ]go f(j)(t) (U ;! t)J n (Zk 1_ 1)! /; (u _ w)%ilf@k)(w)dw.
Hence,

2k—1 ;

fw = 3 0
= 7
2% 1_ 1! /tu(u — w)zk’qu(u)f(Qk) (w)dw
F(u,t)(1 = ¢(u)), (3.3)
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where ¢(u) is the characteristic function of I; and for all u € [0,00) and ¢ € Iy

2k—1 ;
Flut) = 1w - Y U= 10)
=0

Operating T), ;, on both sides of 3.3, we have

2k—1 () '
Talf.0 - 10 = Y 0T -0
j=1

(%1_1)!2% (/tu(“ - w)%l(;s(u)f@’“)(w)dw,t)

T (F(u, t)(1 = ¢(u), 1)
Y1+ Yo + X3, say.

+ o+

In view of Lemma 5 and [4]

2k—1
ISl < Con ™ |3 1F9W) I, m)
j=1

< Cynt (umm ; ||f<2k>\|L,,<12>)-

To estimate Yo, let hy be the Hardy-Littlewood majorant [11] of k) on I,. Use of
Holder’s inequality and 2.1 leads to

5= (G (0t [ w0 w)au. )

< G (00| [ 0= 0P 1l o)

< Gue (00| [ = 0P )il o)

< Gue (o) (u— )|y (w).¢)

< (Gue (0 t1000.) ) (G rstrown )
< Cynt < : Ko(z,t:¢)|h f(u)|pdu> "
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Using Fubini’s theorem, we get

b b1
HJlH’zp(,z) < ankp/ Ky (z,t;0)|hy(u)|Pdudt

as Jaq
by b

< C’gnkp/ < Kn(x,t;c)dt>|hf(u)]pdu
a1 as
b

< an_kp/ |hg(u)[Pdu
az

<

Cs n_kathip(h)

< Oy n_kaf(%) HI[),p(Il)‘

Consequently, [|Xa|r, ) < Csn F| f|| 1 1)
For u € [0,00) \ [a1,b1],t € I5 there exists a § > 0 such that |u — | > §. Thus

Ge(Flu, ) (1= $(); )] < 67 G oI F (1)) (w = £)51)

210 .
= Gl 0%+ Yo ;'(t)|Gn,c(lu—t\2’““;t)
j=0 '

= Jy + J3, say.

Holder’s inequality and 2.1 get us
|J2’ 5_2k(Gn,c(’f(u) ’p; t)l/p<Gn,c<‘u - t’%q; t)l/q

<
< Con " (Gellf ()P 6)/7.

Again, applying Fubini’s theorem, we get |Jo| < C7 n_k||f||Lp[0’oo). Moreover, using
2.1 and [4] we obtain

2k—1
sl < Csn ™ > 1F DL,
=0

A

< @n*@mmm+wmwmm)

Combining the estimates of Jo and J3, we get

n&mmﬁsam*hmgmw+wmwm@}

Hence the result 3.1 follows.
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Now, assume p = 1, then by the assumptions on f, for almost all ¢ € Is and for all
u € I,

Crml AU OO )

+ Fu,t)(1 = ¢(u), (3-4)
where ¢(u) denotes the characteristic function of I1 and F'(u,t) is defined as

2k—1 (’LL . t)j

F(u,t) = f(u) — ),

Tn,k(fv t) - f(t)

I
™

+ m]"mk </tu(u B w)gkflqb(u)df(%fl) (w), t)
+

T o (F(u, t)(1 = ¢(u), 1)
= I'y + T3+ T3, say.

Applying Lemma 4 and [4] we obtain

Il ) < cln—’“(||f||m12> T |rf<2’f—1>||L1(12>).
Furthermore,
K = ||Gpe ( /t (u—w)%—las(u)df(%—”(w),t) L, (1)

bo by u
< [T matetitu— a2 [0
a2 al t

For each n there exists a non-negative integer r = r(n) such that

rn /2 < max (b1 —ag,ba —ay) < (r+1) n 12

Then, we have
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r b t+(I14+1)n—1/2 -
k=[] () (15 0) | — 1125

1=0 +Hin=1/2

t+(l14+1)n=1/2
( / ¢(w)ldf(2’“‘”(w)> du
t

t—In—1/2
+ / $() (2, t; ) — ¢
t—(14+1)n—1/2

(/t ¢(w)|df(2k1)(w)\> du}dt-
t—(14+1)n=1/2

Let ©t my,mo(w) denote the characteristic function of the interval
[t —min Y2t + mon~1/%,

where mq, mg are non-negative integers. Now proceeding along lines of ([11], p. 70)
we obtain after using Lemma 2 and Fubini’s theorem:

r b1 w
K < Czn_(2k+1)/2{zl_4</ / dt | 1dr®=D ()|
=1 a1 w—(l4+1)n=1/2

b1 w+(l4+1)n=1/2
L )
;)1 w—i—n’l/2
P el
a1 w—n—1/2

< Csn M) gy (.-
Hence, [|T2|[z, (1) < Ca n*ka(%*l)HBV(h), where Cj is a constant which depends

on k.

For all u € [0,00) \ [a1,b1] and all ¢ € I, we can choose a § > 0 such that |u—t| > .
Therefore

by oo
1Gne((F (s t)(1 = d(w); Ol| L) < / /O Ko(z,t;0)|f(w)|(1 — ¢(u)) du dt
2k—1 by oo
- et M FD O — (1 — dlw) du
* z(;l'/@/() En(z,t; )| (@) lu = ¢['(1 = §(u)) dudt
= T4y +7T5, say.

For sufficiently large wu, there exist positive constants Ry and C5 such that

(u— t)%€

W>C§, VUZRO,tGIQ.
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By Fubini’s theorem

r, - (/R°/b2 o /b) () () (1 — () dit du

= T'¢+ Iy, say.

Next, by using Lemma 2 we have

R D)

and

b2 )
I'; < K, (x,t; t
7 < 05/}20 (z,t;¢) 1| (u)| dt du

IN

Crn~ </ |f(u )]du) , u is sufficiently large.
Ro

Hence, I'y < Cy n_k||f||L1[07oo). Further, using 2.1 and [4] we get

I's < Cy nk<\|f||L1(12) + |’f(2k1)HL1(I2)>'

Combining the estimates of I'y and I's5, we have

Iy < Clonk<||f||L1[o,oo) i uﬂ?k”nhm)

Finally, combining the estimates of 'y — I's, we get 3.2.
O

In our next result, we estimate the error in the L,— approximation in terms of the
2k—th order integral modulus of smoothness of the function.

Theorem 11. Ifp > 1, f € L,[0,00). Then, for all n sufficiently large there holds

1Tk (fs;-) = fllL, ) < Ck (w2k (f, \prvll) +n_k||f||Lp[o,oo)> ; (3.5)

where C is a constant independent of f and n.

Proof. Let f, 21(t) be the Steklov mean of 2k—th order corresponding to f(t) over
I, where > 0 is sufficiently small and f, 2(t) is defined to be zero outside I;.
Then, we have

| Ton(fs) = fllpy < NTak(f = foom )i, @)
+ N Tok(fo2k ) = Fo2kllo, ) + 1 fn2k — fll, )

K1+ Ky + K3, say.
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In view of property (c) of Steklov mean, we get
K3 < My war(f,n,p, 1)
It is well known that
2%k—1 2%k—1
1 avisy = 1o -

By virtue of Theorem 10 (p > 1), we have

_ 2k
Ky < Man ’f(ufg,mz\upggwan,zkuL,,[o,@)

< MznF <77_2kw2k(f,77,p711) + ”fHLp[O,oo)>7

in view of the properties (b) and (d) of Lemma 1.
To estimate K7, let ¢(t) be the characteristic function of I3. Then

Gre (f = foon(t),2) = Gue(dO)(f — fo2w)(t), x)
T Gne (L= 0(0)(f = fo2x)(t), x)
= Ki4+ Ks, say.

Clearly, the following inequality is true for p = 1, the truth of the same for p > 1
follows from Holder’s inequality

bo bo b3
/ | Ky|Pdx < / Ky (z, t;0)|(f — foor)(t))|Pdt da.
az as Jasz

Now, applying Fubini’s theorem, we get

b
/ Ko |Pdx
as

Hence, || Kallz,(1,) < [If = fo2kll,(15)-
Proceeding similarly, for all p > 1, we get

K5, (r) < Msn™ || f = fokllz,0.00)-

Consequently, by the property (c¢) of Lemma 1, we obtain

IN

b3 bo
/ Ko, t:|(f — fran)(6)Pda dt

Hf - fn,Qkszzp(IS)’

IN

Ky < My <W2k(fa n,p,11) + n_kaHLp[O,oo))'

Choosing n = n~2 and combining the estimates of K1 — K3, we obtain the required
result. O
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